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PREFACE 


T HE printing of Vol. IH of this work was suspended for several years 
during the completion of some investigations which have necessitated 
the division of it into two parts and the carrying forward of some of the 
matter designed for it to a later volume. The only material change in Part I 
is the expansion of a single chapter on commutants and invariant trans- 
formands into three chapters involving references to Part II, which will deal 
chiefly with structural matrices. Because Part I is issued in advance of 
Part II, it has been rendered complete in itself by the addition of § 241 and 
the appendices, except for some references to easily proved properties of ruled 
simple slopes which occur in § 248 The author has been much mdebted to 
the writings of E. Netto ( Vorlesungen uber Algebra ) and P. Muth ( Theorie und 
Anwendung der El&mentartheil&ry, and to the investigations of Weierstrass, 
Kronecker and Frobenius relatmg chiefly to algebraic forms and therefore 
necessarily to matrices. His mdebtedness to Sylvester and Cayley, the pioneers 
of the Calculus of Matrices,—especially to the former,—is always to be under¬ 
stood. Some portions of Chapter XXVI are derived from N. Whitehead’s 
Universal Algebra, and some portions of the following three chapters from 
H. Hilton’s Homogeneous Linear Substitutions. Where abbreviated proofs are 
provisionally used to replace longer trains of reasoning, they can usually be 
attributed to Frobenius. Bibliographical references are few because it was 
not originally intended to tarry over the historical development of the subject, 
which has to be traced through a very large number of more or less relevant 
and more or less inter-related contributions by the investigators mentioned 
above and others such as H.J.S. Smith, Hermite, Stiokelberger, S. Cantor and 
K. Hensel. Writings which deal at all directly with matrices in general 
are few in number, the list of them being fairly complete when we have added 
Kronecker and Hensel’s Theorie der Determinanten, some papers by Frobenius, 
and BGcher's Introduction to Higher Algebra to the papers of Sylvester and 
Cayley. On the other hand writings which deal professedly with deter¬ 
minants, and therefore actually with squa/re matrices m a less general way, 
are very numerous; and of these a very complete account is contamed in 
Muir’s History of the Theory of Determinants. The terms ‘matrix,’ ‘rank,’ 
‘latent root’ and ‘canonical square matrix’ can most fitly be attributed to 
Cayley, Frobenius, Sylvester and Weierstrass respectively, whilst the nota¬ 
tions D % and for a maximum and potent factor are reminiscent of 
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Kronecker’e ‘Determinantenteiler' and ‘Elementarteiler.’ Sylvester’s ‘nullity’ 
has become the author’s ‘degeneracy’, and his ‘vacuity,’ or total number of 
zero latent roots, is the excess of the order of a square matrix over that of 
its final transmutes. In fact much of Sylvester’s work is included in portions 
of Chapters XIII, XV and XXVI. 

The conception of a matrix as a single multiple or complex entity has 
been maintained throughout, and is the distinctive feature of this book. 
According to the notations which have been adopted, the first of the expressions 
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denotes a single matrix A having six elements which (ordinarily) are scalar 
numbers, whilst the second denotes a certain function of those elements, viz. 
the determinoid of A. The third expression does not occur because it has 
not been precisely defined, and is not adapted for manipulation; as ordinarily 
used it means some complete matrix of the simple minor determinants of A 
such as the 3-element matrix [&iCa— b a o lf — CaOj, Oj&a — c&b&J. In the pure 
calculus with which this book deals, the elements of a simple matrix are 
always scalar numbers. But it is always possible to introduce hyper-numbers 
satisfying special laws into the elements. For example if i, j, k are hyper¬ 
numbers satisfying the relations 

ft =j* = k? = ijk = — 1, 

whilst x, y, z, w and as', y, z\ w' are scalar numbers, then the equation 
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represents a development of the product qq f of the two quaternions 
q = ix +jy +kz + w, = iof +jy + kz + w'. 

Matrices whose elements are themselves matrices have already occurred, and 
will be discussed in Part II. 


Every physical entity, however complicated, can be represented mathe¬ 
matically by a set of two-dimensional tables giving the values of the parameters 
which determine its characters; and no other ways of completely representing 
it are possible to us. Consequently every physical entity can be represented 
by a matrix (which may be a sequence), and every mathematical theorem 
can be reduced to a property of matrices. The author is further of opinion 
that every special mathematical discipline (e.g. Analytical Solid Geometry, 
the Theory of Elasticity, the Theory of Groups) assumes its simplest aspect 
when it is treated as a branch of the Calculus of Matrices; ordinary Algebra 
in particular being the theory of one-element matrices, i.e. matrices of com- 
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plexity 0. The general principle underlying applications of the calculus is 
the separation of variables from constants by means of matrix products, so as 
to reduce each problem to the determination of a matrix or the solution of 
a matrix equation. In dealing with very simple entities or very simple 
aspects of entities the calculus can be dispensed with, though not advan¬ 
tageously. When highly complicated entities become the subjects of in¬ 
vestigation, the need for it becomes imperative, though at the same time 
a more precise acquaintance with it becomes necessary. Abundant evidence 
in support of these views will be forthcoming if it should be the author’s 
good fortune to carry through this work from its present chrysalis state to its 
appointed end. The programme is substantially that of Sylvester, with en¬ 
largements which have been rendered possible by the labours of his successors. 

A few explanatory remarks concerning the ten chapters which are now 
issued may serve to make clear the order in which the subject is being 
developed. 

Chapters XX—XXII are purely algebraic and deal with rational integral 
functions of any number of variables, irresoluble and irreducible functions 
and factors, highest common factors, resultants, eliminants, discriminants 
and common roots. They are to a large extent based on Netto’s invaluable 
Vorlesungen ilber Algebra ; but the resultants and eliminants of general (non- 
homogeneous) functions have been derived from those of homogeneous func¬ 
tions, the latter being regarded as the more fundamental. These chapters 
include most of the algebraical theorems needed in the treatment of rational 
integral functional matrices, and will also serve as an introduction to the 
elegant applications of matrices to Algebra, some first indications of which 
will be found at the end of Chapter XXI. They formed the subject-matter 
of a course of lectures delivered in Calcutta early in 1920, and were printed 
during the same year for the use of students under the title of ‘Chapters on 
Algebra’ with a descriptive preface, some extracts from which are given below. 

The distinction drawn between resultants and eliminants is convenient, but not 
essential. The elimmant of n functions (of n variables) is a resultant of w+1 functions 
of whioh one is linear, but it is a resultant of pre-eminent importance; it serves to deter¬ 
mine the exact number of the common roots of the n functions and the values of all 
symmetric functions of the oommon roots, and it serves the same purpose for the finite 
roots only and for the infinite roots only.... The distinction arises naturally in the deter¬ 
mination of the resultant of n functions (of n — 1 variables) for successively increasing 
values of n. Each stage of the process commences with the special oase in whioh one of 
the n functions is linear, i.e. with the determination of an ehminant; and from this 
special oase we oan pass at once to the general case by using the properties of symmetric 
functions.... The evaluation of symmetric functions of oommon roots has been simplified 
by the use of homogeneous monotypio symmetric functions, whioh enables us to equate 
any monotypio symmetric function S of the common roots of a system of % homogeneous 
functions (of n +1 variables) to a rational integral function H of the coefficients. 

The operations of Algebra have been regarded as derived from practical operations 
facilitating the process of oounting. If we put aP^a\p, making \ the symbol for 
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potentation, and if all letters denote natural numbers, we can define a counting opera¬ 
tion of the fourth stage as a chain of potentations (or counting operations of the third 
stage) by the equation 

a\o\o\as\. 

where there are p equal operands on the left, and where 

a\ b\c=a\(b\c), whilst (a\b)\o=a \ (Sx c). 

Whereas chains of additions and chains of multiplications are both oommutative and 
associative, ohains of potentations are m general not commutative and only associative 
with respect to final operands. It was estimated by Kr5mg (see H J. Klein’s Eosmolo- 
giscke Briefe) that if N is the fourth of the integers 

1\1 = 1, 2 \2=4, 3\3=7, 625 597, 484 981, 4\4=W 

expressed in the ordinary decimal system of numeration, the printing of N m the smallest 
legible type would require more printing ink than would fill a sphere having a radius 
equal to a qmntilhon of light-years. This estimate is inadequate ; for if a sphere having 
a radius equal to 10* light-years could contain sufficient ink for printing N, and if a oubio 
inch of ink cannot print more than lO digits, where y could be taken to be 8, we should 
have 3#+y > 8 x 10 163 , therefore oertainly r > 10 163 , and not merely a; >30. The fourth 
counting operation has not been introduced (except speculatively) because we have not 
yet had any practical dealings with such large numbers It should be observed however 
that chains of potentations do occur m Algebra, and that the direct operation a \^? of 
the fourth stage is definable m Algebra whenever p is a natural number, and therefore 
has a place m the Theory of Numbers 

Chapters XXIII and XXIV deal with potent divisors and equipotent trans¬ 
formations. The general discussion of rational integral functional matrices is 
commenced in these chapters; but successive interpolations have created a 
wide gap between them and the chapter on primitive matrices (see Appendix C) 
in which the discussion will be resumed. The need for precision has led the 
author to define separately the ‘irresoluble and irreducible divisors/ the 
‘ maximum and potent factors/ and the ' maximum and potent divisors ’ of a 
rational integral functional matrix. We shall chiefly be concerned with the 
potent divisors; and it is shown that the potent divisors of a compartite 
matrix are the potent divisors of its several parts. The term ‘potent divisor’ 
replaces the terms ‘invariant factor’ and ‘Elementarteiler/ neither of which 
is used. 'For the sake of’brevity the potent divisors of the characteristic 
matrix of a square matrix A (see § 222) are called the ‘characteristic potent 
divisors ’ of A When the domain of rationality is not specified, the potent 
divisors of a matrix are ordinarily understood to be those corresponding to 
its irresoluble divisors. Various reductions by equipotent transformations are 
described in Chapter XXIV, the most important of them being the reduction 
of an ^-matrix A to a matrix whose non-zero elements are the potent 
factors of A. 

Chapter XXV on rational integral functions of a square matrix contains 
one of Cayley’s most important contributions to the Calculus of Matrices 
together with developments of it due chiefly to Frobenius. It introduces the 
latent roots and the characteristic matrix (or associated arbitrary linear 
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function) of a square matrix <j>, and includes the determination of all rational 
integral equations satisfied by <j>. It ends with a description of Frobenius’s 
solutions of the matrix equation ^* = 0 when (f> is a given undegenerate 
square matrix with constant elements, these being rational integral functions 
of <f). Appendix A and Ex. iv of § 228 are addenda to this chapter. The 
index will give references to other treatments of the subjects discussed. 

Chapter XXVI deals with equimutant and isomorphic transformations, 
i.e. equigradent transformations by mutually inverse undegenerate square 
matrices, and also with Weierstrass’s special reduction of a square matrix 
with constant elements to a canonical square matrix} by isomorphic trans¬ 
formations. Necessary and sufficient conditions are first obtained for the 
existence of an equimutant transformation between two square matrices with 
constant elements, and these lead to (being in fact equivalent to) the reduc¬ 
tion mentioned. This special reduction, which can be obtained in many ways 
(see Note 2 of § 240) besides those indicated in this chapter, is a focus of 
many converging and diverging investigations. It is included in the more 
general reductions described in Appendix C, which will be established in due 
course. The determination of the rank of any rational integral function / (tf>) 
of a square matrix <f> generalises results given in Chapter XXV, where we 
were concerned with rational integral functions of zero rank, and the in¬ 
vestigations of § 235 are equivalent to the determination of all matrices 
normal to /(<£). The introduction of the transmutes of a square matrix 
connects the results of this chapter with these obtained in §§ 153 and 154, 
and explains the origin of the term ‘equimutant.’ It is shown that two 
square matrices with constant elements are connected by an equimutant 
transformation when and only when they have a first transmute in common, 
i.e. when and only when they have the same successive transmutes. Appendix C 
and Note 1 of § 246 are addenda to this chapter. 

Chapter XXVII deals with commutants and true commutantal transforma¬ 
tions, a commutant X = [A, B) being defined to be a solution of the matrix 
equation AX = XB (in which A and B are necessarily square matrices). The 
general commutant X = {A, B } is either a zero matrix or a matrix having a 
determinate structure and a determinate rank, its elements being homo¬ 
geneous linear functions of a determinate number of independent arbitrary 
parameters, when the elements of A and B are constants, it is a non-zero 
matrix if and only if A and B have a latent root in common; when A and B 
are unilatent canonical square matrices having the same latent root, it is a 
general ruled compound slope. In ordinary Algebra, where every matrix is a 
single scalar number, the general commutant x = {a, 6} is obviously 0 or an 
arbitrary parameter according as a=J= b or a = b. Special attention is paid to 
symmetric, skew-symmetric and undegenerate commutants; to the cases in 
which B = ± A or ± A', where A' is the conjugate of A , and to oommutaDts 



x 


PREFACE 


{A, A} which are rational integral functions of A. The chapter concludes 
with a discussion of the reduction and determination of commutantal trans¬ 
formations converting one commutant into another, with applications to 
symmetric and skew-symmetric matrices. Appendix B and § 253 are addenda 
to this chapter. 

In Chapter XXVIII a matrix which is a commutant of every commutant 
{A, A] of a square matrix A is called a commutant of the commutamts (or 
commutant of the commutant) of A. Methods of constructing such matrices 
are described, and it is shown that they are identifiable with rational integral 
functions of A. This chapter makes clear the structure of Frobenius’s solutions 
of the matrix equation yfr* = (f>. 

Chapter XXIX deals with invariant transformands and the correspondmg 
bilinear and quadratic scalar invariants, an invariant transformand X = inv 
{A, B) being defined to be a solution of the matrix equation AXB = X (in 
which A and B are necessarily square matrices). The general invariant 
transformand X = inv [A, B } is either a zero matrix or a matrix having a 
determinate structure and a determinate rank, its elements bemg homo¬ 
geneous linear functions of a determinate number of independent arbitrary 
parameters; when the elements of A and B are constants, it is a non-zero 
matrix if and only if there exist latent roots a, /8 of A, B such that a/9 = 1; 
when A and B are unilatent bi-canonical square matrices whose latent roots 
satisfy this condition, it is a compound slope whose constituents have a 
certain common law of construction. In ordinary Algebra the general invariant 
transformand cc = mv {a, 6} is obviously 0 or an arbitrary parameter according 
as ab =j= 1 or ab = 1 . Special attention is paid to symmetric, skew-symmetric 
and undegenerate invariant transformands, and to the cases in which B=±A 
or ± A', where A' is the conjugate of A. 

It is my duty and pleasure to offer my sincere thanks to the authorities 
of the University of Calcutta for their generous help both in undertaking 
the publication of this volume and in furnishing facilities for the preparation 
of it; also to thank the officials and staff of the Cambridge University Press 
for their patience and careful attention to the printing. The appreciative and 
suggestive criticisms of such competent reviewers of the preceding volumes 
as Sir T. Muir, J. B. Shaw and Rai Bahadur A. C. Bose should receive 
acknowledgement. I can only put on record my special gratitude to the 
late Sir Asutosh Mookeijee whose *sympathetic interest and helpful advice 
will be sorely missed. 


0. E. CULLIS. 


Kbmpbford House, Gloucester. 
May, 1925. 
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CORRIGENDA 


Page 4, line 13: For “rational” , read “a finite number of rational”. 

„ 125, „ 17: ^br“§199” , read “§200”. 

„ 267, „ 6. For “equigradent”, read “equipotent”. 

„ 298, „ 33- For “proved” , read “proved in this article”. 

„ 344, „ 24: For “XXIX” , read “XXX.VII, (see Index)”. 

Pages 471-2, Theorem IIa, II b : For “co-commutant” , read “oommutant”. 
„ 472-3, Theorem IIIo, III6: For “oontra-commutaut”, read “commutant”. 







CHAPTER XX 


THE IRRESOLUBLE AND IRREDUCIBLE FACTORS OF RATIONAL 
INTEGRAL FUNCTIONS 

[The first three chapters of this volume deal with rational integral functions of several 
scalar variables, and aro introductory to the suoceedmg chapters oil functional niatnoes 
We begin in § 184 with a brief survey of the numbers and operations and the domains of 
rationality of Algebra. In §§ 185—6 we dofino rational intogral functions, lrresoluble and 
irreducible factors, and highest common factors. The usual methods of regularising and 
homogenising rationul integral functions are described in § 187; which deals generally 
with ordinary linear transformations of their variables. In § 188 wo prove the existence 
of highest common factors, and the uniqueness of the resolution of a rational integral 
function into irresolublo or irrcduoible factors The lost two articles of this chapter 
contain some useful miscellaneous theorems, and a description of the extension of a 
domain of rationality by adjunction.] 

§ 184. The numbers and operations of Algebra. 

1. Glassification of scalar' numbers. 

The word ‘number y usually means a ‘scalar number,’ which is tacitly 
assumed to be finite. It will always be clear from the context when it 
means a natural number or a positive integer. 

Scalar number's are entities, including the natural numbers, with which all 
the fundamental operations of Algebra can be performed in accordance with 
the fundamental laws of Algebra, without any violation of those laws, and 
without the introduction of any new entities. Any entities which satisfy 
this definition are to be considered as scalar numbers in whatever way they 
are obtained. The most general conception of a scalar number has been 
evolved from that of a natural number by successive introductions of new 
numbers required for the performance of the operations of Algebra. 

Stages Dtreot operations Inverse operations 


I 

Addition: a+b 

Subtraction: 

a — b 

II 

Multiplication 1 axi, ab 

Division: 

a-rh, 5 

III 

Potentation: a b 

Radioation: 

h Ja 



Exponcntaticn, 

logft a 


u. in. 
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The fundamental operations of Algebra performable with any two ordinary 
scalar numbers a and b may be considered to be the three direct operations 
of the first, second and third stages and their inverses as shown m the table 
above. 

Here potentation is the determination of a power, and has two operations 
inverse to it, viz. radication, by which we mean root-extraction, and expo- 
nentation, by which we mean the determination of a logarithm or exponent. 
The direct operations are derived from the processes of counting, and the 
inverse operations are those of solving the equations b + a;=a, b x a) = a, 
set 1 = a, b x = a. Each of the first three inverse operations is reducible to the 
corresponding direct operation after the introduction of the negatives and 
reciprocals of numbers. 

The rational opwations of Algebra are addition, subtraction, multiplica¬ 
tion, and division by a number which is not 0, i.e. they are the first two 
direct operations and their inverses, division by 0 being excluded. They 
are the operations which lead to results which are capable of only one 
interpretation. 

The fundamental laws of Algebra are the laws of the fundamental opera¬ 
tions for ordinary numbers together with the law of cancellation, the other 
special laws for the number 0, and the modified laws for infinite numbers. 
The most important laws are the commutative, associative and distributive 
laws for addition and multiplication. 

Noth 1. The strictly algebraic operations. We could define the fmidamental opera¬ 
tions of Algebra to bo the rational operations together with root-extractions of the 
form tfa, where n is a natural number. Wo may call those the Htrictly algebraic 
operations, regarding the other operations of the text as belonging to the wider field 
of Algebraic Analysis. 

Noth 2. The algebraic law of cancellation. This law states that if a and b are 
numbers, and if ab= 0, then at least one of the two numbers a and b must bo 0. Thus 
the equation «6= 0 leads to 6=0 when a4=0, and to a=0 when 64=0. It follows that if 
pa=pb, whero p =t=0, wo must have a=b, even when p is infinite. 

The nutui'al numbers are the numbers 1, 2, 3, ... of which no one is the 
greatest. They are derivable from the number 1 by repeated additions. 

By integers wo mean the numbers +1, ±2, ±3,... together with the 
special number 0; the numbers 0, 1, 2, 3,... being positive integers, and iJho 
numbers 0, — 1 , —2, —3, ... being negative integers Integers can be formed 
from the natural numbers by the first fundamental operation and its inverse, 
i.e. by addition and subtraction. 

By rational numbers we mean all numbers expressible in the form - 
(i.e. all solutions of equations of the form qos = p), where p and q are integers, 


5 ' - U 


1i $ 
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and q =|= 0. A rational number ia one which it ia poasiblo to derive from the 
natural numbera by a finite number of rational operations. 

An infinite number is one which is expressible in the form ^ (i.e. a solu¬ 
tion of an equation of the form 0. as = p), where p =j= 0. The ratio of two 
infinite numbers ia that of any two finite numbers proportional to them. 
Accordingly two infinite numbers whose difference is a finite number have 
a ratio of equality, and (m this sense) are regarded as equal. 

An ordinary number is one which is neither 0 nor infinite. 

We may interpret real numbers to be all scalar numbors which can be 
derived from the natural numbers by rational operations, the rational opera¬ 
tions being not restricted to be finite in number. 

By algebraic numbei'S we mean the roots of all equations of the form 

a 0 x n + 4- ... + a n -ix + a,, = 0.(1) 

where n is a natural number, the coefficients a 0 , a l3 a n - l3 a n are rational 
numbers, and Oq =)= 0. The coefficients may without loss of generality be 
supposed to be integers. By a root of such an equation we here mean a 
scalar number which satisfies it. 

Every scalar number z can be expressed in tho form z = x + y\/—\ i whero 
x and y are real numbers, and is then called a complex number. All numbers 
expressible in this form are necessarily scalar numbers, and it can be shown 
to be a consequence of tho law of cancellation that there are no other scalar 
numbers. In' the particular case when z is algebraic, the roal numbers m 
and y arc also algebraic A non-zero number expressed in this form is real 
only when y = 0, imaginary when y =|= 0, and puroly imaginary when x = 0. 
The number 0 can be regarded as real, purely imaginary or complex. 

A scalar number which is not rational is called irrational , and a Bcalar 
number which is not algebraic is called transcendental. 

All integers arc rational numbers. All rational numbers are both real 
and algebraic. An irrational number may be either real or not real, and at 
the same time either algebraic or transcendental. A transcendental number 
is necessarily irrational, but it may be either real or not real. 

Ex. i. Tho number J —I ia algebraic; the numbei'S e and it are trausoondental 

Ex. ii. If x is a real algebraic number, it is known that: 

(1) iH trausoondental when a?#=0; 

(2) log s a is transcendental when a. =f= 1; 

(3) sin x, cos x, tan x are transoendental when x 4= 0. 

Ex. m. If a and b are real and different, there always exist real transoendental 
numbers lying between a and b. 


1—2 
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Note 3. Super-rational and supea'-algobraic numbers. If tha numbers a 0 , [t x ,.. a, t _ 1 , 
are all rational but not all 0, a root of an aquation of the form (1) 'which is not rational 
will be called super-rational ; and if they are all algebraic but not all 0, a root of an equa¬ 
tion of the same form which is not algebraic will be called super-algebraic. Thus algebraic 
numbers consist of all rational and super-rational numbers. 

We could (see Note in § 190) give wider meanings to these terms. 

Note 4 Numbers which are not scalar. The word ‘ number ’ can be used m a wider 
sense, os when it denotes a quatomion, or when it denotes a quantity of the form 
XiO l +x z e i +.. +M u e n , whero a?i, .« 2 , ... x n are any scalar numbers, and e x , e^, ... e n are 
given quantities subject to special laws, but not to all tho laws of Algebra. 

2 Domains of rationality. 

An aggregate of scalar numbers, not consisting of 0 only, is said to form 
a domain of rationality, or simply a domain, when the performance of rational 
operations with any of them always produces a number belonging to the same 
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aggregate XI. The numbers which constitute n domain XI are called the 
elements of XI. As illustrations of such domains we may cite: 

(1) The domain of all rational numbers, which will be denoted by XI (1) 

or XV 

(2) The domain of all real algebraic numbers. 

(3) Thu domain of all algebraic numbers 

(4) The domain of all real numbers. 

(5) The unrestricted domain, or the domain of all scalar numbers. 

In the figure the area of the large circle represents the domain (5); the 
areas of the two ellipses represent the domains (4) and (3); the area common 
to the two ellipses represents the domain (2); and the area of the small 
circle represents the domain (1) 

The smallest domain which contains given numbers (a, b, c, ...) is denoted 
by XI (a, b, c, ...) or Cl a ,b,o,. .• A domain which contains any non-zero number a 
necessarily contains the number 1, and a domain which contains 1 must 
contain all rational numbers. Consequently X2i is the most restricted domain, 
and every domain must contain XV 

A domain is algebraic or transcendental according as it does or does not 
lie in the domain of all algebraic numbers, and it is real or not real 
according as it does or does not lie in the domain of all real numbers. 

Ex. iv. If sfg is a given irrational number whose square is rational, and if x aud y 
are any rational numbers, all numbers of the form x+y Jq constitute a domain of 
rationality. 

Ex, v. If a? and y are any real numbers, all numbers of the form x+y con¬ 
stitute the unrestricted domain 

Noth 5. The zero domain. The number 0 can bo regarded as forming by itaolf a 
domain of rationality which is called the zero domain. In the definition of a domain given 
above the zero domain is oxcluded 

Noth 6. Domains whose elements are algebraic functions. There exist domains of 
rationality whose elements are algobraio functions. For example wo have: 

(1) The domain of all rational functions of x. 

(2) The domain of all functions of the form A+B where A and B are any 

rational functions of x, and V is a given rational integral function of x which 
ib not a perfect square. , 

In this volume a domain is always one whoso elements are soalar numbers. 


§ 185. Rational integral functions of scalar variables. 

1. Rational integral functions of a single variable. 

A rational integral function of a single scalar variable a is an expression 

of the form , . 

f=a 0 + ai<x + fl B ® a +"-+ .W 
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where r is a positive integer, where the coefficients a 0 , a 1} a ... a r are 
constant scalar numbers, and are all finite, and where a: is a scalar number 
to which any value can be ascribed. If the coefficients a 0 , a a , ... a,, all lie 
in a domain of rationality fl, then the function / will be said to lie m or to 
belong to Cl, or to be a function in Cl, and we call/=0 the corresponding 
rational integral equation m Cl. 

Any particular value of x for which / vanishes is called a root of the 
function f or of the corresponding rational integral equation f= 0. 

The function / is said to vanish identically when the coefficients a 0 , a x , 
a 2 , .. a,, all have the value 0. This is the case when and only when / 
vanishes for all finite values of x. 

Two rational integral functions of x are identically equal when their 
difference vanishes identically. If we secure the existence of corresponding 
terms in the two functions by supplying terms with zero coefficients where 
necessary, this is so when and only when the coefficients of the same powers 
of x m the two functions are equal. When / vanishes identically, it is 
identically equal to 0, and may be said simply to be 0. 

When / does not vanish identically, and is given in the form (1), the 
index r of the highest power of x which occurs in / is the assigned degree of 
/ m w, even when ar = 0; and the index s of the highest power of x which 
occnrs in (1) with a non-zero coefficient a 8 is the actual degree of / in x. 
Both r and s are integers not less than 0, and we must have s}-r. When 
terms with zero coefficients can bo omitted or supplied as we please, a 
function whose actual degree is s can have any positive integral assigned 
degree which is not less than s. The function f is completely known when 
we know all its terms, including those with zero coefficients; and it is also 
known when we know the terms with non-zero coefficients and the assigned 
degree. 

Ordinarily and throughout this chapter, when the terms of a non-zoro 
function/are not shown, the assigned degree is supposed to be the same as 
the actual degree, and the degree of / means its ‘ actual degree,' but at tho 
same time has tho natural meaning of ‘ assigned degree.' In this case a 
given rational integral function / of the single variable x which does not 
vanish identically and has degree r is one which can be expressed in the 
fonn (1), where a T 4 0. When however the terms of / are shown, the 
' degree' of / means its ‘ assigned degree ’; m particular the degree of any 
term of/ is always its assigned degree, i.e. the index of a; in that term. 

Ex. i. A rational integral funotion of x whioh does not vanish identically has degree 0 
(actual or assigned) when and only when it is a non-vanishing oonstant. 
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Ex. 11 Degrees of a function which vanishes identically. 

When f vanishes identically, its assigned degree can be any positive integer, inoluding 0; 
and it is usually considered to havo no actual degree When we give to it the assigned 
degree 0, wo are regarding it as a zero constant. 

If we make the conventional assertion (soo Note 2) that a rational integral function 
having a negative degroo (actual or assigned) is one which vanishes identically, wo cun 
say that: 

The rational integral function f vanishes identically if and only ij its actual degree is 
less than 0. 

If F and / are two given rational intogral functions of as which do not 
vanish identically, the degree of f being not greater than the degree of F, 
there always exists an identical equation of the form 

F=fQ + R, 

where Q and R are rational integral functions of to, and where R is either 0, 
or does not vanish identically and has a lower degree m to than f. The 
functions Q and R are uniquely determinate and are called respectively the 
quotient and remainder' in the division of F by f. When F and / both lie in 
a restricted domain of rationality XI, the quotient Q and the remainder R 
also lie in XI. When the remainder R is 0, the function F is said to be 
divisible by /. In the particular case when / is a non-vanishing constant, we 
always have R = 0, and F is necessarily divisible by f 

Again if F is a rational intogral function of w which does not vanish 
identically, and if there exists an identical equation of the form 

F=fg> 

where / and g are rational integral functions of x, then F is said to be 
divisible by f, f is called a factor of F, and g is called tho quotient m the 
division of F by /. At the same time F is divisible by g, g is a factor of F, 
and / is the quotient in the division of F by g. Neither of the functions / 
and g can vanish identically, and neither of them can have a greater degree 
in to than F ; in fact the sum of the degrees of / and g is equal to the degree 
of F. Hence this new definition of divisibility agrees with the former, and 
the term quotient is used in the same sense as before. 

According to this definition of divisibility we see that: 

When the rational integral function f does not vanish identically, it is not 
divisible by 0. 

Note 1. Divisibility of F by f when F vanishes identically. 

When F vanishes identically, we may still retain the second of the definitions of 
divisibility given above. Then in this speoial case F is divisible by every rational integral 
function / of x, including 0 \ when f doeB not vanish identically, the quotient, by which F 
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must also be divisible, is 0; ajid when f vanishes identically, the quotient may be any 
rational integral function of ,r whatever Accordingly we may say that 

The rationed integral function F is divisible by 0, or has 0 as a factor, when and only 
when it vanishes identically 

2. Rational integral functions of several vanablcs. 

A rational integral function of several scalar variables x, y, z, ... is an 
expression of the form 

/= 2a tJ fc . , .(2) 

where i,j, h, ... are positive integers, each of which may be 0, whose values 
are not all the same in any two terms of the sum; where the coefficients 
Oijk are constant scalar numbers, and are all finite; and where x, y, z, ... 
are scalar numbers to which any values may be assigned. If the coeffi¬ 
cients Oijjn all lie m a domain of rationality fl, then the function / will 
be said to lie in or to belong to fi, or to be a function in 11; and we call 
f = 0 the corresponding rational integral equation in fl. 

Any set of values of the variables x, y, z, ... for which f vanishes is 
called a root of the function f or of the corresponding rational integral 
equation /= 0. 

The function / is said to vanish identically when the coefficients tty* all 
have the value 0. This is the case (see Ex. vii) when and only when f 
vamshes for all sets of finite values of the variables x, y, z, .... 

Two rational integral functions / and g of the same variables a,y, z,... 
are identically equal when their difference vanishes identically. If wo write 

/=^ciyfc x 4 ifW..., g = tb ijk .x'yW..., 

supplying terms with zero coefficients where necessary in order to ensure the 
existence of corresponding terms in both functions, this is the case when and 
only when o^*.. = . for all sets of values of i, j, h, ..., i.e. when and only 

when the coefficients of corresponding terms in / and g are equal. When / 
vanishes identically, it is identically equal to 0, and may be said simply 
to be 0. 

When the function / does not vanish identically, and is given in the 
form (2), where terms with zero coefficients may or may not occur, let the 
sum i +j + k + ... of the indices of all the variables a,y, z,... be formed for 
each separate term. Then the greatest value of this sum which occurs 
amongst all the terms of f is the assigned degree of f in all the variables 
x, y, z ,..., or the assigned total degree of f ; and the greatest value of this 
sum which occurs amongst all those terms of / which have non-zero coeffi¬ 
cients is the actual degree of f in all the variables x,y,z, ..., or the actual 
total degree of f. Also the greatest values of the index i of any one variable x 
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which occur amongst all the terms of / .and amongst those terms only of / 
which have non-zero coefficients are respectively the assigned degree and the 
actual degree off m the single variable a;. The assigned and actual degrees 
of/in any number of selected variables arc similarly defined. If r and s are 
the assigned and actual total degrees of f both r and s are integers not less 
than 0, and we must have s :j> ?•. When terms with zero coefficients can bo 
omitted or supplied as we please, a function whose actual total degree is s 
can have any positive integral assigned degree which is not less than s. The 
function f is completely known when we know all its terms, including those 
with zero coefficients; and it is also known when we know the terms with 
non-zero coefficients and the assigned total degree. 


Ordinarily and throughout this chapter, when the terms of a non-zero 
function f are not shown, the assigned degrees are supposed to be the same 
as the actual degrees, and the degrees of f mean its ‘ actual degrees/ but at 
the same time have the natural meanings of ‘ assigned degrees/ In this case 
a given rational integral function f of the variables w, y, z,... which does not 
vanish identically and has the total degree r in all the variables is one which 
can be expressed in the form (2), where there is at least one term with 
a non-zero coefficient m which i+j + k+...=r, but no term in which 
i _j- Jq -|-... > r. When however the terms of / are shown, as m the 
general theorems of the next chapter, the ‘ degrees ’ of / mean its ‘ assigned 
degrees ’; in particular the degrees of any term of / are always its assigned 
degrees as shown by the indices of the variables in that term. 


The most general rational integral function of ?? variables os ^, cc ai ... tv n 

( lit 

r J terms. 


A rational function of scalar variables is one of the form ^, where F and 

0 are rational integral functions of the same variables, and Q does not 
vanish identically. 

Kv, iii. If /■= an? + bxhj + 3^y +0. tfif, g=ax i +bx 3 g+ 3«V, tlion / and g have the 
same actual total rlogreo 0,'but thoir assigned total degroon are respectively 7 and 5j also / 
and g have the name actual degreo 3 in *, but tlieir feigned dogroes in a ore respectively 
4 and 3, 

Ex. iv. A rational integral funotion of several variables whiok does not vanish iden¬ 
tically has dogreo 0 (aotual or assigned) in all the variables, or m every separate variable, 
when and only when it is a non-vanishing constant. 


Ex. v. Degrees of a function ivhich vanishes identically. 

When / vanishes identically, its assigned total degree can be any positive integer, 
including 0; and it is usually considered to have no aotual degree When we give to it 
the assigned total degree 0, we are regaining it as a zero oonstant 
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If we adopt the interpretations of Note 2, we can say that: 

A rational integral function f vanishes identically when and only when its actual total 
degree is less than 0. 

Moreover we can then speak simply of the total ‘ degree ’ of a funotion winch vanishes 
identically, interpreting this to he an integer r which is subject solely to the condition 
r< 0. 

Note 2. Rational integrul functions with negative degrees. 

Since a rational integral funotion which vanishes identically cannot have any posi¬ 
tive actual degrees, it is sometimes convenient, in order to extend the generality of our 
theorems, to regard it as having negative degrees. This will be legitimate if we interpret 
a rational integral function whose total degree (actual or assigned) in all the variables is 
negative to be one which vanishes identically, and a rational integral function whose total 
degree (actual or assigned) in any selected variables is negative to be ouo in which the 
terms involving those selected variables all vanish identically; for these interpretations 
simply moan that such functions do not exist. 

When the rational integral function / does not vanish identically, it will 
be said to bo regular in any one variable so when its actual degree in so is 
the same as its assigned total degree m all the variables. This is the case 
when and only when f contains a term of the form ax r , where r is the assigned 
total degree of/ in all the variables, and a is a non-vanishmg constant. 

Ex. vi. In the special case when / vanishes identically, it can be regarded as regular 
in any one or all the variables if and only if its assigned degree in nil the variables is less 
than 0. 

A rational integral function F of several variables which does not vanish 
identically is said to be divisible by another rational integral function / when 
there exists an identical equation of the form 

F=f9> 

where g also is a rational integral function; and g is then the quotient in the 
division of F by f More generally when a rational integral function F 
which does not vanish identically can be expressed as a product of several 
rational integral functions /i,/ g , ... f n , so that the equation 

is an identity in the variables, then each of the functions/!,/*, .../ m ia called 
a factor of F, and F is divisible by each of the functions f,f, 

According to this definition of divisibility we see that: 

A rational integral function F which does not vanish identically is not 
divisible by 0. 

Note 3. Divisibility of a function which vanishes identically. 

If we still retain the definition of divisibility given above when F vanishes identically, 
then F in this special case is divisible by every rational integral funotion f including 0; 
when/does not vanish identically, the quotient, by which F must also be divisible, is 0; 
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and when / vanishes identically, the quotient may be any rational integral funotion 
whatever Accordingly we can make the following statement, winch is equivalent to the 
interpretation which must be given to ‘ divisibility by 0 ’ 

A rational integral function F is divisible by 0, or has 0 as a factor , when and only 
when it vanishes identically 

Wo liavo illustrations of tins principle in the theorems of £ 187.8. 


A rational integral function of several variables which does not vanish 
identically is said to be homogeneous in those variables when all its terms 
have the same total degree in all those variables. The actual total degree of 
such a function is necessarily the same as its assigned total degree, and 
cannot be less than 0. A rational integral function which vanishes iden¬ 
tically can be regarded either as homogeneous or as non-homogeneous 
The most general homogeneous rational integral function of n variables 

( 97 *)" 9 1 M 1 \ 

1 terms. 

In the examples which follow we regard properties of rational integral 
functions of a single variable as being known. 


Ex. vn. If f is a rational integral function of the n variables X \, ,r a , . . x n which does 
not vanish identically , we. can determine sets of finite values of x u ,r 2 , . . v a for which f does 
not vanish. 

Knowing that, this theorem is true for functions of a single variable, we can show by 
mduotion that it is true generally. We will make the hypothesis that the theorem is true 
for functions of n -1 variables, and show that it must then bo true for every funotion of 
a variables such as/. 

If / is a non-vanishing constant, the theorem is obviously true. We may therefore 
suppose that f is not merely a oonstant. In this oose the degree of/in some one X\ of the 
variables must bo greater than 0, and wo may suppose that 

/=?i 0 a7 x r +M 1 a? 1 r " 1 + ...+M ; ._ 1 a,’ 1 + ?i,., .(1) 

where r<$ 1, whore u 0 , U\, . u T are rational integral functions of x%, # s , ... x IL only, and 

where u Q does not vanish identically. By hypothesis we can assign such finite values 
eta, « 3 , ... a IL to a\ f x 3 , . . x lt that ?4o=|=0; and remaining arbitrary, the funotion / 
then becomes 

/(.v 1 )=A u a;i T -l-d 1 a;i , *- 1 -l-...-l-il r _ 1 a'i + A, .(2) 

whore d ( „ A x , ... A r are constants, and where A n =|=0. Since f(x^) is a rational iutogral 
function of the single variable Xi which does not vanish identically, we can further asrign 
suoh a finite value a x to a? x that/( t x ) =|= 0. Then a\, a 2 , •• a,* are finite values of x u x 3 ,... x n 
for which tho funotion / does not vanish 

We conclude that: 

A rational integral function f of the n variables x%, .. x H vanishes identically when 
and only when it vanishes for all sets of finite values of the variables se\, x 3 , .. x n . 

Ex viii, Iffis a rational integral function of the n variables X\, x%, ... x n which is not 
a non-vanishing oonstant, we can determine sets of finite values of the variables for which f 
vanishes , ie. there exist finite roots of the function f and of the equation /»0. 
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Knowing that this theorem is true for functions of a single variable, we can show that 
it is true generally. 

If / viuubIiob identically, tlio theorem is obviously true Wo may therefore suppose 
that f is not merely a constant,. In tins case the degree of f m some one x x of tho 
variables must be greater tlum 0, and we may suppose that / has the form (1) of Ex vii. 
Then by E\. vn wo can assign such iimte values «o, « 3) ... a IL to .r 2) .. x a that ?t 0 does 

not vanish; and when a\ remains arbitrary tho function / becomes the function f(x x ) 
shown in (2) of Ex. vii. Since the rational integral function f(x x ) of the Bingle variable x x , 
winch is not ruorcly a constant, him finito roots, wo can further ascribe such a finite value a x 
to .r x tlmt/(.7Jj) = 0 Then a x , a j, . . a„ are a sot of finite values of x x , x 2 ,. . x n for whioh f 
vanishes. 

&r. ix. A rational integral function f of the n variables ,v x , x Bl .. x n which does not 
vanish for any set of values of the variables must be a non-vanishing constant. 

TIuh follows immediately from Ex. viii. 

Ex. x. Let f and g be two rational integral functions of the n variables x x , x B , ... x n . 
Then if the product fg vanishes identically and f does mot vanish identically , g must vanish 
identically. 

This iH true when f and g are constants or functions of a single variable We will 
make tho hypothesis that it is true for functions of the n— 1 variables a' 2) ® 3 , .. and 
show that it must thon bo true for functions of the n variables x x , x 3 ... x n 

Lot /=« n *i' , +w 1 a? l > , -i + . +u ri g=v {i x x * + v x x x B ~ 1 + . +v „ 

whore u x , . . n ri u 0 , v x , ... v„ are rational integral functions of x 2 , x 3 , . .r u only, and 
whore u (l does not vanish identically. 

Then from the identity fg =>0 we deduce tho s +1 identical equations 

«i)^o"=0, u X )V X = 0, UnV 3 -\-u x v x -\-v B Vo=0, ... n^Vn + U\ r 8 _i +, .=0, 

tho (£+l)th of those equations being 
according oh k r or k > r. 

Applying the hypothesis it follows from these equations in succession that i> 0 , v x , ... v t 
vanish identically, and that therefore g vanishes identically. 

Thus if the product fg vanishes identically , one at least of the functions f and g must 
vanish identically. 

Ex. xi. J-xt f x ,f>, ... f m bo m rational integral functions of the n variables x x , x 3) . x n . 

Then the product F^f x f B ...f m vanishes identically when and only when at least one of the 
functions f Xi f B , ... /„, vanishes identically. 

This is immediately deducible from Ex. x. 

Ex. xii. Let f bo a rational integral function of the n vanables x x , x B) .. x n which does 
not vanish identically, and let g x and g 3 be any two rational integral functions of the same 
variables. 

Then if fg\ “ fg<i identically , we must have g x =g 2 identically. 

For \if{g\—gs)=0 identically, it follows by Ex. x that g x — g B =0 identically 

Hence if a rational integral function F is divisible by a rational integral function f 
which does not vanish identically, the quotient is a uniquely determinate function. 
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Ex. xni Iff and g are ■mtional integral functions of the n variables x u x.±, . . x n 
neither of lo/iich vanishes identically, and if F=fg, then the degree of Ftn all the vanablos 
is the sum of the degrees of f and g m all the variables. 

Lot tlio degrees of f and g in all the vanablos be r and s, and lot f and f be 
1 'esj.KJctivoly the sums of all the terms of f and g which have degrees r and s in all the 
variables , also let F' be the sum of all the terms of F whioh have degree ?•+« in all the 
variables. Then since the equation F=fg is an identity, we have F'=f’f identically. 
By hypothesis neither f nor <f vanishes identically. Therefore by Ex. x the function F' 
does not vanish identically, 10 . F lias terms of degree ?■+« in all the variables whose 
coefficients do not vanish. 

Further the degree of F in any one variable >\ is the sum of the degrees off and g in x\. 

Lot the degrees off and g m Xi be r and s, and lot 

/= M 0 .«i r + 1 + , g=v 0 xf+v l x 1 a -' l + ...+v ll , 

whore v®, u lt ... u n v a , «!, . v„ are rational integral functions of x 3 . v„ only, and 

whore neither ito nor v Q vanishes identically. Then we have 

F= «7 0 *r + B +U 1 xf + »~^ + ...+ U,. +B , 

whore U a , (I 1} ... U r+i are rational integral functions of j? 2 , j? 3 , ... x n only, and where 
C^o=« 0 r u . By Ex. x the funotion U Q does not vanish identically, i.o F has degroo r+s 

111 A'] 

Ex. xiv. If fu /a» • ■ Ah are m rational vntegrcd functions of the n variables x Y , x%, ... x n 
no one of which vanishes identically, and if F=f l f% then the degree of F in all the 
variables u the sum of the degrees of fufi, , m all the valuables, also the degree of Fin 

any one variable x x is the sum of the degrees of fi, fa, ... f m in a?i. 

Wo can prove this by repeated applications of Ex. xiii. 

Further if fifz---fm =c i where c is a non-vanishing constant , then each of the functions 
/i,/ 2 , ...f m is a non-vanishing constant 

For no one of the functions f\,f%,. .f n 00,11 vanish identically, and if fi,fi, ...f m wero 
not all constants, the productcould not have degree 0 m all the vanablos. 

Ex. xv. Let f\,fi, .-f m an y m given rational integral functions of the n variables 
■ r i» ■■■ x 'n which do not vanish identically ; and let F be any rational integral function of 
the same variables. Then F vanishes identically when and only when it vanishes for every set 
of finite values of the variables which is not a root of any one of the functions /i,/a, ... f, n . 

If F does not vanish identically, then by Ex. xi the produot Fff 3 .. ,f m does not vanish 
identically Therefore by Ex. vii we can determine sets of finite values of the variables 
for whioh i f y’i/y.../tn4=0. Therefore F does not vanish for every set of finite values of the 
variables which is not a root of any one of the functions fufs> 

Conversely if F vanishes identically, then it vanishes for every sot of finite values of the 
variables, and therefore vanishes for every set of finite values of the variables whioh iB not 
a root of any one of the functions/ lt / 3 , 

Hence two rational integral functions F and Q of the n variables ,^ t , x%', ... x n are 
identically equal when and only when they have equal values for every set of finite values 
of the variables which is not a root of any one of the functions fi, f%, ... f m . 

Ex. xvi. If the produot of two rational mtegral functions f and g of the variables 
x, y, e, ... does not vanish identically and is homogeneous m the variables, then both the 
functions f and g must be homogeneous in the variables. 
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Lot f and </ have degrees r and s m all tho vamblos, whore r « Then we can write 
J=-Ur+U r _ 1 + .+ ^i+^0) 5 I== ^,1+r„_ 1 +.. d-Fx+Fo, 

wlievo U % and are homogeneous rational integral functions of degrees i and,; m all the 
variables; and wo have an identity of the form 

(U r + I7 r _j+ .. + £ r i+ Uq) (I 7 ,,4- l / *-i + + l ,r 1 + V r o) = ^f r+s , 


whore II r+t is a homogeneous rational integral function of degree r+a in all the variables. 
No one of the functions U r , F„, Il v+B vanishes identically. From this identity we deduce 
tho r + fl + 1 identical equations 


11+ Hi l' , f) == ^j ••• H 0 l / ii+ ^b— i+ • ■•+ ^s—l F’ld- U B F 0 = 0, 

• C41 r «+ ^i+ii*-i + > - + ^+1-1^1+ H s+Jc Vq=0, 

(J v _ t+ \ r a + a! r B_i +. . + U r _\ l r o+ U v 11=0, ... C. r ,._ l l’’ (i +J7 r F d _ 1 =0, U r V B =£[ q+B , 
whore k receives tho values s+1, a + 2, .. r-s. 

Wo can write tho (i + l)th of these equations in the form 
F M =0, where /z-^O, /u.<£i-r, 

i.o. wlioro fi rccoives all integral values consistent with the conditions i-/x<£ 0, i*~ p^r. 

Or we can write tho (J + l)th of these equations in tho form 

2<7 X F,_ X =0, whore X 4 0, X £?■, X jp>j t 


i.o. where X receives all iutcgral values consistent with the conditions X 0, X r, 
y-X<|:0, y-X^>s. 

If C7 U , C/i, ... U r _ x do not all vanish identically, lot Z7* be the first of them which does 
not vanish identically. Then the (£+ l)th, (i+2)th, ... (i + s + l)th of the above equations 
Hhow in Huccossion that F„, F Xj ... V B vanish identically. Since V B does not vamsh 
identically, wc ooncludo that U 0> U u .. U r _ x all vanish identically. 

Again if V n , F 1# ... F a _ t do not all vanish identically, lot Vj be the first of them which 
does not vanish identically. Then tho (y + ljth, (y + 2)th, . (j+r+ l)th of tho above 

equations show in suooession that £7 () , U 1 , . . U r vanish identically. Srnoe U r does not 
vanish identically, wo conclude that l r 0 , l'i, ... F a _j all vanish identically. 

Thus wo have/'™ (J r , g = I*; i.o./iuid g uro homogeneous in the variables. 


Ex. xvii. If H is a homogeneous rational integi'al function of the variables x, y, a, ... 
which docs not vanish identically , Haim every factor of H must be homogeneous vn all the 
variables. 


ThiH follows immediately from Ex. xvi. 


Ex. xviii. Let A T =<jb (®i, x%, .. r n) x, l + 1) be a homogeneous rational integral function of 
the »+ L variables X\, ,r a , .. v n + i, h't f— 4> (^’li -^ 2 ) c ) be the rational integral 

function of the n variables x u x s , ... x n derived from it by putting £ n+1 =c, where c %s any 
finite non-vanishing constant. Tlven F vanishes identically when and only when f vanishes 
identically. 

For there is a one-one correspondence botwoon the terms of F and /, any two 
corresponding terms T and t having the forms 


2 * 


T= ax* 1 z™...x**x ^, t=ac 


and the coefficient a vanishes when and only when the coefficient ac Pn+1 vanishes. Thus 
all tho coefficients in F vanish when and only when all the coefficients in f vanish. 
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It follows that F vanishes identically if and only if it vanishes for all finite values of 
*^'ij ^ 2 ] •• x^ when 57 jj * o« 

This rosult is generalised in Ex. x of 55 187 and Ex. vi of 55 189. 

In particular F vamshos identically when and only when the rational integral function 
f'=f> (#i, x 3 , .. Xu, 1 ) derived from it by putting a ? n+1 = l vanishes identically; and 
therefore F vanishes identically if and only if it vanishes for all finite volueB of x Xi x 3 , . 
x H when .x - ll+1 = l. 

Ex xix. Two homogeneous rational integral functions F aud G of the n +1 variables 
.i 1 !, j' a , ....%+] aro identically equal when and only when the following two conditions are 
satisfied 

( 1 ) The functions /'and G have tho same dogroo in all the viiriables. 

(2) The rational integral functions of x lt x 3 , ... x n derived from F and G by putting 

x ll+ 1 =c, whore e is any given finite non-vanishing constant, are identically 
equal. 

The socond condition is satisfied if and only if F and G aro equal for all sets of finite 
valuos of tho variables when a? tt+ 1 =c. 

Ex. xx. If f is a rational integral function of the n variables x u x«, ... x n , and if f 
vanishes for all sets of finite values of x lt x 3f .. x n lying in any assigned domain of 
rationality Q, then it vanishes identically. 

This theorem is true for functions of a single variable x\ for if any such function has 
degroe r in a: and vanishes for more than r different values of x, then it must vanish 
identically. 

We niako tho hypothesis tbit the tlieorom is truo for all rational integral functions of 
the ii-l variables x 3 , a' a , .. x n , aud show that it b thou also true for all rational integral 
functions of the n variables x lt x 2 ,... x, t . 

Lot y ® 3 U 9 x-f +... + ■+■ U r , 

whore f7 0 , O u ... U r aro rational integral funotious of x 3 , x a . . only. 

When we assign to a? 3 , x 3 , ... x n any particular values a^, a 3 , ... tt n lying in Q, tho 
funotion f becomes 

f (#0 “ ■da* t, i r + AiXjf ~ 1 +... + A ,., 

where is the value assumed by when x 3 , x 9) ... x n have tho values a 3 , 03 ,... a n . 

If/vanishes for all finite values of aj lf x 3 ,... x n lying in Q, then f(x i) vanishes for more 
than r different values of x\. Therefore f(x{) is a rational integral function of Xi which 
vanishes identically, and A 0 , A\, .. A r _ A r all vanish. This Bhows that U„, U lt .. 
f / r _ l5 U r vanish for all finite valuos of x 2 , x a , ... lying in Q. Therefore by the 
hypothesis tho functions U 0 , U u ... U r -\, 0 V all vanish identically, i.e. / vanishes 
identically. 

Hence if f does not vanish identically , there must exist sets of Jinvte values of x i, ,v 3 ,... x\ 
lying in any assigned domain Q, for which f does not vanish. 

Ex. xxi. Let f 1} / 3 , ...f m be m rational integral functions of the n variables x 1} x 2> . . x n , 
no one of which vanishes identically. Then we can determine sets of finite values ofxi, x 2) ... 
x n lying in any assigned domain of rationality Q, for which no one of the functions /], / 3 , ... 
f m vanishes. 
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For by Ex. xi tho product, F—f\f a . .f m does not vanish ldontioally, and therefore by 
Ex. xx there exist sots of fiuito values of x\, x a , ... x n lying m Q for which F does not 
vanish. 

Hence as in Ex xv any rational integral function F of the n variables .rj, .f 3 , . 
vanishes identically when and only when it vanishes for every set of finite values nf 
aii, ic 2 , ... x n lying in Q, which is not u root of any one of the functions f\, f%, 

Ex. xxii. Let F and f be rational integral functions of the n variables x lt x», . .r u 
which lie in any domain of rationality Q, and do not vanish identically. Then if F is 
divisible by f the quotient must lie in the domain Q 

This thoorem ib true whon F and / are constants and when they are rational integral 
functions of a single variable. Wo will make the hypothesis that it is true for rational 
integral functions of the n—1 variables x», «a 5 • • an d show that it is then also true for 
rational integral functions of the n variables x u x. 2 , ... x n 

If F is divisible by /, and if g is the quotient, then by Ex. xin tho sum of the degrees 
of f and g in sc\ is equal to tho degree of F in x-\ , and if wo denote the degrees of f g and 
F in x'i by r , s and ?'+g, we can write 

/= Moa-V4- 1 4-.. +u, _i#i + u n g=xf~* + ... + v e _ 1 x 1 + v /n 

F= Z7o J ®i r+8 + +8 1 +... 4- £7, + 4_ia,’i+ U r+a , 

where u Q , u u .., it,., i>„, i’i, .. v a , £7 0 , Ui, ... £7 r+g ai’e rational integral functions of 
.Uoj # 3 , .r n only, and where i/ (h u 0 , £7 U do not vanish identically Then from tho 
identity F—fg we deduce the r + s+l identical equations 

v^v 0 =U 0 , U[)Vi + UiVq=U\, ito^ad-WiWi+itaUo= £7 aj ... u v v a ~U r+B . 

Tho (& 4 - 1 )tli of these equations is 

Sit h _^i» H =£7i, where y.^0, p^k-r, p^s, pipk, 
i.e. where p receives all integral values consistent with the conditions k-p-^.0, k- pipr, 

Smoe ito does not vanish identically, it follows by the hypothesis from tho first g 4-1 of 
these equations taken in succession that v () lies in Q and that those of the functions 

v a , . . v„ which do not vanish identically he in Q. 

The theorem obviously remains true when F, but not f vanishes identically. 

Ex. xxiii. Let F be a rational integral fimetion of the n variables x u x 2 , ... x n , and let 
it be mitten in tho form 

. F= U Q xf + 4-...4- U r ^x x 4 - U r , 

where U Q , U i , ... £7, are rational integral functions of x it x a , . onlyj also let $ be a 
rational integral function of the n-\ variables x % , x a , x n only which does not vanish 
identically. Them if F is divisible by <f>, each of the coefficients U Q , U 1 , .. £7,. must be 
divisible by <j>. 

For if F is divisible by <£, there exists an identical equation of the form 
OqXi v + U^x i r-I 4-. .4- £7,.=0 ( K 0 a; 1 r 4-"’ 1 4 -...4-F r ), 
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where !», r n ... V t . are rational integral functions of x B , # 3 , . x n only; and from this 

equation wo deduce the identities 

Vv = </>l r o, U^v u .. U,_y=<pV,_y, U r =cj}V, 

Thus (p is a factor of ovory one of the coefficients U 0 , U lt ... E7,. 

If F does not vanish identically and is regular in Xy (i.e. has the same degree m .i\ 
as in all the variables ), then every rational integral function <p of x B , Xg, ... x n only by 
which F is divisible is merely a constant. 

For if F has degree r in .i\ and in all the variables, <p must be a factor of £7„ which is 
a non-vanishing conHtaut. 


3. The highest common factor of a number of rational integral functions. 

Let /i,/a, .--/m bo any m rational integral functions of the n variables 
.r u x s , ... x n which do not all vanish identically. Then any rational integral 
function of x 1} ... x n which is a common factor of all the functions 

/n /a> fm (and therefore does not vanish identically), and which is 
divisible by every common factor of these functions is called a highest 
common factor of f,f Bi ... f m . That such functions exist is shown in 
§ 188 . 

If h is a highest common factor of f l} / 3 , then any function which 

differs from h only by a non-vanishing constant factor is clearly also a highest 
common factor of them. Conversely any two highest common factors of 
these functions must differ from one another only by a non-vanishing 
constant faotor. For if h and k are both highest common factors of 
/d /id /m j then h must be divisible by k, and k must be divisible by h. 
Accordingly we have 

h = uJc, k = vh, h = uvh, uv = 1, 

whore u and v aro rational integral functions of as u aig, ... ai n which do not 
vanish identically; and from the equation uv = 1 it follows (soe Ex. xiv) that u 
and v aro non-vanishing constants. 

Thus a highest common factor of the functions f, f\, ... f m is uniquely 
determinate save for a non-vanishing constant factor to which any value 
may be ascribed; and on this account we may speak of the highest common 
factor of f\, / s , ...f m , this bemg a rational integral function of My, ® B , ••• #n 
containing an arbitrary non-vanishing constant factor. 

For ‘ highest common factor ’ the abbreviation H.O.F. will be used. 

Ex. xxiv If any one of the functions f,f,. -f, n is a non-vanishing constant, their 
h.o.f. is a non-vanishing constant, and may be taken to bo 1 

Ex. xxv. The h o f. of the funotionB /i,/a, ... f m is the same as the h.o.f. of those of 
the funotiona which do not vanish identically. 

Ex. xxvi. If no one of the functions f, f, . . vanishes identically, and if k is the 
h.of. o// a ,/ 8l ... f m , then the h.o.f. off, f, is the h.o.f. off and k. 


o. in. 


2 
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For the common factors of/ l5 / 2 , ... f m arc the same as the common faotors of f x and k. 
Hence if h is the highest common faotor of f Xi /j, . . f m , it must be a common factor of f x 
and k which is divisible by every common factor of f x and &, i.e it must bo a highest 
common faotor of f x and k. 

Ex. xxvii. When the rational integral functions /i,/ a ,... f m oaniah identically , we 
can define their n.a f. to be 0. 

This is the only possible interpretation of the H.O.F. if we consider that the definition 
given in the text still holds good in this special case, and if moreover wo regard 0 as 
a common factor of fi,/a,.../„ t . 

For then 0 is a common faotor of/i, /a, • ■ fm\ it is divisible by every rational integral 
function which does not vanish identically, and therefore by every common factor of 
fu hi • ■ fm other than 0, and it is the only common factor of /x, /a, ... fm which oan bo 
regarded as divisible by their common factor 0. 

§ 186. Irresoluble and irreducible functions. 

A rational integral function of a single scalar variable or of several scalar 
variables, which is not merely a constant, is said to be resoluble or in'esoluble 
according as it can or cannot be expressed as a product of factors each of 
which is a rational integral function of the same variable or variables, and is 
not merely a constant. 

Two irresoluble functions are distinct from one another when and only 
when they do not differ only by a oonstant factor, i.e. when neither of them 
is equal to the other multiplied by a non-vanishmg constant. 

If / is a rational integral function which is not merely a constant, any 
irresoluble rational integral function (not being merely a constant) which is 
a factor of / will be called an irresoluble factor of /. If g is an irresoluble 
factor of /, and if g a is the highest power of g which is a factor of f, then the 
irresoluble factor g will be said to be repeated a times in f When in 
particular ot=l, g is an unrepeated irresoluble factor of /. 

Clearly every rational integral function / which is not merely a constant 
can be expressed as a product of distinct irresoluble factors, unrepeated and 
repeated; and it will be shown in Corollary 3 to Theorem III in § 188 
that it can he so expressed in only one way, save for a non-vanishing constant 
factor. 

Two rational integral functions of the same variables which do not vanish 
identically will be said to he prime to one another when they have no lrre- 
soluble factor in common, i.e. when they have no factor in common other than 
a non-vamshmg constant. 

Ex. i. A linear function, i.e. a rational integral function of the first degree in all the 
variables, is necessarily in'esoluble. 

Ex. ii. Irresoluble factors of a function of a single variable 

AH irresoluble factors of a rational integral function of a single vanable x are linear. 
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Ex in. Irresoluble factors of a homogeneous function of two variables. 

All iiTesoluble factors of a homogeneous rational integral function of two variables x 
and y are homogeneous and linear. 

Ex iv. A detemninoid with arbitrary elements is an irmsoluble function of its elements. 

This follows from tlio fact that a dotormmoid contains no term m which two elements 
belonging to the same horizontal row or the same vertical row are multiplied together. 

Let A = [a]” bo a matrix with arbitrary elements, and let A=(a) " = uv, where u and v 
ore rational integral functions of the elements of A. 

The element ay of A must oocur (with a non-vaniBhmg coefficient) in one of the 
factors u and o. Suppose that it occims m u Thon no clement of A belonging to the 
same horizontal row or the same vertical row os ay can occur (with a nou-vamshing 
coefficient) m v Therefore every element of A bolongmg to the same horizontal row or 
the same vortical row as ay must occur in it. Therefore no element of A can occur m v, 
l.o. v must bo a non-vanishing constant. 

A rational integral function of a single scalar variable or of several scalar 
variables, which is not merely a constant, is said to be reducible or irreducible 
in any domain of rationality Cl in which it lies according as it can or cannot 
be expressed as a product of factors each of which is a rational integral 
function of the same variable or variables lying in the domain Cl, and is not 
merely a constant. 

Two irreducible functions belonging to the same domain of rationality Cl 
are distinct from one another when and only when they do not differ only by 
a constant factor, i.e. when neither of them is equal to the other multiplied 
by a non-vanishing constant (lying in Cl). 

If / is a rational integral function which lios in any domain of rationality 
Cl, and is not merely a constant, any rational integral function (not being 
merely a constant) which lies in Cl, is irreducible in Cl, and is a factor of /, 
will bo called an irreducible factor of / or more precisely a factor of / irre¬ 
ducible in Cl. If g is an irreducible factor of /, and if g? is the highest 
power of g which is a factor of / then the irreducible factor g will be said 
to be repeated f3 times in /. When in particular j3 = 1, g is an unrepeated 
irreducible factor of f 

Clearly every rational integral function / lying in a domain of rationality 
H, which is not merely a constant, oan be expressed as a product of distinct 
irreducible factors in fl, unrepeated and repeated; and it will be shown in 
Corollary 2 to Theorem III in § 188 that it can be so expressed in only one 
way, save for a non-vanishing constant factor (lying in fl). 

Two rational integral functions of the same variables which lie in the 
same domain of rationality Cl and do not vanish identically will be said to be 
prime to one anothei' in Cl when they have no factor in common which is 
irreducible in Cl. It will be shown in Corollary 3 to Theorem I in § 188 that 

2—2 
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this is the case when and only when they have no irresoluble factor in 
common, i.e. are prime to one another, i.e. have no factor in common other 
than a non-vanishing constant. 

An irresoluble function is one which is irreducible m the domain of all 
scalar numbers. 

A rational integral equation f= 0 is or is not resoluble or reducible 
according as the function / is or is not resoluble or reducible. 

Ex. v. The function {x—yf — ’l is resoluble It is irreducible in the domain of all 
rational numbers; but it is reducible in the domain of all real numbers, in the domain of 
all algebraic numbers, and in the domain of all scalar numbers 

Ex. vi. The fnnotion (a,’+y) a -|-2 is resolublo It is irreducible in the domain of all 
rational numbers and m the domain of all real numbers; but it is reducible in the domain 
of all algebraic numbers, and in the domain of all scalar numbers. 

Ex. vu. The funotion xP-\-y % -\- 2 is irresoluble. It is irreduoible oven in the domain of 
all scalar numbers. 

Ex. viu Irreduoible factors of a funotion of a single variable. 

In the domain of all scalar numbers all irreducible factors of a rational integral 
funotion of a single variable x are linear. 

In the domain of all real numbers every irreducible factor of suoh a function is either 
linear or of the second degree. 

Ex. ix. The function xP — 2 is irreducible m the domain Q (1) of all rational numbers. 

Ex. x. In the domain Q (1) of all rational numbers there exist irreducible rational 
integral functions of x of degree n when n is any positive integer. 

In fact if p is any prime number, and if a v , a^, ... a*, are integers such that the first is 
not divisible by p, the rest are all divisible by p, and the last is not divisible by p 3 , thou 
the rational integral function 

/'(j;)=a 0 ^+ct 1 ^- 1 + . .+a n 
is irreduoible in Q (1). This is Eisenstein's Theorem. 

Ex xi. If p is a prime number, and if g f =p’ r “ 1 , whore v is any non-zero positive 
integer, then the funotions 

a? p ~ 1 +a? p-a + ..+a?+l and ^{J , '' 1 )-|-A , fl(i , ” a ) + ... 
are irreduoible in the domain Q (1) of all rational numbers. 

Ex. xu. More generally if m is any non-zero positive integer, and if <f> (m) is the 
number of integers which are less than m and prime to it, then the primitive roots of 
the equation 1=0 are the roots of an irreducible equation of degreo $(w) in the 
domain o (1). 

For example the primitive roots of the equation x w -1 =0 are the roots of the rational 
integral equation 

xP —x't+afi — xP+xP — x +1 =0, 


which is irreduoible in O (1). 
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Ess xm A n irreducible function of the single variable sr cannot have a repeated linear 
(or irresoluble) factor. 

Lot f (x) be any rational integral function of x in any domain Q which is not merely a 
constant, and let/' (x) be its first derived function Then if h (v) is the tt o.f. of f(so) and 
f' (x), we havo a rational integral identity m Q, of the form 

f(oo)=g(x).h(x) 

If f(x) has a linear factor t repeated^ times, p being greater than 1, then h(so) is divisible 
by £* ,_1 but not by t p , therefore g (as) is divisible by t (but not by £ a ), and cannot be merely 
a constant. Thus if f(.v) has a repeated linear factor, it must be reducible in 12. 

This theorem is generalised in Ex. xi of § 189. 

Ex. xiv. Irreducible factors of a homogeneous function of two variables 

In the domain of all scalar numbers all irreducible factors of a homogeneous rational 
integral function of two variables .r and y are homogeneous and linear 

In the domain of all real numbers every irroduaible factor of such a function is either 
homogeneous and linear or homogeneous and of the seoond degree. 


Ex. xv. The irreducible and iri'csoluble factors of any homogeneous rational integral 
function are all homogeneous. 

This follows from Ex wu of $ 186. 


§ 187. Ordinary linear transformations of the variables in a 
rational integral function. 

1. Homogeneous linear transformations of the vanables. 

n i—i w t 

Let [7] and L be two mutually inverse undegenerate square matrices 

n .— 1 „ 

with constant elements. 

Then the two mutually inverse transformations or substitutions 

i—i r-1 i—i i—i ,j <—i ,, „ 

is =[Z] y , y = L as .(A) 

' ' 71 n '— l » 'M ' 1 ;< ’ ' M 

establish a one-one correspondence between all sets of finite values of the 
variables a: u ... as n and all sets of finite values of the variables y lt y 9 , ... 

An y two corresponding sets of finite values of the os’s and y’s satisfy both 
the equations (A), and each set of values is uniquoly determinate when the 
other is given. 

Let Xj, X a ,... X n be the homogeneous lmear functions of as l , as 2i ...as n 
defined by the equations 


Xi = + ... + Lid as n , 


(i = l, 2,... n), 
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so that the equations 

i—i r—i 11 i—i i—i i—i 

X = L * , X = [l] % X . 

>— 1 u 1 — 1 n ■— 1 ii 1 — 1 n M 1 — 1 ii 

and. x% = X\ ■!- l^ X% + . . ■!- lf n X,i, (i = 1, 2, . n), 

are identities in the x’s. 


.(A') 


Also let Yi, F a ,... Y n be the homogeneous linear functions of y lt y 2 > ... y n 
defined by the equations 

Fi = ki 2/i + ^ta 2/a + • - + hnya, (» =» 1, 2, ... 7l). 
so that the equations 


y y , y =L y . 

l —'« M '—>11 1 — 1 11 ■— J X 

and y % = L n Y, + L 2 ,Y 2 + ... + L )U Y n> (i = 1, 2,... n), 

are identities m the y’s. 


.(A") 


Then eveiy rational integi’al function of x Xj x 2 , .. x n can be expressed in 
terms of the homogeneous linear functions X x , X s ,. .X n , and every rational 
integral function of y lf y 2 , ... y n can be expressed in terms of the homogeneous 
linear functions Y 1} F g ,... F n . 

Now let F = 2(w l Pl x? a ...a n p * = 'SbX 1 9l X t q *. -Xn 9 ' 1 .(a) 

be any rational integral function of the n variables x u ... x n We suppose 
that the indices pi,p a , .. p n have not all the same value in any two terms of 
the first sum, and that the indices q lf q 2 , ... q„ have not all the same value in 
any two terms of the second sum. 

If we substitute for x 2 , ... x n in every term of F their values given by 
the first of the equations (A), we convert F into the rational integral function 
0 oi‘y u y fl , ... y n given by 

G = tby?'y^...y^ = Zar^F,*... Y* .(a') 

for the effect of the transformation is to replace x t by Yi and X{ by y t . 

Conversely if G is any rational integral function of the n variables 
2/i, 2/n, ••• Vn given by (a'), and if we substitute for y x , y 2 , ... y n in eveiy term 
of G their values given by the second of the equations (A), we convert G into 
the rational integral function F of a^, ... x n given by (a). 

Thus the two mutually inverse transformations (A) establish a one-one 
correspondence between all rational integral functions F of x i} x 2 , ... x n and 
all rational integral functions G of y x , y 2t ... y n ; two such functions F md G 
corresponding when and only when they are convertible into one another by the 
transformations (A). 

Any two corresponding functions F and G can be expressed in the forms 
(a) and (a'), the first of the transformations (A) converts F into G ; the 
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second of the transformations (A) converts G into F, and each of the 
functions F and G is uniquely determinate when the other is given. The 
equation (a'), being an identity in the if s, determines the coefficients b 
uniquely when the coefficients a are given, and the equation (a), being an 
identity m the sc’s, determines the coefficients a uniquely when the coeffi¬ 
cients b are given. Or to determine one set of constants when the other is 
given, we can regal'd (a) both as an identity m oc l} cc. 2 , .. sc n , and as an 
identity in X lf X. 2 , ... X n , or we can regard (a') both as an identity in 
?/u Vi, y n > and 08 an identity m Y l} K, .. Y n . From the forms of F and G 
we see that: 

If one of two corresponding functions F and G is homogeneous in all the 
variables, the other also is homogeneous in all the variables. 

Ex. i. One of two corresponding functions F and G vanishes identically when and only 
when the other vanishes identically 

For if F vanishes identically, all the coefficients a vanish, and therefore Q vanishes 
identically; and if 0 vanishes identically, all the coefficients h vanish, and therefore F 
vanishes identically 

Ex. n Two corresponding functions F and G which do not vanish identically have the 
same degree in all their variables 

Let r be the degree of F in all the variables X \, ,r 2 , ... x„, and lot « be the degree of G 
m all the variables y 1 , 1 / 2 , . y n . 

From (a') we see that G is the sum of a mraibor of rational integral functions of 
Vu ?/ 2 j ■ • ■ 2Ai such as <f=aYf'Yf*. Yf' 1 , the function g' corresponding to the term 
f^axf'xf*. .x,f n of F. Since no row of [J]* is a row of O’s, the degree of g' in 

yi, y*> Vn is P 1 +P 1 + i-e- it is equal to the degree in .rj, ,r a , .. x n of the 

term / of F whioli oannot exoeed r Thus 0 is the sum of a number of rational 
integral functions of y> 2 , . y», no one of which has degree greator than r in all 

those variables. Consequently the degree of G in all the variables y i} y 2 , ... y n oannot 
excoed r, i.e. we have « :)> r. In the same way we see from (a) that r 4»a; and it follows 
that s=r. 

Although a homogeneous linear transformation cannot raise (and therefore cannot 
depress) the degree of a rational integral function in all the variables, it can raise (and 
therefore can depress) the degrees of the function in individual variables; for it is clearly 
possible for the degree of G in y l to exoeed the degree of Fin x v 

Ex. iii. One of Pm corresponding functions F and Q is a non-vanishing constant <; when 
and only when 

F=G=c. 

Ex. iv. Two oori'esponding functions F and G have equal values for corresponding sets 
of values of the variables. 

For it Xi,X 2 , ... x n and yi,yt, ... y n satisfy the equations (A), we have 



and therefore 


^(.* 1 , x t , ... x n )=G(i/i, y 2 , ... ?/,i). 



24 THE IRRESOLUBLE AND IRREDUCIBLE FACTORS [CH. XX 

Ex. v. The transformations (A) convert every root of F into a root of the con'esponding 
function G, and every root of O into a root of the corresponding function F 

For if x x , .'Ey, ... x n and y x , y 2 , y n satisfy the eqnations (A), wo have 

F(.v i) x 2} • = 0 

when and only when Q (j/ u y 2 , . . y n )=0. 

Ex. vi. If f x , /.j, /y, . . and g x , g 2 , ff'H are two aQ t 0 of corresponding rational 

integral functions of x x , x 2 , ... ,r H and y x , y s , . . y n , then i w ’ and g x h g-i h g^ h • ■ 

are corresponding functions. 

Ear vn If F, f f X) f 2 , / 8 , ... are rational integral functions of :c x , x 2 , ... x n , and 
if G', g, g X} g 2 , g 3} . . arc the corresponding rational integral functions of y x , y 2 > . . ?/„, 
ice have 

F=f\ l 'f± li ff li ■ ■ when and only when G =g™' g 2 l * g 3 h . .. 

This follows from Ex. vi • for when F (or Q) is given, there is only one function G 
(or F) which corresponds to it. 

Hence f is a faotor of F when and only when g is a factor of G, and f is a factor of i' 1 
repeated u times when and only when g is a factor of G repeated u times. 

Ex. viii. Two corresponding functions F and G which do not vanish identically are 
cither both resoluble or both irresoliible. 

This follows from Ex. vn. 

Ex. ix. If/i, f 2 , ... f n and g X) g 2 , ... g m are two corresponding sets of rational integral 
functions of x x , x 2x ... x u and y x , y 2 , ... y„, then the transformations (A) convert every 
highest common factor of either set of functions into a highest common faotor of the other 
set of funotions. 

Ex. x. If x x , £’ a , ... x n and y x , y 2 , ... y n are corresponding sets of finite values of the 
x’u and y’s satisfying the equations (A), and if c is any given finite non-vanishing oonstant, 
wo have 

Jjin^i+E 2ll .v 2 + ...-\-E nn x u =c t .(1) 

when and only when y n =o 

Now lot jF’and G be two corresponding homogeneous funotions of the afn and y’s. Then 
if F vanishes for all finite values of x x , x 2l .. x n satisfying the equation (1), G vaniHhos for 
all finite values of y x , y 2) ... y n -i when y n =c Therefore by Ex. xvm of § 185 the function G 
vanishes identically, and it follows that the function F vanishes identically. 

Wo deduce the following result, which is a generalisation of Ex. xviii of § 185 

Jjst F be a homogeneous rational integral funotion of the variables x x , x 2 , ... x n ; let 
&u k 2i ... k n be finite constants which cure not all zero; and let 0 be a finite non-vanishing 
constant. Then if F vanishes for all finite values of the variables which satisfy the equation 

k x x x +k 2 .v 2 +... + k n Xn=o> .(2) 

it must vanish identically. 

This result is further generalised in Ex. vi of § 189. 

Hence two homogeneous rational integral functions F and G of the variables x x , x 3 ,... ,v n 
are identically equal when and only when they satisfy the following two conditions. 

(1) The funotions F and G have the same degree m all the variables. 

(2) The functions i^and G are equal for all finite values of x x , .. x n which satisfy 

the equation (2). 
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Note 1 Transformations m SI 

If tho matrices [Z]" and L lie in any restricted domain of rationality SI, l.a if all the 

" 1 - 1 M 

elements of one (and therefore of both) lio m 12, tjlio transformations (A) are called 
transformations in Q 

In this caso they establish in the same way a one-one correspondence between all sets 
of finite valuos of the variables ,r lt .r. 2) . . x lt lying in Q and all Hets of finite values of the 
variables >/•> , .. y )t lying m SI. Also they establish a one-one correspondence of the 

same character as before between all rational integral functions in i2 of .v x , #a, ... ,v n and 
all rational integral functions m Q of y ls ?/ 2 , . i/ )L . Two corresponding functions F and 0 
which lie in 12 and do not vanish identically are oither both reducible or both irreduoible 
111 Q 


2 Regularisatmi of a number' of rational integral functions. 

Let f, f, ... f m be any m given rational integral functions of the 
n variables ... x n which do not vanish identically; and let g 1} g ai ... g m 

be the rational integral functions of the n variables y^, y %j ... y n into which 

they are converted by the homogeneous linear transformation x —\V\ y , 

n t 1 —'n 11 •— J m 

where [l] n is an undegenorate square matrix with constant elements. Then 
we will prove tho following result: 

It is poss-ible to choose the undegenerate matrix [Z]“ so that it lies in any 

assigned domain of rationality H, and so that the functions g^, g», ... g m are 
regular in each one of the variables y 1} y.±, ... y^, where k has any one of the 
values 1, 2, ... n. 


Let the degrees of/i, f a , ... f n in all the variables x u a^, ... w n (which are 
also the degrees of gi,g. iy .. g m in all the variables y^, t/ u , ... y n ) be r u r 9 ,.. r m , 
and let • 

r t + r.,+ ..+r m = r, ff...f m = F, g, g *... g m = 0. 

Also let F’ = axf'-so.f 1 ...tr n a ‘ l + bxf 1 xf*...+ ... 

be the sum of those terms of F which havo degree r in all the variables 
flfji a'lj, ... so that 

+ • • ■ + fif« = + .. + = ... = r J 

and let O' be the Hum of those terms of 0 which have degree r in all the 
variables y u y a , ... y n , so that 

O' = a Yf l Yfl.. Yf n + b Y? 1 + ..., 

where 1 % = Ihyi d" I’tay^ H" H" linym ~ L ^0* 


Further let A lt A 2 , ... A * be the coefficients of yf, yf, ... yY in 0. 
Because these are also the coefficients of yf, yf, . . yY in O’, we have 


A, 


oT.C... C k + hltff 


u lk 2k ■ 


Ifc v 2ft 


t n + 

’ ti k + 
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and because a, 6, ... do not all vanish, it follows that 4^ A s ,... A^ as well as 
(l) >l are rational integral functions of the elements of [l]^ which do not vanish 
identically. Hence by Ex. xx of § 185 it is possible to choose the elements of 
[/]” so that they all lie in H, and so that the product 

When this is done the square matrix [£]” is undegenerate and lies in H, 
and the functions g li g», ... g m are all regular m each one of the variables 
Du y*, ... yk, which may be considered to be any 1c of the variables 

y*, ■■■ 

If fu /a, /in all lie in any domain of rationality fl, we can choose [Z]’| so 

as to lie m the same domain fl; and then g X} g^, ... g m also lie in the same 
domain Cl . 

The one-one correspondence between the functions f,f a , ... f m and the 
regularised functions g l} g 2 , .. g m has the character described m sub-article 1. 

Ex. xi. The properties of the factors of m rational integral functions lying in any 
domain of rationality A can bo deduced from the properties of m corresponding rational 
integral funotions which he in A and are regular m all or any number of the variables. 


3. Homogenisation of a rational integral function by a linear transforma¬ 
tion of the variables. 


Let [ l]” +1 and L 

L J H-f-l 


,n+] 


n+] 


be two mutually inverse undegeneratc square 


matrices with constant elements. 

Then the two mutually inverse transformations or substitutions 


x 

1 


m «+i 

,, + . y 


J »+i 


2 / 

— n+1 


i—|M+1 

= L 


'n+l 


x 

1 

—i 


•(B) 


establish a one-one correspondence between all sets of finite values of the 
n variables cc lt a^, ... cc n and all sets of finite values of the ti +1 variables 
y 1} y a , ... y n , y n+ i satisfying the equation 

^n+i,i2/i + ?n+i,a2/a + • ■ ■ + 2n+i,n2/n + ^n+i,n+i2/w+i = 1.(3) 

Any two corresponding sets of finite values of the x's and y ‘s satisfy both 
the equations (B), and each set of values is uniquely determinate when the 
other set is given. 

Let X 1} X a , ... Z fl+1 be the linear functions of a^, cc a , ... x n defined by the 
equations 

Xi = Li%Xi + LatAJa + ■ • • + L nt if n + (i = 1, 2,... n +1), 
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so that the equations 


X = L 


1 n+l 


'»+! 


J iZ+l 


= [l] H+l X 

L J (f+1 


(B') 


1 B+l 


and 


1 H, 1 1 - 1 II, 1 

w l = 1*11 + ^ 12 -^a + ■ ■ • + li ,»+] X 1l+ i, (i = 1 , 2 , ... a), 

^n+i,] -^-l + ^1+1,3^-a + ■■■ + 4i+i,n+i-^n+i = 1>. 


.(4) 


are identities in x it ... ,r n . 

Also let Fl Y. i} ... Y n+1 be the homogeneous linear functions of y u y s , ... 
y n+ i defined by the equations 

Y t = ^ii^] + + ■ ■ ■ "b li,n+i Vn+i > (i = l, 2, ... )l + 1), 


so that the equations ' 

r—i 

Y 


m w + l 1 1 

= [/] y 

l j »« ^»+i 


7 =T" +, 'F , 

1 -'«+! 1 -'«+! 1 - 1 M+l 


.(B # 0 


and 


y% — Lii Yi + L ai Y' 2 “H ■ • ■ “H -^n+i.i ^»j+i> — 1, 2, . . n + 1), 


are identities in y l) ?/ a , ... y n+ i- 

Then every rational integral function of the x’s which does not vanish 
identically and has degree s in all the variables can with the aid of (4) be 
expressed as a homogeneous rational integral function of the functions 
X u X 2 , ... 2T 1I+1 of degree s, and every homogeneous rational integral 
function of the y s which docs not vanish identically and has degree s m 
all the variables can be expressed as a homogeneous rational integral 
function of the functions 1 ^, Y a , ... Y n +i of degree s. 

First let F be any rational integral function of the n variables & a , ... x n 
which does not vanish identically and has degree s in all the variables. Then 
we can write 

F = Sam *’ 1 ..«+ = ... *f“. I ®** 1 


.(b) 

where the coefficients a and b in the various terms of these sums are non¬ 
vanishing constants, and where in the various terms p i} p i} ... p n , p n+i and 
q lt q 2 , ... g, l+1 are positive integers such that 

Pi +j? fl + ... +p,t $ 3, Pi +i) a +. • +Pn +p, 1 +] =s, qi + qi + ■ • • + g n +i = *■ 

There arc terms of the first sum in which pi + p 2 + ... +.p,i = s, and there¬ 
fore there are terms of the second sum in which p n+i = 0 We assume as usual 
that pi, p a , ... p n have not all the same values in any two terms of the first 
sum, and that qi, q a , ... q n +i have not all the same values in any two terms 
of the third sum. We can obtain the third sum in (b) from the second by 
substituting for &’ l5 ev s ,... co n , 1 in each term the expressions identically equal to 
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them which are given by the second of the equations (B'). There cannot be 
two different expressions for F which are homogeneous rational integral 
functions of the same degree of the functions X x , X. i} .. X n+} . For any 
two such expressions would necessarily be equal for all finite values of 
X u X 2) ... X n+1 satisfying the equation ( 4 ), and therefore by Ex. x would bo 
identically equal functions of X x , X 2 , ... A r n+1 . Accordingly the coefficients b 
are uniquely determinate when the coefficients a are known; and clearly the 
coefficients a are uniquely determinate when the coefficients b are known. 

By substituting for x X) x 2 , ... x n , 1 the values given by the first of the 
equations (B), i.e. by making the substitutions 

= hiVi + Imy* + . . + l hn +iy n +i, (i = 1,2,... J?), 

1 “ i2/i H" ^1+1,23/2 + + ^n+:,ii+i2/n+], 

we can derive from F the homogeneous rational integral function 0 of 
Vi, lhi, y n +1 given by 

a = %iy\' yf ... = SaFf Ff .. F&J.(b') 

which does not vanish identically and has degree s in all the variables. The 
second expression in (b') is derived m this way from the second expression 
in (b). The first expression m (b') is derived m this way from the third 
expression in (b) when we write X l in the form 

X x = L n x x + L^Xz 4 - ... 4 - L n% x n + L n + 1_ t . 1, 
and X Xi X 2 , ... X n+1 in similar forms. 

There cannot be two different homogeneous rational integral functions of 
y l} 2/a> 2/n+i into which F can be converted by these substitutions For if 

<f> and yjf were any two such functions, then both cf> and F, and and F, 
would have equal values for corresponding sets of finite values of the y’s 
and x’b ; therefore <fc and would be equal for all finite values of y x , y 2> ... y n + x 
satisfying the equation ( 3 ); therefore by Ex. x they would be identically 
equal functions of y u y 2 , ... y n +i- In particular the two expressions for G 
in (b') are identically equal functions of y x , y 2 , ... y n +i- Accordingly the 
function G given by (V) is the only homogeneous rational integral function 
of yi, y fl , 2/n+i of degree s into which F can be converted by the first of the 
substitutions (B). 

If for a moment we regard G as a function G' of Y lt Y 2 , ... Y n+1) we see 
from the second sum in (b'), which contains terms m which p n+1 = 0, that G ' 
is not divisible by F, l+i . Smce G and G' are convertible into one another by 
the two mutually inverse homogeneous linear transformations (B"), it follows 
by sub-article 1 that the function G of y u y 2) ... y n+l is not divisible by the 
homogeneous linear (and irresoluble) function 

~ ^ji+1,1 Vi “h ^rH-i,2 3 /s + ■ ■* 4 ^j+i.n+i 2/n+i. 


( 5 ) 
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Next lot G be any homogeneous rational integral function of the n +1 
variables y u y a , ... y n+1 which does not vanish identically, has degree s in all 
the variables, and is not divisible by the linear (or lrresoluble) function Y n+l . 
Then we can express G in the forms (V), where the coefficients a and b in the 
various terms are non-vanishing constants, and where 

T + ft + ■ + = s, p x + Pi + ... + p n + Pn +1 = 8 . (6) 

The coefficients b are uniquely determinate when the coefficients a are 
known. Also by sub-article 1 the coefficients a are uniquely determinate 
when the coefficients b arc known, and the second expression, regarded as 
a function G' of Y u y 2 , .. Y n+i , is not divisible by F )l+1 Consequently 
there are terms of the second sum m which p>n+i = 0, Pi + ^ 3 + J rPn = & 

By substituting for y x , y, i} ... y n+1 the values given by the second of the 
equations (B), i.e by making the substitutions 

Vi — L u x x + L 2i w a + . . + L n itc n + L n+X>l , (i = 1, 2, ... n + 1), 
we can convert G into the rational integral function F of x x , x 2 , . . x n given 
by (b), which does not vamsh identically, the first and third expressions for F 
being obtained respectively from the second and first expressions for G. 

There cannot be two different rational integral functions of x 1> ... x n 

into which G can be converted by these substitutions, for any two such 
functions would necessarily be equal for all finite values of x. 2) .. x n , and 
must therefore be identically equal. In particular the first and third expres¬ 
sions for F are identically equal functions of ... x n Accordingly the 

function F given by (b) is the only rational integral function of x 1} x s , ... x n 
into which G can be converted by the second of the substitutions (B). 

Since there are terms of the first expression for F in which 
Pi+P* + ■■■+p n = 8, 

wo see that F has degree s in all the variables x lf av,, ... x n . 

In the particular case whon F vanishes identically, any function into 
which it is converted by the first of the substitutions (B) must vanish 
identically; and conversely when G vanishes identically, any function into 
which it is converted by the second of the substitutions (B) must vanish 
identically. 

Thus the two mutually inverse transformations (B) establish a one-one 
correspondence between 

' (1) all rational integral functions F of the n variables x u x a , ... x n , 

(2) all those homogeneous rational integral functions G of the w +1 
variables y u y 3 , ... y n+x which are not divisible by the homo¬ 
geneous linear function F n+1 ; 

two corresponding functions F and G having the same degree in all their 
variables, and being convertible into one another by the substitutions (B). 
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Any two corresponding functions F and 0 can be expressed in the forms 
(b) and (b'); the first of the transformations (B) converts F into G , the 
second of the transformations (B) converts G into F, and each of the 
functions F and G is uniquely determinate when the other is given. In 
particular one of the two functions vanishes identically when and only 
when the other vanishes identically. 

We call G the homogenised function (of the same degree as F) corre¬ 
sponding to F. 

Ex. xii. Two corresponding functions F and G havo equal values for corresponding 
sets of finite values of the variables. 

Ex. .vni. The transformations (B) convert every fimto root of F into a finite root of G 
satisfying tho equation (3), and overy finite root of G satisfying the oquation (3) into a 
finite root of F. 


Ex. xiv. If F, f /, / 2 , .../,„ and G, g ) g u g 2 , g, n are two sets of oorroHpoudmg 
funotions which do not vanish identically (no function of tho second set being divisible by 
the homogeneous linear funotion F n+1 ), then 

(1) The products /^‘/a”*' and ffi^gF 1 . g n i tm are mutually corresponding 

functions of x u x$, x u and y u y 2 , ... y n +i- 

(2) Wo have F=f 1 u> fJ hl .. /J* 7 ' 1 when and only when U=g^ h g^ H . .g m Um . 

(3) The funotion f is a faotor of F (repeated % times) when and only whon tlio 

function g is a factor of G (repeated u times). 

(4) The two corresponding functions F and G are either both rosoluble or both 

irreaoluble 

(5) Tho first of the transformations (B) converts every highest oommon factor of 

/ii/a. fm mto a highest common factor of g u ... g m , and the second of 
the transformations (B) converts every highest common factor of g u g^, .. g m 
into a highest common factor of fi,f it / m . 

Ex xv Corresponding sets of values of the variables which are not finite. 

If the equations (B) are satisfied and at least ono of the ^s is infinite, then at leant one 
of the ys is infinite; also if at least one of the ya is infinite, then at least one of tlio x'h iH 
infinite In suoh oases we can write 

£,J, \piy-i. y rt+ i]=(r[?7 1 rj i ...r] n+1 ] ) 

where p and a- are infinite scalar quantities, and where the £'h are finite quantities whioh 
do not all vanish and also tlie j/’b aro finite quantities which do not all vanish. The 
equations (B) are then satisfied when and only when 


£ 

^ 0 


i 


rn )i+i f -1 

= * ra, l+1 7 : 


o- 77 


J 7l+1 


pA 


i>h-i 

j »i+i 


j », 1 


■(7) 


Since tho £’s do not all vanish and the j/’s do not all vanish, the equations (7) cannot 
be satisfied when either of the ratios p . o- and o-. p vanishes. Hence we must have 
p=rh, o-=rk f where r is an infinite scalar quantity, and h and h are finite Boalar 
quantities neither of which vanishes; and in (7) we oan replace p and o- by the finite 
non-zero quantities h and h which are proportional to them 
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Wo ob,servo that the 77 ’s must always satisfy the equation 

Zii + l,l>?l + f»+l,a>?3+ +^i+l,n+l 7 7it+i = Oi .( 3 ) 


which is tho limiting form assumed by tho equation (3) when some of tho y’s are infinite. 
Note 2. Transformations in Q. 

When tho matrices [Z]^j and L lie m any restricted domain of rationality Q, the 

transformations (B), which are thon transformations 111 0, also establish a ono-ono corre¬ 
spondence between all sets of finite values of tho n variables a?x, # 2 , • x n lying in £2 and 
all sets of finite values of the 71 + 1 variables y u y a ,. . y u+1 whioh he 111 Q, and satisfy the 
equation (3). 

Moreover they also establish a ono-oue correspondence between 

(1) all rational intogral functions in £2 of tho n variables x lt .i/y,. x tl ; 

(2) all thoso homogeneous rational integral functions in £2 of tho ?i + l vai'iablos 

Vu ?/ 2 i ... y>t+\ which are not divisible by tho homogeneous linear function 

n + l > 

two corresponding functions F and G having tho same degree in all their variables, and 
being convertible into one another by the substitutions (B) 

Two corresponding functions F and G of tho same degree lying m 12 have the same 
properties oh before One of them vanishes identically when and only when the other 
vanishes identically. When they do not vanish identically, they are either both reducible 
in £2 or both irrcduciblo 111 £2. 


Note 3. Homogenisation with change of degree. 

,, 1 1 | 'i t 

If [l] "[ and L are two given mutually inverse undogenerato squaro matrices m 

»+i 1—' ji+i 

tho domain of rationality Q, and if r and s are any two givon positive integers such that 
r a, wo see in tho same way that ■ 


The two mutually inverse transformations (13) establish a one-one correspondence betioeen 

(1) all rational integral functions in £2 of degree a of the n variables ,ri, # 2 ,. . x n ; 

(2) all those homogeneous rational integral functions in Si of degree r of the n + 1 

vaa'iables y l9 Vn+i which are divisible by F’^ * and are not divisible by 

any higher pow&i' of F, t+1 ; 

two such functions F and G 1 of degrees s and r of the x's and y's corresponding when and 
only when they are convertible into one another by the transformations (B) 


I 11 this ease any two corresponding functions F and O’ of degrees a and r have 
tho forms 


F= Sew f‘af... a 2 ujj p l ' x p \.. . l"* H 


=jm .(bo 

.(V) 

where the coefficients a and b are constants in 12, and where 

£h+Pz+•••+.?«^*5 /’l+i , S + . -+PT»+Pn+l ==} ’j tfl + ?a + .-.+?n+l a =»'. 
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One of tho functions F and G' vanishes identically when and only whon tho other 
vanishes identically When F aud G' do not vanish identically, theie are terms in tho 
first expression for F with non-vanishing coefficients in which £>1+232+ ...+£>*=#> an d 
there are terms in the second expression for G' with non-vanishing coefficients in which 
£) n+1 = r-s, but no such terms in which p, 1 + 1 > r — s. The first of tho transformations (B) 
converts F into G', and the second of the transformations (B) converts O' into F. 
When F is given, there cannot be two different homogeneous rational integral functions 
of y u y a , . y n+1 of the same degree which are derived from F by the first of the 
transformations (B); and when O' iH given, there cannot be two different rational uitogral 
functions of .. .r n winch are derived from G‘ by the second of the transformations (B). 

Consequently each of tho two corresponding functions F and G' is uniquely determinate 
when tho other is givon 

We call G' the homogenised function of degree r corresponding to F 

Two corresponding functions F and G' of degrees s and r have equal values for 
corresponding seta of finite values of the j?’s and ys satisfying the equations (B) 

If G is the homogenised function of the same degree s m F which corresponds to F, 
and is obtained as m the text, so that Q is not divisible by F n+1 , we have 

(?'=F r 7*0; 

«+i ’ 

and G is irreducible in Q (or irresoluble) when and only when F is irreducible m £2 (or 
irresoluble). 

If yi,, ... f m are rational inLegral functions of Wi, .. u^ n , and if g i} y a , ... g m are 
the corresponding homogenised rational integral functions of y l9 y 2 ,.. y n+1 of tho same 
degrees, obtained os in the text, which are not divisible by F, l+1 , we have 

F=t Ul f^* whfen and only when G'= Y r ~ 8 .gV’' . g 11,11 • 

aud here g u y a > 9m 1110 irreducible functions m £2 distinct from one another and distinct 
from F n+1 (or irresoluble funotions distinct from one another and distinct from F, l+1 ) 
whon and only when / 1? / a , ... f m are distinct irreducible functions m £2 (or distinct 
irrosolublo functions). 

If C/=s2cyJ l y®»...yJ££[, where Jfi-I-* 3 H-... +fi,i + i=a, we havo 

G >,= (in+i,i 2h +£»+i,sys + ■■■ + £»+ i.n+i 2/h+i)' *• Say® 1 y**... 

4. Homogenisation of a rational integral function by the introduction of 
a new variable. 

In the particular case when = the two mutually inverse 

transformations (B) of sub-article 8 become respectively 

[#1 00 %. ,.K n \~\ = \_l/\ y% •. • y<n yn+i\ s [2/1 2 /* ■ • ■ 2 /n 2 /«+i] = [ a i !]• 

In this case we have 

[-X"i-3^2• • ■ 3^ n+1 ] = [fl?i1], \Y\Y i ...Y n I^n+i] = [yi 2 / 2 • • ■ yn yn+J> 

and the coefficients b are the same as the coefficients a. 
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If in the homogenised function G we replace y u y$, ... y tl+1 by x u ai 3 ,... 
w n+1 , the substitutions which convert F into G and G into F are respectively 

1 =d?ft+lj &?l+l = 1.(C) 

Let F be any rational integral function of the n valuables oo ls x 3) ... x n 
which docs not vanish identically and has degree s m all the variables, 
so that 

F=tax?x?...x? = tax?xf...a ?*. .(c) 

where ^ +^ a + ... + p n ^ s, p x +p 3 + ... + p n + p»n = s, there being terms in F 
with non-vanishing coefficients in which p^ + p a 4-... + p n = s, and therefore 
2Wi = 0. Then the first of the substitutions (C) converts F into the 
homogenoous rational integral function G of degree s of the n +1 variables 
*i, *a> ®». *‘n+i given by 

G = tax?a?... a;f" x p ff\, .(o') 

and this function G docs not vanish identically, and is not divisible by x n +i- 
Also the second of the substitutions (C) re-converts G into F. Again the 
function F given by (c) vanishes identically when and only when the function 
G given by (c') vanishes identically. 

Thus the two mutually inverse transformations (C) establish a one-one 
correspondence between 

(1) all rational integral functions F of the n variables x lt x 3 , ... x n ; 

(2) all those homogeneous rational integral functions G of the n + 1 

variables x u x 3> ... x n , x n+1 which are not divisible by x n+i ; 

two corresponding functions F and G having the same degree in all the 
variables , and being convertible into one another by the substitutions (C). 

Any two corresponding functions F and G of the same degree have the 
forms shown in (c) and (c'); the first of the substitutions (C) converts F into 
G ; and the second of the substitutions (C) converts G into F. One of the 
two corresponding functions F and G vanishes identically when and only 
when the other vanishes identically; and each of them is uniquely deter¬ 
minate when the other is given. 

We call G the homogenised function of the same degree as F formed by 
the introduction of the new variable x n+1 . 

Ex. xvi. To oaoh set of values « l9 . . a n of the n variables tv i, x 3i ... x n there 

corresponds the set of values a lt a 2 , . . a IL) 1 of the n+1 variables x u x 3 ,... x nt x n+ i; and 
two corresponding functions F and G- have equal values for corresponding sets of finite 
values of the variables. 

Ex. xvii. If one of two corresponding functions F and Q lies m a restricted domain of 
rationality Q, the other also lies in Q. 

o. hi. 3 
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Ex. xvm If F,f f u f a , . and G, g, g u g- 3 , ... g m are two sets of corresponding 
functions which do not vanish identically (no funotion of the second set being divisible by 
*»+i)i then 

(1) The products/“'/“* and g* 1 g'£. . g^ are corresponding functions. 

(2) We have F=f^f ^ a .. when und only when G=g™' — 9^ • 

( 3 ) The function / is a factor of F (repeated u times) when and only when the 

funotion g is a factor of G (repeated u times). 

( 4 ) Two corresponding functions F and G are either both resoluble or both irre- 

soluble; also they are either both reducible in Q or both irreducible m Q 

( 5 ) The highest common factors of/i,/a, and of g lt y 2 , .. g m are con’esponding 

functions of the afs and ys of the same degrees convertible into one another by 
the substitutions (G). 


Noth 4 Homogenisation with change of degree. 

If r and s are any two given positive integers such that r<fr s, we see in the same 
way that 

The two mutually inverse transformations (C) establish a one-one correspondence between 

(1) aU rational integral functions F of degree s of the n variables .v a , ... x n ; 

(2) all those homogeneous rational integral functions G' of degree r of the ?i+l variables 

#ij #a, ... x n , .r 1l+1 which are divisible by and are not divisible by any 

higher power of x n+i ; 

two corresponding functions F and G' of degrees a and r being convertible into one another 
by the transformations (G). 

In this case any two corresponding functions F and G' of degrees a and r have the 
forms 


F^ax J' x%* ...x^ n = 2ax^ 1 x%* 


-1 Pn+1 

x n 1 1 > 


(<h) 


G' =2aa?^' x®*...x 


„Pn „Pn+l 
'»+l > 


■M 


where P1+P2+• +Pn ^ « 5 P1+P2 -t- ■ +Pn+P»+i = r - Each of the two functions F and G' 
is uniquely determinate when the other is given, and each of them vanishes identically 
when and only when the other vanishes identically. When F and G' do not vanish 
identically, there are terms in F with non-vanishing coefficients m which 

Pi "b Pi • •+.?«=*> 

and there are terms in G' with non-vanishing coefficients m which i=r— a, but no suoh 

terms in whioh p n +i >r—s- 

We call G' the homogenised function of degree r con’esponding to F and formed by 
the introduction of the new variable ar n+1 , and if G is the homogenised function of 
degree s correspondmg to F, which is not divisible by we have 

If/ij/2) • • < fm are rational integral functions of the n variables x 1} &’ a , .. x H whioh do 
not vanish identically, and if g 1} y a , ... g n are the corresponding homogenised rational 
integral functions of the same degrees of the ?i + l variables x lf x 3 , ... x n) x n+1) no one of 
whioh is divisible by x ll+ i, we have 


F=f^ l f^. ./ Win when and only when G'=x' * g\ h 7^. 
J 1 J 2 J m . J »+i s 1 


■9 
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and here g u g.,, . g w are irreducible functions in Q, distinct from one another and distinct 
from .r, 1+1 wliou and ouly when... /,„ are distinct irreducible functions m Q. 

5. Non-homogeneous linear transformations of the variables. 

An ordinary linear transformation from one set of n variables to another 
is given by n equations of the form 

#1 = hiy-i + hsVi " 1 " • ■ + linVn + 6 11} 

= ieil/i + l^ya + ... + IvnVn + 6aii 


0B n = Inil/i + ImV a + • ■ ■ + Innl/n + e m j 

■where [Z] is an undegcnerate square matrix with constant elements, and 

where the e’s are any constants. If the e’s all vanish, it is the homogeneous 
transformation considered in sub-article 1. When the e’s do not all vanish, 
it is non-homogeneous. The matrix equations of this transformation and its 
inverse are 


i 


l, e 


I | I-1 

y _L,B x 


1 LO, 1J 1 ’ 1 

—'n, l 1 1 — 1 ji, 1 1 —'u,i 


0, 1 


■(D) 


‘n, l 


hi, 1 


where L is the undegenerate square matrix inverse to [l]\ and where 

i—11 i—i n i i I. i—i 1 

E =-L [e] 1 , [el =-m i? . 


The two mutually inverse transformations or substitutions (D) establish a 
one-one correspondence between all sets of finite values of the n variables 
x lf x a ,... x n and all sets of finite values of the n variables y lt y a ,... y n - Any 
two corresponding sets of finite values of the xs and ys satisfy both the 
equations (D), and eaoh set is uniquely determinate when the other is given. 

Let X u X a , ... X n and Y lt Y a ,... Y n be the linear functions of the x 's 
and y 's respectively defined by the equations 

Xi = Lii &i + L^x 2 + ... + L n% os n + E U) 


Y = kiy i + ^2 /m + ... + kn yn + 0£i, 

so that the two pairs of equations 


r—i r n ■ >—i 

X L, E x 

1 “ 0, 1 1 
'—'»», i i-i )(il '—'it,i 


n -1*^1 
x _ \ l f e 

i " Lo, i. , 

— 1 n,l “- 1 


X 

1 


»*l 1 



'l, 

0, 1 


_ n, 1 


», 1 


i*i 1 


i-1 H > 1 

1 — 1 I I r—j 

y = l,e Y 
1 0, 1 1 ’ 


»i i 


it, l 


(D') 


■(D") 


3-3 


n, 1 
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are identities in the tea and ys respectively, and therefore the equations 
&i = Xi + 4a-2"a "t" • • + lin^n “h ®ii > 

Vi = Ln Yx + L 2 iY 2 + ... + L m Y n + En 

are identities in the xa and y'a respectively Then every rational integral 
function F of x lt <r fiJ . . oc n can be expressed as a rational integial function of 
the linear functions X 1} X z ,... X n ; and this can be done in only ono way, 
for if GxiXx, X 2 ,... X n ) and G 2 (Xi, X 2> ... X n ) were two such expressions 
for F , then Gi and (? 2 would be identically equal functions of the x'a ; there¬ 
fore they would be equal for all finite values of x 2 , ... x n ; therefore they 
would be equal for all finite values of Xi, X 2 , ... X n when these are regarded 
as variables; i.e. they would be identically equal functions of X } , X a ,... X n . 
Similarly every rational integral function G of y lt y 2 ,... y n can be expressed 
in one and only one way as a rational integral function of the linear functions 
Y u Y 2 ,...Y n . 

Proceeding now as in sub-article 1 we can show that ■ 

The two mutually inverse transformations (D) establish a one-one corre¬ 
spondence between all rational integral functions F of the n variables x it x 2} ... 
ec n and all rational integral functions G of the n variables y l} y 2 ,... y n ; two 
such functions corresponding when and only when they are conv&'tible into 
one another by the ti'ansformations (D); and any two such corresponding 
functions F and G can be expressed in the forms 

F=$a xf'xf* ... x n p « = 2 b X^Xf*.. X n \ .(d) 

. G = 2 b yfiyf*...y n *n = 2 a Yf 1 Yf *... Yf* .(d') 

For if F is any given rational integral function of the xa, it can be 
expressed as in (d), the coefficients b being uniquely determinate; the first 
of the substitutions (D) then converts it into the function G given in (d'); 
and the second of the substitutions (D) re-converts G into F. Again if G is 
any given rational integral function of the ys, it can be expressed as in (d') # 
the coefficients a being uniquely determinate; the second of the substitu¬ 
tions (D) then converts it into the function F given in (d); and the first of 
the substitutions (D) re-converts F into G. 

Most of the properties of two corresponding functions obtained in sub¬ 
article 1 remain true for the more general transformations (D), the proofs 
being similar The essential properties which remain true are summarised 
in the examples which follow. 

Ex. xix. If F and 0 are two corresponding rational integral funotions of tho x'b and 
y’a, then: 

(1) Each of them has the same degree m all its variables os the other; but their 
degrees m the individual variables need not be the same. In particular each 
of them vanishes identically when and only when the other vanishes identically. 
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(2) They havo oqual vnluos for corresponding sets of finite values of the variables. 
Consequently tho transformations (D) convert every finite root of either of 
them into a finite root of tho other. 


Ex xx. If F, f, / l5 f i} . and G, g, g x , go, .. g ln are two sets of corresponding 
rational integral functions of the and y’s, then • 

(1) The productsand g{ ll g 2 l *. g m Vm are corresponding functions of 
the a ?s and ?/’s 


(2) We havo F=fx l \f 2 Li . f m iCvl when and only when G=*g x 1 ' g 2 h ..g^ 

( 3 ) The fuuction/is a highest common factor of/i,/o, .../ m when and only whon the 

corresponding function g is a highest common factor of g u g 2 ,. . g m . 

Ex. xxi. If xi, x 2 ,. . x n and y u y. 2 ,...y n are values of the variables whicli satisfy the 
equations (D) and are not all finite, wo can write 

[#i x 2 . tf n ]=p [£i£> .£„], [j/l,?/2--'^n]=-0'['7l 7 ?a- >?m]» 

whore p and a- are infinite, the £’s are all finite and do not all vanish, and the tj's are all 
finite and do not all vanish; and we can then replace tho equations (D) by 


*7 -PJ!7 



= L 


£ , 


where h and k aro finite non-zero numbers, and hk=l. 


§ 188 . General properties of the factors of rational integral 
functions. 

We will now enunciate three important theorems and deduce from them 
certain other theorems which will be regarded as corollaries. The general 
proofs of the three fundamental theorems will he deferred to the latter 
portion of the present article We shall there prove the threo theorems 
by induction. We shall assume it to be known that they are true for 
functions of a single variable; and we shall show that if they ore true 
generally for functions of n — 1 variables, then they must be true generally 
for functions of n variablos. It will then follow that they and their corollaries 
aro true whatever the number of variables may be. 

We use the definition of a highest common factor given in § 186. s. 

Theorem I. let f and / a be two rational integral funotions of the 
n variables .. cr n lying in any domain of rationality £1, neither of 

which vanishes identically . Then f and / B have a highest common factor h 
which has the following properties: 

(1) It is a rational integral function of x 1} ... w n lying in £l. 

(2) It differs by a non-vanishing constant factor only from the product 

of all the distinct irreducible factors {unrepeated and repeated) 
common to and / B . 

(3) It differs by a non-vanishing constant factor only from the product 

of all the distinct irt'esolvble factors (unrepeated and repeated) 
common to f and f 
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It is to be understood that in the products mentioned in (2) and (3) each 
distmct irreducible (or irresoluble) factor occurs just as many times as it is 
repeated in both / 2 and / a . If it is repeated r times in /i and s times in f a , 
then m the product mentioned in (2) or (3) it is repeated r times or s times 
according as r s or s r. In the particular case when ono of the functions f x 
and f 2 is a non-vanishing constant, each of the products mentioned in (2) and 
(3) is interpreted to be a non-vanishing constant or to be 1. Thus each of 
those two products is determinate save for a non-vanishing constant factor. 

Let t u .. t r be all the distmct irresoluble factors common to and / a ; 

and let T lt T», ... T s be all the distinct factors common to f. and / a which lie 

in fl and are irreducible m H. Let t* 1 , t * 2 ,... t r a ’ be the highest powers 
of t lt U, ■ ■ U respectively which are factors of both f x and / 3j and let 

TA T./ 2 , ... be the highest powers of T 1} 'F a , ... T a respectively which 
are factors of both and / 2 . 

Then by the theorem we have 

h = cC 1 C • • • = CT A T / 2 ... 

where c and C are non-vanishing constants. 

From Theorem I we can deduce the corollaries which follow. 

Corollary 1. If f 2 is reducible in £2, then either f 2 or a constant is a highest common 
factor of f and / 3 . 

For the highest common factor h of Theorem I lies in £2 and is a factor of tho 
irreducible function / 3 . It must therefore be either/ 3 or a oonstant. 

Corollary 2 Let f 2 be irreducible in £2 but resoluble. Then if f {which lies in Si ) is 
divisible by any factor of f 2 uhich is not merely a constant , it must be divisible by / a . 

Let 0 be a factor of / a which is not merely a constant. Then if <f> is also a faotor 
of f l} h must be divisible by cfi and cannot be a constant. Therefore by Corollary 1 the 
function / a is a highest common factor oif and/ a Consequently / a is a factor of f. 

Corollary 3. If f and / a have no irreducible faotor in common , then they have no 
irresoluble factor in common. 

For iu this case Ji must be a constant, and therefore every common factor of / x and f> 
must be a constant 

Corollary 4. Let f , / 3 , ...f m be rational integral functions of the variables cc 2) . . x tl 
lying in any domain £2, no one of which vanishes identically ; and let t 1} t 2i ... t r be all the 
distinct irresoluble factors and Tj, T%, ... T a be all the distinct irreducible factors which are 
common to all the functions fi, f it .../ m . Then .. f m have a highest common factor h 
which lies in £2 and is such that 

h=ct^ T/\ T 7 / 8 , 

where c and 0 are non-vanishing constants , tf* is the highest power of t^ which is a factor' of 

every one of the functions fi, / a , ... f m) and T^ is the highest power of Tj which is a factor 
of every one of tho functions f , /a, . f m 
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We can prove this oorollary by induotion. Assuming it to be true for the in -1 
functions/ 2 ,/ a , ... / w , it follows from Ex. xxvi of § 185 that it is true for the in functions 

fiifii • fl If 

Theorem II. Let f lt f 2 and g be rational integral functions of the 
n variables w u # 3 , ... x n lying in any domain of rationality LI, no one of 
which vanishes identically. Then if the product ff 2 is divisible by g, and 
if g and f are prime to one another 1 in Li (i.e. have no irreducible factor 
in common), / 2 must be divisible by g. 

From Theorem II we can deduce the corollaries which follow. 

Corollary 1. If / 1/2 is divisible by g, and if g and fi are prime to one another 
(ie have no irresoluble factor in common ), then / a must be divisible by g 

For we can take Q in the theorem to be the domain of all algebraic numbers 

Using Corollary 3 to Theorem I, we can deduce Theorem II from that particular case 
of it contained in the prosent corollary. For if f aud / 2 have no irreducible faotor in 
common, then they have no irresoluble factor m common. 

Corollary 2. If f is an irreducible rational integral function of a~2, ... 
belonging to the domain Q, no powei' of f can have any iiveduoible faotor distinct from f 

Let g be any irroduciblo rational integral function of x x , .r 2 , . x n belonging to the 

domain Q which is a faotor of f m . Then by the theorem g must be a factor of f m ~ l 
if m>\, therefore a factor of f m ~' 1 if m> 2, . and finally a faotor of /, i e. g is not 
distinct from f 

Corollary 3. Let f be a rational integral function of the n variables tf a , ... oa n 
which lies in the domain of rationality Q and does not vanish identically ; lot T x , T 3 , ... T a 
be all the distinct ^reducible factors off in Q; and let Zi, Zj,. t r be all the distinct irresoluble 

factors off Also let Tf, t£\ .. T a * be the highest power's of T u T s , .. T t respectively 

which are factors off; and let tf >,. . tf be the highest powm oft u Z 2) . . t r respectively 
which are factors off. Thenf differs by a non-vanishing constant faotor only from each of 
the products 

Tf'Tf*. Tf* and tf tf* ...t r \ 

It will be sufficient to prove tho first result, the seoond result being a particular case of 
the first 

Since T-?\ T 2 \ ... T?* are factors of /and are the highest powers of T u T i} .. T t 
which are factors of f, we can write 

f-tf'f*, 

where f 2 is a rational integral fimotion lying in Q which does not vanish identically and is 
not divisible by T x . If i is any one of the integers 2, 3, ... s we see from Corollary 2 that 

and T?* have no irreducible factor in common. Therefore by the theorem Ti i is a 
factor of / a , and it is necessarily the highest power of T t which is a factor of f 2 . 
Accordingly ... T,* are faotors of/ a , and they are the highest powers of 

T 2 , ... T B which are factors of / a . 

If s 2, it follows that we can write 

A-rf'f,, f-rPTfif,, 
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where/ 3 is a rational integral function lying in £2 which does not vanish identically and in 

g 

divisible neither by 1\ nor by 5T a If i is any one of the integers 3, 4, ... a, thou 2a and 
Ti l have no irreducible factor in common. Therefore by the theorem Tf i is a factor of 
and it is necessarily tho highest power of Ti which is a factor of f a Accordingly T a , Tf\ 
. . Tg* are factors of / 3 , and they are the highest powers of T a , T ±,... T„ which are factors 
of 73 . 

If a <£ 3, it follows that we can write 

/ 8 =W74, 

where fi is a rational integral function lying m £2 which does not vanish identically and is 
not divisible by any one of the functions T x , T a , T a ; and we can show as before that 

Ti\ Tf‘, ... Tf 8 are factors of f i} and that they ore the highest powers of T it T r „ .. T„ 
which are factors of / 4 . 

Proceeding in this way we see that 

mPi m Pt m Ps f 
T =J -1 ■* 2 1 a /fl + ls 

where/ i+ i is a rational integral function lying in £2 which does not vanish identically, and 
which is not divisible by any one of the functions T u T a , . . T t . 

Since/has no irreduoible factors distinct from Ti, Ti, ... T S) therefore/ a+1 (which lies 
in £2) has 110 irreducible factors, i.e./ a+ i is a constant lying in £2. 

Tho theorem embodied in this corollary cau be regarded as includod in Corollary 4 to 
Theorem I. 

Theorem III. Let f 1} / B and g be rational integral functions of the 
% variables w 1} oc 2 , ... ao n lying in any domain of rationality fl, no one 
of which vanishes identically; and lei g be irreducible in H. Then if the 
product /i/ B is divisible by g, at least one of the functions /i and / a must 
be divisible by g. 

From Theorem III we can deduce the corollaries which follow. 

Corollary 1. Let / 1} / 2 , . . f m and g be rational integral functions of x\,x a ,. . x n 
lying in any domain of rationality £2, ?io one of which vanishes identically, and let g be 
irreducible in £2. Then if the product / 1 / 2 .. -fm is divisible by g, at least one of the functions 
fi,f%, ■ ■ fm must be divisible by g. 

For if fi is not divisible by g, then by tho theorem the product f a f a ,..f n must bo 
divisible by g. If in addition / fl is not divisible by g, then the product / a / 4 ...f m must be 
divisible by g\ and so on. Finally if no one of the functions f u / 8 , ...f m -i is divisible 
by g, then f m must be divisible by g. 

Corollary 2. Iff is a rational integral function of the n variables Xi, x % , ... x n which 
lies in any domain of rationality St and is not merely a constant , then f can be expressed in 
only one way as a product of distinct factors (unrepeated and repeated) which are irreducible 
in £2. 

Let f=uiu i ...u r =v 1 v i ...v g , 

where and where %, 1 * 2 , ... u T , v x , v t) ... v s are rational integral functions of 

x$, ... x n which lie in St and are irreduoible in £2, no one of them being merely 
a constant 



188 ] 


OF RATIONAL INTEGRAL FUNCTIONS 


41 


By Corollary 1 the function u l niuat be a factor of one at least of the functions 
i>i, t'o, . . v x , which wo may suppose to bo v lm Then since Ui and v\ are both irreducible 
in Q, we have 

‘?? 1 =Cj'W 1 , and therefore Ciu 2 u- ] ...n r '=v 2 v 3 ...v a , 
whore c x is a non-vanishing constant lying in Q. 

From the last equation we see that u 2 must be a factor of at least one of the funotionB 
^2> ?, 3> v g , which we may suppose to be v 2 \ and we then have 

v. 2 =c 2 v 3 , and therefore ciC 2 u 2 u i ...u r -=v> 2 v i ...v a , 
where is a non-vanishing constant lying in Q 

Proceeding in this way we havo finally 

Ci Cjj ... C r _ i Uf = 1) r V r .j. i... v a , 

where o 1 , c 2 , ... c , are non-vanishing constants lying in Q. 

Since u r is irreducible in £2, we must have 

s=r, u r =c r v r , 

where c r is a non-vanishing constant lying m Q. 

Thus the irreducible factors occurring in the second expression for / are not distinct 
from those occurring in the first expression. 

Corollary 3. If fit a, rational integral function of the n variables x x , x 2 , .. x n which 
is not merdy a constant, then f can be expressed in only one way as a pi'oduct of distinct 
irresoluble factors (unrepeated and repeated). 

We deduce this result from Corollary 2 by taking Q to be the domain of all algebraic 
numbers. 

Corollary 4. Iffis a rational integral function of the n variables x lf x 2 , ... x n which 
lies in any domain of rationality Q and is not merely a constant , then evesy irresoluble 
factor of f is a factor of one and only one of the distinot irreducible factors of f. 

Let f=UiU 2 ...u m , where u u Vq, ... u m are irreducible rational integral functions of 
Xi, x 3 , . x u belonging to the domain fl; and let g be an irresoluble rational integral 
function of Xi, x 2 , ... x n . Then by Corollary 1 if g is a factor of f, it must be a factor of 
at least one of the functions u 1} u 2 , .. Moreover if g is a factor of two of these 
fuuotions U{ and Uj, then by Corollary 2 to Theorem I each of these two functions is 
a factor of the other, i.e they are not distinct from one another. 

Theorems II and III can be regarded as equivalent to one another, for, 
as is shown in Exs. i and ii below, each of them can be deduced from the 
other. 

Ex i. Deduction of Theorem III from Theorem II. 

Let fi, f 2 and g be rational integral functions of Xi, x 2 , ... x u lying in fl, no one of 
which vanishes identically; and let g be irreducible in Q. Further let the product/j/ 2 be 
divisible by g. 

Then if g is not a factor of f x , g and f\ have no irreducible faotor in common, and it 
follows from Theorem II that g must be a factor of / s . Thus g must be a factor of at 
least ono of the functions fi and/ 2 ; and this is Theorem III. 
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Ex. ii. Dedication of Theorem IIfrom Theorem III. 

Let f , /a and g bo rational integral functions of x lt x a , •• x n lying in Q, no one of 
which vanishes identically, and let g and fi be prime to one another in £2. Furthor let the 
product ff 2 be divisible by g. 

■ Now lot g=v, 1 u i ...u r , fif a ~gv~uiu a u r v, 

where «i, «i, . u r are rational integral functions of x lt x a , . x n which lie in £2 and are 
irreducible in £2, and where v is a rational integral function of X\, x a , ... x u lying in £2. 

Since is a faotor of/i/ 2 and not a faotor of f, therefore by Theorem III it is a factor 
of / 2 , and wo have 

fi=u x g u and therefore f\g\=u 2 ii a 
where g 1 is a rational integral function of x 1} a 2 , ... x n lying in £2. 

Again since u 3 is a factor of f\g\ and not a factor of / 1# we have 
{h=U29a> and therefore fig a =u 3 Ui...u y v, 
whore g a is a rational integral function of x u x a , ... x n lying in £2. 

Proceeding in this way we see that 

/ a =Mii{ a . .it y g r =gg y , 

where gr, is a rational integral funotion of , a’ 2 , . . x n lying in £2. 

Thus/ 2 is divisible by g\ and this is Theorem II. 

The following lemmas are properties of functions of tho n variables 
ah, oc a , ... x n which are immediate consequences of Theorems I—III. But 
in proving them we shall only assume Theorems I—III to be true for 
functions of the n — 1 variables x 3t ... x n . From the way in which 
they are proved it follows that they can be used in the general proofs by 
induction of Theorems I—III, and on this account they are called lemmas. 

Lem m a A. Let fbe a rational integral function of the n variables ,r 1} x a , ... at n which, 
lies in a domain of rationality Si and does not vanish identically. Then, f can always be 
expressed in the form, 

/=?<£> 

where is a rational integral function of the n— 1 variables x a , x 8 , ... ,y n only lying in £1, 
and where g is a rational integral function of x-i, x a , ... x n lying in £1 whioh is not divisible 
by any rational integral function of x a > sc 3 , . . x tl only. 

It is assumed that n< £2. 

Let /= W 0 Xf+UiXf- 1 + ... + «r_i A'! + Ur, 

where Wo, ^i> ••• are rational integral functions of x a , x 8) .. x n only lying in £1; and lot 
</> be tho h.o.f. of ifo* u i > • • u r- By Theorem I (for n— 1 variables) we can choose (f> so 
that it lies in £2. We then have f=g<fi, where g is a rational integral function of ® 1} # 2 ,... 
x n lying in £2 which by Ex. xxni of § 186 is not divisible by any rational integral function 
of x a , x 3} ... x n only. 

Lemma B. Let f and g be rational integral functions of the n variables X\, a? 2 , ... sc n 
lying in a domain of rationality £2, neither of which vanishes identically ; and let <f> be a 
rational integral function of the n -1 variables x 3 , x 8 , ... x n only which lies in £2 and is 
irreducible in £2. Then if the product fg is divisible by </>, me at least of the functions f and 
g is divisible by <fi. 
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Lot J— + . •) </= i’n + 1 ’i'2 ; i+ ^a-2-'i"+ ■ ., 

whore u 0 , Ui, « a , .. , t’ 0 , v lt v a , ... are rational integral functions of x 2 , x 3 , ... x n only 
lying in tl ; and let the product fg be divisible by 0. 

Now suppose that neither of the functions f and g is divisible by 0. 

Then by Ex xxm of § 185 there is at least one of the functions «o, %, Mj, ... and at 
least one of the functions v 0 , v lt v 3 , .. which is not divisible by 0. Let Ui be the first of 
the functions ««, «i, v^, . . and v } be the first of the functions v 0) v u u 2 > 'which is not 
divisible by 0. Then in the identical equation 

= (?i i a?i i + , M i+ i.ri (+1 + ...) (v J xjl + v J + l xJ +1 + . .) 

tho expression on the left is divisible by 0; therefore the expression on the right is also 
divisible by 0; therefore by Ex. xxni of § 185 tho product is divisible by 0. By 
Theorem JII (for n— 1 variables) this is impossible, since neither w ( nor Vj is divisible 
by 0. 

Hence it is impossible that neither of tho functions/and g shall be divisible by 0 

Lemma 0. Let F and f be rational integral functions of the n variables x u x 3 ,... x n , 
neither of wliioh vanishes identically; and let 0 be a rational integral function of the 
n—\ variables x 3 , x 3 , .. x n only which does not vanish identically. Then if f is not 
divisible by any rational integral function of x 2 , x 3 , ... x n only (other than a constant) 
and is a factor of Fcf>, it must be a factor of F. 

Lot F(j)=fg, where g is a rational integral function of xi, x 3 , ... x n . Then if -0 is any 
irresoluble factor of 0, not merely a constant, it must bo a factor of fg, and therefore by 
Lemma B a factor of either f or g. It cannot be a footor of f since it is a function of 
x 2 , x 3 , . . x n only. Accordingly it is a factor of g, and oan be cancelled on both sides of 
the equation F<f>=fg If tho resulting equation is F$\=fg x , this can be treated in the 
same way; and after a succession of such cancellations the equation F(j>=fg is reduced to 
F=ff, where f is a rational integral function of x 1} x 2 , . x n . This shows that / must 
be a factor of F 

Ex iii. Let F, f , f 2 be rational integral functions of the n variables x 2 , ... x n , no 
one of which vanishes identically; and let <f>i and 0 2 be rational integral functions of the 
n — 1 variables x 2 , x 3 , ... x H only, neither of which vanishes identically . Then if F can be 
expressed in the form 

& 

01 0H * 

where f x and 0! have no factor in oommon other than a constant, and f 2 and 0 2 have no 
faotor xn oommon other than a constant , f r must be divisible by 0 a , and f 3 must be divisible 
ty 0i- 

This can be proved m the same way os Lemma 0 when wo observe that ff 3 is divisible 
by 0 1 0 2 Writmg/ 1 = , M 1 0 2 ,/ a =i4 a 0 1 , we obtain 

FezUiUt, 

where u x and u 2 are rational integral functions of x lt x 2 , . . x n lying in the same domain as 
/n /a> ‘/hi 0a 

Lemma D. Letf and f 2 be rational integral functions of the n variables a? lt x 2 ,... x„, 
neither of them vanishing identically, which lie in any domain of rationality O and are 
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regular m x x . Then f x and / 3 have a highest comtnon factor It which has the following 
properties: 

( 1 ) It is a rational integral function of x x , x 2 , ... x n lying in O. 

( 2 ) It differs by anon-vanishing constant factor only from the product of all irreducible 

factor's (unrepeated and repeated) common to f i and fn 

(3) It differs by a non-vanishing constant factor only from the product of all irrcsoluble 

factor's (unrepeated and repeated) common to f x and f 2 

(4) It satisfies an equation of the form 

Pifi+P2f 3 =h^), .(A) 

where <f) is a rational integral function of x 2 , x 3 , . x tl only which lies in £2 and 
does not vanish identically , and where P x and P 2 are rational integral functions 
of x x , x 2i .. x n lying in £ 2 . 

It is to be understood that in the products mentioned in ( 2 ) and (3) each irreducible or 
irresoluble faotor occurs just as many times as it is repeated in both f x and fr. In the 
particular case when f x or fr is merely a constant we interpret eaoh of the products 
mentioned in ( 2 ) and (3) to be a non-vanishing constant or to bo 1. Thus each of those 
products is determinate save for a non-vanishing constant factor. 

We will suppose that the degree of/ a in all the variables, 1 e. in x xt is not greater than 
that of f x . 

When fr is divisible by/ a , we have fr=qfr , where q is a rational integral funotion of 
x x , x 2i ■ x n lymg m O whose degree m x x is less than that of f x In this particular case 
Lemma D is dearly true when we take h to he/j • and there exists an equation of the form 
(A) in which ^= 0 , P 2 =l and 0 = 1 . 

In all other cases there exist rational integral equations in £2 of the forms 
/i = ?2/a + ^o/s» ^ 2 / 2 =ffs/s + 2 * 4/4 > 'Pj-i/j-i= 2 »/i+ M i+i/i! + i, 

.. v r—ifr—l = qT—\fr--\'^' u rfri v r-lfr—l = Irfn ■ (^) 

where f x , /a,/a, .. f T are rational integral functions of x u x 2 , ... x n which lie in £2 and do 
not vanish identically, each function after the second having a lower degree m x x than the 
preceding function, and no one of these functions being divisible by any rational mtegral 
function of x 2 , a? 3 ,... x n only other than a oonstant, where q 2 , q 3i ... q r are rational integral 
functions in £2 of x Xi x 2 ,... x n which do not vanish identically, and where u 3 , « 4 ,... and 
u 2 , 2 ) 3 , ... v r -i are rational integral functions of x 2l x s ,... # n only which he in £2 and do not 
vanish identically. 

We can obtain such equations by dividing m succession f x by/ 2 , f 2 by/ 3 , ... fr_ x by/ n 
arranging the dividend and divisor in descendmg powers of .r 1} and performing the division 
as if x x were the only variable. If / 3 has a factor which is a rational mtegral funotion of 
x 2) x 3 , ... x n only, then by Lemma A we can put fa=f 3 w 2 , where w 3 is a rational integral 
funotion of x 2 , x 3 , ... x n only lying in £ 2 , and where fr 1 is a rational integral funotion of 
x Xi x 2 ,... x n lying in £2 which is not divisible by any rational integral function of x 2 , x 3 , ... 
x n only other than a constant; and we can then replace u 3 fr by u 3 '/ s ', where u 3 =u 3 w 3 . 
Similar reasoning applies to / 4 , f 6 , . . f r . Thus / 3 , / 4 , ... f T can always be so determined 
that no one of the functions f x , f 2 , ... f r is divisible by any rational integral function 
of x 2 , x 3 ,... x n only other than a constant 

We will now show that all the conditions of Lemma D are satisfied when we take 
h to be f. 

We first observe that every rational integral faotor common to f x and fr must be a 
factor of 2 * 8 . 73 , and therefore by Lemma 0 a factor cf/j. Being a common faotor of f 2 and 
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/ 3 , it must in the same way bo a factor of / 4 , and similarly a factor of / B , / 0 , ... /. By 
similar reasoning/,. (and every rational integral factor of/ r ) must be a factor of/ r _i,/_ 2 , 
/,/, and therefore a common footor of / and /„. Thus f T is a common factor of / 
and / 2 which is divisible by every common factor of / and / 2 ; i.e. f, is a highest common 
factor of/ and / 3 , and moreover it lies m G. 

To show that the condition (2) of the lemma is also satisfied when A=/ r , lot fa 1 , fa,. . 
fa be the distinct irreducible factors common to /, and/ 2 , eaoh irreduoible factor occurring 
just as many times ob it is repeated in both / and / 2 , and let fa=fa 1 fa 2 ...fa fl Then fa, 
being a common factor of/, and/, is a factor of each one of the functions/!, /, ... /, and 
can bo cancelled in all the equations (B). We can write 

fl^'falfhi = ■ fr^fagr, 

and after cancellation of the factor fa wo obtain a now sot of equations of the same 
forms as tho equations (B) in which /, /, .. / are replaced by g x , g it . g y Sinoe by 
Lemma B the function fa is a common factor of g 1 and g 2 , these new equations show that 
fa is a factor of oacli one of the functions g v g % , . g r , and we can write 
gi=fa/ii, g$=fahi, .*g,=fak r ; 

so that f,.=fag r =fafa/i,, and is divisible by fa fa Cancelling fa throughout in this 
second sot of equations, we obtain a third set of equations of the same forms as the 
equations (B) in which/, / 2 , ... / arc replaced by A,, 7^, . . A r . Since by Lemma B 
the function fa is a common faotor of and A 2 , these new equations show that fa is a 
factor of each ono of the functions A,, 7 j 2 , ... h r , and that therefore / is divisible by 
fa fa fa- Proceeding in this way, we see that f T is divisible by fa fa... fa, i.e. by fa 

Now every common factor of / and / 2 , whon expressed as a product of irreducible 
factors, must be a product of a certain number of the functions fa, faj, ... fa and a 
constant, and must therefore be a factor of fa Hence/., whioh is a common factor of / 
and/ 3 , must be a faotor of fa 

Sinoo fa in a factor of/ r , aud/, is a faotor of fa,/, can only differ from fa by a constant 
factor. For if wo write f r =\fa, fa=pf rj whore X and p are rational integral functions, we 
have/=X/i/, Xja=l, and therefore X and p are constants. 

Thus the conditions (1) and (2) of Lemma D are both satisfied when A=/ r ; and the 
oondition (3) is also satisfied, os we soo by taking G to bo the domain of all algebraio 
numbers. 

To show that the condition (4) of Lemma D is also satisfied when /*■=/, we observe 
that from the successive equations (B) wo oan deduco tho successive equations 


.^-/“Xi/j+rt/a, (7=3,4,. r), .(0) 

wliero X 3| X 4 , . X r and p%, p s , /i 4 , ... p r are tho rational integral functions of a?,, &’ 2 , ... % n 
lying in G which are defined by 

X 3 =l, X 4 = -g f 3 , X 4 .|. 1 =if ( i; 4 _ 1 X 4 _ 1 -j 4 Xi, (7+1 =5, 0, ... r); .(1) 


ju. a =l, /13 = - 5 ( 7 + 1 = 4 , 6 , ... r); ...... ( 2 ) 

so that ^4=«3V 2 +g f 2 <j r 3. 

The first two of the equations (B) show that (0) is true when 7=3 or 4. Again if A is 
any integer such that A<£3, £+2 r, and if (C) is true when 7=A and i=£ + l, we see 
from (B) that 

Wa« 4 ... +a -fk+2=u$Ui ■ • • %+i Wi+2/+a a= • • • “*+1 ■ (^*Z — Jft+i/fc-M) 

=^fc+i^fc (^-i/i — S'Jb+i (^*+i/i+M*+i/a)=^*+2/1+Mfc+2/a 1 

i.e. (C) is true when 7=£+2. Thus (C) is true generally 
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The last of the equations (0), obtained by giving to i the value r, is an equation of the 
form (A) m which h=f , cf)=u i u i .. = . Thus all four of the conditions in 

Lemma D are satisfied when we take h to be/ r . 

We have now completely proved Lemma D on the assumptions that Theorems I, II and 
III are true for functions of the n —1 variables x 2 , x a , . x n 

Ex. iv. Degrees in x 1 of the functions f.,, /,. and q 2 , q 3 , . q f . 

We will denote the degrees of f u fi, ■ -f T m #i by p 1} p 2 , Pl . These are a senes of 
positive integers, caoli one after the second being less than the preceding, and the second 
being either less than or equal to the first. Unless f and / 3 are both constants only the 
last number p, can have the value 0 

The degrees in x x of the functions q 2 , q 3 , . q, can bo seen from the oquations (B). 
Sinoe the degree in Xi of/ i + 1 is less than that of/^, the equation ^-i/i-i^i/i+^+i/i+i 
show’s that q { fi has the same degree in x Y 

Hence the degree of in x\ is pi-i — pi, and the degrees of q 2 , q 3 , .. q, in x 1 are positive 
integers , of which no one except the first can have the value 0 

Ex. v Degrees in x 1 of the functions X a , X 4 , ... \ r and p 3 , Pi , . p f 

The degrees of X 3 , X 4 , ... X^ in X\ can be seen from the equations (1) 

If r > 3, it follows from the first two of these equations that the degree in X\ of X 4 
exceeds that of X a , being equal to the degree of X^. 

If i>3 and v>i, it follows from the equation X (+1 =M i 'y 1 _ 1 X 1 _] - qfKi that if the degree 
in xi of Xi exceeds that of X 4 _ 1 , then the degree in x x of Xj + i exceeds that of X 4 , being equal 
to the degree of X^. 

From these two results it follows that the degrees in x\ of X 3 , X 4 , . .X, are constantly 
increasing quantities, the degree of X< +1 being always equal to the degree of X^ 

From the equations (2) we see m a similar way that the degrees in X! of p 3 , fn, ... p r 
are constantly increasing quantities, the degree of p i+1 being always equal to the degree 
of fnqi. 

If now we denote the degree of Xj +1 m x 1 by £r i+ i, we have 

O'i+l -<Ti = Pi-l — Pit <Ti — 0"<-l = Pi- 2 -pi-l, • C r 4“0'3 = pa~-P8 > C 3 = 0, 
and therefore <r i+1 = Pi — Pi . 

And if we denote the degree of /i< +l in x 1 by c t+1 , we have 

^i+i - o’i=pi-i~ Pi, o-i — o-j_i=pi_ 3 —p ( _ 1} . . o-3 — (r2=pi-pa, <r2=0, 

and therefore a i + 1 =pi - pj. 

Thus the degrees of X i+] and p^ +1 m are respectively p 2 —p< and Pl - Pi . 

Ex vi. Degrees in of the functions P 4 and P 2 in Lemma D 

If the degrees of fi, fi, h in x x are pi, p a , p, then the functions Pi a/nd P 2 can always be 
so chosen that their degrees in Xj do not exceed p 3 ~p and Pi —p respectively; and when fi is 
not divisible by / 2 , they can be so chosen that their degrees in Xi are less than p%- p and pi - p 
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For we have p=p r , and when we toko P x and P 3 to be the functions A,, and given 
by (1) and (2), the degrees of P x and P 2 in x\ are p 2 —p,._i and pi—p, _j. We always have 

pa-pv-i^pa-pu Pi-pr-i^ Pi~ p,-j 
a,nd if Pa~Pr-i=p 2 -Pi- or pi-p y -i=pi~py, 

wo must have p, =p,._i, which is only possible when r= 2, i e. when f x is divisible by / 2 . 

When/i is divisible by/ 3 , we have r=2, h=f 2 , and we can put P x =0, Pj=al, qb = l. 

Ex. vn. If/ 3 is not divisible by/ 1} so that r > 2, and if / f is any one of the functions 
/sj /i, . f r , we see from (C) that (when f x and / 2 are regular in j-i) there exists an 
identical equation of the form 

Qlfl + Q'2fl=fifyil 

where <f>i=UqUi...Ui is a rational integral function of # 3 > a'j, ... x» only lying in Q whioh 
does not vanish, identically, and where Q x and Q 2 are rational integral functions of 
■^lj 4’a, fin- 

If the degrees of f x ,f 2 ,fi in x 1 are p 1} p 2 , pi, then the degrees in x x of Q x and Q 2 , when 
they are the functions X* and m of the equation (C), are respectively less than p 2 — p t and 
Pi-Pi- 

Ex. vm When f\ and / 2 are two rational integral functions in O of x x , ... x n , 
neither of than vanishing identically, which are both regular in Xi, and which have no 
in-educible (or no irresoluble ) factor in common, the equation (A) assumes the form 

Pifi+P*f*=4>, .(A') 

where </> is a rational integral function of x 2 , # 3 ,... x n which does not vanish identically, and 
where Pi and P 2 are rational integral functions of x x , x 2 , . 

The functions Pi and P 2 can always bo so chosen that their degrees in x x do not exceed 
the degrees of / 3 and f x in x x , and when neither of the functions f x and / 2 is divisible by 
the other, i.o. when neither of them is a mere constant, tho functions P x and P a can be so 
ohosen that their degrees in x x are less respectively than tho degreos of / 3 and f x in x x . 

Ex ix. Simplified forms of the equations (B) m Lemma D. 

Tho functions u a , « 4 , ... u r and r 2 , y 3 , ... can bo so chosen that the two functions 
in eaoh of the pairs (i/ 2 , uf), (u 3 , u 6 ),... (u,,_ 2 , uf) have no irreducible factor in common, in 
which case by Corollary 3 to Theorem I (for n -1 variables) they have no n’resoluble factor 
in common and are prime to one another. For if v^. x and «< +1 have an irreducible faotor \js 
in common, then in the equation Vi_i/i_i B =g f i/i+*4i+i/i + i the function ^ must be a faotor 
of q { f i} and therefore by Lemma B it must bo a factor of q t . Wo can then cancel the 
factor ^ in Vi_ x , u i+x and q it By a succession of such cancellations we obtain a set of 
equations still of tho form (B) in which the new additional conditions are satisfied. 

Ex. x. From the equations (1) and (2) it follows that 

\ + lpl — ^iP4+l IS! (~ %?) 3 ...W(_i. 

Ex. xi. Solving for f x and / 2 tho equation (0) and the equation derived from it by 
replacing i by a+1, and making use of Ex. x, we obtain the identical equations 

^ 2 «3... ./i=(-1) <_ 1 (pj+i/i - Pi l/i+1), 
l/sUs...^,.! -/a = ( - 1)* (^i + l/i”^i w i + l/i+l)> 
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We are now m a position to give the general proofs by induction of 
Theorems I—III We assume that they are true generally for functions 
of 7 i — l variables, and show that they must then be true generally for 
functions of the n variables x u a^ } ... x n . 

Proof of Theorem I. Referring to sub-articles 1 and 2 of § 187, we 
see that Theorem I will be true for the functions / and f 2 of x u x 2) ... x n if 
and only if it is true for the functions g x and g 2 of y u y 2 , ... y n formed by 
regularising / and / 3 with respect to all or any number of the variables. 
Hence Theorem I will be true generally if it is true m the particular case 
when both / and f 2 are regular with respect to a^. From Lemma D we see 
that Theorem I is true in this particular case. Therefore Theorem I is true 
generally. 

Proof of Theorem II. Theorem II will be true if and only if it is true 
m the particular case when / 1} A and g are all regular in sb 1 . In this 
particular case we see from Ex xxni of § 185 that no one of the functions 
/, f„ and g is divisible by any rational integral function of /» a , x. u ... x n only- 
other than a constant. Further if g and / have no irreducible factor in 
common, we see from Lemma D that the H.c.F of g and/ is a constant, and 
that there exist identical equations of the forms 

PA + Qg = <i>, PA A+QgA = */..(D) 

where 0 is a rational integral function of Xs, x 2 , .. x n only lying in S2 which 
does not vanish identically, and where P and Q are rational integral functions 
of <c 1} x 2 , ... x n lying in XL 

The second of the equations (D) shows that if // is divisible by g, then 
0/ a is divisible by g, and it follows from Lemma C that / a is divisible by g. 
Thus Theorem II is true in the particular case when f 1) / a and g are all 
regular in x l , and is therefore true generally. 

Proof of Theorem III. Theorem III follows from Theorem II as has 
been shown in Ex. i. Let g be an irreducible function belonging to the 
domain Q, in which / and / a lie, and let // a be divisible by g. Then if / 
is not divisible by g, the functions / and g have no irreducible factor in 
common, and therefore by Theorem II the function / a is divisible by g. 
Consequently one at least of the functions / and / a is divisible by g. 

Esc. xii. Let /i, /a, ... f m be any m rational integral functions of the n variables 
#i, ... # n , no one of them vanishing identically , which lie in any domain of rationality Q 

and are regular in Then they have a highest common factor h which lies in Q. and 
satisfies an equation of the form 

Pifi+Ptfi +.. +P m / m =A0, .(E) 

where <f> is a rational integral function of .r 2 , .r a , . . x tl only which lies m G and does not 
vanish identically, and where Pi, P i} . P m are rational integral functions of x % , . x n 
lying in G 
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Assuming this to be true for any functions less than m m number, wo can show that it 
is true for any m functions 

For thon/j, f 3 , f 1lt _ t havo an h c f h lying m 12 such that 
7i/i+2 , 2 l /a+ 

.md k .ind/„, ha\o an H u f h lying in 12 such that 

Pik+pJ m =h x 

Iloro ^ and x •U’O rational integral funotions of x,, x 3 , ... x„ only which lio m £2 and do 
not vanish identically; and q lt q 2 , .. q„ t _j, p u aro rational integral functions of 
j-'i, x->, ... x u lying in £2. 

By Ex. xxvi of § 185 tho function h is an h c.f of f,f 3 , ... / m , and when we eliminate 
k from tho above two equations, wo obtain an equation of tho form (E) in which 

k\=Piqi, Tt=Piqn, . . ^m-i=^i!ZMt-u Ah=P 2 'I', <t> = 'l'X- 


AV. xiii. If f lt / s ,. . f m are any m rational integral functions of the variables X\, ay,... 
iio one of them vanishing identically, which lie m any domain of rationality £2, there 
always exist rational integral identities m £2 of the form 


^ifi + k\f. 2 + ... + P m f m =0. . 


. .(F) 


Wo obtain an identity of this form when i J i=/ a , P 3 = -fi, P 3 =Pi=... = P m = 0; and 
also (see Note 3 of § 130 a) when 


* -raC/ > 


.(3) 


where is any skew-symmetric matrix of order m whose dements are rational integral 
functions m £2 of tho variables X\, x 3 ,... x, t . 


It can be shown that for functions f of tho most general form an identity of the 
form (F) is true when and only when tho i M s arc givon by somo ideutical equation of the 
form (3) 


§ 189. Miscellaneous properties of rational integral funotions. 

In tho following examples £2 donotes any domain of rationality. Tho examples aro 
deduced from, the results obtained m tho foregoing articles. 

Ex. i. Let f and / 2 be two rational integral functions in £2 of the n variables x 3 ,x 3 , ... x H . 
Then a necessary and sufficient condition that f and f 3 shall have no finite common root 
is the existence of an identical equation of the form 

A /i + -P2/2 = 1 > .(A.) 

where Pi and P% are rational integral funotions in £2 of the same variables 

There will bo no loss of generality m supposing that f and / 2 are both regular in x x . 

First suppose that there exists an identical equation of the form (A). 

Then clearly f x aud/ 2 have no finite oommon root. 

Next suppose that the funotions f and f 2 have no finite common root 

Then if one of them vanishes identically, tho other must be a non-vauishmg constant, 
and we dearly have a relation of the form (A). In the goneral cose when neither^ nor/ 2 
vanishes identically,/! and/ 2 have no common factor othor than a non-vanishing constant, 


and by Lemma D of § 188 wo have 

F > ifi+F , 3 f$=i(f), . (A 1 ) 

0. hl 4 
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where 1\, P t , cf) ai'e rational integral functions in Cl; 0 la a function of x 2 , jj, x lt only 
which does not vanish identically , and the dogrees in x t of P 1 and P s are less respectively 
than those of / 2 and fy . 

If 0 is not merely a constant, we can ascribe such particular linito valuos to x>, x 3 , .. x tl 
that 0=0. The equation (A') then beoomos 

P 1 (^i)/i (^i) = - P'i (#i)/a ( M \)i . W) 

whore 1\ (ffj), P a (.t’O, fy (xf), f 2 (^?j) are functions of Xy only Since the coefficients of tlio 
highest powers of Xy in fy and / a are non-vanishing constants, the functions fy (x{) and 
fi (a‘i) have the samo degrees m Xy as fy and / 2 Consequently in (A") the dogroo of P 2 (.Vy) 
is less than the degree of fy (xf). It follows thnt fy (.^i) has a factor m common with / a (xf) 
which is not merely a oonstant We can therefore ascribe such a finito value to Xy that 
fi (xy) and / a (a?i) both vanish ; i.e. fy and f 2 have a finite common root, whioh is contrary 
to tho hypothesis 

We conclude that 0 in the equation (A') must be a non-vanishing constant lying hi £2; 
and therefore (A') can be put into the form (A). 

Ex li. Iffy and f^ are rationed integral functions in 12 of the n variables Xy, x 2 , ... x n , 
there always exist identical equations of the form 

P\fy^Pif‘i = ^i .(B) 

whore Py and P 2 are rational mtegral functions in 12 of the same variables , and do not both 
vanish identically. 

This is obviously the case when both the functions fy and / a vanish identically; and 
when they do not both vanish identically, the identical equation / 2 / i -/ 1 / 2 =0 has the 
form (B). 

When neither of the functions fy,f 2 vanishes identically, then neither of the functions 
Py, P 2 vanishes identically (except wheti they both vanish identically). 

For if P a =0, we have Pi/i=0, and therefore Py=0 

If neither of the functions fy, f 2 and neither of the functions Py, P 2 vanishes identically , 
and if the functions fy, / a have no irreducible factor vn common and also the functions Py, P 2 
have no irreducible factor in common, then the equation (B) must be 

/ 2 /i-/i/ 2 =0.(B') 

For the equation Pyfy = — P 2/2 shows that Py and / 2 have the same irreducible factors, 
and that P a and fy have the same irreducible factors; and these two sets of irreducible 
factors have no iiTeduoible factor in common. Therefore by Corollary 2 to Theorem III 
m § 188 the functions Py and / 2 differ by a oonstant factor only, and the functions P 2 and 
fy differ by a oonstant faotor only. It follows that we must have Py=cf 2 , P 2 = - 0 / 1 , whore 
0 is a non-vanishing constant lying m 12 

Ex. iii Let fy and / 2 be rational integral funotions of Xy , x 2 , ... x n , neither of which 
vanishes identically ; let h be their s.a.F ; and let the degrees of fy,f 2 , h in all the variables 
( or in any one variable Xy) be py, p 2 , p Then in every identical relation of the form (B) in 
which Py and P 2 do not vanish identically, the degrees of Py and P 2 in all the variables (or 
in Xy) cannot be less than p 2 -p and py—p respectively. 

Lot E be the h.o.f. of Py and P a Then we can write 

fy**hgy, f 2 =hg 2 ', Py-=EQy, P 2 —EQ 2 , 
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where </i and g~> have no irreducible factor in common, and Qi and Qi have no irreducible 
factor in common; and wo have 

6 i#i + 62 ^ 2 = 0 - 

It followB from E.\ 11 that Qi=cg$, Qi=—cg 1 , whore c is a non-vanishing constant. 
Thun (j)\ and tyi havo the same degrees p g —p and pi - p as g 2 and gi ; and the degrees of Pi 
and P 3 cannot be less than the degrees of Q x and Q*. 

In particular if f v and f have no irreducible (or no irrasolublo ) factor in common , the 
degrees of Pi and P a cannot be less than the degrees offo and / respectively. 

Ex. iv. Let fi and f s be rational integral functions of j,’ 2 , ... x n which have no 
irresoluble factor m common . Then if there exists an identical equation of the form (B) in 
which Pi and P a do not both vanish identically , and if either' Pi has a lower degree than / a 
or P., has a lower degree than fi in all the variables or in any one of the variables , at least 
one of the functions fi and ft must vanish identically 

This follows from Ex. lii. 

Ex. v. Let g be an irreducible rational integral function in SI of the vanables a?j, a.’ a , ... 

and let f be any rational integral function in Si of the same variables Then g is a factor 
of f whan and only whan f vanishes for all finite roots of g 

If g is a faotor of/, then clearly / vanishes for all finite roots of g We have therefore 
only to prove that if / vanishes for all finite roots of g , it must bo divisible by g. 

If /vanishes identically, this is obviously true. We may therefore suppose that/does 
not \anish identically; and there will bo no loss of generality in assuming that / and g 
arc both regular 111 

Then if / is not divisible by </, the h.o.f of / and g is a non-vanishing constant, and 
wo liavc 

whore P, <j>, <j> uro rational integral functions 111 Q, and whore $ is a function of x 3 , x 3 ,. x n 
only which does not vanish identically. In this oaae we can (see Ex. xxi of § 186) chooso 
the values of a? a , x 3 , .. x n so that <jj doos not vanish, and the coefficient of the highest 
power of x\ in g doos not vanish, and we oau further choose the value of x x so that g= 0 . 
Wo theu have 

$+0, g= 0, Pf- 1=0, /=t=0 

Thus if / is not divisible by g, then / does not vanish for every finite root of g ; and 
thereforo if / vanishes for all finite roots of </, it must be divisible by g. 

From Corollary 2 to Theorem I in § 188 we deduce the following result: 

If g is irreducible in Si but resoluble , and if f ('which lies in £2) vanishes for all finite roots 
of any faotor of g, then it must be divisible by g. 

Ex. vi. Let f be a homogeneous rational integral function in Si of the variables Xi, x 3 ,... 
x n , and let g be a non-homogoneous irreducible rational integral function in SI of the same 
variables. Then if f vanishes for all finite roots of g, it must vanish identically. 

For if /does not vanish identically, then by Ex v it must have the uon-homogeneous 
faotor < 7 , and by Ex. xvii of § 185 this is impossible. 

Particular cases of this theorem ore given m Ex. xviii of § 185 and Ex. x of § 187. 

4—2 
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Ex. vii. Let g be an mcduable rational integral function in Q of the variables x x , x±, 
. . x n ; and let g x , g->, ... g m be any number of irreducible functions in Q of the same vai iables , 
each of which is distinct from g (and does not vanish identically). Then there always exist 
finite roots of g for which no one of the functions g x , g. 2 , .. g w vanishes 

For if the product g x g 2 . g vi vanished for all finite roots of g, thou by Ex. v tho 
function g would be a factor of that product. Therefore by Corollary 1 to Theorem III of 
§ 188, g would bo a factor of one of the functions g x , go, . . g m , which ib impossible; or by 
Corollary 2 to tho same theorem, g would bo one of the functions g x , go, ... g m , which is 
impossible. 

Ex viu. Let E be a rational integral function in Q of the variables x x , x$, x n , let g 
be an iireducible function m Q of the same variables ; and let g x , g%, .. g „, be any number 
of irreducible functions in Q of the same variables , each of which is distinct fi'oin g Then g 
is a factor of F when and only when F vanishes for all those finite roots of g for which no 
one of the functions g x , g^, ... g m vanishes. 

This theorem is obviously true when F vanishes identically We will therefore 
suppose that F does not vanish identically. 

Let the distinct irreducible factors of F bo f x , / 2 , . f r . 

If g is not a factor of F, then every ono of the functions /, / 2 , g x , g%, .. g m is 
distinct from g, and therefore by Ex v there exist finite roots of g for which 

flf% • ■ fr (Jlffl • ffitl^r^i 

or for which F =(=0 and g x fft- .</m=l=0. Consequently F does not vanish for all those finite 
roots of g for which g x g<i...g, n *0. 

And if g is a factor of F, then F vamshos for all finite roots of g, and therefore 
vanishes for all those finite roots of g for which g x ff‘i...ff m ^. 

Ex. ix. Let g be an irreducible rational integral function in Q of the variables x x , x . iy . 
x n ; and let F x , F%, . . F m be any rational integral functions in Q. of the same variables , no 
one of which vanishes identically, and no one of which is divisible by g. Then there always 
exist finite roots of g for which no one of the functions F x , F 2 , ... F m vanishes 

This theorem is obviously true when F u F 3 , ... F m are (non-vanishing) constants. 
When they are not all constants, let the various distinct irreducible factors of all these 
functions be g x , g$, ... g r . By Ex. vii there exist finite roots of g for which no one of tho 
functions g u g 2 , ... g r vanishes; and for such roots no one of the functions F x , F%, ... F m 
vanishes; for each of these functions is tho product of a non-vanishing constant and 
certain powers of g x , </ 2 , ... g r . 

This theorem remains true when g is any irresoluble rational integral fimotion, as wo 
see by taking Q. to be tho domain of all scalar numbers. 

Ex x. If in-Ex ix F is any other rational integral f unction in a of the same variables, 
then g is a factor of F when and only when F vanishes for all those finite roots of g /or which 
no one of the functions F x , F i} . F m vanishes. 

Ex. xi. An irreducible rational integral function of several variables cannot have a 
repealed irresoluble factor 

Let Q be any domain of rationality, let / be any rational integral function in Q of tho 
n variables x x , x^, . . x n , and let / be expressed as a product of its distinct irresoluble 
factors t x , &], £ 3 , ... 111 the form 

f*=t x *t£hy..., 
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where a, (3, y,... are punitive integers not loss than 1. Wo may suppose that ,r x , a' 2 , . . $ n 
all actually occur m /, and we will write /=J£ for the values 1, 2, ... n of i. 


Since is certainly divisible by tf/ -1 when t x contains and by tf when t\ does not 
contain .r„ wo see that f u f it ... /„ are all divisible by i,* -1 . 

If contains x it then / is divisible by ij® -1 but not by 2j“; and since t x contains at 
least one of the variables x x , .. x n , we conclude that at least one of the functions 
/i, /«,.. f n is not divisible by 

From these two results it follows that Jj 11-1 is the highest power of ^ winch is a 
common factor of/,/i,/ 2 , . ./„; and applying the same argument to 2 2 ,2 S ,... we conclude 
that 

7a = — 1 ^ - 11 ... 


is ft highest common factor of /,/i,/ a , .../„, and lies in G. Hence if 

g=tiht%.,., 

we have f=gh , and g and A are both rational integral functions in 12. 

Now if a>l, i.e. if t x is a repeated irreaoluble factor of /, then both g and h are divisible 
by ti ; therefore neither of them is merely a oouataut, and / is reducible m Si We conclude 
that if/ has any related irresoluble factor, it oannot bo irreducible in a 


Ex. xii. Let 0 and 0 bo rational integral functions of several variables which do not 
vanish identically, and let 


/■ 


. 4 > 

V 


Then if/ is finite for all finite roots of 0, it must be a rational integral function, i.e. 0 
must bo divisible by 0-; and if / is finite and different from 0 for all finite roots of 0 and 0, 
it must be a finite non-zero constant 


This is evident when we express 0 and 0 as products of then 1 irresoluble factors. 


§ 190. Extension of a domain by adjunction. 


1 . A djunotion of any scalar number q. 

Lot Si be any domain of rationality, and lot q bo a scalar number whioh does not lie 
in a. Then if Si' ih the smallest possible domain of rationality whioh oontains q os well as 
all the elements of a, wc say that 12' is formed from G by the adjunction of q, and wo will 
denote it by (12, q). Clearly the elements of (G, q) consist of all numbers of the form 



( 1 ) 


whore 0 (a?) and 0(.r) aro rational integral functions in G of the variable .r, and 0 (j)4=0, 
or m other words. 


The elements of (SI, q) consist of all rational functions in Q of the number q. 

If n, (3, y, ... are several different numbers not lying in G, and if wo denote by 
(G, a, /3, y, ...) the extended domain formed from G by the successive adjunotion of 
a, /3, y, ...»then clearly: 

The dements of (G, a, /3, y, ...) consist of all rational functions in SI of the numbers 
a, /3, y, ...; and (Q, a, |9, y, . .) is independent of the order of arrangement of a, /3, y, .... 
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Ex 1 If q is a number lying in 12, the domain (12, q) is identical with the domain 12 
Ex ii If Q and q both lie in a domain 12', then (12, q) lies in 12'. 

Ex ni. The unrestricted domain is formed from the domain of all real numbers by 
the adjunction of J-1 . 


2 . Adjunction of a number q immediately over 12 

A number immediately over 12 is one which is a root of a rational integral function (or 
equation) in Q, but does not lie in G. Thus super-rational numbers, as defined in Note 3 
of § 184, are numbers immediately over the domain G x of all rational numbers. When q 
is a number immediately over Q, we can suppose it to be a root of an equation 


/<*)- o, 


■( 2 ) 


where /(&•) is an irreducible rational integral function m G of some finite degree p. 
Since (see Corollary 2 to Theorem I of § 188) two irreducible funotious m G of the single 
variable x whioh both have q as a root must be divisible by one another, the function/(a*) 
is uniquely determinate except for an arbitrary finite non-zero numerical factor, and q 
cannot satisfy any rational integral equation in Q of degree lower than p. 

Lot a be any element of (G, q), aud lot it be given by (1) If ^r(x) wero not prime to 
it would bo divisible by /(&■), and wo should have i/s(q) = 0, which is not the case. 
Consequently the functions /(.?•) and ■»//■ (x) aro prime to one another, and therefore there 
exists an identity of the form 

h (a) .yfr(x)+k (.«) ./ («) = 1, 

where h(r) and k (x) are rational integral functions in G; and by putting r=ywe see that 

so that 0 is now a rational integral function of q m G. 

Thus in this oase the elements of (O, q) consist of all rational integral funotious in G 
of the nlumber q. 

Accordingly the gonerfl formula for an element of (G, q) is now 

e = .(!') 

where \ (#) is any rational integral function in G of the variable x. When we divide x (.'*’) 
by /(a*), we obtain an identity of the form 

x(u)=f(x).Q(x)+R(x), 

where Q (x) and R (x) are rational integral functions in 0, the dogree of R ( x ) being not 
greater than p-1; and when in this identity we put x=q, we see that e=R (q). We 
conclude that: 


The elements of (0, q) consist of all numbers of the foi'm 

e = (t„+u l q + a.iq i + ,..+a p _ l qP-\ .(3) 

■where a l)} « 2 , a,,_ 1 are any numbers lying in Q. 

The number e given by (3) is 0 when and only when the coefficients a 0 , a l9 a a , ... a p _ x 
all vanish; as otherwise q would satisfy a rational integral equation in G of degree lower 
than p. Consequently if 


e'=6o + &i?+ &ag f2 +... 1 
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is ulso an element of ( 12 , q), wo have e' = e when and only when 

= b'i — a aj .. = £ip—]• 

If e=>x (?)> ^ in (l')> 1H ftli y element of (12, q), and if q , yj, g a , ... are the p roots of 
the equation ( 2 ), then e ia a root of the equation 

{*- X (?)} {•* " X (ffi)} {a’-X (2a)} ■•■{*“ X (fr-i)}=°- 
Because the coefficients of the various powers of x on the left are all symmetric functions 
of the roots of ( 2 ), this is a rational integral equation m 12 of degree p ; and we con¬ 
clude that • 

If gw a number immediately over £1, them every element of the domain ( 12 , q) is a numbei- 
in or immediately over 12 ; and if the irreducible function in 12 of which q is a root has 
degree p, then evciy element of ( 12 , q) is a root of a rational integral function in O of 
degree p, which may of course be reducible. 

Under those circumstances we call ( 12 , q) a domain of degree p immediately over 12 

Ex. iv. The domain of all soalar numbers has no number over it. 

3. Adjunction of several numbers immediately over 12 . 

- If n, j3, y, ... are several different numbers not lying in 12 which are roots of rational 
integral functions (or equations) in 12 , wo see from sub-article 2 that the elements of 
( 12 , a, j9, y, ...) consist of all rational integral functions in 12 of the numbers n, /9, y, .... 
Wo will now prove the following theorem. 

Theorem. If a, ft y,... are r different numbers immediately over 12 , and if Q! is the 
domain fomied from Q by the adjunction of a, /9, y, . , then we can form Q! from 12 by the 
adjunction of a single numbei- q immediately oven- 12 , q being a root of an irreducible 
function in 12 of finite degree. 

Let the irreducible equations in 12 satisfied by a, j3, y,... respectively bo 


/iW'0, /a(tf)=0, / 8 (x) = 0, ... /,.(*)=0; .(4) 

where /i, /a, fa t ... /r are irreducible rational integral functions in 12 of finite degrees 
...jo,; and let 

q=aa+bp + cy + .(G) 

where a, b, a,... are arbitrary numbors lying m 12 . Also let 

F(x) = {x-q)(x-tf)(x-q").. , .( 6 ) 


where q, q\ q ",ore the pip%.. p T numbers obtained from q when a is either unaltered 
or replaced by another root of fi (x), f3 is either unaltered or replaced by another root of 
/a ( x ), and so on. Since F(x) is a function of x in whioh the coefficients are symmetric in 
the roots of every one of the functions /, it is a rational integral function of x in 12 of 
degree pijBj ... p r ; and because q satisfies the equation F(x)=0, it is a number imme¬ 
diately over 12 , and there must exist an irreducible function in 12 of finite degreo which has 
q as a root 

Now by Ex. xiii of § 186 or Ex. xi of § 189 no oue of the equations (4) has a repeated 
root. Therefore when we regard q t q\ q",.. as homogeneous linear functions of a, b } c,..., 
no two of them are identically equal, and no one of the differences q — q\ q—f\ <f — q", ... 
vanishes identically. Consequently we can assign such particular values to a, b, c ,... that 
2) ?\ 810 a U unequal. This having been done, let e be any number in 12 ', i.e. any 
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rational integral function in £2 of n, /3, y,. ; let the substitutions winch convert q into 
q', q", .. convert a into d, e", . .; and let 

G(.r) = F(x) - +-^_ + _ilL + } .(7) 

' [.v - q £-</ .v- q' J 

Since G (x) is a rational integral function in £2 of x and the roots of tho equations (4) which 
is symmetric in the roots of every one of those equations, therefore G (.v) as well as F (x) is 
a rational integral function in SI of the variable x Putting ,v=q in (7), we see that 

F'(aY 

where F' (x) is the first derivative of F(x), and because F' (q) =4= 0, it follows that o (which 
is any number in Si') is a rational function m £2 of the number q, i.e. it is a number lying 
in the domani (£2, q) Conversely every number lying m (£2, q) clearly lies in £2'. Con¬ 
sequently Si' is identical with the domain (£2, q) formed by the adjunction of q to SI, when 
the numbers a, b, c, . in (5) are suitably chosen. 

A domain which contains a will be called a domain immediately over 12 when all its 
elements are numbers in or immediately over 12, i e. when every number in it is a root of 
a rational integral function in £2. From the above theorem it follows that such a domain 
is one which can bo formed from £2 by the adjunction of numbers immediately over £2. 
A domain immediately over £2t is an algebraic domain, and every algebraic domain can be 
formed by the adjunction of algebraic numbers to £2 t . 

Ex. v. All numbers in and immediately over £2 form a domain tho elements of which 
are tho roots of all rational integral functions in £2. In particular all numbers in and 
immediately over £2j form the domain of all algebraic numbers. 

Ex vL Let a, b, c, ... and a', b', o', ... be two finite sets of algebraic numbers; let £2 be 
any domain of rationality in which a, b, a,. . all lie, and let £2' be the smallest domain of 
rationality which contains £2 and also all the numbers a', V, d,.... 

Them if SI' is not the same as £2, we can form it from £2 by the adjunction of a number q, 
not lying in £2, which is a root of an irreducible function in £2 of finite degree. 

For we oan certainly form £2' by the adjunotion to £2 of a finite number of algebraic 
numbers which, being roots of irreduoiblc functions in £2 ]5 are necessarily roots of irre¬ 
ducible functions m £2. 

Note Domains and numbers over £2. 

A number over £2 is usually understood to be a number immediately over £2, and a 
domain over £2 to be a domain immediately over £2. 

If however £2' is a domain immediately over £2, 12" a domain immediately over £2' 
£2"' a domain immediately over £2", and so on, we might fitly call all suoh domains as 
£2', £2", SI'", ... domains over £2, a domain over £2 being then one which can be formed from 
£2 by successive adjunctions each of which is the adjunction to a domain of a number 
mi mediately over it When the term ‘over’ is used in thiR wider sense, all domains 
formed from £2* by hucIi successive adjunctions might be called super-rational domains, 
and all domains formed from tho domain of all algebraic numbers by such successive 
adjunctions might be called super-algebraic domains ; and super-rational and super-algebraic 
number's would have corresponding wider meanings. 




CHAPTER XXI 

RESULTANTS AND ELIMINANTS OP RATIONAL INTEGRAL FUNCTIONS 

[Iu §§ 191 and 192 precise definitions are given of the roots of a rational integral 
function of any number of variables, of infinite roots; of repeated roots; of general, 
special and particular functions; of the weights of the coefficients of a function, and of 
ordinary values of the variables or coefficients of a function. The next two artiolos deal 
with the resultants of rational integral functions, in $} 193 we summarise m the form of 
two theorems the fundamental properties of a resultant of gonoral functions, and m § 194 
we consider the resultants of specialised functions. The remaining two articles deal with 
the common roots and tho elimiuants of rational integral functions; m § 195 wo prove 
certain lemmas regarding the existence of common roots in which partial resultants and 
oliminants are used; and in ^ 196 we summarise in tho form of two theorems the funda¬ 
mental properties of a complete oliminant of general funotions, from which the exact 
numbor of common roots is deduced. Some attention is devoted to the disoriminant of 
a single function in § 194, and to the discriminant of a set of functions in § 196. The 
final proof of the theorems of §§ 193 and 19G, based on the properties of symmetric 
functions, is given m !$ 200 at the end of the next chapter ] 

§ 191. Roots of rational integral functions and equations. 

The roots of any rational integral function / and the roots of the corre¬ 
sponding rational integral equation / = 0 will be defined to be identical. We 
shall usually speak of them as the roots of the function /. 

1. Roots of a homogeneous rational integral function. 

Let f(or. i, 3' a ,... tr n ) be a homogeneous rational integral function of the 
n variables sr a> .. x n of non-zero degree r whose coefficients are finite 
numerical constants which are not all zero. We will define its roots with 
greater precision than before. It will be convenient to denote them by 
matrices. 

The function /always has the zero root 

[® 1 a , 1 ,...« B ] = 0.(a) 

If cti, cr aj ... a,i are finite numbers which are not all zero, the function/ 
has a finite non-zero root given by [«i sc % ... 0 ,J = [ctj or 2 ... or n ] if and only if 
/(<*!, cr a ,... a n ) = 0. When this condition is satisfied, it has finite non-zero 
roots given by [®, # a ...%] = &a a ... a,,], where k is any finite non-zero 
number. We shall usually make no distinction between these roots and say 
that / has a finite non-zero root given by 

[>! 02 • • • o = [«1 flfa • • • «n] .(b) 

if and only if/(« 1; a fl »... « ft ) = 0, the sign = indicating as usual that the 
matrices on the two sides of (b) differ only by a finite non-zero scalar factor. 
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If [a x a 2 ... a n ] are numbers which are not all finite, we can put 
\a x ck... a n ]=*p[ctia t ...a tt ], 

where p is an infinite scalar number and a lt « 2 ,... a n are all finite but not all 
zero; and we shall then say that /has an infinite root given by 

Oi««] = [di a 3 ... a n ] = p[a 1 a a ... «„] 

if and only if f(a 1} ««, ... a n ) = 0. We shall however usually identify this 
root with that given by (b), and when this is done, the distinction between 
infinite roots and finite non-zero roots disappears, and all infinite roots can be 
left out of account. 

Accordingly we define the roots of the function for the equation f- 0 to be 

(1) the zero root given by (a); 

(2) the non-zero roots given by congruences of the form (b) in which the as 

are all finite but not all zero, and /(of], « 3 , ..o,i) = 0 .(A) 

A root given by a congruence of the form (b) is supposed to be known 
when the ratios • « a :... • g„ are known Every finite root m which ,v n 0 
may be supposed to be given by a congruence of the form 

[a?] x. A ... .Tn] = [of] a^... a n —i 1], 

where a 3 , « 2 ,... a„_] are finite numbers, every one of which may be 0, and 
/(ai, ft, «b-i. 1) = 0. 

Notis 1. Repeated roots of the homogeneous function f. 

Repeated roots are best regarded in the first instance from a geometrical standpoint. 
We oan regard the roots of the function / or the equation /=0 as the ‘points’ of a 

‘ surface /’ defined by the equation /= 0, a point A defined by the congruence x s a 

'—'n 1 —'n 

lying on the surface/ if and only if the function / has a corresponding root a defined by 
the equivalent congruence [a’i ....«„]=[a 2 a 2 ...a,J. It is shown below that every straight 
line of homogeneous (it - l)-way space has exactly r points of intersection with the surface/ 
of degree r If i of those points coincide with A for every straight line drawn through A, 
we coll n a root of / repeated i times ; and if i is the greatest integer for whioh this in true, 
we say that a is a root, of / repented exactly i times, and call A an ?-fold point of the 
surface / 

Let A and B be any two distinct points defined by the congruences x s , *~io s TT . 

1 —'n 1 —'n 1 —'« 1 —'u 

Then the points of the straight lino A B are given by the explicit congruence 


•' r l 

Ol 

ft" 

r «r 

"ft" 


Xl 
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ft 
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. ft 

+ /* . , ■ 
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where \ and f± are arbitrary finite parameters which are not both zero. There is one and 
only one point on the straight line corresponding to each distinct non-zero value of [X/i], 
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the point A being given by g =0 or [X, p] = [l, 0], and the point B by X=0 or [X, p]=[0, 1]. 
The points of intersection of the straight line with the surface / are given by the non-zero 
roots [X g] of the function 

fj{\ /*)=/(^«i+/*£u X^+pfo, .. X«,i-|-/i|S n ) .(2) 

= /(«u a 2> •• u„)+\''~ ] fi. A/(ai, a a , ...a fl )+^X’- a /i 3 - A a /( ai , a 2 , ... n„) + ... 


where 


+v-y.Ay(«„ .+/»'./(/s„ /9 a ,...3„>, ...(3) 


We can express # (X, /*) as u product of linear factors in the form 


9 Oj /*) ™ (Vi ~ Mi) (Va - Ma) • ■ (Vr ~ A0» .(4) 

and identify the roots of g with the roots [X/iJs^/iJ, [X u ^i a ], . . [X r ft,.] of its linear 
factors, then g (X, g) has always exactly r non-zero roots, and therefore the straight line 
AB always intersects the surface / in oxaotly r points. There will be i of these points 
which coincide with A if i of the roots of g are given by [X /i]s[10],i e. if i of the factors 
in (4) are equal to g, i.o. if g (X, g) is divisible by g\ i.e. if the first i-1 terms of the 
expansion (3) vanish This will bo the case for every straight lino drawn through A if 
and only if the first i‘-l terms of the expansion (3) vanish identically when fa, fa ,. . fa h 
are variables. If we understand a repeated root to be one which is repeated more than 
once, and make use of Euler's theorems regarding liomogcnoous functions, we conclude 
that: 


(1) 

( 2 ) 


The function f has a repeated root given by [.rj x a ■ .r, J s [<n a $... o„] when and only 
when the n first derivatives off,vk.M-,^-. . , all vanish for the values 

0,Vi Ovb% 

a l» a 2j Qfl °f & li ••• ^li¬ 
lt has a root x 2 ... x, J=[ai ay... n,,] repeated i times when and only when cdl the 

( Th ^ f - ON 

J derivatives of f of order i— 1 vanish for the values a 1( a 2) of 


x lt x 2 ,... x H ; and this root is repeated exactly i times when and only when the 
deiivatives of f of order i do not also all vanish for those values q/x l5 x 2 ,... x n . 


(3) The function f of degree r cannot have a root repeated more than r times unless it 
vanishes identically. 


Strictly speaking ‘root’ must hero mean ‘non-zero root,’ but this restriction can bo 
removed by taking the first two of the above results as analytical definitions. It will be 
observed that, liecauso/ is homogeneous, the vanishing of all the derivatives of / of order 
i—1 is a necessary and sufficient condition for the vanishing of /and all its derivatives of 
orders 1, 2, ...2 — 1. The third result follows from the faot that the derivatives of/ of 
order r are the coefficients of /midtiplied by non-zero numerical constants. 

In the equations (1), (2), (3), (4) we can replace [Xp] by [1 p] whore p is an arbitrary 
parameter which is not necessarily finite, p =0 giving the point A, and p = oo giving the 
point B. Then [x 1 x 2 ...x n ]s[a 1 a 2 ...a fl ] is a root repoated i times if the expansion (3) in 
powers of p contains only terms divisible by p’. 

If A is a point for which x^,= 0*4=0, we can always find one and only one point on the 
straight line AB for which x fl =0, and take that for the point B. Hence in this case we 
can without loss of generality suppose that m (1) we have a„=l, /3 M =0 
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The resultant of the n first derivatives , ... is called (see § 103.3) the 

O&I 0^72 037 n 

discriminant of/ Its vanishing is the necessary and sufficient condition that / shall have 
at least one repeated non-zero root. 

It should be observed that i consecutive or coincident roots do not ordinarily form a 
root repeated i times. 

Ex i. The function / has the root [# 1 tf a ....® n ]:=[aia 2 . .a,J repeated i times, where 
i ;j>r, when and only when the expansion of/ in powers of .i\ - a l5 x 3 — a 3 , . x n — n n contains 

no term having total degree less than i m those quantities, and has therefore the form 

f=Xi+X l+1 +. + AT,., 

where A r H is a homogeneous rational integral function of xi — aj, x 3 — a 2 ,.. x n —a u of degree s. 
This is the case when and only \vhen/(o 1 + p^ 1 , a a +pg 2 > ■ ■ ^n+piu) is divisible by p i . 

Ex n. The zero root [a^ .r 2 ....‘e ) J=0 of the function/is repeated exactly r times. 


Ex. iii. If i "if and if we express/m the form 

/= U r +x u U T _ l +. . +z il r -»U fl +...+x n i-'U, +.r/^n, 


.( 5 ) 


whore D„ is a homogeneous rational integral function of x ]: x 2 , . x u _i of degree x, then 

[.rjA'a ..^„_ 1 ,r n ] = [0 0 01] .(6) 

is a root of/ repeatod a times if and only if Z7 l5 . £/* _j all vanish identically, so that/ 
lias the form 


f=U r +x ll U T ^i+s n 2 U r ^ 2 + .. +x n r l Ui. 


...( 6 ') 


The root (6) is repeated exactly i times when and only when / has the form (6') and U t 
does not vanish identically, i e. when i is the lowest degree which a non-zero term of/ can 
have in A’ l5 .ro,. a? M _i. 


Ess . iv. If the coefficients of /are rational integral functions of an arbitrary parameter t, 
then m order that/may have a root of the form 

[sii.v 2 ,r n ] = [inj, tfa 2 i ... £<in-i, 1].C?) 


repeatod i times, where the n’s are given finite constants and i^r, it is a nocessoiy 
condition that / itself shall have the form 


f=U r +x n U r _ 1 + ...+x/-'U i +t. V _,+1 ^-i + - +^ _l ■v.r'Ui+t*. x» r U 0 


The coefficients of U,, ... U t in (7') may be any given constants, and (7) will 

then bo a root of (7') repeated i times if the coefficients of £7 < _ 1 , U{- 3 , . . U 0 are suitably 
determined rational integral functions of t of degree r — i 


Ex. v Lot the coefficients of all the TPh in (7') be given finite numbers. Then if t is 
sufficiently small but not 0, (7) is a root of (7') when and only when the finite quantities 
m, aa, • rt|,_i satisfy the non-homogeneous equation of degree ?, 

Ui+ Pi-i + . -+f 7 o =0 .( 8 ) 

We conclude that when n > 2, the function (7') has in general an infinite number of 
roots of the form (7) in which the n’s are functions of t which are finite when if=0 ; and 
that when w=2 it has not more than i aud in general exactly i such roots. For ordinary 
values of the coefficients of the functions U none of the a’s vanish with t. 

The same conclusion remains valid when the coefficients of the IPs are rational integral 
functions of t, and none of the U’u are divisible by t. 
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Ex. vi If 1 18 an arbitrary parameter which is finite and not 0, and if the coefficients 
of the IPs ore finite constants, the roots of the function 

f=-U r + t . XnUf -1 + £ S . Xn“ _ 3 +... + i’ 1 . Uq 

ill which x n ipO oi’o given by 

[.'fjii'j. A' n ]s[iyi, tjji ,... l]i 

where \j/] . y n _ 2 ] m any finite root of the nun-homogeneous equation 

Cr + Ur -1 + ■ • + = 0 ; 

and tho roots of f in which x n =0 are given by the homogeneous equation I/, = 0 

Ex. vii. The homogeneous funotiou /’given by (5) has a non-zero root in which x n = 0, 
l e. one of tho form 

[ti’l.qj. . Xu -1 >r n ] == [a j a 2 . (in —i 0], .(9) 

where the a’s are hmto, when and only when U t (a 1} a-,, a ft _j) = 0, and if 1 ;|>r, it has 
tho root (0) repeated i times when and only when 

all the denvatives of t r ,.(a 1; a 2 ,. a, t -i) of order i — 1 vanish, 

all the derivatives of 27 r _ 1 (a 1} a s ,... a,i_i) of order i —2 vanish, 


all tho derivatives of i7 r -*+2(“ii a 2 > ••• “h-i) of older 1 vanish, 

Ur—i+i (m, a a ,. . £!„_!) vanishes 

Equivalent conditions are that {/,._* + fc(a], u 2 ,. nn-i) and all its derivatives of orders 
1 , 2, ... A — 1 must vanish for tho values 1 , 2, ... i of k. 

Ex. vm. Let 

/= x 1t B {U r +XnU r _i + U,.~ a + ■ • • + $n ^u} .(10) 

bo a homogeneous rational mtogral function of x 1} x 2 , .. x n of degree r+a which is 
divisible by x, t B , tho i T, s being homogeuoouB rational intogral functions of x it r 3 , . x n -j 
whoso dogroos aro indicated by thSir suffices. Then if i ^ r, this fmietion/ has tho root 
(9) repoatod «+t times when and only when tho conditions of Ex. vii aro satisfied. It 
always has this root repeated at loast s times. 

In this case tho roots of / aro tho roots of its two factors; and the roots of tho factor 
x n B are given by all sequences of tho form (9), every one of them being repeated oxaotly 
s times. 

2. Roots of a non-homogeneous rational integral function. 

Let /(a?!, aiq,... fc’n-i) be a given non-homogeneous rational integral func¬ 
tion of tho 7 i-l variables a lt ic a ,... &' n -i of non-zero dogree r in which the 
coefficients are finite numerical constants which are not all zero, and let tho 
function obtained when we homogenise / without change of degree by the 
introduction of an additional variable x n be 


g — g ® b > ■ • • 1 > 

= U r + (D n Uf—i + + W n r 1 Ui + ODn Uq, 


( 11 ') 
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where U, = U 8 fa, x it ... ^n-i) is a homogeneous rational integral function of 
degree s of the n- 1 variables x 1} x 2 , ... a n _ ls s° that the given function is 


/ = f fa Xj £C 3 , ... l) — 0 fait 00 2) . . Slji—1, 1) 

= U, + + .. + Ui + U 0 . (11) 

If a-u a.,... a,!-! are finite numbers, the function / given by (11) has a 
finite root given by 

fail Xa . . . ft’n-l] = [®1 ®3 ■ ■ ■ l] .(^) 


if and only if f(a lt a 3 , . a„_i) = gfa i, « a » ■ • ■ ««-i, 1) = 0; and this is the case 

if and only if the homogenised function g given by (11') has a finite non-zero 
root in which x n 4= 0 given by 

fai x %... ffiji—i = [fli q.j • • ■ On—i 1 ].(d ) 

Thus in this case the function / has a root given by (d) if and only if finite 
numbers proportional to a l5 Oa,... or n -i) 1 satisfy the equation g = 0. 

If an Oa, ... ««-i are numbers which are not all finite, we can put 

Cb 2 ... Uji—J = p [fli Ofa •«■ ttjj—Jj .(1^) 

where p is infinite and the a !s are all finite but not all zero. Regarding the 
present case as a limit of the previous case, we will assert that f has an 
infinite root given by 

fai 0C* ... = [tti £Iq ■ ■ • i].(13) 

if and only if finite numbers proportional to Oj, a?, ... a. rt _ l5 1 satisfy the 
equation g = 0, i.e. if and only if g has a finite non-zero root in which x n 4= 0 


given by 

fa X 2 ... J3„_! 5 [ciiOta ... a,!-! 0] , . fa) 

and this is so if and only if 

U r fai, a a> ... «n-i) = 0.(14) 


Noth 2 When a 1} .. a *-1 are not all finite and are represented as in (12), we see 

from (11) that we cannot have/(a 1} a 2 ,... o n _j)=0 unless the condition (14) is satisfied. 
Consequently (14) is a necessary condition that / shall have an infinite root given by (13). 
Our assertion makes this condition sufficient as well as necessary. 

It follows that when / has the infinite root given by (13), it has infinite 
toots given by [a^ x^ ... av-J = kfaa 9 ... o^i] , where k is any finite non¬ 
zero number. We shall usually make no distinction between these roots, and 
say that / has an infinite root given by 

\_Xi X 2 ... &n_i] = p [®i Ota • • ■ On—i] i 0 ^ fah ®2 • • ■ ®n -1] = [®i • • ■ ®n—1] • • ■ fa) 

(where the a’s are all finite but not all zero), if and only if the condition (14) 
is satisfied, i.e. if and only if fa x 3 ... = [^ Oa ... a^_j] is a root of the 
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homogeneous function formed by the terms of highest degree in /, this being 
so if and only if g has a finite non-zero root in which x n 4 s 0 given by (e'). 
In the first of the formulae (e) the sign = has its usual significance, p being 
infinite , in the second formula it is used in a special sense which is suffi¬ 
ciently indicated by calling the root ‘ infinite. 5 

Accordingly we define the roots of the non-homogeneous function f given by 
(11), or the roots of the corresponding equation / = 0 to be 

(1) the finite roots given by equations of the form (d), 

(2) the infinite roots given by congruences of the form (e), where the as are 

all finite but not all zero, and U r (a lt a u , ... aji_i) = 0.(B) 

Every root, whothor finite or infinite, is represented by a finite matrix. 

Note 3. Homogonvous and non-homoyenoous variables. 

The terms ‘homogeneous’ and ‘lion-homogeneous’ can be applied to the variables 
instead of the functions. In a non-homogeneous function / the variables are necessarily 
non-homogeneous, and the roots of/ are defined os above In a homogeneous function / 
we can regard the variables either as homogeneous or as lion-homogeneous. In the former 
oase the rootB of / are defined as m sub-article 1, the zero root being excluded; in the 
lattor oase the roots of/ 01*0 defined as in the present sub-article When we Bpeak of the 
zero root of a homogeneous function, wo arc regarding the variables as non-homogeneous; 
and when wo speak of the common rootB of a system of equations which are not all homo¬ 
geneous, wo must regard the variables as non-homogeneous. 

In Analytical Goomotry the equation ax 1 +2Lvy + by ' 2 =0 represents a pair of points in 
a 1-way spuco when the variables are homogeneous, no meaning being nttaohed to the 
zero root \xy\=Q ; and it represents a pair of straight linos in a 2-way space when the 
variables are nou-homogonoouB, the zero root corresponding to the origin Again the 
equation ax' 1 + by 2 + cz % +%fyz +2^za-+ 2hxy =0 represents a pair of straight linos in a 2-way 
spaoo when the variables are homogeneous, no meaning being attached to the zero root 
[xy z]=0, and it represents a quadric oouo when the variables are non-homogeneous, the 
zero root corresponding to the origin. 

3. Correspondences between the roots of a non-homogeneom function f and 
the homogenised function g. 

As in (11) let f(x 1 , ® 3 ,... a;,i_i) be a non-homogeneous rational integral 
function of degree r, and as in (11') let it be converted without change of 
degree into the homogeneous function g(ac 1 , a^,... as^, so n ) by the introduction 
of the additional variable x n , i.e. by the substitution 1 = oo n . Then from sub¬ 
article 2 we see that: 

Thei'e is a one-one correspondence between the finite roots of f and those 
(finite) non-zero roots of g in which t» n =}= 0, every two such corresponding roots 
having the forms 

[ail ... = [otj erg... Ojj—i], \% 1 cb^ ... xf\ s [flj a a &n-i I] J 
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also there is a one-one correspondence between the infinite roots of f and those 
( finite) non-zero roots of g in which x n = 0, every two such corresponding 
roots having the forms 

|>i • • %-i) = p [ffi or a ... , [>! x. 2 . . as, J = [otj aj... a v 0], 

•where p is infinite, and the as are all finite but not all zero .(A 7 ) 

The function / 1ms no other roots, the function g lias only one other 
distinct (finite) root, viz. the zero root [a*, x 2 .. &„] = 0, which is repeated 
r times 

More gonerally let [l]^ be an undegenerate square matrix with constant 

elements, and let f(x u x 2 , . . tc n -i) be converted without change of degree 
into the homogeneous function g (y it y 2 >... y, L _] , y H ) by the linear substitution 


x 


1 

1 —>»—i, i 



(15) 


We can replace the substitution (15) by the successive substitutions 

1 — 1 n 1—1 

1 = x n , x = [Z] y , and when we do this, we see that: 

'—>n n 1 —'m 


There is a one-one correspondence between the finite roots of f and those 
{finite) non-zero roots of g which satisfy the equation 

imVi + KiVi + ■ ■. + Innl/n = 1 , 

every two such coiresponding roots having the forms 

O, Ok ... tfn-i] = [«! Gfij .. (!„], [?/! y 2 ... y n ~\ = [ft ft ... fin]. 


where ” = [Z]™ P ; 

1 » <—i n 

1 —1,1 

also thm'e is a one-one correspondence between the infinite roots of f and those 
(finite) non-zero roots of g which satisfy the equation 

lniy -1 + l-na 2/a + ■ • ■ + InnVn = 0, 

every tiuo such corresponding ?'oots having the forms 

|>i ®n-i] S P [«i °fa «»-i]. |>i Vi ... 2/n] = [Pi fa... Pn ], 

where p is infinite and 


a 

0 


= [0 


' 71 — 1,1 


<B') 


The function / has no other roots, the function g has only one other 
distinct (finite) root, viz. the zero root [yiy a .. y n ] = 0, which is repeated 
r times. 
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The first part of this theorem was proved directly in § 187.3, and the 
second part can be deduced from the first by an assertion similar to that 
made m sub-article 2, i.e. by regarding an infinite root of / as the limit of a 
finite root. 

Note 4 Repeated roots of the non-homo go-wows function f. 

The nun-homogeneous function / given by (11) has the finite root 
[fl'l Xo ... A',j_i] = [a] a« . . 

repeated i times when and only when the homogenised function g given by (IT) has the 
corresponding root \x\xg., x n _\ ^n] = [ fl i “2 • °n-i 1] lopeated i times; and it has the 
infinite root [a 1 ! Xg . a’ 1v _i]e p [ai n a •• «»-]] repeated i times when and only when g has 
the corresponding root [a?i x 2 . .x n -i tfn] = [«i n s o»-i 0] repeated i times The dis- 
cninnmut of f is the same as the discriminant of g, and its vanishing is the necessary 
and sufficient condition that /shall have at least one repeated root, finite or infinite. 

Note 5. Roots of a rational integral function which has infinite coefficients. 

In speaking of a rational integral function / of degree r it is usually assumed that the 
soipieuco [% aj ag ...] of its coefficients is a finite non-zero matrix When this is not the 
case, we determine if possible numbers & 1} b 2l bg, proportional to a x , a%, a a ,... which are 
all finite and not all zero; then if g is the function of degree r formed from / when wo 
replace the coefficients aj, a a , a a ,... by b\, b 2 , bg ,, we define the roots of f to be the 
roots of g. 

If Homo or all the coefficients a u u a , Og, ... of/are mtinito, we can put 

[a 1 a a a 3 ...]=p[bi b e bg...], 

where p is infinite and b h bg, bg,... are all finito and not all zero; and the roots of / are 
the rootH of the function g formod in the manner just described. If p is very great hut not 
infinite, then the roots of g are first approximations to the roots of /. Thus if / is the 
homogeneous function 

/— ju 3 +2 Ay 3 +X V +X a ya a +2 Aar 2 + xy\ 
then whou X is infinite, the roots of / are tho roots of the funotion 

g^J'+gsP, 

which is tho coefficient of tho highest power of X ooourring iu /. Those roots (see Ex. vii) 
include roots iu wliioh z=0 repeated twioe. If X is a very largo number but not infinite, 
the roots of g are first approximations to the roots of/. Again if/ is tho non-homogeneous 
funotion 

/«= x 3 +2X3^+ tiff* + 2Aa? a + Xfy+X s , 

then when X is infinite, the roots of / are the roots of the funotion of degree 3 

<7=y + l» 

whioh include infinite roots repeated twice. 

Note 6. Roots of a rational integral funotion whioh vanishes identically. 

When a rational integral function / vanishes identically, we must consider that every 
set of values of the variables is a root of/. The coefficients a^, ag, a a , of/all have the 
value 0 in this case, the ratios a\\a%\ag.... being indeterminate. 

a m. 


i { < 


5 
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If however the coefficients a ls a- 2 , ... of a rational integral function / are all non¬ 

zero vanishing quantities, and if wo can put 

[a 1 a a a 3l ..] = e[& 1 &2&3...], 

where 6 1} b 2) 63 ,. . are all finite and not all zero, then the roots of /must bo defined as m 
Note 5. 

The following examples on non-homogeneous functions correspond to and 
can be deduced from Exs. m—viii. 

Ex. ix. The non-homogoneous function /of x lt x 2 ,... a.’ n _i given by 

f=U, + V r _ 1 + .. +^+^0 .(16) 

whore U t is a homogeneous rational integral funotion of degree s, has the zero root 
... tf„_i ]=0 repeated i times, where i ~%>r, when and only when U 0 , U u ... C/<_i all 
vanish identically, 1 e. when and only when / contains no term whose degree in all the 
variables is less than 1 , or has the form 

f=U r+ U r _ 1 + ... + U i .(17) 

Ex. x. If the coefficients of the non-homogeneous funotion / are rational integral 
functions of an arbitrary parameter t, then in order that / may have a root of the form 

[tf] x 2 ... tf„_i ]=t [a x ag... a„_i] .(18) 

repeated i times, where the a’s are finite oonstants, and i 4 > r t it is a necessary condition 
that / itself shall have the form 

/“ £^ r -i + •■. + U t -)rt. Ui_ 1 +...-f-. Uq .(180 

The ooeffioients of U r , U r _ 1 ,... U t in (180 ma y be any given oonstants, and (18) will 
then be a root of (180 repeated 1 times if the coefficients of u £7 r i _ a ,... U 0 are suitably 
determined rational integral functions of t of degree r—i. 

When the ooeffioients of all the IPs m (180 are finite constants, and t is sufficiently 
small but not 0 , the funotion (180 has roots of the form (18) in whioh the a’s are any finite 


quantities satisfying the equation 

C^i_i+... + f7 0 =O.(19) 

Ex. xi. If the funotion/given by (16) has the infinite root 

[aia a ...a n _ 1 ] .(20) 

when and only when U r (ai, a 2 ,... an-i)=0 ; and it has the infimte root (20) repeated 
i times, whoro i ;|>r, when and only when the conditions of Ex. vii are satisfied. 

Ex. xii. Let 

/=0-(-0 + ...+ Z7,.-f£7^_i +...+ U Q .(21) 


be a rational integral function of # 1 , x 2 , . x n —i of assigned degree r+a in whioh the terms 
of degreoB r+1, r+2,... r+s all vanish identically, U t being homogeneous of degree s. 
Then if i ^ r, we see from Ex. viii that this function / has the mfimte root (20) repeated 
3+4 times when and only when the conditions of Ex. vii are satisfied. It always has this 
root repeated at least a times. 

In this case the roots of / are the roots of the funotion Z7 r +f7 r _ l + ...+ U 0 , and in 
addition every infinite root of the form ( 20 ) repeated exactly 3 times. 
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§ 192. General, special and particular rational integral functions. 


1 . Definitions of general, special and particular functions, 

A rational integral function f of tho n variables Xy, .i? 3 ,... x n havmg degree r m all the 
variables is called a general function of degree v -when every possible term of degree not 

greater than r occurs m it and the coefficients of all the terms are arbitrary 

parameters to wlnob any particular values whatever can be ascribed. We specialise tho 
function f when we give particular numerical values to some of the coefficients and loave 
tho rest of them arbitrary, or whon wo replace some or all the coefficients by rational 
integral functions of a limited number of arbitrary parameters; and a function g denvod 
from tho general function/in tins way is called u special function of degree r. 

We particularise tho function / when we give particular numerical values to all its 
oooffioionts, and a function g derived from / m this way is callod a particular function of 
degree r. The actual degree of a special or particular function of degree r, i.e. the highest 
degree of a term having a non-zero coefficient, may be less than r. 


A homogeneous rational integral function/ of tho ?i + l variables a? 1} x . it ... x n , x n+l is 
callod a general homogeneous function of degree r when every possible term of degree r 


occurs in it and tho coefficients of all tho 



terms are arbitrary parameters to which 


any particular values whatever can he ascribed. By specialising or particularising the 
coefficients as before wo obtain special and particular homogeneous functions of degree r. 
Tho actual degree of a special or particular homogeneous fuuotion of degree r whioh does 
not vanish identically is necessarily equal to r. 


Ex. i. If a, b, c , f, g, h, X, p are arbitrary parameters, tho functions 
axP+Zhxy + by 3 +2gx -f 2 \fy + a, 
a (aP+y 2 ) + {cP + b) x (g +1), 

3aP+6xy+7x+2 . 

arc respectively a general function aud a Bpooial and particular fuuctiou of dogi’ee 2 of tho 
voriablos x and y ; and tho functions 

oap + by 2 + cP+2jyz +2 gzx+2 hxy, 

X (a? +y i + s a ) + (X+ 2p) (gz + zx+xy), 

3a 41 +2 yz 

are respootivoly a general homogeneous function and a special and particular homogeneous 
funotiou of dogi’ee 2 of the variables x, y, z. 


2 . Weights of the coefficients of a rational integral function. 

When / is a general homogeneous rational integral function of degree r of tho ?i+l 
variables Xi, ... x n , x n+l , wo will asci’ibe weights to tho coefficients of tho various terms 
with respect to x l} x 2 ,... x n , x n+1) tho weight with respect to x u of tho ooefficient of any 
term being the index of tho power of x H oocumng in that term. These weights can be 
indicated by suffixes attached to the letters denoting the coefficients. Thus if / is expressed 
in tho form 

/ =2c Sr a ’ p n p n+i (Pi +Pa+ +i*n+Pu+l“ r )i .(1) 

and if u is any one of the integers 1, 2,... n, rc+1, then p u is the weight of the ooeffioient 
a Vl p a , p n p n+1 with respeot to x u . With this notation aJl the ooeffioients of / and the 

6—2 
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weights of every coefficient with respect to x 2 , ... x n , x^i are shown without any 
ainhigmty. The weight of a product of any number of the coefficients with respect to x a 
is tho sum of the weights of its factors with respect to x u . 

When / is a general rational integral function of degree r of the n variables X \, x 2 ,... x n , 
wo will uson.be weights to the coefficients of tho various terms with reBpeot to the vanablos 
$i, .r a , ... .r„ and a variable a? n+1 whioh will render / homogeneous of degico r when wo 
apply to it the substitution 1=&’„,+ 1 > these weights being defined as before Wo will call 
x n+ i tho ‘absent variable’ or the ‘homogenising variable.’ We generally express / in 
tho form 

/=2«p llfc j }i n )> ll+1 > (Pi+P*+-+P»+Pn+i=r) . (2) 

Then if u is any one of the integers 1, 2, ... ?i, p u is tho weight of tho coefficient 
with rospect to w u , and p n +i is tho weight of that coefficient with rospoct to 
the absent variable x n+l . Wo obtain (2) from (1) by tho substitution ^, l+1 =l, and (1) 
from (2) by the homogenising substitution l=a? w+1 . 

We could of course ascribe any weights we please to the various coefficients of any 
rational integral funotion without using any special notation to indicate the weights, tho 
weight of a product of any number of coefficients being always the stun of the woights 
attached to its factors. But it will usually be understood that the weights arc those 
defined above. 


3. Ordinary values of variables and coefficients. 

By ordinary values of the variables x lf a? a , ... x n we shall mean particular finite 

numerical values for which 9 x 4 = 0 , g 2 = t= 0 , 93 4=0 .where g u g 2 , 93 ,... are certain rational 

integral functions, finite m number, of the variables x\, x 2 , ... x n which do not vanish 
identically. We may speak of ordinary values of the variables even when tho functions 
ffiy 9 a, # 3 , are n °t specified if we know that it is possible to specify them in at least one 
way. Ordinary values of the arbitrary coefficients of general or speoial rational integral 
functions /x, / 2 ,... f m will be defined in the same way, g u g 2 , g s , ... being now rational 
integi'al functions of those arbitrary coefficients. By ordinary roots of a rational integral 
function fix x, x 2 , ... x n ) with numencal coefficients we shall mean those finite roots 
[.-Px A’ a ...o;„] for which 9 x 4 = 0 , .92 4 = 0 , 93 4 = 0 , ..., where g u g 2 , g a ,... are rational integral 
functions of x it x 2 ,... x n whioh do not vanish for all finite roots of /, tho last condition 
lioing necessary in older that there may be ordinary roots. 

A Hcalur number which is neither zero nor infinite will sometimes bo called an ordinary 
number or an ordinary scalar constant. 

Ex. ii. If a rational integral funotion of x x , x 3 , ... x n vanishes for all ordinary values 
of the variables, then it vanishes identically. 

If two rational integral functions of a\, x 2 , ...x n are equal for all ordinary values of 
the variables, then they are identically equal. 

If two rational integral functions of the coefficients of the general rational integral 
functions /i,/a,are equal for all ordinary values of the coefficients, then they are 
identically equal. 

These theorems have been proved in Ex. xv of § 18B. 

Ex. iii. If a rational integral funotion F vanishes for all ordinary roots of an irresoluble 
funotion 9 , then it is divisible by g Here ordinary roots are those for which 9x4=0, 92 + 0 , 
984 = 0 , where g u g 2i g a ,... are not divisible by 9 . 
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If a rational integral function F lying in a domain of rationality S 2 vanishes for all 
ordinary roots of an irreducible function #, then it is divisible by g. Here ordinary roots 
may be those for which # 1 = 1 = 0 , y 2 =t= 0 , # 3 =t= 0 ,.. , where g l7 g 2 , g 3 ,. . lie in 12 and are not 
divisible by g. 

These theorems have boen proved m Exs. viii and x of § 189. 

Ex. iv. If f(z, x i, # 2 j %n) m a rational integral function of z, ,u lt x 2 , ...x n which is 

divisible by z v foi' all ordinary particular values of the is, then it is divisible by zP when 
z, x 2 ,... x n are all arbitrary. 

Here ordinary values of the ia may be defined to be those for which g l (xi,x 2} .. x u ) 4 = 0 , 
X'ii -.. ^ 11 ) 4 = 0 ,..., where the cf s are given rational integral fiuiotions which do not 
vanish identically. 

Let zfl bo the highest power of s which is a factor of / when 2 , a? 1} .r a ,... x n are all 
arbitrary, and lot #+a be the actual degree of f in z. Then there exists an identity in 
#ij x 2 , of the form 

f=z.«{& U Q +z*- 1 U 1 + ...+zU a _ 1 + U t ), 

where the U'a are rational integral functions of the a ?s only, and where U 0 and JJ t do not 
vanish identically. 

Now let such ordinary particular values be given to the of s that J7 g 4=0. Then s 9 is the 
highest power of s which is a faotor of /. Since by hypothesis z p is now a factor of /, we 
must have q 4' p , and this establishes the theorem. 

Ex. v. Let Xi, x 2 , .. and yi, y 2 ,... be two sets of variables , the is and fs ; and let 
f(xi, .r 2 , ...) he an inesoluble function of the is. Then if F(x 1} x 3 , .. y u y 2 , .) is a 
rational integral function of the is and fs which is divisible by f for all ordinary particular 
values of the y's, it is divisible by f when the is and fs are all arbitrary. 

We may suppose ordinary values of the fa to bo those finite values for which 
ditivVi, -)+0, 9z(2/v Vst "O+O, 

whero # 1} g 2 ,... are rational integi’al functions of the y’s which do not vanish identically. 
If F vanishes identically for all finite roots of/, it must clearly be divisible by/; for if we 
express it in the form 

F(x u x 2 ,... y u V'n ...)=2i7 w (# 1 , » S} 
each of the IP a must in this case be divisible by/. 

Now suppose that F is not divisible by/when the ia and fa are all arbitrary. Thon 
we can determine a finite root [a; 1 :r a ...] = [ai a a ...] of/ for which F 7 regarded as a function 
of the fa, does not vanish identically, and when we substitute aj, n 2 ,... for x 2) ... we 
can determine huoIi particular fimto values of the fa that F^f 0, #i 4 = 0 , # 2 =t=0,.... When 
we give thoso ordinary particular values to the f s, F does not vanish for all finite rootH 
of f and is not divisible by /. This is contrary to the hypothosis that F is divisible by / 
for all ordinary particular values of the y'a. 

It follows that F must bo divisible by/when the ia and fa are all arbitrary. 

Further ifF{x lt x 2 ,... yi, y 2 ,,..) is divisible by / p for all ordinary particular values of 
the fs, it is divisible by f v when the is and fs are all arbitrary. 

For since F is divisible by/, we have Fe=fF it where F 1 is divisible by / p_1 for all 
ordinary particular values of the fa, if p > 1, Fi is divisible by /, and we have Fi=fF 2 , 

F™f^F a , where F% is divisible by / p-a for all ordinary particular values of the fa; 
ifp>2, F 2 is divisible by/, and we have F 2 =fF 3 , F=f 3 F 3 ; and so on. 
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The above theorems remain true when f is an irreducible function in Q and F is any 
rational integral function of the x's and y's which lies in the same domain of rationality Q. 

Ex. vi Hilbert's Theorem gonei'alised If F{x Xi x 2 , .. y x , y 2 , ...) ia an irresoluble 
rational integral function of two Beta of variables, tlie.r’s and the ?/s, then for all ordinary 
particular values of the y'a it is an irresoluble function of the .t’h 


§ 193. Resultants of rational integral functions. 


1 . 


Resultant of n general homoffeneoits functions of n variables. 


fi (®1 » *^3j 1 } — Sfl 


(i) 

V\ Vi- 


Pn-iVn 




,23n-i 

'n-1 


,Pn 


•(1) 


(Pi + 2h+---+pn-i-i-pn = r i ; i = 1, 2, ... n), 


be n general homogeneous rational integral functions of the n variables 
fl-’u ®a, «3}i-i, a'-n whose dcgi’ees in all the variables are r x> r 2 , ... r n , these 

being all different from 0, and let 


/ifo, a» ... ir„_„ 1) = »£? 


( 2 ) 


(jh + i^+-.-+Pn-]+jpn = n; i = l, 2 : ... n), 


be the functions derived from them by the substitution x n = l\ so that the 
functions (2) aro n general rational integral functions of the n — 1 variables 
tf], cc 2i ... of degreos r x , r 2 , ... r n which will be re-converted into the 
n functions (1) when we homogenise each of them without change of degree 
by the substitution l=w n . Also let 

r = r ] r > ...r«; = — , (i = 1, 2,... n), .(3) 

so that r is the product of the degrees of all the n functions in either set, and 
8{ is the product of the dogroos of all the functions except f in either set. 

"When the n general homogeneous functions (1) are particularised by 
assigning particular numerical values to their coefficients, they will not 
usually have a non-zero root in common; but the particular values can be 
ho chosen that they do have at least one non-zero root in common. We 
will define a resultant R of these n functions (or of the corresponding 
equations /, = 0, f — 0, .../„ = 0) to be a rational integral function of 
their coefficients of tho lowest possible total degree the vanishing of which 
iw a necessary and sufficient condition that the n functions shall have 
at least one non-zero root in common. By this we mean that when the 
functions are particularised by assigning any particular values to their 
coefficients, the particularised functions will always have a non-zero root in 
common if and only if R vanishes for those particular values of the coeffi¬ 
cients. The process of determining a resultant R is called the elimination 
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of the variables x lf m a , ... oo n from the functions f lt / a , ... fn] and we may 
also call R the complete eliminat of the n functions / or the corresponding 
n equations. 

Similarly when the n general functions (2) are particularised by assigning 
particular numerical values to their coefficients, they will not usually have a 
common root, hut the particular values can be so chosen that they do have 
at least one root (finite or infinite) in common. We will define a resultant of 
these n functions (or of the corresponding equations f = 0, = 0,... f n = 0) 

to be a rational integral function of their coefficients of the lowest possible 
total degree the vanishing of which is a necessary and sufficient condition 
that the n functions shall have at least one root (finite or infinite ) in common, 
this to be the case whatever particular values are given to the coefficients. 

From § 191 we see that the n functions (2) have at least one root (finite 
or infinite) in common when and only when the n functions (1) have at least 
one non-zero root in common. Consequently every resultant of either of the 
two sets of functions (1) and (2) is also a resultant of the other set. For 
such a common resultant of the n general homogeneous functions (1) and the 
n general functions (2) we Bhall generally use the notation R (/i,/ 3 , .../«), it 
being immaterial which set of functions f,fi, ...fn are supposed to be. 

If 9\> ffs) 9n are w special or particular functions derived from the 
general (or general homogeneous) functions f, / a , ... f n by substituting 
special or particular values for some or all of their coefficients, the function 
into which R (f, / a , .../„) is converted when the same substitutions are 
made in it will be denoted by R(g 1} g Z) ... g n ), this being a rational integral 
function of the arbitrary parameters occurring in the coefficients of g lt g.,,... 
g n which will be called (sec § 194) the unreduced resultant of the special 
functions g lf g i} ... g n . It will be a mere number when there are no arbitrary 
parameters in the coefficients of the g’a. To avoid ambiguity when dealing 
with special functions, it will sometimes be advisable to use the fuller nota¬ 
tions Rr iri r n (/i./a, ■■•/«)» r n (#i, 0a, On) for the resultants, the 

degrees to be attributed to the functions being indicated by the suffixes of R. 

The fundamental properties of resultants are summarised in Theorems I 
and II of this article. In proving these theorems for n functions we in the 
firBt place make the provisional hypothesis that they and the two theorems 
of § 190 regarding eliminants are true generally for functions less than n in 
number. The general proof of the two setB of theorems is completed by 
induction in § 200. 

If/i is any one of the n functions f given by (1), and if X is the homo¬ 
geneous linear function 


X = b "l” ... + Kn^Jl) 


,(4) 
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where the /e’s are arbitrary parameters, we will denote the X-eliminant (as 
defined in Theorem I of § 196) of the remaining n— 1 functions f, 
f i+ 1 ,.../„ of the n variables x 1 , x i} ... x n by 

(*i, «a, ... ref) = E x \ 

and we will suppose that some fixed value has been given to the arbitrary 
numerical factor in E l} bo that E t is a homogeneous rational integral function 
of the /e’s of degree 8i whose coefficients are completely known rational integral 
functions of the coefficients of/ 2 ,.Further we will define 

Piii Pi a> Piji’“ Pin .(S) 

to be the coefficients of /eft, /e a s *, . . «/<, ... refi in Ei, bo that they are the 
resultants of the n setB of n — 1 general homogeneous functions of n — 1 
variables formed from the functions fi, / l+1) .../„ by putting x i = 0, 

x i = 0, ... Xj = 0, ... w n = 0 in turn when suitably chosen fixed values have 
been given to the arbitrary numerical factors in those resultants. 

For the sake of brevity of expression the coefficients of the n functions / 
given by (1) or (2) will be called the d’s. 

Theorem I. If the n general homogeneous functions f, fi, ...f n of the 
?? variables x 2 , Xq, ... x n given by (1) have any non-zero degrees ... r n , 

then they have a resultant R (f,fi, ■ ••fn)> independent of the order of arrange¬ 
ment of f, fa, ...fn o/nd uniquely determinate except for an arbitrary finite 
non-zero numerical factor, which can be defined by the following properties: 

(a) It is a rational integral function of the coefficients a of the n functions 

f which, for all particular finite values of the a's, vanishes when 
and only when the n fmetiens f have a non-zero root in common. 

(b) It has the lowest total degree in all the a’s which is possible for any 

function having the properties (a). 

Moreover it is an irresuluble function of the a’s when these are all arbitrary, 
and it has the following further' properties: 

(a!) Its own coefficients are rational numbers which we may suppose to be 
integer's. 

(b') It is homogeneous in the coefficients of each one of the n functions f, 

its degree in the coefficients of any one function f being — = st, 

ri 

i.e. being the product of the degrees of the other' n — 1 functions. 
It is therefore isobaric of weight r with respect to all the variables 
x u Xv,... x n in the coefficients of each one of the functions f when 
the weights of the coefficients are defined as m § 192 .a. 
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(o') It is isobanc of weight r with, respect to each one of the variables 
oo 1} x 2 ,... x n in the coefficients of aU the n functions f; i.e. in every 
term of R the sum of the weights with respect to Xj (or the sum of 
the suffixes pf) of all the a’s which occur m it is equal to r; j being 
any one of the integers 1, 2,... n. 


(d') 


If fi is any one of the n fumtmis f, and if A&, A... Ay, ... At n 
are the coefficients of x^i, wit, ... xfi,... x H r t in f, then the coeffi¬ 
cients of A 8 { \, A 8 ^,..., A 8 ^, ... A 8i n in R are respectively 


P%> p2> 


P*> 


(S') 


provided only that the arbitrary numerical factor in R is suitably 
chosen. 


(e 1 ) If f is any one of the n functions f and if (when JEi does not vanish 
identically) 

[a?! a7 a ... xfj = [ct^ ot^a... a un ], = 1, 2,... s % ; Si = —^ , .(6) 

are the Si non-ze>'o common roots of the other n — 1 functions when 
the absolute values of their elements are so chosen that 

n (Otfl/Ci + 0«g/Ca + ■ • • + — Hi (/Cl J /Cgj ■ ■ • 1C, j), .(7) 

li=l 

then for all ordinary particular values of the coefficients of the 
n — 1 functions f, ... f ^, f +1 , viz. those for which 

l^t(^i> K tt /Cn) 

does not vanish identically, the equation 

■^(./i>.A> n fi( a iei> Wttii) .(-A-) 

«=1 

is true and is an identity in the coefficients of the function f; 
provided only that the arbitrary numerical factor in R is suitably 
chosen. 

(f ) If fj, any one of the n functions f is specialised into g ,, where g r is 
the homogeneous function of degree r r formed by the product of two 
general homogeneous functions <f> T) ^r T of non-zero degrees p, q, 
sq that 

g T = <f>r^r, p + g = r T , .(8) 

then the equation 

R (fit fit ••\fn) 

= H(fi>fa, ••• ^T) ■ • fn) • R (fitfit T » fn .).(B) 
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is an identity in the coefficients of f, ...f 7 - 1} <f> 7 , ^ T , / T+1 , .../ n , 
provided only that the arbitrary nwtnerical factors in. the three 
functions R are suitably chosen ; the coefficients of g 7 being in this 
case functions of the arbitrary coefficients of <j> 7 and y[r T which are 
homogeneous and linear in both those sets of coefficients. 

It should be observed that R {f, f >... f n ), which is irresohible when the 
coefficients of all the functions f are arbitrary, need not be irresoluble when 
the coefficients of some of the functions are specialised, as in the case with f 7 
in (B). 

The restriction imposed on the absolute values of the elements of the 


non-zero common roots of the n — 1 functions 

fit fir-it fi+it •••fn .(9) 

in (s') will always be observed, because it serves to simplify the proofs. 
When it is removed, we must replace (7) and (A) by 

1t=Xi 

k . II (a, u Ki + a Matfa + ... + tx un K n ) = Ei (k 1} ko, ... *«), . (7') 

*-i 

Ok r i. II fi(Ouii °tui, ■ •• ttun) = (fitfzt •••fn) i .C^-i) 


and when any ordinary particular values are given to the coefficients of the 
functions (9), there exist equations of the forms (7') and (A 2 ) in which k and 
G are some finite non-zero numbers, the equation (7') being an identity in 
the k s, and the equation (A x ) being an identity in the coefficients of f. 
Whon the arbitrary numerical factors in E x and R are given, the value of the 
numerical factor k depends on the particular values given to the coefficients 
of the functions (9) and on the values given to the arbitrary numerical factors 
in the non-zero common roots, whilst 0 is an invariable constant independent 
of tho particular values given to the coefficients of the functions (9). Thus 
the essential fact represented by the equation (A) is that the expressions 
on its two sides are rational integral functions of the coefficients of the 
function f which differ only by an ordinary numerical factor, or that the 
coefficients of the various terms of the function on the left bear to one 
another the same ratios as the coefficients of the corresponding terms of the 
function on the right. 

Sinco the absolute values of the as are always at our disposal, we can so 
choose thorn in every case that k m (7') or CJc 1 * in (A^ has any invariable 
valuo we please. In {eT) we choose them so that k is always 1. We could 
further make 0=1 for all values of i by suitably choosing the arbitrary 
numerical factors in E Xi J3 2 , ... E n and R. From the fundamental property 
of the eliminant represented by (7 / ) we see that the sole restriction actually 
imposed on the a’s is that two corresponding non-vanishing terniB of the 
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rational integral functions of the kb on the two sides of (7) shall always have 
equal values, or that some one of the elementary symmetric functions of the 
non-zero common roots shall be equal to a corresponding definite function of 
the coefficients of the functions (9). 

It will be shown in § 200 that when the coefficients of the functions (9) 
have such particular values that E t vanishes identically, and in no other case, 
R becomes a function of the coefficients of /* which vanishes identically. In 
this case the functions (9) have an infinite number of common roots, and 
they have a root in common with f t for all particular finite values of the 
coefficients of /(. 

In the notes which follow we assume that the above theorem and also 
Theorem I of § 196 are true generally for functions less than n in number, 
and suppose that the n given functions /i,/ a ,.. .f n are arranged in a definite 
order. From Note 5 we see that in proving the above theorem on the same 
assumptions in § 200 we shall only need to show that for each of the values 
1 , 2,... n of i and for all non-zero values of r 1} ?’ a , ... r n there exist functions 
R (/i,/ 2 ,... f n ) which have the property (e') and the properties (a), (a'), (&'). 
(o') of the theorem. 

Note 1. If for all non-zero values of r 3 , ... r n there exists a rational integral 
function R(fi, fi ,... / n ) of the a's which has the •property (e') of Theorem I for any 
particular value of i, then it must have the property (f) for all non-zero values of T\, r 2 , . 
r n and all the values 1, 2,... n of r. 

For the sake of brevity wo will use the notations 

tyi = [flul OiiS • • • 0«n ]i fi ( u n) =fi (°itl> U«21 ••• Own) > 

R(ffr) = R(fufi, ... g T , .../«), R(^r) = R(fl,fiy... <f> 

R(^r) = R (fn fst ■■■ > ••■/n)- 

First supposo that r=i, so that in (8) we have 

, p+g=u .(8') 

Then when the arbitrary numerical factors in R(fi,fz, .../„), R{4>i\ Rfyi) are suitably 
chosen, the equations 

R (s0= n (on), ^($0= n (f>i (a,t), R(^t)=> n 

11=1 «=si 11=1 

are true for all ordinary particular values of the coefficients of the n— 1 functions 

/i> ii /i+i» ••■/»* .(9) 

and for all values of the coefficients of <fn and ^; and since 

= (««) ■ ti (flu) 

for all the values 1, 2,... s t of ?t, it follows that the equation 

R(gi)=>R • R (M 

is true for all ordinal particular values of the coefficients of /i, .../<+], ••• fm 

and must be an identity in them. 
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Next suppose that T=bi. In this case let Fi, F %,... F n ^ a be the w —2 functions which 
remain when we omit f t and / T from the n functions f,f 2 , let E^ Kl , Ka ,. < n ) be 
the unreduced ehmmant of ... ^ n _ 2 , g T ; let E? ( Kl , < 2) ... Kjl ) be the eliminant of 

^i> ^a> -^n -21 let El' (<i) < 2 i ... Kn) be the eliminant of F lt F 2 , ... F u _ s , fa; let 

(see Theorem I of § 196) the arbitrary constants in E { , E(, El' have fixed values so 
ohosen that 

Ei=EiEi "; .( 10 ) 

and let ordinary values of the coefficients of F lt F a ,... F u _ a , fa, fa be those for which 
neither of the elimmants E/, E" vanishes identically. Further let < = — be the product 
of the degrees of F u F a , ... F n _ 2 ; and let h=np, k=<q, so that 


p + q=r r , h+k=^=8i. 

r i 

Then for all ordinary values of the coefficients the common roots n ls a 2 , ... a gj of the 
n -1 functions (9) oan be divided into two groups, viz. X 1} X 2 ,... \ h whioh are roots of fa, 
and m, m ,... /it whioh are roots of fa, this being the case even when some of the roots n 
are co mm on to fa and \^ T ; and when the X’s and jib are chosen in the prescribed manner, 
and the arbitrary numerical factors in R (/i,/ 2 , .../„), R (fa), R (fa) are suitably chosen, 
the equations 

R(fa)= nV<(x„), R(fa)=*n fifa), R(gr)= v n fiffa) 

«=1 H=1 «=1 7>=1 

are true for all ordinary values of the coefficients of F u F a ,... F n _ 2 , fa, fa, and for all 
values of the coefficients of/*. It follows that the equation 

R (ffr) = R (fa) • R (fa) 

is true for all ordinary values of the coefficients of f lt ... f T _ ls fa, fa, f T + 1 , ... f n , and 
must therefore be an identity in them. 

We oan also prove the property (/') by using the property (d') in place of the 
equation (10). 

N otb 2. If R (f u / 2 ,... f n ) w a rational integral function of the a*8 having the property 
(It') of Theorem I\ and also having the property (e) for any particular value of i, then it must 
have the property (d') for that particular value of i. 

If S is the coefficient of A* in M, then by the property (6') it is a rational integral 
function of the coefficients of the n -1 functions (9). For all ordinary values of the 
coefficients of the n -1 functions (9) the equation (A) is an identity in the coefficients 
of f, and the equation (T) is an identity in the kb. When we equate the coefficients of 
on both sides of (A) and the coefficients of k* on both sides of (7), we obtain 

S= (ay ny... afa T i, ay a v ... - py. 

Therefore the equation 


is true for all ordinary values of the coefficients of the functions (9), and is therefore an 
identity in them ; provided only that the arbitrary numerical factor in R has been suitably 
chosen. 
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Notk 3. -If for all non-sero values of rj, r a , ... r n there exists a rational integral 
t unction It (/i,/a, .../„) o/ i/«3 a’s which has the property ( b ') o/ Theorem I, and which also 
has the property (o') for some particular value of i, then it must be irresoluble for all non-zero 
values ofr u r it ... r u . 

By Note 1 the function R (/,/), .../„) has the property (/') of Theorem I for all the 
values 1, 2, ... n of t. 

Wo will niako the hypothesis that in the equation (B), which is an identity in the 
coefficients of /, . ./ T _ ls <f> Ty ^ T , f T + 1 ,. f n , the two funotions on the right are irresoluble 
whilst R ( fi,fi ,... / T ,. ./„) is resoluble, and show that this is impossible. In proving 
this lot the tt’s moan tho coefficients of all the functions f except f T , let the coefficients of 
J T bo called 6’s; and lot the coefficients of g T , fa, yfr T be called respectively 0 ’s, a’s and jtfs, 
tho o’s bomg functions of the a’s and 3’s which are homogeneous and linear in both sets of 
quantities. 

Regarding lt(f u .../ Tj .../ n ), R(f u ... <#> T , .../„), ... ^ r , .../ n ) a a functions of 

tho a’s and 6’s, of tho ci’s and a’s, and of the &’b and /3’s respectively, wo wiU wnte 

^(/l > .../r > .../n) = ^(a 1 &) 1 &(fu-ffr,~ fn) = F^c\ 

R (/i, ... <*>T, .../*)-*" (a, <0, R (/i, - fr, -fn) = F" (a, /3). 

Hero ^’(a, c) is a rational integral funotion of the a’s and c’s which is homogeneous of 
dogreo —=s r in the c’s. When we substitute for the 0 ’s their values in terms of the a’s 

and 3’s, it becomes a function of tho a’s, a’s and /ffs which is homogeneous of degree s T both 
in tho a’n and in tho /3’s; and when it is so expressed, wc can wnte 

F{a , o) = (?(a, a, 3). 

Tho identity (B) is then 

U (a, a, P)—F' {a, a). F" (a, /3).(11) 

By hypothesis tho two functions on the nght in (11) are both irresoluble. Therefore 
(11) is tho only way in whioh <?(a, a, /3) oan be expressed as a product of two lational 
integral factors neither of whioh is merely a numorioal constant. Also by hypothesis 
F(a, b) is resoluble. Therefore it and F(a , c) can be expressed as produots of two rational 
integral factors, neither of which is merely a numerical oonstaut, in tho forms 
F (a, b) = f (a, b) ./" (a, 6), F (a, c)=/' (a, c )./" (a, c), 

and wo have 

0 (a, a, 0)=f (a, 0 ) ./" (a, c), . (IT) 

this equation lioing an identity m the a’s, 0 ’s and 3’s when we give to the c’s their values 
in terms of the a’s and 3’s. Sinoo the two factors 011 the right must lie tho some m (11') 
as in (11), wo may suppose that 

/'(a, o)-F'(a, a), /"(a, o)=F" (a, 3) . (12) 

The c’s must actually ooour in one at least of the two functions / (a, c), f' (a, c), 
because the 6’s actually ooour in F(a, b). We may therefore suppose that they actually 
ocour in/' (a, 0 ). Then /' (a, c) is a function of the a’s, a’s and 3’s in which both the a’s 
and tho 3’s actually ocour, and the first of the equations (12) is impossible, because none 
of the 3’s oocur on the right. 

Thus the hypothesis whioh we have made is impossible. 

We conolude that if the two functions R(f lt ... </>r,... fn) and R(fy ,... fa, — fn) are 
both irresoluble, then R(f u ... f rt -fn) is irresoluble. 
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Henoe if R (f v / 2 ,.../») is in'osoliible when tho general homogeneous functions/!, 
/b, .../ TJ .-./n have non-zero degrees r ls rg, ...p, ... and also when they have non-zero 
degrees r lt r 2 ,... q ,... r n , then it is also nresolublo when they havo non-zero degrees 
r l} r 2y ...p+q,... r u By repeated applications of tins result it follows that if 

^(/l>/ 2 >- fn) 

is irresoluble when the general homogeneous functions /,/g, . f n havo non-zoro dogrccs 
p 1} p 2 i ■■ Pm and also when they have non-zoro degrees jj, (/„ . . q Ut then it is also 
irresoluble when they have degrees P 1 +Q 1 , pg+ffe,... Pn+Qn- 

Now by Ex. lii in sub-artiolo 2 tho function R(f,fi, .../„) is uoooHHanly irrosolubic 
when the general homogeneous functions /,/>,.. f n havo dogrees 1, 1, ... 1 ; for 111 this 
case the only rational integral function of the a’s which can havo tho property (<*') for any 
one value of i iB the determinant of tho coefficients of f x , / 3 ,. ,f n which is an irro- 
Boluble function. It follows therefore by repeated applications of tho lost result that 
R (/ 1 , / a ,. .fn) is irresoluble when f u f lt .../„ are general homogeneous functions having 
any non-zero degrees i’,, r a ,.. r n . 

Note 4. If a function R (/ l5 / 2 , ... f n ) haoing tho properties (a) of Theorem I is 
iri'esoluble, then: 

(1) It also has the propeiinj (b) of the theorem , and is therefore by definition a resultant 

of the n functions f 

(2) Every rational integral functuyn of the a's which has the properties (a) and ( b) oj 

the theorem ., 1 c. every resultant of the n functions f differs from R only by an 
ort'dinary numerical factor. 

Let R' be any rational integral function of the a’s whioh has the property (a) of tho 
theorem. When the a’s are regarded as variables, R' vanishes for all finite roots of tlio 
irresoluble funotion R and for no othar finite non-zero values of the variables. Therefore 
it is divisible by R, has no irresoluble factor distinct from R, and must havo tho form 

R'=cRP .(13) 

whore c ib an ordinary numerical faotor and p is a non-zero positive integor. It follows 
that R caunot havo a lower total dogroo than R t i e. R has tho proporty (6), and is 
a rosultant. 

Again if R' has tho proporty ( b) as well as tho property (a), its total dogroo cannot 
exceed that of if, and therefore in (13) we must have p= 1. 

Every rational integral fimetion of the a’s which vanishes whenever tlio n functions f 
have a common root must clearly bo divisible by R. 

Note 6. If for all non-zero values of r : , r 2 ,... r n there exist functions Ri(f u / a , .. f n \ 
R'iifiifi) -.fn), ••• Rn(fi, fit ...f n ) whioh have the property (ef) of Theorem I for the values 
1, 2 , ...n of i respectively , and which also ham the properties (a), (a'), (b'), (</) of the theorem , 
then, for all nonzero values of r u r 3 , ... r n these n functions R li R g, ... R n all differ by 
ordinary numerical factors only from an irresoluble function R (f u / 3 ,... f n ) which has all 
the properties of the theorem and is a resultant of the n functions f; and every resultant of 
the n functions f differs from R only by an ordinary numerical faotor 

By Note 1 each of the functions R u i2g, ...R n has the property (/'); by Note 3 eaoh 
of thorn is irresoluble j and it therefore follows from Note 4 that each of thorn has tho 
property (6) and is a resultant, that they differ from one another by ordinary numerical 
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factors only, and that ovary resultant differs from each of them by an ordinary numerical 
factor only. Honoo wo oan write 

j/zo—(< 27z,... 

whore c ls c a ,.. c n are ordinary numerical faotors, and where It is an irreHoluble function 
and a resultant having the properties (a), (b), (a'), (&')> (Os if) °f the thoorom. Because 
iJj, fEjj,... 72,j have the property (c') for tho values 1, 2,. n of i respectively, therefore R 
has tho property (s') for all tho valuos 1, 2,... n of i, and therefore by Note 2 it has the 
property (d 1 ) for all tho values 1, 2,.. n of i Thus 7£(/j,/ a , . f n ) is independent of the 
order of aiTangemont of fi, fi, .. and is a resultant having all tho properties of 
Theovom I. 


Note 6. Properties of tho resultant li (fi,fi ,. . f n ) for particular values of the a's which 
are not all finite. 

When the particular values given to the coefficients a are not all finite we replace tho 
coefficients a of each separato function by corresponding proportional finite coefficients a 
which are not all zero, and the n functions / have a non-zero common root if and only if 
R (/j, / 2 i ■■•/n) vauishos when the n’s are substituted for the a’s, i.e. if and only if tho a’s 
constitute a root of the equation Ii (fi,fi, ... /n)=0 when the a’s are regarded as variables. 


Note 7. Partial deduction of the property (d 1 ) of Theorem I from tho properties (a) 
and (V) 

Wo will here define py to be the resultant of the n general homogeneous functions 


hi, ^i-i» ^i+i> • ■ hn .(9) 

of ii -1 variables obtained by putting Xj=0 in the ti -1 functions 

fi, ••• fi-1, fi + l, •• fn, .(9) 


and Yy to bo tho term of R (fi,fi, .../ n ) which contains no coefficient of fi except rty, 
whore rty is tho coefficient of xfi 111 Then Yy can be obtained by putting all the 
coefficients of fi except Ay equal to 0 in 72, and is the unreduced rosultant of tho 
n fmictions 

fi, ■ -fi -n fi +l , ...f n .(14) 


From tho property (&') wo soo that 


whoro S is a rational integral fimotion of tho coefficients of tho ?i - 1 functions (0) which is 
homogeneous of degree s T =^- in the coefficients of fi when r=M. From the proi>orty (o') 

we soo that wo could also define Yy to bo the term of R which has woight r with respect 
to x, 111 tho coefficients of fi, or woight 0 with respect to Xj in the coefficients of the 
71 -I functions (9). 

By the proporty (a) the vanishing of Yy iB the necessary and sufficient condition that 
tho n functions (14) shall have a non-zero common root, and the vanishing of py is the 
necessary and sufficient condition that the 71 -1 functions (9') shall have a non-zero 
common root. 


Now suppose that Ay 4=0. Then the n functions (14) have a non-zero common root 
when and only when £«=0, and they cannot have a non-zero oommon root in which ^4=0. 
Therefore for all partioular values of the coefficients of the n -1 functions (9) we have 
S=0 when and only when the functions (9) have a non-zero common root in which Xj=Q, 


I 


1 
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j.e. when and only when the n -1 functions (9') ha\ e a non-zero common root, i.o. when 
and only when py=0. Since py is irreaoliiblo, it follows that we must have 

s-OPv 

whero C is an ordinary numerical factor, and X is a i>ositive integer; and bocauso py and 8 

have decrees —— and — m the coefficients of / T , when r 4=i, we must have X=>< Thus 
& r t r r r T 

wo have 

s=oy,;, T„~cAy‘, 

where G is an ordinary numerical factor. 

We know that G has tho samo value for all values of j when the arbitrary niununoal 
factors in the p’s aro chosen as in (5); but the above alignment doos not show this. 


2. Resultant ofn general functions of n — 1 variables. 


Let 


and 


/t(®i> ®3i x n— 1> 
fi{Xi, ffia, ... 1> 


X n ) = 1 Xl 3 ... fljJ* -1 , of ' 1, 

' PlPs Pn-lPn 1 2 n-1 91 

1 ) = ta {l) a# 1 

} Pll>2-P n -lP n l 


„Ps 
'2 ‘ 


Pn -1 

71-1 


( 1 ) 

( 2 ) 


"be the functions defined in Bub-article 1, let/j,/a, .../ n be now the n general 
functions (2), and if ft iB any one of them, let the functions obtained when 
we retam only the terms of highest degree in each of the remaining n — 1 
functions 

fu •■■fi—ii /h- 1 j • ••fn . (9) 


be denoted by 


hi, ... /it—i, //*+!, ... h r 


(90 


so that (90 are n — 1 general homogeneous rational integral functions of tho 
n — 1 variables asi, x 2} ... x n ^. Also let p m be the resultant of the n— 1 
functions (90- Further let 

E{ {z ] K 1} K. it ... /tji-i) — E% (#) — E % 

be the A r -elirninant (as defined in Theorem II of § 196) of the n — 1 functions 
(9) when 

X — Z + K\CDi -f- K a X$ + ... 4 " 

where the re’s are arbitrary parameters, the coefficient of in being pi n , 
and let the coefficient of xfi in E{ he py. 

Then we have the following second theorem: 

Theorem II. If the n general functions f 1} f a , ... f n of the n — 1 variables 
a ig, ... a?n-i given by (2) have any non-zero degrees r 1} r^,... r n , then they 
hme a resultant R(fi, f a , ... fn), independent of the order of arrangement of 
f> fit - -‘fn, cm id uniquely determinate except for an arbitrary finite non-zero 
numerical factor, which can be defined by the following properties: 

(a) It is a rational integral function of the coefficients a of then functions 
f which, for all particular finite values of these coefficients, vanishes 
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when and only when the n functions have a root (finite or infinite) 
in common. 

(b) It has the lowest total degree in the coefficients a of all the n functions 
f which is possible for any function having the prop&'lies (a). 

This resultant R(fi, fi,. ,f n ) is identical with the resultant described in 
Theorem I. It is thei'efore an itresoluble function having the prop&t'ties (a 1 ), 
(b'), (o'), (d') of Theorem 1 when x n is the absent or homogenising variable, and 
it also has the following properties: 


• ■ » • i 7 

(e) If ft is any one of the n functions fi if s t = — is the product of the 
degrees of the other n— 1 functions (9), and if (when pi n 4= 0) 

[•^ia’.j...— [of 1t i a U z .• ■ Of-it,ji—i]j (ii = l, 2, ... s,) .(6) 


are the s L common roots of the other n - 1 functions (9), then for 
all ordinary purticalai values of the coefficients of the functions 
f\, ... fi-\, /i+i, ... f n (viz. those for which p m does not vanish, 
i.e. for which these n — 1 functions have no infinite oommon root) 
the equation 

ft (fi,fi, ■ • • fn) = p T * 5 1 fi (am, Ova,... 0^^, 1 ) .(A') 

W M = 1 


is true, and is an identity in the coefficients of fi, provided only 
that the arbitrary numerical factors in R and p in are suitably 
chosen. 


(f) fffn any one of the n functions fi is specialised into g 7 , where g T is 
the function of degree r T formed by the product of two general 
functions fa, fa of non-zero degrees p, q, so that 

Or = fafa, p + q=r 7 , 
then the equation 
ft (fi >fs> • ■ • ffr j ■ • ■ fn) 

= R(fi,fi,... fa,... f n ) .R(fi,fi,...fa,... f n ) .(B') 

is an identity in the coefficients of fi, ... / T _ ls </> T1 fa, f T+1 , ...f n , 
provided only that the arbitrary numerical factors in the three 
functions R are suitably chosen; the coefficients of g T being in this 
case functions of the arbitrary coefficients of fa and fa which are 
homogeneous and linear in both those sets of coefficients. 


There is no need to give a separate proof of Theorem II, as it follows 
immediately from Theorem I when we apply the substitution co n = 1 and 
put K n = z. In fact the only ossential difference between the two theorems 
o. in. 6 
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is that the property (e') of the first theorem is replaced by a less general 
property m the aecond theorem. We can always homogenise the functions (2) 
and use Theorem I in place of Theorem II. 

In the apecial case when p m =t=0 the functions (9) of Theorem I havo no 
common roots m which x n = 0, and the functions (9) of Theorem II have no 
infinite common roots. In this case the condition (7) of Theorem I is 
satisfied if we choose the absolute values of the elements of the non-zero 
common roots so that 


&2M ■ ■ ■ fl»$ n — pm l 

and if we then put 

[®ki ®ua • • ■ n—i = Awn [&ti • • • ftu ,»—1 > 1]) (it = 1, 2, ... iif), 

tho equation (A) is equivalent to 

-K {fi, fa, • fn) = p r .i n fiifiuu fiw, l)j 

n it=l 


i.e to the equation (A'). Or again we can in this case choose the absoluto 
values of the non-zero common roots in Theorem I so that 

= flan = • ■ • = a a t n = 1» 

and then in the equations (7') and (A 2 ) we have k = p in , i.o. the equation (A 2 ) 
becomes (A'). 


Note 8. Direct p'oof of Theorem II. 

Notes* 1, 3 and 4 are applicable to Theorem II, and when these havo boon proved, we 
can establish the theorem by showing (as in § 200) that for each of the values 1, 2, ... n 
of i and all non-zero values of r lt r 2 ,... r n there exist functions R (/i,/ 2 ,... J n ) having the 
property ( 0 ') and the properties (a), (a'), (6'), (o'), (d J ) of Theorem II. There will be some 
changes in tho proof of Note 1 due to the ohange in the property (d ); ordinary values of 
the coefficients of the functions (9) must be those for which p in = |=0; and in tho second caso, 
when T=t=i, we must replace (10) by the identity 

Pin=/>W"in,.(100 


whore p iu , p\ n , p"u are tho resultants of the three sets of homogeneous functions formed 
by tho terms of highest degrees in 

■P' 1 , F%, ... P n -2, ffrl P' 1 , Pi, • ■ -^n-ai 4>r 5 Pi, Pi, ■ ■ Pn-2, ’K* 


the first of these resultants bemg unreduced. The other ohanges are only trivial. Tho 
proofB of Notes 3 and 4 will bo exactly as before. 


Ex. i Theorems I and II are obviously true in the special case when 7i=l. 

For if a is an arbitrary parameter, a single general homogeneous function /(&■) of 
11011 -zero degree r of tho singlo variable sc and a single general function / (1) of non-zoi’o 
degree r without any variable have respectively the forms 

f (l)=a. 

In both cases we can take the resultant to be 

R(f)=a. 
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Ex. 11 . The theorems are not completely true when any one of the functions has degree 0 

If/] only has degree 0, wo have fi=a, whore a is an arbitrary parameter, and by 
Lemmas A and B of § 195 for n -1 funotious a necessary and sufficient condition that the 
n general homogeneous (or n general) functions shall have a non-zoro root (or a root) in 
common is a=0. A resultant having the dimensional properties of the theorems could 
only be 11=a* 1 , whore v n , and is resoluble. 

If fit fit •••/< only have degree 0, whore i> 1, we have f\=a u f 2 =a$, .. whoro 

the <£s are arbitrary parameters Necessary and sufficient conditions for tho existence of 
a common non-zero root (or a common root) are aj=0, aa=0,... «j=0. If there were 
a rosultant having tho dimousioual properties of the theorem, it could only bo R=N, 
whore A - is a finite non-zero number. 

Ex. m. Special ease when eoery function hits degree 1. 

If R is tho rosultant of tho n general linear functions 
f\ =ftu a 'i+ a ia‘^3+ ■ -+®i, 

#l + 0!22#2+"* + a, A»-l' s n-l + £I y»j 


fn = a nl - V 1 + a )l2 A , o+... + «„, , 1-1 -1 + 

or of the corresponding n general homogeneous linear functions of , x 2 ,... x n _j, x lt , it is 
tho determinant of their coefficients given by 

R=(a) n . 

This doternnnant is (see Ex. iv of § 186) an irrosolublo function of tho a’n, and lias all 
tho properties of tho tbcoroms. Moreover every function which has tho properties (b‘), (o') 
of Theorem I can oloarly only differ from this determinant by an ordinary numerical 
factor. 


Ex. iv Special case when n=2. 

Tho proof of Theorems I and II for thiH special oaso is mcludod in tho general proof. 
It is howevor a well-known fact that if m and n aro non-zero positive mtogors, the 
resultant R (/, g)=* R of tho two homogonoous functions 


f=a Q x m + a^- 1 y+...+ g=b {J aP i +b l x n ~ 1 y 4-... + Kf l 


is tho dotorminant 


of tho matrix 


O) 


= [«, b] 


u, m 
«i+n 



. , , v n. M 




ttfl 

0 . 

. 0 


0 

0 

a { 

£*o 

. 0 


\ .. 

0 


a i . 

. 0 

h 

&1 .. 

0 

a *-i 

a *-% ■ 


^1-1 

&H-2 


0 

0 • . 

.. (L. 

■ * w 77l 

0 

0 .. 

■&n 


whose elements are given by 0 ^= 0 ^, by=bi~j with the understanding that 
0 when £<0 or k>m, &*=() when k <0 or k>n. 


6—2 
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The successive eleniouts of the j tli vertical row of the first constituent of o> form the 
sequence [a fl tq a 3 . . a w ] preceded byji-1 zeros and followed by n -j zeros; and the vertical 
rows of the second constituent arc formed in a similar way. 

From the identity 

[yn+n-l, ,^11+w-a^ tfn+n-Zyi } ^ii+n- 1 ] [ aj 

-[a*- 1 ./, as*“ a y./. & n ~ % y-9, — y” 1-1 -#]-(l fi ) 

we soo that whenever (for particular values of their coefficients) the functions / and <j 
have a non-zero root in common, there must be a connection between tho horizontal rows 
of <a, and we must have A = 0 Therefore the vanishing of A is a necessary condition for 
the existence of a non-zero common root It follows that tho resultant R must bo a factor 
of A , and booauso A has the same dimensions as R, it must bo R. 

From Ex. ii of § 189 we see that whenever / and g havo no linear faotor m common, 
tho only homogeneous rational mtogral identities in x and y of tho form 

Pf+Qg=o .(16) 

in which P and Q do not both vanish identically are those in winch 

P=Mg, <2=-i//, 

whore if is a homogeneous rational integral function which does not vanish identically, 
and that there is therefore no such identity in which P and Q have lowor dogrees than n 
and m respectively How whenever A vanishes, there oadsts a connection botwoen tho 
vortical rows of © of tho form 

*i 


[a, 6] 


n, m 
m+n 


^n—l 

Po 

h. 


: 0 , 


_hn-l_ 

and from (15) it follows that there exists an identity of tho form (16) in whioh 

P=A 0 ^- 1 +X 1 # n - a y+...+X»_ 1 y n - 1 , Q=fi 0 sd m - 1 + f i 1 af in - i y+. +/i m _ 1 y m_1 ; 

consequently/and g must have a linear faotor and a non-zero root in common. 

We have thus shown, independently of tho general theorems, that the vanishing of A is 
both a necessary and a sufficient condition that f and g shall havo a non-zero root in 
common. 

Tho corresponding non-homogenoous functions 

/(a > )«oo.‘r w ‘+a l ^ , “ -1 + .g (y)=6 0 ^+6 1 ® n-1 + ... +6 n 

have of course the same resultant R (/, g)= A, and if a t , ag, ... a, n and fa, fa ,... fa are 
their roots in x, then for all ordinary values of the coefficients we have 

Rsctfg fa) g fa)...g (%,) = b a m f(fa) /(&) ...f(fa)s «o" &o w n fa-fa). 

Ex. v. By Ex. iv the values of R (/, g) for the four pairs of general functions given by 
f=caP+hx+b; g<=A, Ax+B, Ax^+Mx+B, Atxfl+PaP+Qx+B 
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are respectively 

R=A\ or R=A, according to the definition used; 

R=aB 2 - hAB + bA 3 ; 

R = cPB 3 -ahBH+{abE 3 -2 abAB+IP A 5} - bh AIJ+ IP A 3 
~(aB-bA) 3 -{aE-hA) ( hB - bff ); 

R=a 3 B 3 - a 3 hBQ + a {aLQ 3 - labBP + IP BP) +h [ahAB- abPQ - IP A B} 

+ b{abP 2 - 2abA Q + IP A Q\ - bViA P+b 3 A 3 , 

whore the terms aro arranged according to their weights in tho two sets of coefficients with 
respect to x and tho homogenising variable. 

Ex. vi. For tho two general homogeneous functions 

f= a w ,r 3 +a n .vy+<kYiy\ ff=aP + b 21 mPy + b ri xy 3 + b^f 

wo have 

R- (/} fl , ) = o t 2n 3 &on a_a 2o aa ii^u3^ia+®2o {& 20 fl! n2^ia 2 — 2 020 * 02 ^os^ai+ a n 2 ^ 21 } 

— «11 {ctnjn (2fl2 b V 2 &21 — a ‘20 floa ?>03 Z)j)0 + Clu 3 &03 ^ 3 u} 

+ CCo2 { a 20 ®02 &2i a — 2^20 ®02 &.K1 &12 + ^ll 2 &W) &ia} — ®0B 3 a ll ^30 &S1 + ^03 3 ^30 2 - 

This oxamplo illustrates tho properties (!'), (o'), (d') of Theorem I. 

Ex. vii. If /= {ax + «) (hx + 0 ), g = {lx +X) {pxP -f qx +r), 

then R(f, g) = (uX —la) {b\ - Ifi) ( pa 3 — qua -f- ra 3 ) ( pfi 3 — qbfi + rb 3 ). 

Wo can obtain this expression for Jl by successive applications of the formula (B') of 
Theorom II. 

Ex. viii. Special case in which caoh of the n fmotions f in a product of homogeneous 
linear factors. 

Wo will supposo that f, / 2 , ... f n have non-zero degrees r l5 r 2 ,. . r n , but are special 
functions of the forms 

/ 1 «=A r nJT i 2 ...Xx ri , ...f= Xi\Xn ..X iri) ...f u = X nl X ni ...X nT ^ ..(17) 

where the JC 3 s are general homogeneous linear functions of x i1 x^ .. x n . Then if w x is any 
element of tho sequenoe [1 2...r 1 ],... u t any olomont of tho soquonce [1 2...r*],... u n any 
element of the sequence [1 2. r n ], so that X 1Ul , X 2u ^, . . X m , n are any linear factors of 
/ij/bj fn respectively, there are exactly r distinct values of the sequence [jijMg. . w,J, 
where r=i\r 2 .. r n , and by repeated applications of the formula (B) of Theorom I we see 
that 

R(fu /a, ...f n )^R(X Ull , X aia , ... X m J, .( 18 ) 

where there are r factors in tho product on tho right, oaoh factor being tho resultant of 
n homogeneous linear fuuotions. For a givon sot of values of m 1s m 2 ,... wo can (see 
Ex. iii) write 

-^lW! '^1 

x !" % -[«]* ? , .(is) 

_ ■^■nu n _ 

where (a) n is a matrix with oonstant elements. 

' ' n 
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Thus in this case R (/ij/g,. f n ) is the product of the r determinants of the type 
(a)”, each determinant being the resultant of n of the linear factors of f,f 2 , ...f L , ono and 
only' ono factor being selected from each function 

E.v ix. Theorem. If r=? , i? , 2 ...?'„^=0, A= (Z)^, anc ^ homogeneous linear 

substitution 

.<m 

converts the general homogeneous functions f u f 2 , . . /„ of x Xi x 2 , ... x n of degrees r,, r 2 , ... r u 
into the homogeneous functions g u g i} ... g a of y x , y 2 ,. . ?/,„ then 

R(ffu 9i, ■ ffn) — A v R(f u f 2 , ... f n ,) .(C) 

Lot the coefficients of the functions f and g be called respectively a’s and 6’s, the 
elements ot the matrix [Z]^ being called Z’s; so that the V s are functions of the ct’s and V s; 

and let ordinary values of the Z’s be those for which A+0 It is to be understood that 
R(9u 92 , ••• g n ) is the same function of the Z>’s that R(f,f 2 , .. f n ) is of the a’s, but is 
regarded as a function of the a’s and Z’s. 

We assume till tbe conclusion of the argument that a fixed sot of ordinary particular 
values have been ascribed to the Z’s. 


For all particular values of the a’s the functions g have a non-zero common root when 
and only when the functions f have a non-zero oommon root. Hence when the a’s are 
regarded as variables, R toil g 2 , . . g„) is a function of the a’s which vanishes for all roots 
of the irresoliihle fiuiotion R (f,f 2 , . . f n ), and is therefore divisible by it. Since the two 
functions R are homogeneous of equal degrees in the a’s, it follows that 

5 ton 92, ...g n )=L R (f, f 2 , .../ n ), .(21) 

where L is a numerical constant depending only on the values of the Z’s, the equation (21) 
being an identity in the a’s. We will determine L by specialising the functions f 

^ Q t/i ( / 2 j... /« bo the special functions of Ex. viii, so that 

9l~ -^11 -^12 • • •-^lrj j 9,1 s * I n9 .(1'7 / ) 

where the 7’s are the homogeneous hnear functions of y u y 2 ,... y n into which the .Z’s are 
converted by the substitution (20). Then corresponding to the equation (18) we have 

R ton 9i, 5' B )=ni2(7 1 „ i , ... 7 n „ (i ), .(18') 

and corresponding to the equations (19) we have 


r ^11*1 V\ 

: = : 

_ n„ (i _ _2/» _ 


R ( l 7 !!!;) L" 2 




(19') 


and therefore R(T 1Ul , 7^, ... F^a.^Z^Z^, ...Z^). 

Thus in this special oase eaoh of the r factors of R(g x , g 2 , ... g n ) is a times the 
corresponding factor of R (/,, f 2 , . . /„), and therefore in (21) we have 


L=A r . 
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It follows that (0) is an identity m the a ?s which is true for all ordinary values of the 
Z’h ; and it is therefore an identity m tlio a\s and Vh wlion both sets of quantities are 
arbitrary. 

Ex. x. If . ./„ are n general functions of the ji- 1 variables .r u x 2 , .. of 
non-zero degrees t-j, r 2 , and if, when wo homogenise each of thorn without chango of 
degree by the linear substitution 


x 

1 


r j“j V 

= > 


'll-1,1 


they booomo tlio n homogeneous functions g x , g s ,... g„ of y v , y», . ?/„, thon 

^ (ffli ffit • ■ 9ii) == ^ T R(,fl) ^2i ff)i . 

where A=(Z)”, and i\Fzr l r. i ...r ll . 


This follows from Ex ix. 


... ( 20 ') 


■(C?) 


Ex. xi If the functions f^f 2 , . . f n of Ex ix or Ex. x bocomo g 1} g 2 , ... g u wlion we 
substitute \xi for any one of the variables x t , whoro X is an arbitrary parameter, then 

R(g l} g 2 , g n )=X-R(fuA,-f,) . (C") 

This is a particular case of tlio preceding theoronis, and is oquivalont to tho fact that 
the resultant has weight r with respect, to x { in tho coefficients of all tho functions. 


Ex. xii If fi — /<(■'!'], Xt, .. x„), (?. 1 , 2, . n) 

are n general houiogonoous funotions of the n variables x t , ,r, 2 ,... x n of non-zero degrees 
r x , r 2 ,... r u , so that r=sr^r 2 . .?’«=t=0, and if 

gi~fi{K ij X 2 , . . &n—0| ( ,== L 2, . . n) 


are the n funotions of tho n — 1 voi'iablos x u x 2 , .. 
substitute the arbitrary parameter t for x n , thou 

Rfajt fa, ■ • g»)°t r -R(f\, 


derived from thorn when we 


^3, ... fn). . 




This follows from Ex. xi. 


Ex. xin. Special case in which /u/u,... /h are n homogeneous functions of ,r l5 ,r B ,. . x tl 
which all have the same degree s and contain no product terms. 

Let A =(«)", and lot/i, f 2 , .../„ he tho n functions given hy 

fi=a il Xi l, +a ti x 2 a +.. +(it»x n \ 0'= 1, 2, . n) .(22) 

By Ex. iii these functions have a non-zero common root wlion and only when .4=0. 
Therefore R (f x , f 2 , .../„) can bo taken to bo a power of tho lrrosolulilo function A ; and 
sinco its degree in the coefficients of /,• is s’ 1-1 , wo then liavo 

jR(/i» /ai /n)—.(23) 


Ex. xiv. Theorem. If the n general homogmoous functions /i, f 2 , .../„ of the 
n variables ,r\, x 2 ,... x n (or the n general functions f\, f 2 , ... fn of the n —1 naruibles 
x 1} Xz ,... Xn-i) «ZZ huve the same total degree s, and if g u g 1} ...g u are the n functions of the 
same variables defined by the equation 


JLxKLj 


(24) 


then 


R(Si, g~i, ll{f u fi, where A=(Z) )( 


. ...(D) 
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We will suppose that the functions are homogeneous, and define the a’s, &’s, Z’s and 
the ordinary values of the Z’h as in Ex i\. We again assume till the conclusion of the 
argument that a fixed set of ordinary particular values have been ascribed to the Z’s 

Thon for all particular values of the a's the functions g all vanish simultaneously whon 
and only when the functions/ all vanish simultaneously Therefore any common root of 
one set of functions is also a common root of the other set, and as m Ex. ix we have 

22 (/i, * *(/,, fh fn) .(^) 

whore L is a numorical constant depending only on tlio values of the Z’h, the equation (25) 
being an identity in the a’H We will determine L by specialising the functions /. 


- Let 2?=[?>]*, and let / ls / 2 ,. . /„ bo the functions of Ex. xin, so that 

Qi. = + Zj <2 .ra"+ ..+b in , a?„", (i = 1, 2, . . n), .(22') 

whore [&]*“ [*]“[>]*> b=aA 

Then corresponding to the equation (25) we have 

.ft to, 9„ .. «(/„ h, ... /,.).(25') 


It follows that in this special case, and therefore in all cases, we have 

L=A*’ 1 . 

Thus the equation (D) is an identity m the a’s whioh is true for all ordinary values 
of the Z’s, and is therefore an identity m the a’s and Z’s when both sets of quantities 
are arbitrary. 

$ 194. Unreduced and reduced resultants of specialised rational 
integral functions. 

It is assumed throughout this article that the theorems of §§ 193 and 196 
have been proved. The remarks of sub-articles 1 and 2 apply to eliminants 
when these are regarded as resultants. 

1. Unreduced and reduced resultants. 

The assigned degree of a special or particular function which is not 
homogeneous is often not evident from the form in which it is written 
because terms with zero coefficients are omitted, and a resultant of such a 
function is not completely determinate unless the degree to be attributed to 
it is specified. 

Let /i, / a , ... f L bo n general rational integral functions of the n — 1 
variables as u #a, ... whose degrees m all the variables are p 1} p a , ... p n , 
and let their resultant be denoted by Pn (fi, /s, • •. f n ). If certain 

specialisations of the coefficients convert the general functions f, / a , ... fn 
into the special or particular functions g i} ... g n , the function into whioh 
R Pl p a . Pn (fi, fz, fn) is converted by the same specialisations will be 
denoted by 

RpiPz-Pnte 1 ’ 9*i ••• 9») 


( 1 ) 
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whatever the actual degrees of g lt g 2 ,... g n may be; and this is the definition 
of the function ( 1 ). Accordingly, when we disregard the arbitrary numerical 
factor, ( 1 ) is an unambiguous rational integral function of the arbitrary para¬ 
meters occurring in the coefficients of g u g a , ... g ni it clearly lies in any 
domain of rationality £1 m which g l} g 2l ... g n all lie, its vanishing is a 
necessary and sufficient condition that g Jt g. 2 , .. g n may have a common root, 
whatever particular values are ascribed to the arbitrary parameters; but it is 
not necessarily irreducible, it may have repeated irreducible factors, and it 
may vanish identically. When g u g^ .. g n arc particular functions, it is 
merely a numerical constant. We call it the unreduced resultant of the special 
or particular functions g 1} g a ,... g u regarded as having degrees p it p*, Pm 
even when the actual degrees of g 1} g, 2 , . . < 7 ,, are less than p 1} p 2l ... p n . 

When the function ( 1 ) does not vanish identically, let a product be 
formed of all its distinct irreducible factors in which no one of these factors 
is repeated, and let this product be denoted by 

. R?iP 2 ‘Pn^9i> $ 2 ) ■“ gn) s . ( 1 ) 

and when the function ( 1 ) vanishes identically, let the function ( 1 ') also 
vanish identically. Then the function ( 1 ') has equally with the function ( 1 ) 
the property that for all particular values of the parameters its vanishing is 
a necessary and sufficient condition that the 11 functions g shall have a 
common root; and we can clearly define ( 1 ') to be a rational integral 
function of the parameters which has the lowest possible total degree con¬ 
sistent with its having this property; for this definition renders the function 
( 1 ') uniquely determinate except for an arbitrary finite non-zero numerical 
factor which can be so chosen that the function lies 111 £1. We call (1') the 
reduced resultant of the special or particular functions g u g *,... g u regevrded 
as having degrees p 1} p a ,...p tl . 

The above definitions remain valid when ... / 9l are n general homo¬ 
geneous functions of the n variables x 2) ... <n u of degrees p 1} p a , ... p n , 

provided that we replace ‘ common root ’ by ‘ non-zero common root.’ But m 
this case it is unnecessary to attach suffixes to R to indicate the assigned 
degrees; for the degrees are unambiguous except when one of the functions 
vanishes identically, and in that case the rosultant vanishes identically. 

2 . Unreduced and reduced actual resultants. 

Let g a , ... g n be any n given special or particular rational integral 
functions of the n -1 variables ah, a? a » -*'• ®n-i in which terms with zero 
coefficients are omitted, and let their actual degrees in all the variables be 
r u r a ,... r n respectively, these being all different from 0. Also let p l3 p i} ...p n 
and g 1 , g a ,... q n be two sets of positive integers such that no element of the 
sequence is less than the corresponding element of the sequence 
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[r 1 r a ...r n ], and no element of the sequence [pi2h---Pn] 13 less than the 
corresponding element of the sequence [(ft # 3 . (ftj. So far as the forms of 
ffu 9i, 9n are concerned, we can regard them as functions of degrees 
Pi, Pa. °r °f degrees (ft, (ft,... (ft,, or of degrees r 1} i\, ... r n , and so form 

the resultants 


R 


'Pi Vi Pn 


(/ft. /7a. ••• /7)i)> 7 b 7n ($’> 


and the corresponding functions 

Pi Pi Pn Oft 9%> $0) -®7i7a 




»'i 


.r„ (<7i. 


.( 2 ) 


R r x r 2 . J'nO/l. $3» ■■■ .^w)) 

.(20 


which are respectively the unreduced and reduced resultants of ^ < 7 2 ,... 
when their assigned degrees are ... p n , or (ft, 52 , ... (ft,, or r l} r 2 , ... r n , 

and which are all unambiguous rational integral functions of the arbitrary 
parameters occurring in the coefficients of gi, g a ,. . g u . The three functions 
(2) may be all different, and the three functions (20 may be all different. 
We call R, lTt ,. n (g 1} g 2 , ... g n ) and Vn {g u g„ ... g n ) respectively the 

unreduced actual resultant and the reduced actual resultant of <ft, <ft, ... g H , 
because in forming them the degrees attributed to <ft, g 2 , ... g u are their 
actual degrees. From Ex. v (d) we see that both in (2) and in (20 the 
second function is divisible by the third, and the first by the second. From 
Ex. v (c) we see that both Rp lPa ^ and R' PlPs . ^ vanish identically when¬ 
ever two of the differences — q l are different from 0, and that R qi q2 qn 
and R , Ql q s . Qn vanish identically whenever two of the differences (ft — 1 \ are 
differont from 0. 


If g u g z , ... g n are n given special or particular homogeneous rational 
integral functions of the n variables &' 2 , ... w, L having actual non-zero 
degrees r 1} r a ,... r n , then (except when one of them vanishes identically) we 
can only regard them as specialisations of general homogeneous functions of 
degrees r 1} r 2 ,... r n , and as before 


R ri r B .r n (gi 1 9i> ••• 9ri) an( l Rr l r t ...r n (9i» 9*> 9i 0 

are their unreduced and reduced actual resultants. 


We shall generally understand that the symbol R denotes an unreduced 
resultant, the suffixes which indicate the degrees to be attributed to the 
functions being suppressed when the degrees are so precisely stated that 
no ambiguity is possible. Some examples on resultants of special functions 
have already been given in § 193. 

Noth. The term ‘resultant’ is sometimes used to mean only the ‘roduoed aotual 
resultant ’ of functions whioh do not vamsh identically. It is then unambiguous. 
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Ex i. If f=ax+b, g=px a +qx, then: 

R] 3 (/ g)=b {a 2 q+Ra (/) ff) = 1>P (« 3 (? + h% p\ Rm(f, [}) = bp 2 (a*q + b 2 p) 

If wo regard / and g as functions of degrees 2 and 3, they have an infinite root in 
common when jd= 0, and a zero root m common whon b= 0 

Ex. ii. If f—ax- 1, g=a(n? + 1) — 2, and if R stands for R(/, g), then 

R 1 2 =a(n-l) i , Rw= R w =ar(a-iy i , R^= R<^=a s (a- l) a , .. ; R^=0. 

The reduced actual resultant is a (a — 1). 

Ex. in. If f=ax— 1, g=(ar+\)x- 2, and if R stands for R (/, g), then: 

= 1)3, R 12 =a(a-lf, 7? w =a 3 (a-1) 2 , ...; 

/2b= 0; 7?ai = (a 3 +1) (a - l) 2 , ito-(«“ + !)* (a-1) 3 , .... 

The reduced actual resultant is a -1. 

Ex. iv. Let /, / 2 ,... f n be n special homogoneous rational integral functions of the 
n variables x lf x 2 , .. x n having non-zero degrees r x , r 2 ,. . r u , and let p*, be the unroduced 
resultant of the n-\ homogeneous functions of n — 1 variables obtained by putting Xj=0 
in the ?i-l functions /i,.. /*-i,/*+n.. /«, where j is any one of the integers 1, 2, ...n 
If in this case R=R Tl r2 V)t (/ ,f 2 , . /J, wo have the following results 

(a) If any one of the functions f vanishes identically , than R vanishes identically. 

( b ) If any two of the functions f have a common factor which is not merely a constant, 

then R vanishes identically. 

T 

(o) If fi=Axwhere A is a constant, andif «(=-=?■]. . ?'j_tr i+1 .. r u , then 

Ti 

R=AHpifi\ .(3) 

in particular if fi=xft, then R=-p t fi. 

(d) Ifis divisible by Xj p , then R is divisible by pif ; and if m this case fi=xf'gi, where 
gi is a homogeneous function having degree q suoh that p+q=r t , then 

Rft r* r )t (/]>••• A V P S , <) ■* fn) == Pij P -Rf l Q r n C/l> 9ii ••• fn) .W 

(s) If any two of the functions f are divisible by x } , then R vanishes identically. 

The first result is obvious, beoauso R is homogeneous in the coefficients of oaoli one of 
the funotions/. If /* vanishes identically, the common roots of the ra functions ore those 
of the remaining n—1 functions, and by Lemma A of § 195 or Thoorom I of § 196 for 
n — 1 funotions these always have a non-zero common root. 

To prove the second result, suppose that f x and / 3 have a common factor g. Then as 
above the n — 1 functions g, f 2 , .../„ always have a non-zero common root, which must 
also be a common root of f,f 2 , .../„ Therefore the resultant of f 1} / 2 ,.../« must always 
vanish. 

The third result-has been proved in Note 7 of § 193. By a similar method we can 
obtain corresponding results when any number of the functions f have forms similar to 
that given to/*. 
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The fourth result is equivalent to the third when p=r t . When p <r u let fi=x^g^ 
where is a homogeneous function having degree q suoh that p J rq=‘>'i Then, using the 
third result in formula (B) of Theorem I in § 193, we have 

R(fu — /<> • ■/n)= , ^(/u • • - v j p > • •/«)• ^(/i» • • Hu ■ Q 

=PU P ' ft(fu -Hu • •/«)■ 

Tho fifth result is a particular case of the second 


Ex. v Let / 1)i / 2 ,.. f tl be n special rational integral functions of the ft -1 vanablos 
$ 1 , x 2 ,... x n -x having the assigned non-zoro degrees r 1} r 3 , . . r u , which may be greater 
than the actual degrees; and let R=R ri Vi) Tn (/ 15 / 2 ,. . /„)■ In this case all tho results of 
Ex. iv remain true when j is any one of the integers 1, 2, ... n— 1, and py is defined to bo 
the unreduced resultant of the n— 1 functions of n — 2 variables of degrees ?■], ... ?\_i, 
... r n obtained by putting Xj=Q in the n-l functions f 1} .../<_ l5 f i+lt .../„. 

If we further define pi=p<„ to be the unreduced resultant of the n — 1 homogeneous 
functions of n — 1 variables of degrees , ... y i _ 1 , r <+1 , .. r n obtained by retaimng only 
the terms of those highest degrees in f u ... f- 1: /< +1 , ... /„ respectively, we havo the 
following results: 


.( 3 ') 


(a) Iffi=A , ioh&'e A is a constant , and if *i=—, 

It=A*i P fi; .. 
in particular if fi= 1, then R=pfi. 

(b) If all the terms of the p highest degrees in /< vanish identically , then R is divisible by 

Pi p ; and if in this case q=ri—p, then 

■^*1 ’’<■ T n^ 1 ' ‘ m f if • m ‘fn) =a Pi P • <1 r n (/n '-'fii fn ).(^ ) 

(c) If the degrees attnbuted to any two of the functions f are greatei' than their actual 

degrees , then R vanishes identically. 


(d) If qi, q 2 ,... q n are positive integers not less than i\, r 2 ,... r n respectively (or not less 
than the actual degrees of f\, f 2 , . / ft ), and if Pi, p i} ... p u are positive integers 
not less than q lt q 2 , ...g n respectively , than. 

vjfi, fit ■■•/•) « divisible by R QlH „ q% (f u f 3 , ... f n ) .(5) 


The results (a), (Z>), (c) correspond to and con be deduced from the results (o), (d), (s) of 
Ex. iv when ft, and x n is regarded as a homogemsing variable 

In proving the fourth result we first observe that if there are any two of the differences 
Pi—qi which do not vanish, it follows from the third result that R PlPsj . Pn vanishes 
identically; and that if all the differences Pi—qt vanish, then Z? PlPa p is the same 
function as R^ q% „ n . We need therefore only oonsider the cose in whioh ^ ^=X > 0, 

and Pi=qi for the values 2, 3,... n of i. In this case all the terms of f x of the X highest 
degrees vanish identically, and from (4') we see that 

/s) A) “Pi* ■ ■^0 1 0 2 BnC/l) fil •■•/«)• 


Ex vi. From Ex. v of § 193 we obtain the resultant R& (f g) of the functions 
f=a+bxj-cx\ g=A + Bx+Ca?-\-Dx a , 


K - 1 i ■" 
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In illustration of tho formula. (4/) of Ex. v we observe that in this oase 

(1) if B =0 , thou R> s =sc{a 2 G 2 —dbBC+(acB 2 —2acAG+b i AC) — boAB+G > A 2 }, 

(2) if D=G=Q , then &&=# {aB*-bAB+cA\ 

(3) if D=C<=B= 0, thou Rv & =<?A 2 . 


Ex. vii Resultant of the n special homogeneous functions f, fa, . . f 1L of degrees t\, r 2l ... 
?■„ given by 

M*» .r„, .. 

+^<<-^V®. 1 +« a .4‘- li+ V®. 8 +...+( x ‘.^£7 0 W , ....(6) 


where t is an arbitrary parameter, Xi, Xu,.. X„ at e positive integers not greater than t\, r a ,... 
r n respectively, and the U’s are general homogeneous rational integral functions of x : , x 2 ,. . 
/o,j _! whose degrees are indicated by their svfixes. 


Lot 7*i r 2 ... XiX 2 ...X, ( =X, 7 , 1 r 2 . 7v_i =a w» XiX 2 .. K-i=fri\ ^ 9u g-i,.. g H ho the 

n general functions of x\, &' a , .. a'„_i given by 


9i($ i> ■■■ ® B _i ) = U Ki +^ f _i + " + w )>. 

and lot any ordinary particular valuos bo asenbed to tho coefficients of all tho Z7’s Then if 

[.l'l X.i . . .I’n] = Oii 2 ■ ■ • n, im]) (M"®! j 2, ... s^, .(8) 

aro tho s lt nou-2oro common roots of the 74—1 functions/ l5 fa,. -fi-u wo 04111 writo 


u = s n 

R{fu fii - • ,/n) = U /n (o?ii a «a■••%»). 

m=i 

Whon moreover t is sufficiently small, wo bog from Ex. v of § 191 and Theorem I of § 190 
for 74-1 functions that the ti- 1 functions fa , fa ,. f n - 1 have pn common roots given by 

\X\ #a>" l ' I 'ii-l^Vl s [^01) tfivsi 1) 1]) 2, ... pf), .(1®) 

where tho /9’s are finite constants, such that 

[a- 1 a; a ...a; n _ 1 ]=|j8 w ^« a ...^fl,, l _i], (*>=1, 2,...^),.(11) 

are tho pn common roots of the functions gi, g%,... g u -i- Ifj when t is sufficiently small, 
is any one of the common roots (10), ovary term of/„(a, {1 , n ?l3 , . a nu ) is 
divisiblo by t ^; in fact wo have/„(a lt i, a,#, ... a u ,^ = tf n .g n (ftvh Pith ••• —i)+1oi-itlk 

involving higher powers of t Consequently, whon t is sufficiently small, p n of tho factors 
on the right in (9) are divisible by tf n , and therefore R is divisible by t k , the quotient 

being finite. Thus R is a rational integral fimotion of t such that is finite fur all small 

t 

values of t ; and it follows that ^ is a factor of R when t is arbitrary. 

Since tho result just obtained is true for all ordinary particular valuos of tho coefficients 
of the U’ s, we ooncludo that : 

The resultant R,(fa,fa, —fn) of the n functions f given by (6) is divisible by t k when t and 
the coefficients of the functions U are arbitrary 

By considering special cases, as in Ex. x of § 196, it can bo shown that there is no 
higher power of t which is always a faotor of R (fat fa,. . /»)■ 

If the expansion of R in ascending powers of t is 

R(fa,fa, - f»)=P o^+V +1 +^ +2 + ---> 
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it will bo clear from the above argument that P Q is divisible by It (jji, g 2 , ... g n ), i.o. the 
first term in the expansion is divisible by the resultant of tho n functions h lt h B} ... h n 
given by 




2 n (f) . .A 

+ - ■ + < 


i J'irjM • 


for when t is small tho n functions f have a common root corresponding to oacli common 
root of tho % functions g. 


Eai. viii. If the expansion in ascending powers of t of tho resultant of tho two 
functions 

g= +...+b v x v + t + . b v ^ i sa v ~ i -\-...+t v & 0 , 

is R (f, g)=P Q t^+P 1 ti tv + 1 +P 2 t^ +. ., 

^ ou A= P (/i) Qi) • P (fi, 9z), 

whero Ji=a m &"-i* + a m _ 1 a] m -i*- l + ...+u ll ., / 2 =a M a'' 4 +a^_ I a,^- 1 + .. +a,„ 

<h= + ...+&,> gi=b v oi v + i„_ 1 A' v - 1 +. . + 

3. The discriminant of a rational integral function. 

If/=/(«i, m 2} ... x n ) is a general homogeneous rational integral function 
of the n variables a^, 00 %, ... x H of degree r in all the variables, we sec from 
Note 1 of § 191 that the repeated roots of f are, for all particular finite values 
of the coefficients, the common roots of its n first derivatives 

df_ §£ _ . 

da 3a^’ 3 a^,' 

If !)(/) = D is the resultant of these n first derivatives when tho coeffi¬ 
cients of f are arbitrary, then D is a homogeneous rational integral function 
of the coefficients of f such that, for all particular finite values of those 
coefficients, the vanishing of D is a necessary and sufficient condition that at 
least one of the non-zero roots of f shall be repeated. The function D (f) is 
called after Sylvester the discriminant of the function f If the general 
homogeneous function f is converted into a special homogeneous function g 
by certain specialisations of its coefficients, then the function D (g) into 
which D (/) is converted by the same specialisations ib‘ the unreduced dis¬ 
criminant of g. The discriminant of g can be reduced like other resultants. 

The discriminant of a non-homogeneous function ib the discriminant of 
the corresponding homogenised function of the same degree formed by tho 
introduction of a new variable. Thus if f is a general rational integral 
function of the n — 1 variables a^, x B , ... Xn-i, its discriminant is the resultant 
of its n first derivatives (12) with respect to the actual variables x 1} <r a# ... 
ojji—i and the homogenising variable as n . In this case the vanishing of the 
discriminant is, for all particular finite values of the coefficients of/, a 
necessary and sufficient condition that f shall have at least one repeated root, 
finite or infinite. 
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Ex. i\. If /=/ (.Vjl, ,v.j, ...xj is ii gonoml homogeneous rational integral function of 
tho u variables x x , ar ai . . of dogi'ce ?•, its discriminant D{f)m 

(1) homogoncous of dogroe n(r- l) Tl-1 m the coefficients of /, 

(2) lsobonc of woight r (?■ —I)’ 1-1 with respect to each one of tho variablos m tho 

coefficients of f, 

(3) either lrrosolublo or a product of unropoatod irresolubla factors. 

Ex. x If the function / of Ex. n. is converted into tho function g=g (y u y% } .. y n ) by 
tho homogeneous linear substitution 


^ rn ,l r ~' 

'—‘h n •—■ii 

and if D (rj) is tho unreduced discriminant of g when wo regard g as a function of the 
y\ thou 

whoro 

Ex. xi. Lot 

/(*■, y)=a„ 0 aP +«, t _i,i x n ~ x y +. + 

bo a general homogonoous rational integral function of dogroo n of the two vanablos x and 
y; and lot [JV/]s[aift], [n«/8»],. . fn K ft] be its n roots when the absolute values of tho «’s 
and /S’s are so choHOii that 

f(x, y) = (aft -yax) (&’ft -ya s ). . (jft, - ya H ) j 

.3/ , ..sJl 


also lob 


*<**>-£■ 


Thou for all ordinary particular values of tho coefficients off wo havo 

M«V ft)/l( n 2> ft).../i(n«, ft) = &nO ■ ^ ( f\ 

fi ( a i> ft) /s ( n a, ft) ■ • /a ( n », ft) =rt o?i • D (/), 
provided that tho arbitrary numerical factor m D (f) is suitably chosen, the hrst formula 
being truo whonovor ct,^ 4 = 0, and tho second whenevor 0 ^= 4 = 0. At tho same time we havo 

whoro (if i <j) 


ai 1 *" 1 , 

a i n " 

'“ ft , 


ft’ 1 " 1 


«2 n ’ 

'“ ft , ■■ 

«aft n- “, 

ft’ 1 " 1 


a n U " 

'“ ft , • 

- Onft ’ 1 ^, 

ft’ 4 " 1 


Ex. x ii. Let f(x)=a 0 af i +aii^ i 1 +...+fls B _ 1 & , +a) ri 

be a genoral rational nitogral function of degree n of tho sniglo variablo *■; and lot x=x v 
. . x n bo its n roots; also lot f i. x )= < ^ x • Then for all ordinaiy particular values of tho 
coefficients of f viz. whonovor ct 0 +O, wo have 

E(f)=a 0 (®i) f (**) ■ • ■/' (*■), 

provided that the arbitrary numerical factor m E(f) is suitably chosen. At the same 
time we have 


i 

s 


t 
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whore (if i <j) 




.. ill, 


tfo* -3 , . 

• • lAh} 

«■ n-1 

j 

»• 

J . 

.. X M 


Ex. sin. The discriminants of the gouoral quadratic, cubic and quartio functions 
a 0 x' i + 2a x x+tt,, « 0 3cq a ,’ 3 3a a ,v +C &3 , a 0 a 4 +4o x ic 3 + 6o a x* 4ct 3 x + « 4 

are tho determinants 








a I, 

0 

0 

«! 

0 

0 




0 

a x 

0 


Ou 

0 

3o._> 

“l 

0 

Ou 

«i 

2a x 

1 Mi 


a x 

3a a 

elOj 

ct () 

303 

3o. 2 

Ol 

a x 

a a 

, 

CEo 

2a x 

®S 

2a a ’ 

®3 

3tla 


o 4 

3fl&3 

3aa 



0 

a-2 

0 

w 3 

0 

£Ejj 

3a 2 

0 

a \ 

3«3 







0 

0 


0 

0 

0,1 


Ex xiv. If f and g are two general homogeneous functions of tho two variablos x and 
>/ (or two general functions of the single variable x) of degrees m and ?i, and if R (/, g) and 
D ( fg ) ore respectively the unreduced resultant of tho two functions / and g and tho 
unreduced disorinnnant of the product fg, then 

^(/^)=(-i) mn -^(/). J OQ/) R ' 1 (/» g) 


§ 195. Existence of common roots of rational integral functions. 

In this article we assume that the theorems of § 196 are true generally for functions 
less than n in number, and that the theorems of § 193 are true generally for functions not 
more than n m number; and wo deduce certain other properties of n functions That 
these properties are true generally for all values of n will be known when we have 
completed tho general proofs of the above-mentioned theorems in § 200. 


Lot 

and 



X 2 , . 

.. x n: a?,i+i)-2o® 

x Pl x?\ 
PnPn+i 1 ^ 

nPrifiPn+i 

" n «+l ’ 

fi (^'l, 

X 2 , . 

.. x n) 1) =2o lt) 

' PiPa- 

„Pi r Pi 

PnPn+i 1 i " 

..X Pn , . 

n ’ 


(Pl + Pa+-"-f-Jpii+.Pri+l = J VJ l== lj 2, . . 7l), 


(1) 

( 2 ) 


bo rospootivoly n gonoral homogoneous rational integral functions of the n+l variablos 
Xu x%, ... x n , x n+1 and n general rational mtegral functions of the n variablos x lt ... a‘ n 
having non-zero degrees r u r 2 ,... r n in all the variables; and let 


r=r x r 2 ...r n ; 8 t =^, (t=l, 2, ... n) .(3) 

Also let tho resultants of the n + l sets of n general homogeneous functions of n variablos 
obtained by putting a?i=0, £ a =0, .. a' n+1 =0 in turn m the functions (1) bo denotod by 

Pu Pa, • Pa+i, .(4) 

so that p n +1 is also the resultant of tho n general homogeneous functions obtained by 
retaining only the terms of highest degrees m each of the functions (2), and p t for the 
values 1, 2, . n of i is also the resultant of the n general functions obtained by putting 
a?i=0 in the n functions (2). 
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In preparation for the next artiolo we will show m two lemmas that on the assumptions 
mentioned abovo thero always exist 11011 -zero common roots of the n functions (1), and 
common roots of the n fimotions (2), when any particular finite values whatever are 
ascribed to thoir coefficients In proving tho lommna wo shall assume that n 4 3, as they 
are known to be truo when « = 1 or 2. 


Le mm a A. If the u yenerul homogeneous functions / 15 / a , .../„ of x i, x. z ,... x n , .v B+1 
given by (1) ham any non-zero degrees i\, r 3 , . . r n , than they have anon-zero common root for 
all particular finite values of their coefficients. For cn'dinary values of their coefficients they 
have at least r distinct non-zero common roots, but no non-zero common root in which any 
element is 0, and certainly not more than r n distinct non-zero common roots. 


Lot F u F it . F n bo tho n special (non-homogeneous) functions of tho n— 1 variables 
.i'i, x-i, a\,_i which arc derived from tho n funotions f\,fi, ...f t given by (1) when wo 
substitute for x n and .® ?t+ i the arbitrary parameters u and v, so that 

'V'ii • •• '^ii— 1 ) X n , .'B'n+l)» F{ = fi . . X u _i, U, V) .(5) 

Those n functions F expressed 111 the form of genoral functions are 


Fi=2A 


(*) 

Pi Pa 


a'f 1 x% 2 , 

Pn-iQn 1 2 


. X 


,Pn-i 
n-i ’ 


Oh +Pi + - +Pn-i+y»=i'il 2, .. n),...(T) 


where tho ooefficionts arc rational integral functions of the parameters u and v and the 
coefficients of the n funotions f given by 


A® =2a^ o 1>n+1 , 

Pl Ps ■ Pn-iVn Pi Vi -Pn-iPnPii+i 


(p n +p»+i=q n ); 


.( 6 ) 


and by Theorem II of § 193 they havo an unreduced resultant It (F 1} F^,... F n ) which we 
will now denote by 

72ft, n+l C^j »)=R(u, V ) .(7) 


If wo moan by the a’s tho uoofficients of the n functions f in (1), and by the id’s the 
coefficients of tho n functions F m (1'), then It (u, v) is a rational integral function of the 
■d’s having the properties desonbed in the theorems of § 193, and by means of the equa¬ 
tions (6) it can be expressed as a rational integral fimetion of u, v and the a’s. When we 
regard R (u, v) as a function of tlie xl J s, each term being a produot of certain of the A’s, it 
follows from tho property (c') of Theorem II in § 193 that in every term wo have 


S q H =r. 


Hence when wo express it as a function of u, v and tho ct’s, each tern being a produot of 
certain factors each of whioh is a term of a senes hke that oil the right in (6), it follows 
from (6) that in every term wo have 

2p«+2p B+1 =)-, .(8) 

2p n being the total index of u, and 2p n+1 being the total index of v. Consequently R (it, v ) 
is homogeneous of degree r in u and v, and has the form 

72n,»+i v)=P 0 u r +P l u'- 1 v+...+P r - 1 uv r ~ 1 + .(9) 


where the P’a are rational integral functions of the a’s only. The coefficients P 0 and P r 
are the values of R (u, v) when u= 1, v=0 and when w«=0, v=\ respectively. But we see 
from (6) that when u= 1, ^=0, we have 


i (0 




(p n -- 


yjafl’ 

PiPa-Pn-iQn PiPfPnV 


Fi=2a^ x? 1 Xq* ... , 

* PiPa ■ ?»0 1 2 n-1 > 


o. in. 


?ni P 1+^2+. -+Pn-l+Pn = 1\)i 
(Pl +Pi + — + Pn-1+ Pn + 0 =n). 


7 








98 


RESULTANTS AND ELIMINANTS 


[OH. XXI 


so that in this case F t beoomes the function derived from f by patting # n =l, x n+ i=0, and 
therefore R(F l5 F z , . , F n ) becomes p n+1 Similarly when u=0, v—l, F t becomes the 
function derived from f t by puttmg x n =Q, x n+1 —l, and therefore R (F u F t , ... F n ) 
beoomes p n . Accordingly m (9) we have 

F 0 =Pn+ 1 . Pr=Pn .( 10 ) 

For all particular finite values of u, v and the a’s the vanishing of R (u, v) is a necessary 
and sufficient condition that the n functions F Bhall have a common root, finite or infinite; 
and for all particular finite values of the a’s the vanishing of p n (or p n+1 ) is a necessary 
and sufficient condition that the w functions/shall have a non-zero common root in which 
x n =0 (or #71+1=0). Let any particular finite values be ascribed to the a’s If then the 
functions F have an infinite oommon root 


[#i#2. . Un-Jap [ai aa.. ^n—i], 

where p is infinite and the a’s are all finite bub not all zero, we have 


2A 


(») 


„Vi „P3 JPn -l „Pi Vs Pn—i n 

~PiPe ' ' °»-l ^PiPa Pn- lOO 01 ! • ' a n-l U 

for the values 1,2,. n of i, consequently the n functions / have the non-zero common root 

[#! # 2 • #1.-1 ^«7i,+ i] = [ai 02 On_i 0 0] 


in which both #, t =0 and #, l+ i=0, and this is impossible unless both p n and p n+1 vanish. 
We conclude that when either p n or p n+1 does not vanish, and u and v are finite, the 
n funotions F have no infinite common root. 


In all the above x n and # H+1 may be any two of the variables x 1} # 2 ,. . x n+1 Wo can 
therefore put the results obtained into a more general form. 

Let t and j be any two of the integers 1, 2,. . ?i+l; let 0 1} 0 $,. G n be the n speoial 
(non-homogeneous) functions derived from /i, ... /„ when we substitute for and xj the 


arbitrary parameters u and v , and let 

R ij (%v)=R ij .(7') 

be the unreduced resultant of # l5 <? a ,... G n when we treat them as general functions of the 
n-1 variables x k , x M ... which remain when we omit x t and Xj from x lt x 2 ,... # n+ i. Then 
Rij has the form 

Rq(u, v)=>Q 0 U r +Q 1 u r - 1 v+... + Q r _ 1 uv r -' l + Q r U r , .(9') 

where the 0’s are rational integral funotions of the a’s, and where m particular 

Qo = Pj> Qr^Pi'j .(10') 


and when we ascribe particular finite values to the a’s such that either p^O or pj 4=0, and 
particular finite values to % and v, the n functions O cannot have an infinite common root. 

From the properties of the resultants R^, p u pj it follows that: 

If m ascribe to the a!s any particular finite values such that p t 4=0, then : 


(1) Rij (u, v) has exactly r non-zero roots [w v], not necessarily all distinct, and in all of 

them we have u 4=0. 

(2) In all the non-zero common roots of the n homogeneous functions f we must have 

#<= 1=0 

(3) The distinot values of [#<%] which occur in the non-zero common roots of the 

n functions f are the same as the distinot values of \uv\ which occur in the non¬ 
zero roots of R^. 
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Tho first two results beiug obvious, wo will prove tho third result only First let 
[w y]=[«*fy] be any non-zero root of Ay, in which of course 0 * 4=0 and both a* and a, aro 
finite. When we put i4=a*, '«=a,, the n functions G whose resultant vanishes certainly 
have some common root ]=[a A ...], whioh is necessarily finite because p*4=0; 

and [a-i .. #n+i]s[aia a ...a, l+1 ] is then a non-zero common root of the n functions / m 
which [xiX^alataj]. Next lot [# 1 a? a ...a, , Jt4 i]a[aia a ...a w+1 ] bo a non-zero common root of 
the n functions f m which whoro of course a, 4=0 becauso p*4=0. Then the 

n functions G have the common root p\. ]=[a x a /1 ...] when u=at and «=ry; and 
therefore Ay has the non-zero root \_u 

Now lot such particular finite valuos bo ascribed to tho a’s that no one of the functions 
Pij P 2 ) •• pu+i vanishes. Then in all tho non-zero roots of A lin+ i, /dj.n+i,... A„,, l+1 and in 
all the non-zoro common roots of the ?4 functions / evory element is different from 0. 
Therefore tho non-zoro common roots of the n functions /can all be expressed in the form 

J’'n®n,+i]s[fli• ■ %!]; .(11) 

tho non-zoro roots of A lt lh+xlt+x ,. . A, (i u+1 respectively can all be expressed in tho forms 

0, 1], [d a , 1]) • ■ ft,. 1]. .(12) 

whore each t has ?■ possible valuos, not necessarily all distinct, and the distinct values of 
a i, a.j, . a, t aro tho same respectively as the distinct values of t, t . Sinoe each of tho 

a’s has a number of distinct values not less than 1 and not greater than v, the number of 
distinct non-zero oornmou roots of the n functions f is not less than 1 and not greater 
than ?■“ 

To oomplete tho proof of Lemma A, it only remains to show that for ordinary values of 
the a’s the % functions / have at least r distinct non-zoro common roots. To hIiow this 
wo define 

.(13) 

to be tho disorunmant of tho function Ay (n, v), i and j being any two of the integers 
1, 2,... w + 1 Thou cry is a rational integral function of the a’s the vanishing of which is 
a nooessary and sufficient condition that Ay shall have a repeated non-zero root, and 
from Ex. i or Ex ii we seo that <ry docs not vanish identically. If we add o-y 4=0 to the 
conditions to be satisfied by tho particular values given to tho a’s, then Ay has r distinct 
non-zoro roots; therefore p*^] has 7* distinct non-zoro values m tho non-zoro common 
roots of tho 74 functions /, and thero must be at least r distinct, 11011 -zero common roots. 

Thus Lemma A is completely true token we define ordinary values of the a*a to he finite 
values for which none of the functions p 1} p a ,.. p (4+1 vanish, and at least one of the dis¬ 
criminants try does not vanish. 

Noth 1. Simultaneous values of the variables m the common roots. 

It will he shown in § 196 that for ordinary values of the a’s tho 74 homogeneous 
functions f can never havo more than r distinct non-zoro oonimon roots, and have 111 
general exactly r such distinct common roots. Now for ordinary values (suitably defined) 
of the a’s eaoh of the functions Ay has exactly r distinct non-zero roots in all of which 
both the elements aro different from 0, and the values of all tho fu in (12) are r n distinct 
numbers. With these i’s wo can form oxaotly r" distinct values of the matrix 

pi2 a ...i n l] .(1^) 

Since only r of these can be common roots of the 74 functions f it appears that if i 
and j are any two of the integers 1, 2, ... 74 , then in the non-zero common roots of the 
7i functions f which all have the form (14), each of tho r values of is associated with one 
and only one of the 7 ' values of tj. 


7—2 
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Note 2. The (x i} xj)-resultant of the n homogeneous functions (1). 

The function Rq(u, v) defined in Lemma A will be oalled the (&’ t , xfj-resvltant of the 
n general homogeneous functions / given by (1). We shall frequently use the notation 
R (%i, Xj) for the function derived from By («, v) when we replace u and v by x % and Xj, and 
oall R(x u x,) the (x ( , x^-resvltant of the n functions / Then R(x u %) is the resultant 
of fit fzi • • fn when these are regarded as non-homogeneous funotions of the remaining 
71—1 variables, and X{ and xj are regarded as arbitrary parameters. For ordinary values 
of the a’s (see also Note 4 ) the roots of R (x^ x 3 ) give the values of the ratio Xi. Xj which 
occur in the non-zero common roots of the n functions/. 


Esc. l. Special case in which f\,fi, •■•fn ar<1 respectively products oj rj, r >,. . r n general 
homogeneous linear functions. 

Let /i=An Aia...ATi,,, /a = Aai Aj 2 .. ... /# = ^«i A^... A,,^, .(16) 

where the A’s are general homogeneous hnear funotions of ®i, x^, ... x a +i whose coeffi¬ 
cients are distinot arbitrary parameters, and for each of the values 1 , 2 , ...» of i let 
Ui, v^ w t , .. be elements of the sequence [ 12 . ?*,]. By selecting one factor A from each 
of the n functions / we can form exactly r distinot sets of n factors When all these sets 
have been formed and arranged in some definite order, let the uth 2 rth, 20 th,... sets bo 


~ x Ull - 




Ai w , 

Aaua 

r -n+l r- ’ 

“ [®]„ ® j 


Pintt+l 1 1 

= [&]_ ^ ' 1 

Xauz 


14 ‘-'n+l 

.x nvn _ 

“ '—'n+l 

_X m nn_ 


r -71+1 1 1 

[°L. * 


J 7V+1 


.(16) 


BO that \u\ u ^.. 2 ^], [til v .>. [201 w 2 20 ,,], ... are distinot sequences, any two of which 

may have some but not all their corresponding elements equal, and 


_ -wH p--,n+l p _?i+l 

M. , M. . W, . - 


are r distinct matrices in any two of which some but not all of the corresponding hori¬ 
zontal rows may be the same. Then [pa-iX^.. ^ m +i]—[ai a 3 ...a n+ ]] is a non-zero oommon 
root of the n functions / if and only if it is a non-zero common root of one of these r sets 
of linear factors, i.e. a non-zero root of one of the r matrix equations 


r -in + 1 1 
[a] X 


1 « ri.-i n + 1 ' ' 

= 0 , [ 6 ] x 

'n+l L J,i —*»+! 


=0, wr*. ti =o,... 


.(17) 


Let (A 1: Aa ,. A, l+ i) be the affected simple minor determinants of the matrix [a ]* +1 
foimed by striking out its 1 st, 2 nd,... (?i-t l)th vertioal rows m turn, and let 

(2?i, Ba, ... B n+ 1 ), (Ci, C i} ... ( 4 + 1 ), ... 

be similarly defined. Also let i and j be any two different integers selected from 
1 , 2 , ... n+l. 


Smoe Ai, Bj, AiBj — AjBi are functions of the coefficients of the factors X which do 
not vanish identically, we can assign such partioular values to the coefficients of those 
factors that as many of these expressions as we please do not vanish identically If 

A t + 0 , the matrix [a ]* +1 is undegenerate, and the n linear factors of the 20 th set have one 
and only one non-zero oommon root given by [xiXa...x n+1 ]=[Ai A a ...A n+ i], this being 
also a common root of the n functions/. If Bj+Q, the n hnear factors of the 2 >th set have 
one and only one non-zero oommon root given by [#i .® 2 --"®»i+i]®[- 2 i this 
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being also a common root of the n functions /. If AiBj—AjB^ 0, the wth and vth sets 
of linear factors have each only one non-zero common root, and the ratio ay: ay must have 
different values in these two common roots of the n functions f. 

If there is at least one determinant in each of the r sets 

(■dlj A 2 , . . -^w+l), C^lj B 2 , . B n + f), .. 

which does not vauish, then each of the r sots of linear factors has one and only one non¬ 
zero common root, and therefore the n functions / cannot havo more than r distinct 
non-zero common roots. If for a given pair of values of i and j none of the expressions 
AiBj— AjBi vanish, then the ratio ay ■ ay cannot have the same value m the non-zero 
common roots of any two of the r sets of linear factors, and tho n functions / have exactly 
r distinct non-zero common roots If no one of the determinants (4 X , A 2 , ... A n+l ), 
(Bi, B 2 , ... B, i +1 ), . . vanishes, then in all tho non-zero common roots of the n functions 
f every element is different from 0 

Thus when we choose the particular values of the coefficients of the factors X of the 
functions f so that a finite number of expressions do not vanish, the n functions f will have 
exactly r distinct non-eero common roots, the ratio ay . ay will have r distinct values in these 
common roots, and no non-zero root will contain a zero element. 

Wo conclude that it is possible to ascribe such particular values to the coefficients of 
the n general homogeneous functions (1) of ?i+l variables that tho discriminants a# of 
Lemma A do not vanish, and that therefore these discriminants are functions of the 
coefficients which do not vanish identically 

It is easily seen that for the special functions (15) we have 

pt=A i B i C i ..., pj=AjBjOj..., (r factors), 

Ay (uv) = (uAj- vA t ) (uBj - vBi)'{uCj—vCi )..., (?• factors), 

< r a = (AiBj—AjBff (A t Gj— AjOifi (BtCj—BjCff .. , (r — 1) factors), 

and that the symmetric functions of the coefficients of the linear factors of f lt f 2 , 
which occur are expressible as rational integral functions of the coefficients of . . /„ 
themselves. 

The general theory of resultants and eliminants can be based on this special case (see 
also Ex. viii of § 193 and Exs. v and vi of § 19G) when we regard the general homogeneous 
function fi as a product of ?y homogeneous linear factors with ‘ umbral ’ coefficients. 


Ex. ii. Common roots of the n special homogeneous functions of degrees r lt r 2 ,. . r u , 

in which a is an arbitrary non-zero parameter, and r^=r x r 2 ,.r It =t=0. 

These functions can be replaced by the n non-homogeneous functions of Ex. iv. They 
have exactly r diBtinct non-zero common roots given by 

.a? n _i^^ +1 ]3[o)V« r *, aftU r n, .. oj’-.i, «, 1], 

where a is any one of the r roots of the equation cu r =a. Exaotly r distinct values of the 
ratio x n : a? n+ i ocour in these common roots. The (x, l} a?„, + ^-resultant is 

^n.tH -1 («i or R{x h , *« +1 )=V-»^*+i, 

and the corresponding discriminant is 
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In this case Ai*»+i («, v), being linear in a, is an irresoluble function of u, v and the 
arbitraiy parameter a, and the discriminant (r , h „ + 1 does not vanish identically. It 
follows that o-„ tB+ i does not vanish identically when fi, fi, ■ -f» ai ‘ e general homogeneous 
functions, and that therefore the discriminants ay of Lemma A do not vanish identically. 

Ex. lii. The resultants Ay (it, v) of Lemma A are irresoluble functions of u, v and the 
coefficients of fi , fi ,. fi. 

It will be sufficient to show that A,« + i ( u > v ) 10 iiTesoluble This function cannot 
have a factor independent of u and v which is not merely a numerical constant; for from 
(9) and (10) we see that every such factor would be a common factor of the two distinct, 
irresoluble functions p, t and p„ + 1 . Hence if it were resoluble, it would have a factor which 
is a rational integral function of u, v and the coefficients of the n functions f and is 
homogeneous of degree less than r in n and v, and this would always be ti'ue when the 
functions f are specialised. Since no such factor exists m the special case of Ex. li, we 
conolude that Ami+i( w > v ) i 0 irresoluble for general homogeneous functions. 

Lemma B. If the n general functions fi, fi, . f u of x lt x . 2 ,... x IL given by (2) have 
any non-zero degrees r\, ?’ 2 , ... »■„, then they have a common root , finite or infinite , for all 
particular finite values of their coefficients. For ordinary values of their coefficients they 
have at least r distinct common roots , but no common root in which any element is zero or 
infinite, and certainly not more than r n distinct common roots. 

We deduce Lemma B from Lemma A when we employ the substitution .'r, l+ i=l and 
put u=t, v=\. 

If F l} F 2) . . F n are the n speoial functions formed from the n general functions 
fu /a j ••• fi when we replace x n by the arbitrary parameter t, the unreduced resultant 
It (F u F 2 ,.. F n ) is the function A»(0=A,n+i(^ !)• More generally if i is any one of 
the integers 1, 2,... n, and if G u G 2 ,... are the n special functions formed from the 
n general functions fi, fi, .. fi when we replace x t by the arbitrary parameter t, the 
unreduced resultant lt(G 1 , G a ,... G n ) is the function 

A(0 = A«+i(* s 1), 

which can be expressed in the form 

A (t) = <2u^’+(?l !jr ~ l + ••■ + @r-l^+Srj 

where the <2’s are rational integral functions of the a’s, and where in particular 

Qo^Pn+li Qr = Pi- 

When pi and p n+ i are not both 0, the distinct roots of the equation A (0=0 are the 
distinct values which x t can have in the common roots of the n functions f 

The discriminant of A (0 i 0 the funotion 

°‘l =Itr f,tl + lj 

and Lemma B is true when ordinary values of the a’s are defined to be finite values for 
which none of the functions p lt p a ,... p« + i vanish, and one at least of the discriminants cry 
does not vanish. 

When none of the p’s vanish, the common roots of the n functions/all have the form 

[x x x i ...x^=\t i t 2 . ..«J, 

where t u fi,... fi are respectively roots of A(0 j A(0> A (0 
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Note 3. The Xi-resultant of the n general functions (2). 

The function Ri ( t ) defined in Lemma B will be called the xc-remltant of the n general 
functions f given by (2). We shall frequently use the notation R (x t ) for the function 
derived from Ri(t) when we replace t by x t , and call R fa) the x t -resultant of the 
n functions /. Then R {x { ) is the resultant of f x , / a , . when these are regarded as 
functions of the remaining n -1 variables, and x t is regarded as an arbitrary parameter 
For ordinary values of the a’s (see also Note 6) the roots of R (x t ) are tho values of x { 
which occur in the common roots of the n functions /. 

Ex iv. Common roots of the n special functions of degrees r x , r->,. r n , 

fl —Xi r i — a, fi=X 2 r a — X lt fv = x£i X%, •.. fu — Xn n ~— 1j 

in which a is an arbitrary non-eeroparameter, and j’=r 1 r 2 ...r n =|=0. 

These functions have exactly r distinct common roots given by 

[x x X^...X n ^i .£„] = [o r a r a r n, <i) r a r i r n, ... 6) r n, a], 

where a is any one of the r roots of the equation u r =a There are exactly r distinct 
values of x u which occur in the oommon roots, the ,-resultant is 

/£ n (0=i r -a, or R(x n )=x n r -a, 
and the corresponding discriminant is 

<r„=a r “ 1 . 

In this case R n (t), being linear in a, is an irrosoluble function of the arbitrary para¬ 
meters t and a, and the discriminant o-,, does not vanish. 

Ex. v. If r X) .. are non-zero positive integers, and r^. the n functions 

/l=^ r i - 1, /a=®2 r “ - 1, • • - 1 

have exactly r distinct oommon roots, and the values of eaoh vanablo which occur in these 
common roots are all finite and all different from 0 

In this case we have p 1 =p a =...e=p„ +1 =l, and the unreduced ^-resultant is 
ygl («) = («’-, — l)*-..*-, ’•n, or 2*(*i)-(«i r i-l)Vi r n. 

The coefficients have not ordinary values, os defined in Lemma B, and the discriminants 
a-i, erg,... cr n all vanish. 

Ex. vi. Tho resultants Ri (t) of Lemma B are irresohiblo functions of t and the coefficients 

This follows from Ex. lii, and oan bo deduced from Ex. iv in the same way. 

Note 4. Information yielded by the (Xi, xfj-resultant of the % homogeneous functions (1). 

We will anticipate the final proof of Theorem I of § 196 in order to give here a more 
complete account of the properties of the partial resultant (u } v). We will define 

Ei, E s , . F n 

to be the non-homogeneous functions of n— 1 variables into which the homogeneous 
functions/i,/ a , .../ n of x x , x it ... x, i+1 ai'e converted when we replace x t and Xj by the 
arbitrary parameters u and v, and 

^lj h%, ... h n 

to be the homogeneous functions of n- \ variables derived from •••A by putting 
Xi^Xj^O, or from F x , Ft ,... F n by putting u—v=Q-, and we will regard a root repeated 
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r times as r roots. In general the n functions h will have no non-zero root in common. 
For particular values of the a’s the n functions / will have a non-zero common root m 
which [tf ( a?y]=[0 0] when and only when the n homogeneous functions h have a non-zero 
common root, i.e when and only when the n non-homogeneous functions F have an infinite 
common root for all finite values of u and v , and this cannot be the case unless Ry ( u , v) 
vanishes identically. 

If E(k u k 2 , . . k„ + i) is the JSf-eliminant of the n homogeneous functions/as defined m 
Theorem I of § 196, we obtain v) from E by making the substitutions k % =—v, 

>tj=u, and putting the other k’s equal to 0; in other words Ry (u, v) is the Z-olimmant 
when X=uxj — vx t . If for any particular finite values of the coefficients of the n functions 
/ we have 


a=i 

E(k u * 2 , ••• <n+i)= n (amKi + a^Ka-l-.. + n„ llt + 1 ic IH . 1 ), .( 16 ) 

«=i 

then for the same values of the coefficients we can wnte 

«=r 8=r 

R fj (u, v)= n ( agjll-anV ), R{%i, Xj)= n (atjiVi-OsiXj), . (19) 

«=1 H=l 


and the roots of Ry are the roots of its r factors. There are three possible cases. 

Case I. When Ry does not vanish identically. 

In this case Ry has exactly r finite non-zero roots [u»], and these are the values of \Xixf\ 
which occur in the r finite non-zero common roots of the n functions f The n functions f ham 
no non-zero common root in which \xiXj\ = [0 0] 

This follows from the one-one correspondence between the linear factors in the products 
(18) and (19). 

When [ mu ]=[0 0], the n non-homogeneous functions F have only zero roots m common; 
when [tttf]=[a g ja^], they have only finite roots m common ; consequently they oannot have 
infinite common roots for any finite values of u and v. 

Case II. When Ry vanishes identically , hut E does not vanish identically. 

In this case the n functions f must have at least one finite non-zero common root in which 
[xtXj\=[0 0]. This is the only conclusion that can he drawn from the identical vanishing 

°f 

For E is expressible in the form (18), and vanishes identically if and only if one of 
its linear factors m (19) vanishes identically. 

When [w-i>]=[0 0], the n non-homogeneous functions /’must have (in addition to their 
zero common root or roots) a finite non-zero common root. When any particular finite 
values whatever are given to u and v, the n functions F always have an infinite root in 
common; if they have a finite root in common, the n functions f must have a corre¬ 
sponding non-zero common root, or [uv] must be a root of one of the factors m (19). 

Case III. When E varnishes identically. 

In this case R^ vanishes identically , hut all our information is drawn from the vanishing 
of E. 

The n functions f may or may not have a finite non-zero common root in which 
|>,.r,]=[0 0]. They always have a finite non-zero common root in whioh the ratio x t : xj 
has any prescribed value, but it may happen that in all such common roots [00], 
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When any particular finite values are ascribed to u and v, the n functions F must have 
a common root; to each of their finite common roots there corresponds a finite non-zero 
common root of the n functions /, to each of their infinite common roots there corresponds 
a finite non-zero common root of the n functions / in which xf\ =[0 0]; if all their 
common roots aro infinite, tliou in all the finite non-zero common roots of the n functions / 
in which a\ . Xj=u : v wo liave a»j]=[0 0]. 

Illustrations of these results are given in Exs. xvii—xx of § 196 

Note G. Information yielded by the X{-resvltant of the n general functions (2). 

We here anticipate tlio final proof of Theorem II of § 190. If E{z\ K lt k 2 , .. k n ) is the 
■Z-olimmant of the n general functions /i, /a, .../ n of a? 2s . os defined in that 
theorem, we obtain (t) from E (s) by making the substitutions z= - 1, K t = 1, and putting 
all the other k ‘s equal to 0; in other words R{ (<) is the X-ehnnnant when X=x i —t. 

If for any particular values of the coefficients of the n functions/we have 

B=r-s u=a 

E{z)= n (ft,iKi+£ t r2 ,c 2+"- + ftm' c B)- n (2+a wl ic 1 + a u aK2+... + a un (c B ), 

8=1 11=1 

then for the same values of the coefficients we oan write 


R i (t)=B. U U (f-n*), 

«=1 M =1 

where 

and where lit (t) is to be regarded os having degree r. 

When R x ( t ) does not vanish identically, its r roots (finite and infinite) are the r values 
of set whioh ocour in the r common roots of the n functions / When Rt(t) vanishes 
identically and E (z) does not vamsh identically, the. ?i functions f liave at least one 
infinite common root m which a? ( is finite. When E (a) vanishes identically, the n functions 
f have an infimte number of common roots; further they always have a common root in 
which sat has any assigned value, but it may happen that every such common root is 
infinite. 


§ 196. Eliminants of rational integral functions. 

1. Eliminant ofn general homogeneous functions ofn + 1 variables. 
Let 



/<(»i, • 

.. CB n , 

*»+>) = S'&’w 


...(1) 

and 

i. • 

.. CD n , 


. 

....(2) 


(p,+p 2 + 

■ ■■+Pn+Pn+i=r t ; i = 1, 2, .. 

. n), 



be respectively n general homogeneous rational integral functions of the n +1 
variables x lt % a, ... a n > #«+i an( l n general rational integral functions of the 
n variables a 1} ok, ■ having in each case non-zero degrees r u ... r n in all 
the variables; and let 

r = r 1 r fl ...r n ; s i = (* = 1, 2, ... n). 


(3) 
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As in § 196 let the resultants of the n + 1 sets of n general homogeneous 
functions of n variables obtained by putting x 1 = 0, x 2 = 0, ... so n+1 = 0 in turn 
in the n functions (1) be denoted by 

Pij Pit •«• Pn+u .(^) 

so that pw is also the resultant of the n general homogeneous functions of 
n variables obtained when we retain only the terms of highest degree in each 
of the functions (2), and pi for the values 1, 2, ... n of i is also the resultant of 
the n general functions obtained by putting ok = 0 in the n functions (2). 

A complete eliminant of either set of n functions could be loosely defined 
to be a rational integral function of a single variable (or a homogeneous 
rational integral function of two variables) the determination of whose roots 
will yield all the common roots of the n functions, and a partial eliminant to 
be a similar function the determination of whose roots will yield all the 
simultaneous values which some of the variables can have in the common 
roots of the n functions. The eliminants precisely defined in Theorems I 
and II may be called Poisson’s eliminants. It will be shown m § 199 that a 
knowledge of the complete eliminant of n — 1 general homogeneous functions 
of n variables (or n — 1 general functions of n — 1 variables) enables us to 
eliminate all the variables from n general homogeneous functions of n vari¬ 
ables (or n general functions of n — 1 variables) and form their complete 
resultant or eliminat. 

The fundamental properties of elimmants, by which we mean Poisson’s 
eliminants, are summarised in the two theorems of this article. In proving 
these theorems for n functions we in the first place make the provisional 
hypothesis that they are true generally for functions not more than n — 1 in 
number and that the two theorems of § 193 are true generally for functions 
not more than n in number. The general proof of both sets of theorems is 
completed by induction in § 200. 

By the a’s we shall mean the coefficients of the n functions (1) or (2), 
and by the k s in Theorem I we shall mean the coefficients of the homogene¬ 
ous linear function (1'). The weights of the coefficients with respect to 
cc lt aii, ... #n+i 'will be defined as in § 192.a. The weights of the a’s are 
indicated by their suffixes. The weights of the kb are not indicated in this 
way, but by the definition Ki has weight 1 with respect to the variable Xi and 
weight 0 with respect to each of the other variables. 

A ‘ common root ’ of the n functions (1) always means one whose elements 
are all finite. 

Theorem I. Let the n general homogeneous functions f, / s ,... f n of the 
n + 1 variables , a; fi ,... x^ given by (1) have any non-zero degreesr lf r a ,... r n ; 
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let k u k 3 , ... be n + 1 auxiliary arbitrary parameters; and let X be the 
general homogeneous Unear function 

X — + K%X 3 + • ■ ■ + ...) 

Then the n functions f have an X-eliminant E (k 1} /c a , x^n+i) = X! f uniquely 
determinate except for an arbitrary finite non-zero numerical factor, which can 
be defined by the following properties: 

(a) It is a rational integral function of the a’s and ks which is homo¬ 

geneous of degree r in the ks. 

(b) When any particular finite valves are aset'ibed to the a’s which do not 

cause it to vanish identically, it becomes a function of the ks only 
which can be expressed as a product of homogeneous linear factors 
in the form 

u-r 

E (jCi, Kg, ... K 1l+1 ) = n (ot«i Ki + ffita K%-\- ... 4* Hu,J1+1 ^n+l)- 
«=1 

(c) Under the cw'cumstances described in (b), i.e. when E does not vanish 

identically, 

[x 1 x 2 ...x n+1 ] = [« 1 a E ...a fl+ i] . (5) 

is a non-zero common root of the n functions f if and only if 

«j«! + aaK a + . -. + a, l+1 k, 1+ i .(6) 

is one of the linear factors of E. 

(d) It has the lowest total degree which is possible fin' any rational 

integral function of the a’s and k’s haring the property (c). 

Moreover it is an irresolvble function of the a’s and ks when these are 
arbitrary ; it is the resultant of the n +1 general homogeneous functions 
fufi, -'fn> X; and it has the following further properties: 

{a!) Its own coefficients are rational numbers which we may suppose to be 
integers. 

(b f ) It is homogeneous in the coefficients of each one of the n functions f, 
its degree in the coefficients of any one function fi being s* = —, 

’ i 

i.e. being the product of the degrees of the other n — 1 functions. 

(o') It is isobaric of weight r with respect to each one of the variables 
x a ,... x^ in the coefficients of all the n + 1 functions fi,fi, ... 
f n , X; i.e. ifj is any one of the integers 1 , 2 ,... n + 1 , then in every 
term of E the sum of the weights of all the coefficients a in that 
term with respect to Xj (which is the swm of their suffixes pf) and 
the index of Kj in t\at term is equal to r. 
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ii 
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ij 


'i i 


(cl!) The coefficients of k{, ... tcf,... K r n+1 in E are respectively 
Pi > Pa> Pjj Pn+n 

provided only that the arbitrary numerical factors in all the 
functions p are suitably chosen. 

(e) Whenever the a’s have such paHiada/r values that E(jc lt /c 2 ,... k, w ) 
vanishes identically, we can always determine a non-zero common 
root of the n functions f whose elements satisfy the equation 

kiWi -f- k%X a + .. "I" &n+i®n+i = 0 .(7) 

in which k x , k 3 , ... are any given finite number's, i.e. we can 
detei'mine a non-zero common root of the w + 1 functions fi,f a ,... 
f n , X when any particular finite values whatever are ascribed to 
the ks. 

(/') J .f ft> an y 0716 °f M ie n functions f, is specialised into g T , where g T is 
a homogeneous function of degree r T farmed by the product of two 
general homogeneous functions <£ T) of Xj, x 2 ,... x n+1 of non-zero 
degrees p, q, so that 

9r=(f>r^'T, p + q = r T , .(8) 

and if E, E\ E" are respectively the X-eliminants of the three sets 
ofn homogeneous functions 

fi, fi, 9r, f, /a, ... <f>r, /,, /a, ... fa, ...ft, 

the first eliminant being unreduced, then the equation 
E (/fij k%, .. &n+ i) = E (/tj, Kq, ... K n +i). E (/Cj, K a , ... rc n+ i) 

.(B) 

is true, and is an identity in the ks and the coefficients of the 
?i + l general homogeneous functions fi,... f^, $ T) t/t T) / t+1 , ■•■/», 
provided only that the arbitrary numerical factors in E, E', E" 
are suitably chosen. 

Two important corollaries are added. 

Corollary 1. When we ascrnbe to the a’s any particular finite values 
which do not cause E (/Ci, k 2 , ... %+!) to vanish identically , the n functions f 
have exactly r non-zero common roots corresponding one by one to the r Unear 
factors of E in such a manner that (6) is a non-zero common root repeated 
exactly k times if and only if (6) is a Unea/r factor of E repeated exactly 
k times. 

Corollary 2. When the a’s have such particular finite values that 
E (kj, « 2 ) *«+i) vanishes identically, the n functions f have an infinite 

number of non-zero common roots; and if x t and Xj are any two of the 


i, i 
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variables, they have a non-zero common root m which the ratio sc % : Xj has any 
assigned value, though it may happen that in every such common root we have 

[® t Xj] = [0 0] 

A knowledge of the X-eliminant E reduces the determination of the 
common roots of the n functions f, whenever the as have such particular 
values that E does not vanish identically, to the solution of equations in a 
single variable; for we can determine those linear factors of E in which k x 
actually occurs by solving the equation E= 0, regarding as the only 
variable. If the highest power of k % which actually occurs in E is kJ\ where 
p < r, then the coefficient of k % v is necessarily a factor of E, and we have 
E = E'E", where E' and E" are respectively the products of all those linear 
factors m which k % actually occurs and does not actually occur. Thus we can 
by inspection express E in the form 

E= EiEsEs..., 

where E lt E 2 , E u ... are regular m all the te’s which occur in them, and 
then all the linear factors of E, and therefore all the common roots of the 
n functions /, are found by solving the equations E x = 0, E$ = 0, E 3 = 0, .. , 
each of them being treated as an equation in a single variable. 

If in E we put all the k ’s oqual to 0 except Kj, « 2 , ... ki, we obtain a 
partial eliminant which serves to determine all the sets of simultaneous 
values which x 1} or ... x t can have in the common roots of the n functions/. 

In the notes which follow it is assumed that Theorem I just given is true 
generally for functions not more than n — 1 in number, and that Theorem I 
of § 193 is true generally for functions not more than n in number. From 
Note 6 it follows that in proving the above theorem for n functions on the 
same assumption in § 200 we shall only need to show that for every set of 
non-zero values of i\, r t , ... r n there exists a function E («i, k s , ... K n+1 ) having 
the properties (a), (6), (c), (a'), ( b'), (c), (d') t (e) of the theorem. 

From Note 4 it will be clear that the properties (c) and (d) alone are 
sufficient to define the function E. 

Corollary 1, as shown in Note 7, is equivalent to a definition of ‘repeated 
oornmon roots.’ Corollary 2 is proved in Note 8. 

Noth 1. No rational integral function E of the a?8 and k’s having a lower degree than r 
in the k’b could ham the property (c) of Theorem, I. 

For when ordinary particular values are asoribed to the a’s, wo seo from Lemma A of 
§ 195 that the n functions / have at least r distinot non-zero oornmon roots, and therefore 
E must have at least r distinot linear factors 

Note 2. If for all non-zero values of <’j, r 2 ,... r n there exists an 1 X-elvnunant 1 E which 
is defined to he a rational integral function of the a?s and k*s having the properties (a), (6), 
(c), (d') of Theorem, I, then, it must also home the property (/') for all non-zero values of 
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Let E, E', E" be the ‘ X-elimmants’ of the three sets of homogeneous functions 

fit fit ••• 9 T i •'•fit J fl> fit ••• 0rj ••• fn ! fit fit ••• ^tj ••• /nj .(9) 

• 

the first ehmiuant being unreduced, 1 e. being derived from the ‘ Jf-ehmmant’ of... 
/ti . . / n by replacing the coefficients of f T by the coefficients of g T \ let r , A, A be the 
products of the degrees of these three sets of functions, so that 

A -t- k =t ; 

and let p*, pi , p/' be the resultants of the three sets of n homogeneous functions of 
n variables obtained from the three successive sets of functions (9) by putting #*=0, the 
first resultant being unreduced, and i being any one of the integers 1, 2,. « + l. Using 
the property ( d ') of the theorem we will suppose that the arbitrary numerical constants in 
the functions p, p', p" have been so chosen that for all values of i the coefficients of K 1 r , 

Ki* m E, E\ E" are p if pj, pi", the numerical factors m the E’a remaining arbitrary. By 
Theorem I of § 193 we then have 

Pl = Clpi'p a ", Pi-C-iP2p2, P)i+1 = C ii+ 1PM.1P Wij.(10) 

where the c’s am ordinary numerical constants, independent of the ci s, which depend only 
on the values of the arbitrary numerical factors m E, E\ E". 

From Ex. l of § 106 it will be clear that we can define ordinary values of the coefficients 
of the n +1 functions 

fu ••• /t-1j ^tj V'tj /t + 1j ... ft .(11) 

to be those for which the functions /i, /ij, ... $ T , .. f n have exactly A distinct non-zero 
common roots hi all of which every element is different from 0, the functions f u / a , ... 
\jr T , ... /„ have exactly k distinct non-zero common roots in all of which every element is 
different from 0, and no non-zero root is common to both these sets of functions. For 
such ordinary values the functions p, p', p" are all different from 0, and the n functions 
forming the first set in (9) have exaotly r distinct non-zero common roots, those being the h 
distinct non-zero common roots of the second sot of functions and the k distinct non-zero 
common roots of the third set of functions. 

Let any such ordinary particular values be osoribod to the coefficients of tho functions 
(11) Then from the properties (6), (c) of the theorem it follows that wc can express E’ 
and E" as products of linear factors in tho forms 

«=/l v=k 

E'= n (AuiKi + Xu 2 Ka+... + A« 1 n+iKH+l)i E"= n (p u iKi + /i|i 2 K 2 +...+/itr 1 H+l ,c »-|-l)j 

1E=1 71=1 

where the r linear factors of E' and E", corresponding to the non-zero common roots of 
the second and third set of functions in (9), are distinct. Since these r factors corre¬ 
spond to the r distinct non-zero common roots of f lt / 3 , ...y T , ... f n , it follows from the 
properties (5), (c) that we must have 

it=h v=k 

E=A. n (A B iic 1 + A M aic 2 +. -+A^ B+ iK n+ i). n ■•.+p %n +iicn+i)> 

«=1 11=1 

and therefore E=A E'E'\ .,.(12) 

where A is, for tho particular values ascribed to the o’s, an ordinary numerical constant 
independent of the k’ s, the equation (12) being an identity m the k’s. 

Equating the coefficients of on both sides of (12) for all values of i, we see that 

0i = C2 = ... =c n+ i= A. 
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It follows that A has the same value for all valuoa of the «’s, and is an absolute constant 
which is independent of the a’s and k’s, and depends only on the values of the arbitrary 
numerical factors in E, E\ E" Thus the equation (12) is au identity in tho k’b which is 
true for all ordinary values of the a’s, and it is therefore an identity in the a’s and k’s when 
both sots of quantities are arbitrary. When the arbitrary numerical factors m E, E', E" 
aro suitably ohosou, we havo A = 1; and then the equation 

E=E'E" .(13) 

is an identity in the a’s and k’s. 

Note 3. If for all non-zero values ofi u r 2 ,. . r n there exists a rational integral funotion 
E(k i, K a ,. . K n+ i) of the a’s and k’s having tho properties (a), (6), (o), (ft'), (d 1 ) of Theorem 7, 
then it must be irresoluble for all non-zero values ofr it ? 2 ,... r H . 

When we use Ex li of sub-artiolo 2 tho proof is tho samo as that of Note 3 to 
Theorem I in § 103 ; for by Note 2 the funotion E has the property (/') for all uon-zero 
values of r l5 ? 2 ,... r n . 

Note 4. If for any given non-zoi'o values of r u r a , ... r„ tket'e exists an irresoluble 
fvmtion p hewing the properties (a), (6), (c) of Theorem /, then: 

(1) It must also have the property (d). 

(2) Every rational integral function of the a’s and k’s which has the properties (c), (rf) 

differs from E only by an ordinary numerical factor. 

Let E' be any rational integral function of the a’s and k’b which lias the property («). 
Then for all ordinary values of the a’s all the linear factors of E are linear factors of JS '• 
Therefore when the a’s and k’s ore regarded ns variables, E' vanishes for all ordinary roots 
of the irresoluble function E, and must be divisible by E. Thus E' cannot havo a lower 
total degree than E, i.e 2? has the property (d). 

Again if E\ which cannot vanish identically, has the property (d), it oannot havo a 
lower degree than E. Smoe it is divisible by E, it can only differ from E by an ordinary 
numerical factor. 

Note 5 If for <my given non-zero values of ?’•>, ... r n there exists an irresoluble 
function E k 2 ,... k„ + j) having the properties (a), (ft), (o), (o') of Theorem 7, then it must 
be a resultant of the n +1 functions f u / 2 ,. . f n , X. 

Let any particular finite values bo ascribed to the a’s, tho k’s remaining arbitrary. 

First suppose that these particular values are such that E, regarded as a funotion of 
the k’s, does not vanish identically, and let E be expressed in tho form (A). Then when 
any particular values are given to tho k’s, it follows from tho properties (ft), (c) that E will 
vanish if and only if ono of its linear factors, say aiKi + a 2 K 2 +... +a tt+ i k, 1+ i, vanishes, i.o. if 
and only if the n functions / have a non-zero common root a? 2 ... x n + 1 ] e [ai a 2 ... i% + ]] 
which satisfies the equation Jf=0, i.e. if and only if f u / 2 , ... / n , A' have a non-zero 
common root 

Next suppose that the particular values given to the a’s are such that E, regarded as 
a funotion of the k’b, vanishes identically. Then when any particular fimto values what¬ 
ever are given to the k’b, the function E vanishes, and from the property ( e') it follows 
that the n+1 functions/i,/a, X have a non-zero oommon root. 

Thus for all particular finite values of the a’s and k’s the n+1 functions /i,/a, X 
have a non-zero oommon root when and only when E vanishes. Qinoe E is irresoluble, it 
follows as in Note 4 to Theorem I m § 193 that E is a resultant of those n+1 funotions. 
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Note 6 Iffw all non-zero valiies of rj, r a ,... r n there exists a function 

E (jt ij K2 i ^n+l) 

having the properties (a), (6), (c), (a 1 ), (&'), (o'), (d 1 ), (o') of Theorem I, then for all non-z&'o 
values of r 1? r a ,. r n , this function is irresoluble and has all the properties of the theorem; 
and every function having the properties (ft), (6), (c) can only differ from it by an ordinary 
numerical factor . 

It follows from Note 2 that E has tho property (/'); from Note 3 that it is irresoluble; 
from Note 4 that it has the property ( d ), and that every function having the properties 
(a), (6), (o), (d) differs from it only by an ordinary numerical faotor; and from Note 5 that 
it is a resultant of the u+1 functions /, / a , . ./,,, A'. Thus it lias all tlio properties 
mentioned in Theorem I 

Noth 7. Repealed common roots. 

When the a’s liavo such particular values that the A-oliniinant E does not vauish 
identically, Thoorem I states that 

[tt 1 tf a ,..tf n+1 ]s:[a 1 a 2 ...« n + i] ...( 5 ) 

is a non-zero common root of the n functions / if and only if 

a i K i + a2 lc 3+'” + a, t+ iK, H .i .(6) 

is a linear factor of E. We define (5) to bo a common root ropeatod exactly k times 
when (6) is a linear factor of E repeated exactly k times Then, sinoo E is always a produot 
of r linear factors, Corollary 1 is necessarily true. Thus Corollary J can lie interpreted to 
bo a definition of ‘ repeated common roots ’ of tho n functions /. 

A ‘repeated common root 1 of the n functions/, as thus dofiued, is necessarily a root of 
every individual function /, but it is not ordinarily a ‘ repeated root ’ of any one of them. 
On tho other hand if a common root of the n functions/is a ‘repeated root’ of any one of 
them, it is neoessarily a ‘ropeated common root’ of all of them. In fact tho following 
theorem is true whenever E does not vanish idontioally. 

If (5) is a root of f\ repeated exactly Xi times, a root of / a repeated exactly X a times, ... 
a root of /„ repeated exactly A It times, and if X=Xj X a . . X ft , then (fi) is a common root of the 
n functions f repeated at least X times, and ordinarily exactly X times ; i.o. (6) is a linear 
factor of E repealed at least X limes, and ordinarily exactly X times. 

This theorem is obviously true when any one of the integers Xj, X 3> ... X„ is 0. Wo may 
therefore suppose them to bo non-zoro positive integers not groator than r u r a , ... r n 
respectively. From Ex. xni of sub-article 2 wo see that to prove tho theorom, it is 
sufficient to show that if 

[>! ... x n x n + j] 5 [0 0... 01] 

is a root of /i,/ a ,... /„ repeated exactly X l5 X a ,... X tt timos rospootivoly, then E is divisible 
by <<\i+ii but not ordinarily by any higher power of K n+1 . Accordingly. Em x and xi 
serve to establish the thoorem for any non-zoro root. 

Note 8. Cases in which E vanishes identically. 

Let the a’s have such particular values that E, regarded as a funotion of the k’s, 
vanishes identically. Then from the property (o') we see that if we write down any 
homogeneous linear equation 


^l a? l"t' , ^2#S+ ... +&n + l»Kn+i= ! 0, 
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where the Ps are given finite numbers, we can determine a non-zero common root of the 
n functions /which satisfies it; or in every plane there lies at least one non-zero common 
root Since wo can always construct a plane which contains no ono of a givon fimto 
number of points, there must be an infinite number of non-zero common loots. Putting 
all the #8 equal to 0 except hi and kj, wo see that wo can always determine a lion-zero 
common root [ar 1 a7a...a; n+ J with finite elements suoli that 

kiXi + kjfye* 0 

whatever particular finite numbers and h 3 may bo. Therefore, as stated m Corollary 2, 
wo can determine one in which the ratio Xi : xj has auy assigned value 

We shall not discuss these cases at present, but merely remark that all common roots 
are given by formulae of the form 

t^, ...), 0a(^u hi ■••)) • • ^h+i^ii hi ••■)]» 

where the i’s are arbitrary parameters, and the 0’s are definito functions, somo of winch 
may be 0’s or absolute constants; there being p parameters t when the oliunnanta of 
ovory set of n—p+ 1 functions (treated as non-liomogenoous functions of n-ju + 1 of the 
variables) which we can form from the n functions /all vanish identically, and thoro being 
some such formulae in which p parameters actually occur. If we take such a formula 
and substitute for the a?’s their values in terms of the ts in any rational integral oquatiou 
F (a?!, a? 2) ... a; n+1 ) = 0, it must be possible to determine the i’H so that this equation is 
satisfied We conclude that: 

When E vanishes identically, it is always possible to determine non-sero common roots 
of the n functionsf which are also ryots of any other given rational integral function of the 
same variables. 

In the special case when there are only two functions wo have the theorem given in 
Ex. xxi. 

Note 9 Discriminant of a system of n homogeneous functions ofn+ 1 variables. 

We may define the discriminant of the n general homogeneous functions / givon by (I) 
to bo a rational integral function of their coefficients a of tho lowost possible total degree 
the vanishing of which is, for all particular finite values of tho a’s, a necessary and sufficient 
condition that the n functions / shall have a repeated non-zoro common root. It ih 
entirely distinct from the discriminant of a single funotion defined in § ] 04. 3 except iu the 
speoial case when w=f. If we can find a rational integral funotion S of tho a’s which is 
either irresoluble or a product of unrepeated irresoluble factors when the a’s are arbitrary, 
and whioh, for all ordinary particular values of the a’s, vanishes when and only whon tho 
n funotions / have a repeated non-zoro common root, i.e. when and only whon E has a 
repeated linear factor, then S is necessarily the discriminant; for it and the discriminant 
must have the same irresoluble faotors. In this we may suppose ordinary values of tho 
a’s to be those for whioh E does not vanish identically, but they may bo defiuod in any 
way we please. 

Let D t , for eaoh of the values 1, 2, ... w+1 of *, be the discriminant of tho single 
function E( kj, K a ,... k^+i) as defined in § 194. a when we treat it as a general function 
E(<i) of the single variable k ( , so that D* is a rational integral function of the other 
n parameters k in whioh the coefficients are rational integral funotions of the a’s. When¬ 
ever the a’s have suoh particular values that p<+0, we can find all the linear factors of E 
by solving the equation jP( Ki )=0 for k and for all suoh particular values of tho a's the 
o. m. 8 
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identical vanishing of D t is a necessary and sufficient condition that E shall have a 
repeated linear factor. It can bo shown that for all values of i 


Di=o-iS, 


where cr, is homogeneous m ki, .. n-t, kc + d •• Kn+n ail d & tt faction of the a’s only 
which is the same for all the and it can be shown moreovor that crj, try, ... o- u +i 

cannot all vanish identically unless E vanishes identically. The function S , if it has no 
repeated irresoluble factors, as is actually the case, must be tho discriminant of the 
n functions /. 

Another method of determining the discriminaut can bo donvod from geometrical 
considerations Let (x u # 3 , . . n) be tho Jacobian of the n functions f with respect 
to tho n vanablos a\, ... .r i+1 ,... A’ n +i) 00 that in particular 


*^i+l (‘^l J lV 2t ■ • ‘ v n 


d (& 1 , &2j .. ®)ij 


If [# 1 x a ....fc n+ 1 ]=[a 1 a a . «»+]] is a common root a of the n functions/in which and 

if we regard it as a point of intersection A of the corresponding n surfaces /, it follows 
from Noto 1 of § 191 that we can draw a straight line through A which will meet all the 
surfaces a second time at the same point A if and only if J( («x, n a ,.. n„ + i) = 0 ; and this 
is tho condition that a shall bo a repeated common root. Now suppose that the fimotion E 
is given, and let 


[fl?i ^2...A'n + l]= 3 [ a nl “kB •** l]i b 

be the r non-zero common roots of the n functions / when the absolute values of their 
dements ore so ohoHen that tho equation (A) of Theorem I is truo. Thon it can be shown, 
by evaluating the symmetric functiou of the common roots on the left, that for all ordinary 
values of the a’B the equation 


II Ji (dui, n,uj, ... dll,» + 
u=i 


i)=Pi£ 


is true, where p t is the ooeffidout of nf iu E, and S is a rational integral function of the a’s, 
tho same for all values of i The vanishing of S is always a sufficient condition, and for 
ordinary values of tho a’s a necessary condition, that at least one of the non-zero oommon 
roots shall be repeated. Honoe if, as is actually the oose, S has no repeated irresoluble 
factors when tho a’s axe arbitrary, it must bo the discriminant of the n functions /. 


The unreduced and reduced discriminants of n special homogeneous functions are 
defined m the same way as unreduced and reduced resultants in § 194. 


2. Elimina/nt of n general functions of n variables. 


Let 


and 




af<\. 


...(1) 

fi (*1 > #a> 

i) ” ^ ‘PnPn+i 

as* a**. 


...(2) 

(2?i+p a + 

•+Pn+Pn+i = ri) t = l, 2, . 

.. n), 




be the functions defined in sub-article 1. By employing the substitution 
ca n+l = 1 an d replacing the parameter tc n+1 by z m Theorem I we deduce from 
it the second theorem which follows. 
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Theorem II. Let the n general functions f, / 3J ... f n of the n variables 
a, i» ,r, J> •• x n given by (2) have any non-zero degrees r u r 2) . r n ; let k u « 2 ,. . 
ic n , z be n+ 1 arbitrary finite parameters, and let X be the general linear 
function 

X = k !&! + K.,a 2 + ... + + z .(2') 

Then the n functions f have an X-ehminant E(z, k u k^, ... K n ) = E(z) = E, 
uniquely determinate except for an arbitrary finite non-zero numerical factor, 
which can be defined by the following properties: 

(а) It is a rational integral function of the a’s, the k’s and z which is 

homogeneous of degree r m z and the k’s, and therefore has the 
form 

E (Z) = l\z r + P x sT- 1 + ... + Pr- 8 Z* + ... + P^Z + P,, .. .(15) 

where P B is a homogeneous rational integral function of the ks 
of degree s whose coefficients are rational integral functions of 
the a’s. 

(б) When any particular finite values are asoribed to the a’s which do not 

cause E to vanish identically , it becomes a function of z whose 
coefficients are homogeneous functions of the k’s, and it can be 
expressed as a product of factors homogeneous and linear in z and 
the ks in the form 

E ( 2 ) = -Pj-—B(K ij ••• /&n)’E H (z') 

v=r-8 «=« 

= n (fio 1 K 1 + fi m K 2 +...+/3 m K n ). II (z + ot ul K 1 + a m K. ii +...+a un KA 

1) = l M = 1 

.(A') 

where s is its actual degree in z, P r - H being the product of all the 
linear factors which do not contain z, and E a (z) being the product 
of all the linear factors which do contain z; and consequently all 
the roots of E(z), both finite and infinite , are homogeneous linear 
functions of the ks. 

In the ordinary case when P Q =J= 0 we have s = r, and the 
equation (A') is 


u=r 

E(z) = l\. n (z + a M1 «i + a ui K t + ...+a un K n ) . (A") 

U=l 

(c) Under the oircumstances described in (b), i.e. when E does not vanish 
identically , 

|>i a,... x n \ = [«! or a . . « w ] .(S') 

8—2 
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is a finite common root of the n functions f if and only if 
z + a l K 1 + a^K, + ...+ a n K n and z = -(a l K 1 + c^k 2 + ... H-«, 4 « h ) 

. (60 

are respectively a linear factor and a finite root of E(z), and 

[«! ® 2 ...«»] = [ft ft... ft,].(5") 

where the fts are finite, is an infinite common root of the n functions 
f if and only if 

ft/ci + ft« a +...+ ft/c n and * =-(ft* x +ft*,+ ...+£„«„) 

.( 6 ") 

are respectively a linear factor and an infinite root of E (z). 

(d) The function E has the lowest total degree which is possible for any 
rational integral function of the a's, the ks and z having the 
prop&i'ty (c). 

Moreover)' E is an irresoluble function of the a’s, the ks and z when these 
are all arbitrary; it is the resultant of the n+1 general functions f, f, ... 
f n , X, it is the eliminant of Theorem I in which « u+1 is replaced by z ; and it 
has the following further properties: 


(a 1 ) Its own coefficients are rational numbers which we may suppose to be 
integer's. 


(b') It is homogeneous in the coefficients of each of the n fimotions f, its 
degree in the coefficients of any one function j\ being Si = -. 


(o') It is isobaric of weight r with respect to each one of the variables 
x lt x 3i ... x n and also with respect to the homogenising variable 
&* R+ i in the coefficients of all the n + 1 functions f u f a , ... f nt X. 
Consequently in every term of E the sum of the suffixes pj of the 
a's in that term and the index of Kj in that term is equal to r 
when, j =(= n + 1; also in every term of E the sum of the suffixes 
Pn+i of the a’s in that term and the index of z in that term is 
equal to r. 

(d r ) When the p’s are defined as in (4), the coefficients of k*, k/, ... z r 
in E are respectively p u p i} ... p n , p n+1 , provided only that the 
arbitrary numerical factors in all the functions p are suitably 
ohosen ; in particular we have in (16) 


P.« 


Pn +!■ 


( 16 ) 
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(e') Whenever the a’s have such particular values that E (z ; k 1} k 2 , . . « ft ) 
vanishes identically, we can always determine a common root 
(finite or infinite) of the ?i + l functions f, f, ... f t , X when 
any particular finite values whatever are ascribed to z and 
the k’s. 

(/') If f T , my one of the n functions f is specialised into g T , where g T is 
a function of degree r T formed by the product of two general 
< functions (f> T , of x u x a , ... x v of non-zero degrees p, q, so that 

g T = tj) T ^ T , p + q = r T , .(8') 

and if E, E', E" are respectively the X-eliminants of the three sets 
of n functions 

gr ,/],/ a , 0r, ■ ./»; /i,^v, 

.(90 

the first of these eliminants being unreduced, then the equation 
E(z, *«) = *u K lt ).E"(z\ K U K^, . . «, t ) 

.(BO 

is true, and is an identity in z, the k’s and the coefficients of the 
n + 1 general functions f, ... f T -i , <j> T , f+\, ■■ /*, provided, 

only that the arbitrary numerical factors in E, E', E" are suitably 
chosen. 

We add two corollaries corresponding to those of Thoorem I, Corollary 1 
being equivalent to a definition of repeated oommon roots. 

Corollary 1. When the a’s have any particular values which do not 
cause E(z\ tc x , k«, .. k u ) to vanish identically, the n functions f have exactly 
r common roots , finite and infinite ; and if E is expressed in the form (A'), 
then (5') is a finite common root repeated exactly h times if and only if the 
first expression in (6') is a linear factor of E repeated exactly k times, and (5") 
is an infinite common root repeated exactly k times if and only if the first 
expression in (6") is a linear factor of E repeated exactly k times . 

Corollary 2 When the a.’s have such paiiioular values that 

E(z, K lt k 2 , .. K n ) 

vanishes identically, then the n functions f have an infinite number of 
common roots ; moreover if x t and Xj are any two of the variables, they have 
a common root (finite or infinite) vn which Xi has any assigned value, and, 
also a common root (finite or infinite) in which the ratio Xi : xj has any 
assigned value. 
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Theorem II can be proved directly by the methods used m the proof of 
Theorem I, but it is more convenient to deduce it from Theorem I. 

A factor of E (2) in (A') winch does not contain 2 is regarded as having 
the form 0. z + + ... 4- so that E (2) has an infinite root 

2 — (/Sj/f] + jSatfs + • ■ ■ + corresponding to it. Wo can describe E (2) as 
a function of z whoso roots, when it does not vanish identically, are the values 
which the expression 

Z — “ (fl"i + ttj/Ca + • • • + 0C u K n ) 

can have when wj is a common root, finite or infinite, of the 

n functions/. By changing the sign of z in E (z) we obtain the Z-eliminant 
when 

A 2 K]0B] ~ KyJlG± ...” K n U) n . 

This is a function of 2 whose roots, when it does not vanish identically, 
aro the valuos which the expression 

z = + w. 2 Kn+ ... + a: n K n 

can have when [a 1 ! w 2 .. is a common root, finite or infinite, of the 
n functions /. 

Since in general wo know all the common roots of the n functions / when 
the roots of E(z) aro known, E (z) is a complete eliminant. If in E(z) we 
put all the /c’s equal to 0 except /c l} k 2 , ... « l( we obtain a partial eliminant 
which serves to determine all the simultaneous values which k 1j x 2 , ... oc % can 
have in the common roots of the 11 functions /. 

The properties (c) and ( d ) alone are sufficient to define the function E (z). 

The remarks of § 194 apply to eliminants as well os resultants, and we 
may therefore speak of unreduced and reduced elvminants of special functions 
without further defining them. 

The dvicriminant of the 11 .general functions (2) is the simplest function 
whose vanishing is, for all ordinary particular values of their coefficients, 
a necessary and sufficient condition that they shall have a repeated common 
root, ordinary values of the coefficients being those for which E does not 
vanish identically. It is the same as the discriminant of the corresponding 
general homogeneous functions (1) which is definod in Note 9. 

Most of the following oxamplos could be derived from the examples of 
§§ 193 and 194 by regarding the X-eliminant E as a resultant, so that 

E = R (X, f X) /a, ... fn). 

In Exs. xiv and xv we have the simplest illustrations of Theorems I and II 
which are possible when there is more than one function and the degrees of 
the functions are not all equal to 1. 
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Ex. 1 . Theorems I and II are obviously true in the special case when n= 1 . 

For a single general homogeneous function /= f(x 1: x 2 ) of two variables of non-zero 
degree r we have • 

E=f(n a? -ki) when 2 r ^Ki^ + K 2 x it 

and for a Ningle general function /«■/ (.r, 1 ) of a single variable x we have 

E=f(s, - k) whou X=kx + z, E =■/ (z, k) when X=z- k.v 


Ex. n Special case in which the n functions f are all linear. 

If /], f,,. . /„ are the n general homogeneous linear functions given by 


I- m 


u + 1 


the X-eliminant of Theorem I is oloarly the determinant 


ki K a ««+i 
a 1l a 12 ••• “l,M + l 

E=R (X, f lt f it ./,,) = fltgj a aa ... aa.w + i =-di^i + Aok 2 + . + ;in + i K n + i) 


^1l3 • • ®H,Jt + l 

where d a , A 2 ,... A n+ 1 are the affected simple minor determinants of [«]” + 1 . 

This determinant has all the properties of the theorem, and ovory function which lias 
the properties (a), ( 6 ), (c), (b') of Theorem I can only differ from it by an ordinary 
numerical factor 

The discriminant of these n funotions/ is 1, and the functions onnnot have a repented 
common root. 

Ex lii. Special case m whioh fi,f 2 , .. /„ are respectively products of r x , r 2 , .. r n general 
homogeneous linear factors 

Let /i —■'Via • ■ A lri , /a =-^ai JTaa■ ■•^araj ■■■ -^«a- 

where the A r, s are general homogeneous linear functions of x u x 2 , ... ,r n+1 , and let 

A'‘= KiXi + K a .V 2 +... + K n + x x n+ 1 . 

By selecting one factor from each of the n functions f wo can form oxactly r distinct 
sets of n of the linear faotors X. L r et the attli sot of factors forniod in this way ho 
(A lu ,, ATjjug, . . X nvn ). Then if we use the same notation as in Ex. i of § it follows 
from Ex. ii above that the A-eliminant of the uth sot of n linear factors is the determinant 

*1 K i ■ ■ Kjk+l 
On a ia ... ct 1)7H .i 

^(■^j -^iwd ^ami A UWn )= ajjj (isa ... (i S n h i s =^iKi + ilyK 2 +...+A„ + iic M+ i; 


®«i a «a c^imi+i . (If) 

and by repeated applications of the formula (B) of Theorem I wo see that the A-eliminant 
of the n functions / can be taken to be the product of all the r determinants of the type 
(17), so that 

E—nR(X , A lMl , Ajjim A MUji ). 

(iti- 1 , 2 ,... r i: tfj,=l, 2 , ... r a ; ... 2 , .. r n ), 


( 18 ) 
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each of the r factors of the product (18) being expressible as in (17) as a homogeneous 
linear factor of *!, k 2 , .. k„, + i. 

When E does not vanish identically, the linear factors X of the «th set have a non-zero 
common root corresponding to the uth factor of E m (18) which we may call the «th non¬ 
zero common root of the n functions f and denote by 

[®1 + 

We can choose the absolute values of the « 3 s so that 

[“wi Oja+i]=[-^i ■^•••■^h.+i].(19) 

and the identity (18) then becomes 

u=r 

E= ET (a,,iKi+o«a'«a + ... + au,m+i«»+i).(18') 

W =1 

Ex. iv. Discriminant of the n functions f of Ex. iii. 

Let % and j be elements of the sequence [1, 2, ... w+l]; and let w*, v { , w i} .. bo 
elements of the sequence [1, 2,. . rj. Then with the notation used in Ex. i of § 195 wo 
can write 


&<1 

h s .. 

h M+ i 


On 

«ia .. 

a l,n+l 


••• A gl „ n )= 

<*23 " 

-«&n + l = & <l^l + Z>< 2 -d 2 +. 

■• +71 + 1-4 ,1+1 > 

^il 



.(20) 


and the determinant ( 20 ) vanishes identically if and only if v i =u i . 

Now let X iVi , ^, and the Jacobian 

* +1 dfa,**, ...x n y 

when regarded as functions of x lt x 2 ,... a? n+ll be denoted respectively by 

Xfy (®L, X$ : . X. n+ j), fy (Xi , .Tj, ... X n + i), Jn + l(tCi, X% t ... ^? n + i). 

Then when the n's ai’e defined os in (19), it is easily seen from the properties of deter¬ 
minants that 

a w 2 j ■ a K,m+l) =s f^ X 1Ul , Xshq) ... X nVn ) t 

J^(°ul) 07(2) flti.n+l)™®#• -Pittj 
•A» + l( a )ilj QhSj 

where Pi lt e=HR -'Psii s5 ... X^^ 

(Vi receiving all the values 1 , 2 ,... except Ui), and 

Cu™ Pin -?!!« • • ■ Emt- 

Here P iu is, for a given value of u, the product of all the r <-1 determinants (20) which 
can bo formed when (Afi Ul , X 2lii ,... X BUn ) is the uth set of n factors X selected one from 
each of the n functions f and X^ is any other factor of f t different from the factor 
X iui already selected, and if 

p=(n-l)+(r 3 -l)+... + (*•*-1), 

i.e. if p is the total degree of J n +ifa, x a , ... tf 11+1 ), then Q u is, for a given value of u, the 
product of the p determinants (20) which can be formed when (JP llin X 2ita ,... X^J is the 
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Mth act of n factors X selected one from oach of the n functions /, and X iVl is any other 
factor of the functions / different from these. It follows that 


u=r 

n Jn + \ (fyil) a u'i: 
n=l 


(l ii,n + l) = a i,n + l “a.M + 1 ‘ n r.n + l ■ Ql Qv--- Qr 
= Pn+ 1 ■ T'\ . 


( 21 ) 


where p n+1 is the coefficient of K r „ +1 in E, which is the resultant of the n functions formed 
by putting .r )4 + 1 =0 m /j, /j, f n ; and whore T is the product of the ^rp distinct deter¬ 
minants ( 20 ) which can ho formed when (A' lni , ... X niLji ) are any n factoid X selected 
one from each of the n functions/, and A r iB is any other factor of the n fiuiotions/ different 
from these. 


Clearly T= 0 ih, for all ordinary values of tlio coefficients of the factor’s X, a necessary 
and sufficient condition that the n functions / shall have no repeated root; and from 
Note 9 we conclude that 

S=T 2 

is the unreduced discriminant of the n functions /. 

Thus the unreduced discriminant of the n functions f of Ex. in is the sijuare of the 
‘product of all the distinct determinants suoh as ( 20 ) which can be foi'med with the coefficients 
of n +1 linear factors of the functions f when two factirrs are selected from one of the functions 
a/nd one factor from each of the othei' functions. 


Ex. v. The special homogeneous functions f ,/«, ...f u given by 

fi = (Xi — Cfl.r, 4 + 1 ) (.?'< — 0 i 2 ^H+ l) • ■ • — + l)i C 1 ' “ 1 1 2, . . 1 l). 

This is a special case of Ex. iv which can he treated directly. If ?’=j , 1 7V..if’ J1 =t=0 and 
Si=^- } there are exactly r non-zero common roots given by 

[^>1 X%... X n X n + l] — [c hll ) Cj U jj . . CuMjjj l]i 

(mi=1 , 2, ... r x ; My=l, 2, . . r B ; ... = 2, ... rj; 

the X-elimiuant E can be taken to ho tho product of r linear factors 
E=n ( 0 iMiKlH-C 2 u )1 K 2 +... + 

the coefficient of n? in E being then p u whore 

/%+i = l; Pi s =(ot\O iSi ...c lri )H when i=|=w+l; 
and if S is the unreduced discriminant, wo havo 

S=T* 

where T =n (c x „, - fli Bl )"i. II . n (°n«n ” 

the different values of [it* in the last product being tho distinct oorranged minors of 
order 2 of the sequence [1, 2,... rj. If p = (r t - l)+(j’ a -l)+. + (?’»-l) 3 8 is a product of 
ip faotors. 

In obtaining S directly wo first observe that for tho values 1, 2,. . n of i and j we have 
fj=0 whony=t=i, and 

fit (°luu 1) = II (Cftn — CiDj)i ( v i = 1 j 2 , ... m*+i» ■ >• ? v) j 

therefore for any one given root we have 

J ,1 +1 (fllui J °2)<u) • ■ ■ 1) “ n (flitt, — Cl*,) . n (Cam - 0 Bva ).II (Cnv n — C 3H ^) 3 

the total number of factors being p ; and for all the r roots we have 

^•^ii+l (®l«u ^2uaj lift} 1 ) 1=3 8^ T . 
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Ex vi Special case when f=Axfi in Theorem 7, A being an arbitrary parameter. 

Let the substitution Xj=0 convert X into Xj t and the general homogeneous functions 
fu -fi-ufi+i, • /» mto (j) U ... 0 < + i, ... 0 „. Then the unreduced A'-eliminunt of 

the n homogeneous functions 

fu ft-u M’*, /#+n ■ /» 

is E=A»iE ij r i i ... .(22) 

where Ey is the A^-eliminant of the ?i-l genei’al homogeneous functions 0 ], . i, 
04 + Ij 0fi '*lj ■■ “ty —11 ■'ty + 1 ) ■ 

Tins follows from Ex iv of § 194 Or it is clear that E and E^ muHt have the same 
linear factors for all ordinary values of the coefficients, and the result then follows from 
the dimensions of E and Ey 

Ex. vn. Special ease when fi=xfgi in Theorem 7, where cfa is a general homogeneous 
function of degree ri—p. 

If Eij is defined as in Ex. vi, the unreduced X-ehminant of the n homogeneous functions 
fu'-fi-u*fffto A*u 

is E^E'Eif*) .(23) 

where E' is the AT-ohminant of/ ls . guf*+u ••■/n- 

This follows from Ex. vi and formula (B) of Theorem I. When we regard the eliminuiits 
as resultants, we can replace (23) by 

R{X, f u .. /i, ... f n ) = R(X,\ f u ... g xi . f n ).{R (Xj, 0 ,, 04—11 04 +n • • 0,0} p j 

• (24) 

where the 0’s are defined as in Ex vi 

Ex. viii. Special case when the n functions f of Theorem I have the forms 

fi=x^.g x {x u # n+1 ), fi=x-f*.g 2 (a%, * B+1 ), ... f n =x,fri g n {x % , x n+1 )... (25) 

Here X ls X 2 ,. . X, t are positive integers not greater than r 1; r S) ... r n respectively, and g % 
is a general homogeneous function of degree ^-X* of the two variables x it x n+l only In 
this case the unreduced X-eliminant can be evaluated by repeated applications of Ex. vii, 
or of formula (B) and Ex. vi In order to put the result into a succinct form, we will express 
all the eliminants as resultants, and define X^ v to be the linear function derived from 

X= K i a'i + Kg #2 + . +(c n + i.»n + l 
by putting x K =Xn=x v —.. =0. Then if 

E=R(X, /i, / a , . /„), E'=R(X, g lt g i} ... g n \ 
it will bo seen that • 

The unreduced X-eliminant of the n special homogeneous functions (25) is 

E=E'. n {/2(JTi, g 3 , ga, ... gO }* 1 n{iE(AT ia , g a , g if .. gOJMu.. . 

...n{iE(^j, X $3 n )}^oAi A B . {i2 (A la 3 n )}^i*a*fl .An, 
where R (Jfj 23 „) = Kn +1 

In each partial product only one typical factor is shown. For ordinary particular 
values of the coefficients of the n functions < 7 , the functions/j,/ 2 ,. .f n have the root 

\_X\ x%. . x n x n + j] = [0 0 ... 01 ] 
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repeated exactly X x , X 2 , • times respectively, nud E has the corresponding linear factor 
(c n+ i repeated exactly X x X 2 ..A„ timesj this root is therefore a ‘common root’ ropeated 
exactly Xj X 2 ... X„ times. 


Ex ix. Special case in which the n functions f of Theorem 1 have the forms given by 
f,= U®+r 77W J.o’ 2 7/(0 j. //(O 


+‘ ' 1 +* ! • <« ,+a <‘+i W .<«» 


where t is an arbitrary parameter • X x , X 2 . ... X n are positive integers not greater than 
J'i, r 2 , ..r„ respectively; and the U’s are general homogeneous rational integral functions 
of 5? lt ,r 2 , x n whose degrees are indicated by their suffixes 

When any ordinary particular valiios are given to the coefficients of the 77’s, and t is 
sufficiently small, it follows from Ex. v of § 191 that these n functions / have exactly 
X} X 2 ... common roots of the form 

[.* 1 a: 2 ...A’ m .r ll+1 ]3[z; t ?/i, ty it ... ty n , 1], .(27) 

where y lt y*,. y n aro finite constants, the values of yi,y>>.. ...y n being the common roots 
of the n nou-homogenoous functions 

Bi-vtf+vj*U+.-. + v^, (<•=!, 2 , 

which aro X t X 2 .. X* m number and all finite; consequently (for theso ordinary valuos of 
tho coofficionts) when t is arbitrary, these n functions f havo exactly X x X 2 ...X n common 
rootH of the form (27), where y u y»,... y n are functions of t which aro finite for all small 
valuos of t. We conclude that: 


For all ordinary particular values of the coefficients of the U’s the X-eliminant 

E(k 1, K 3 , ... K n + i) 

of the n functions (26) has exactly X x X 2 ... X,, linear factors of the form 

(Kiyi + K 2 2/ 2 +... + K tt y n ) 2 +k« + i,.(28) 

where y Ji ?/ 2 ,... y n are functions oft which are finite for all small values oft. 


Ex. x. Special ease in wliieh the n functions f of Theorem, 1 have the forms given by 

/‘=< ) +-v»^ii+4 .<*>> 


whore X x , X 2 ,. . X, t are positive integers not greater than r x , r 2 ,.. ?•„ respectively , and the U’s 
are general homogeneous rational integral functions of sc x , 0 2 , ... x n whose degrees are 
indicated by their suffixes. 


Wo can obtain these functions from tho functions (26) by putting t=0. Therefore from 
(28) wo hoo that for all ordinary particular valuos of the coefficients of the U’h their 
.Z-aliminaiit E lias X factors equal to k„ +1 and is divisible by k* + 1 , whero X=XxX a ...X M . 
Since E is a rational intogral function of tho k’h and the coefficients of the Z7’s, it follows 
(see Ex. iv of § 192) that E is divisible by k£ +1 when the k’h and the coefficients of the 
U’h are arbitrary; and because it is not divisible by any highor power of k„ +1 when the U’a 
are specialised as in Ex. viii, it is not divisible by any higher power of K n+1 when the U’a 
are general functions. 


Thus the X-eliminant E(k u k 2 , ... k„ +1 ) of the n functions (29) is divisible by k£ +1 , 
where X<=X 1 X 2 ,..Xn, but net by any higher power o/K n+1 . 
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Ex. xi. Whenever, for particular values of their coefficients, the functions f u f 2 , ...f u 
of Theorem I have the root 

[®i i , !»-44+ 1 ] a [00...01] .(30) 

repeated X,, X 2 ,... X n times respectively, their X-diminant E(n u k 2 , ... k m+ 0 is divisible by 
k* +1 , where X=X, X a . . X*, but not ordinarily by any higher power of k„ + 1 ; consequently (30) 
is a common root repeated X tunes, but ordinal dy not more than X times. 

This follows from the last example and Ex. in of J 5 191, for/,, / 2 , .../„ are in this coho 
particularisations of the functions (29). 


Ex xii Effect of a linear transformation of the variables on the elvminant. 
Lot the homogeneous linear transformation 


PCI! 7 , in which (C; = A .(31) 

'—'n + l 


convert the homogeneous functions /, / 2 ,. . f n of .r 3 ,... #, l+1 given by ( 1 ) into tho 
homogeneous functions g%, ... g n of y u y^,. . y n+] , and tho homogeneous linear function 
X into Y, where 

X=X 1 j? 1 + X 2 .®2+ •+^«+i^n+ij Y = p-i?h+piyi+- + Pn + \?M+l- 


Then if E and E' are respectively the X-elimmant of f\,f>, ...fn and the T-eliminant of 
9u 9h 9n, we 


E'ipii hi + i)=E r . E(Xi, X 2 , .. X„ +l ) 


( 0 ) 


We may suppose provisionally that A=t=0 Then if the transformation (31) converts 

1v ='~a into r y' = ’jjT , wo have 
■—'H + l l —‘n + l 1 —'n + l l —'n+l 


-n+l 


:[Z] 


n+l r? 
n+l £.„+!> 


r—i r—i n+l 1—1 

X = l Pi 

1 ->9t+l 1 -'U+l 1 -' u+l 


K+, A„ +1 =HU 




and if ajXj+naX 2 +... + a n+ 1 X n+1 is a linear factor of E, then [a?] = [o] is a common 

root of tho n functions f, therefore [^], l+1 = [/9 ] n+1 i 0 a common root of the n functions g, 

and therefore /3 1 ^ 1 + /9 ;2 /i 2 +... +/9 n+ !/+, +1 is a linear footor of E'. If the ci’s and X’ft have 
such particular values that E vanishes, then one of the linear faotorH of E must vanish, 
the corresponding linear factor of E' muBt vanish, and therefore E' must vanish. Thus E' 
vanishes whenever the lrresoluble fuuotion E of the a’s and X's vanishes; and sinoe E and 
E' have the same total degrees in the a! s mid X’s, it follows that we must have 

(pii Pit ••• pn + l) = Z. ^(^n • ^n+l)j 

where L is a function of the Pa only By considering tho special case in which the 
functions / ore all linear, we can show on 111 Ex. ix of 193 that Z=A r , and deduce that 
(0) iB an identity in the a’s and X’s. 

When Theorem I haB been completely proved, we can also treat the above theorem as 
a particular case of Ex. ix of § 193. 


Ex xin. When particular values are givon to the cj’h, let 

[XiX s . ..l?, l a?, l + i] = [a 1 ^...anan+i] .(32) 

be a non-zero common root of the n functions / in Ex. xii, the corresponding linear factor 
of E beiug 


axXi + a 2 X 2 + ... + o fll X w -)-an+iX n+ i, 


.(33) 
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and let a transformation (31) in which A =1=0 bo so chosen that it convorts (32) into 

D/l.'/fl- ■yn^n + l] = [°0 01]; .( 32 ') 

so that (32') is a common root of the u functions g, the corresponding linear factor of E' 
being + 1 Then (32) will bo a root of/i, /«,. ./« repeated k u . k n times respectively 
if and only if (32') is a root of g it g% t g n repeated ... k n times rospccliively; and 

(33) will bo a linear factor of E repeated k times if and only if p,, + j is a linear factor of 
E' repeated k times. 

Ex. xiv Tim elwnnant of two homogeneous functions of degrees 1 and 2 of three 
variablus 

If (fj = lx+mi/ + nz, \jt = ax* + by* + c?P + 2fyz + 2g:.v + 2hxy 

and X=\x+ny+vs, 

then the A'-oliminant of the two functions 0 and 0 is 

E (X, fij v) = + Qf + ltv“ + 2L/J.V + 2Mv\ + 2 iVX/j,j 

where P= bri 1 — 2 \fmn + om 2 , L<=( -fl+gm + hn) l — amn, 

Q=ad 2 —2gnl+an 2 , M=(fl -gm+hn)m — bnl, 

R =>am 3 — 2ldm J rbl\ X=(fl -\-gm- hn) % — olm. 

We can obtain E in the way described in § 199, and if wo write 
S=(jbc—f 2 ) l 2 + (ca—g 2 ) m 3 + (ah — IP) n 2 + 2 ( gh—af ) mu+2 ( hf—bg) nl + 2 (fg — ch) Ini, 
we have QR-L*=l 2 S, RP-M 2 =mh% PQ - A r2 =n 2 JS, 

MN- PL=mnS, NL - QM=nlS, LM- RN= ImS , 

~ P N M~ ~ l ~ P N M 

N Q L m = 0, N Q L = PQJR + 2LMN - PL 2 - QM* - RN 2 =0, 

_M L R_ _n _ MLR 

these equations being identities m tho coefficients of 0 and 0. When E does not vanish 
identically, it can bo expressed in the form , 

E (\, /i, v) = (Xa7 1 + p,y 1 +vij) (A.'«a+p.y2+r2 l i)) .(3-1) 

and then [.«y s]=[a'i2/i*i], [a'j ij» zf\ are tho two non-zoro common roots of 0 and 0. 

From the partial ohmmants wo see that tho possible values of y : z, z\ x, x . y in tlio 
common roots of 0 and 0 are given respectively by 

Rif—2Jjyz + Qz 2 =0, PsP — 2Mzx + Rx 1 =0, QaP — 2Nxy+Pif =» 0, 

and it follows that the two non-zero common roots are given by 

x .y . z=P . W+w J - S : M- m *J ->S=E—n J — E:Q: L+l *J-S 

=M+m sf-S iL-l/J^S : R 

=jP +(ni — 7 i/) J — S. < 2 +W+■£+(?! — l) *J — S . R + L\M-\- (l — m) —S t 

one root corresponding to each choice of the radical *J—S. We can also obtain theae roots 
by solving the equation E=0 for one of tho parameters A, p, p, and so determining the 
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footers of E One way of determining the absolute values of the elements of the common 
roots so that the equation (34) is true is 


|>i2/i*i ]=-j={M+m J - S, L-l -S, R}, E + lJ-8, R}. 

If Di, are the disonminauts of E when wo regal'd it as a function of X, or p, or v 

only, wo have 

J) i =(mv — np)* S, D%=(iik — Zv) a S, Ds*=(lp — mX) 2 S. 


The first factors on the right can only vanish identically when P, Q, R vanish l'ospectivoly; 
and they canuot all vanish identically unless E vanishes identically. Consequently R 
must bo the discriminant of tlie two functions <£ and ^ as is otherwise obvious 


The ehminaut E is also the resultant of the threo functions <£, -v/r, A’; and cau ulno bo 
wi'itten in the form 


E=a (mv - ft/x) 2 +b(rik — Zi/) 2 +e(lp— mX) 2 +2/ (n\ -lv) (Ip - ink) 
+ 2g (Ip - m\) (mv - np) + 2/i (mv - up) (?iX - lv). 


The slant of scale 2 of the threo functions <p, X (which will be defined m a later chapter) 
is a derangement of the matrix 

~ a l 0 0 X 0 0" 

b 0 m 0 0 /x 0 

7 ci 0 0 0 0 v 

u 2/ 0 ft m 0 v p ’ 

2(7 a 0 l v 0 X 
_ 2/i. ml 0 p X 0 


if 

and the matrix of the affected snnplo minor determinants of [a>] o is 
[0, XE, pE, vE } — IE, —mE, — nE~\. 

Thus, in accordance with a general theorem, the resultant of the throe functions </>, ^ and 
X is the u. c. v. of the simple minor determinants of their slant. From the identity 

[A y\ A «, my] [«]*=!>, -W>> yfa «#», «x, yx, sX], 

we see that the vanishing of E is a necessary condition that (j), ^ and X Bhall havo a non¬ 
zero root in common. 


Ex. xv. The eliminant of two general functions of degrees 1 and 2 of two variables. 

If (f>=lx+my+n, ^=aa^+2/ixy+by 2 +2gx+2fy+c 

and X=s+kx+py, 

the X-ehminant of the two functions $ and -vjr is 

E(z\ X, p) = E(z)=Rz 2 +2 (Jfk + Lp) 3 +(Fk 2 +2XXp + Qp 2 ) 

=R(z+\x Y +pyx) (z+ X x 2 +py 3 ), 

where _ 

_M+m J-S __L-l 7 ^. _M-m L+l J~S 

i_ r' Ji ~ r ' r » y* — r —5 

these being the common roots of <f) and -v/r. Puttiug p= 0, X= -1 and X=0, p= -1 in 
E (z), we see that the equations giving the two values of x and the two values of y are 
respectively 

R3? — 2Mx+P=Q, Ry 2 — 2Ly+Q=0. 
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Ex. xvi If cj>=lx+my+ns, yp=(x—y+z) (x+y+Sz)-^/^, 

wo nee fiom Ex. xiv tliat the (x, g)-rosultant of <j) find yp vanishes identically without tho 
identical vanishing of </> only in the following two cases . 

(1) m=l, n=2l, k=0 j <p=l (a*+ 2 / + 2 z), yp=(z-y+z)(x+y+2z) m , E= 0 

( 2 ) m= — l , n=l, k=0, (j 3 =l (x — y+s), yp=(x-y + z) (x+y + 2 s), E— 0 

In both coses the complete ohminant E vanishes, and 0 is a factor of yp. Thoro is no 
non-zero common root m which two variables aro 0 . 

Ex. xvii If <j3=lx + my+nz, yp=2xy + hs 2 , 

we see from Ex. xiv that tho (>r, s)-i'osultant of (f> and yp vanishes identically without tho 
identical vanishing of </> only in the following two cases: 

( 1 ) ?ft=0, (j)=la!+?is, yp=2xy + Jcz *; E=n(-2n*\ + kl' i iJ.+2lnv). 

( 2 ) 1=0, >i=0, k = 0, <p = my, yp=2xy; E= 0 . 

In tho first case E does not vanish identically, the 11011 -zevo common roots aro 
[a- yz\ = [ 010 ], [2w 2 , -ll\ -2 In] , 

and in one of the non-zero common roots (soo Note 4 of ^ 195) wo have [x a] = [0 0]. 

In the second case E vanishes identically, and (p is a factor of yp ; further in all tho 
non-zero common roots in which a? : y=l . 2 wo must have [xy] =[0 0 ]. 

Ex. xviii If <p = x, yp=xy — z 2 , 

thou the (x, 0 )-resultant of <p and yp vanishes identically whilst E (A, /a, v) = — Tho two 
non-zero common roots aro 

[*ya]-[ 010 ], [ 010 ], 

and in both of them (see Note 4 of § 195) wo have [ar s]=[0 0]. 

Ex. xix. If cp=lx+my+n, yp=2xy+k' 2 

and <f> does not vanish identically, tho comploto oliminaut of <j> mid yp can only vanish 
identically when k=l=n=0, and then c/> is a faotor of yp. 

Ex. XX. If (f} = X, yp=xy — 1, 

then tho ^-resultant of cf> and yp vanishes identically whilst E(z ; X, y.) = — jn 2 . Those two 
functions have only tho two infinite common roots 

[*y]-[oi], [oi]. 

Ex xxi. Theorem. If fa (x , y, z) and fa (x , y, z ) are any two particular homogeneous 
rational integral functions of the three variables x , y, z of non-zero degrees, they have an 
infinite number of oommon roots (%.e. their complete eliminant vanishes identically) when and 
only when they have a common factor of non-zero degree. 

First suppose that they have such a common faotor. Then they clearly must have an 
infinite number of common roots. 

Next suppose that they have an infinite number of common roots. Then we have to 
show that they have a oommon faotor (of non-zero degree). In proving this we shall 
oonsider that fa and fa are both regular m each one of the variables, so that neither 
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function has a fuiito lion-zero root in winch two of tlio elements are 0. This is allowal >lo 
hocause we can always regularise the functions hy an ordinary homogeneous linear 
transformation of tlio variables. 

In this second case we shall now make the hypothesis that f\ and f, ha\o no common 
factor Tlieu hy Ex. vm of 55 188 there exists an identity of tlio form 

= 4 .(3fi) 

where and P a are homogeneous functions of a:, y, z, and wlioro 0 is a homogeneous 
rational integral function of y and z only which does not vanish identically Lot ft and y 
bo any two finite numbers not both zero so chosen that 0 (/3, y)=t=0. Then by Corollary 2 
to Theorem I the two functions f\ and f$ have a fimto non-zero common root m which 
y : z=ft . y ; and because they lmvo no non-zero common root in which y and z arc both 0, 
it follows that there exists a finite number a such that [xy z]=\_afty] is a common root of 
fi and fi . For those valneB of x, y, z the left-hand Hide of (35) vanishes whilst the right- 
hand side does not vanish. Theroforo our hypothesis is imiKissiblo, and it follows that J\ 
and / 2 have a common factor. 

By the substitution z=l we doduco that 

If fi {ft y) and fi{sb\ y) are any tioo particular rational integral function # of the two 
variables j; and y of non-zero degrees, they have an infinite number of common roots (i.<\ their 
complete elimmunt vanishes identically) when and only when they have a common factor oj 
non-zero degree . 

Illustrations of those two tlicoronis are given m lCxs. xvi, xvii and xix 

Ex. xxii The eliminant of two homogeneous functions of degrees 2 and 2 oj three 
variables. 

Lot (j)=aai i +by i +cz-+fyz+gzx+/ixy , <I>= Ax"4 - By 1 + C'JFyz + Ozx + lfxy : 

and X=\.v J rny+vz. 

Tll0Ulf M=a \_A 13 CFG 7/]’ 

and if wo use for the simple minor determinants of M the notations 


r m =bc~cB, 

Qm=gii-hiii 

T m =aF-fA, 

Lisn-bF-fB, 

Pm^jC-cF, 

P — oA —tt(7, 

QvM.=hF—fH, 

T^hO-gB, 

7/103 *=oG-gC, 

7/3oi “tf-d - ali. 


Qm-fO-gF, 

T m =cH~hi\ 

T/gio =al[-liA, 

7/130 ~hB — bll, 


tho suffixes indicating the weights with rospoct to x, y, z, the A r -olimiiiant of 0 and 4>, 
which is also the resultant of 0, $ and X, is the function 

E(\ h v)~2p m \YA (p + q+r-4:), 

where there are threo cyclically Hymmotric ooeffioients of each of tho fivo typos 

/>4ffl)= ~-^031 A)13 i 

Pain®* 27* mPm+iQm + ^lai) Ana'* Aiai-^iouj 

P3oi= —2 PPul) Pmx~ PwnPivh 

P22o= ~%PmPm+ ^lia+C^an - Tan) Aii3+(§iai+ Pm) Pw% 

Pan = ~ 2 Poaa§211 +2 (PmPm + P-jxiP ais) 4 - (Q121 “ P isi) ^iia 
■"(Qiai + 2\ai) Qus~ PisoPm- 
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Since there nre aix independent relations between the fifteen simple minor determinants 
of M, there are six independent relations between the fifteon coefficients p. These relations 
are the conditions that E, regarded as a homogeneous function of X, p, v of degree 4 with 
arbitrary coefficients, shall be expressible as a product of linear factors. 


The slant of scale 3 of the three functions X, <j>, <I> is the matrix 


- X . 


a 


. 

A 

. 

--- 


-- 

— 

— 

. — 

- — 

/I X . 


. h 

a 


H 

J 

V . X 


• 9 

■ 

a 

G 

. A 

p . 

X . 

. 1 b 

h 


B 

E . 

•-ms - v * 

. X 

' / 

9 

h 

F 

G H 

1 

. . V 

p . 

X | c 

b 

9 

C 

. G 

B . 


V p 


f *> 


F B 

. . . 

. V 

p 

0 

f 


C F 

- • ■ « 


V 


c 


. o _ 

where each dot stands for 0. By putting p= 

w=0, it will be 

seen at once that this matrix 


is undegenerate of rank 10 when the coefficients of X, $ are arbitrary. The identity 

O 3 , x 2 y, x 2 z, xy\ xyz, xz\ y 3 , y a s, yz\ *“][«]“ 

xyX, tvzX, y-X, yzX, z*X, x<j>, y<f), z<f>, y<f>, 54>J 

shows that o> is degenerate whenever the three functions X, 4> have a non-zero root in 
oommoD, i.e. whenever E vanishes for particular values of their coefficients. Therefore E 
is a factor of every simple minor determinant of co. Knowing this it is easily seen that it 
is the h.o.f of the simple minor determinants of <o In faot the normal to a is the matrix 


a 



a h g 
A E a 


b f a -X 

— 1± — V 

. 

B F G . 


-X 



and therefore each of the 66 simple minor determinants of o> is the product of E and 
the anti-oorrespondent simple minor determinant of a Thus wo oan dotomiino E by 
evaluating any one of the 60 non-zero simple minor determinants of o>. 


If <j)=ax 2 + by 2 +od i +2fys+2ge%+2kxy, $=zAx 3 +By* + GV+ 2Fyz -f2 Ozx + 2Hxy, 
the coefficients /, g, h, F } 0, E being replaced by 2/, 2 g, 2 h, 2 F, 20, 2AT, and if we put 


T=> (bC+ oB — 2fF) X*+(ci +aO- 2 gO) p*+(aB+bA-2hE) v* 

-2{gE+hG—aF-fA) pv-2 (JiF+fE — bG— gB) vX — 2(fG+gF— oH- hO) \p, 
S=(bo-f i ) X 2 +(oa-g 2 ) p 2 + (ah - A 2 ) v a +2 (gh—af) pv + 2 (hf-bg) vX + 2 ( fg-oh ) Xp, 


S'~(BC-F*) X*+(CA- 0 a ) p 2 +(AB -H*) v a 

+2(GE-AF)pv + 2 ( HF-BG) vX +2 (FG - CH) Xp, 
we have E (X, p, v) = 7 ra —4 SS 1 . 


We oan regard E(X, p, v)=*Q as the tangential equation of the 4-pointio locus of 
intersection of the two oonics <p=0, $»0. 


o. ni. 


9 



CHAPTER XXII 


SYMMETRIC FUNCTIONS OF THE ELEMENTS OF SIMILAR SEQUENCES 

[The first two articles doal with symmetric functions of the r?4 elements of r sequences 
eaoh contaimug n arbitrary elements; in § 197 we show that all monotypio symmetric 
functions can he expressed as rational integral functions of those of order 1 (the a* s), 
and also as rational integral funatious of those of degree 1 (the ar J s, or the elementary 
symmetric functions); and m § 198 we consider the corresponding properties of homo¬ 
geneous monotypio symmetrio functions. The next article deals with the relations between 
the common roots and the coefficients of a set of rational integral functions having only 
a finite number of common roots ; it is shown that every monotypio symmetric function 
of the common roots can be expressed in a unique way us a rational function of the 
coefficients Finally in § 200 we show how resultants and eliminants can be determined, 
and completo the proof of the theorems of §§ 193 and 196 The relations between 
elementary symmetric functions are discussed in §§ 197 and 198, and the corresponding 
relations between the coefficients of an ehminaut m § 109.] 

§ 197. Symmetric functions of the elements of r similar 
sequences. 

1 . Symmetric functions m geneml and monotypic symmetric functions. ■ 

Let X = [x 1 os i ... eo h ...a: n ] .(1) 

be a sequence or one-rowed matrix of order n in which the elements are 
n scalar variables, and let 

Xi = [®u®i2 «■ • ®i7i • • a mJ) A a = [ttaGCaa ■.. Cfaft •.. Ofsn]> • • • 

... X r — *. (2) 

be r values of X in whioh all the rn elements are arbitrary. In the 
applications the r matrices (2) will usually be the common roots of a number 
of rational integral functions. 

A symmetric fmetim of the elements of the r matrices (2) will mean a 
rational integral function of those rn elements which remains unaltered 
when we give any permutation whatever to X u X B> ... X r without deranging 
the elements of any one of them. It is therefore an absolute invariant for 
all such permutations of X lt X if ... X T . A monotypic symmetric function of 
the elements of the r matrices (2) will mean a symmetric function of the rn 
elements in which every term can be derived from any one term by some 
permutation of X 1} X a , ... X T , and no term is repeated. Every symmetric 
function of the elements is a sum of a number of monotypic symmetric 
functions each multiplied by a numerical constant. Consequently the general 
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properties of symmetric functions can be deduced from those of monotypic 
metric functions, and our attention will chiefly be directed to these. 


A monotypic symmetric function S of the rn elements of the r sequences 
C2) is completely known when any one of its terms is known. Hence, when 
’we disregard a numerical factor, every such function is representable without 
^lYiToiguity in the form 

, s=2[Y',r 3 ...r r }.(3) 

where 

T* = ... ofr ... a in , T* = off ... ... ct*, T k = eft 1 ... of"... </**, (4) 

il th in J j\ jh jn s *1 kh hi v ' 


\’s being positive integers, some of which may be 0’s. Here jf t - is a 
product of elements selected from the matrix Xi, and T Y T a ... T r is any one 
term of S selected as a typical term. 


Let .(3') 

the sum of all the r ! terms which can be derived from the typical term 
CF a ... T r by giving all the possible r! permutations to X 1} Xq,...X r 
(including the identical permutation which leaves their arrangement un¬ 
altered), the indices X remaining unchanged. Clearly S has the same distinct 
terms as S', but it has no repeated term, whereas S' may have repeated 
terms. Thus another term of S' is U-JJ^... U r , where 


Tr. _ Mi 

— % 


Mh 


Mn 


Mi 


Mh 


*jh "■ v » a il h a in> U *>^"kl ■•■"Aft 

hut this is not another term of S if [X^Xj a ■ ■ • X^] = [XuX^, ■ ■ X* n ]. 


fkn 
*kn 1 


( 4 ') 


"We can also define S' to be the sum of all the r ! terms which can be 
derived from the typical term T^T^...T V by giving all the possible r I per¬ 
mutations to the r sequences 


Xj — [XjjXja ... Xift ... Xi n ], Xa — [X^X® ... Xja ... XjuJ, ... 

... X r = [XfiXpa ... Xrft ... Xfn] 


.(20 


formed by the indices in T u T a ,... T r , the a’s remaining unaltered. Thus 
another term of S' is T /... T r \ where 


2Y 


fil 


fjh 

l ih 


fin 


T/=a 




yi 


fih 

Jh 


fin 
*jn > 


Tf 


. fki fkh 


kh 


fin 
\n > 


( 4 ") 


hut this is not another term of S if X^ = X*. We obtain S from S' by dis¬ 
carding all repeated terms. 

Prom the second way of developing S and S’ we see what the total 
number of terms in S is. When the r sequences (20 are all different, the 
terms of S' are all different, therefore S contains r 1 terms, and we have 
/S' =:S] when the r sequences (20 consist of r distinct sequences repeated 
?- x , y a ,... Tv times respectively, so that r x + r 2 + ... + r T = r, each distinct term 

9 —2 
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of S' is repeated r x 1 . . r T ' times, therefore S contains 


, terms. 
t t 1 


and we have S' = ?\ ... t \' S , when the r sequences (2') are all equal, all 

the terms of S' are equal, therefore $ consists of one term only, and we have 


S' = r!S. 


In representmg S m the form given hy (3) and (4) it is usual to omit all 
those elements a in (4) and in the development of S whose indices are 0’s. 
In this case we can obtain all other terms of S from the typical term by 
making repeated mterchanges of two elements of the sequence [1, 2,... r] m 
the first suffixes of the a’s, the second suffixes and all the A,’s remaining 
unchanged, and every repeated term thus obtained being discarded, and 
this is the plan usually followed. This shorter representation of S is however 
completely definite if and only if r, the number of the matrices (2), is given. 
When we develope S' and S from the typical term by permuting the sequences 
(2') formed by the indices, we must retain the zero indices. 


Ex. i. If A r = [a 1 ! a’jj #3], then for the four sequences 

■“I I s ® [ a U a l 30 iD]i A a =[agj fi-wa^g], A 3 = [0310351 <133], ^ = [04x^013], 

we hava 

2 {«n“ai'2“ai| = nii a aiu agi + aai a ^m a 3i + “ai" + 0 + 1 “ 

+ a li a n 12 a 31 + «41 + “31 2 “32 “ll + O^CL^O^l 

+ +a2i 2 02a“n + + °4i‘°4a a 3i • 

The sequences formed by the indices in the typical term (and in every term) are 
[210], [100], [000], [000], 
and we have 2' {a n a a 12 a2i} = 22 {au a a 13 a ai }. 

Ex n. When the number of variables, ie. the number n, is small, it is simpler to use 
a single-suffix notation Thus if in Ex. i we replace x u x*, x a by x, y, z, so that X=\xys\, 
then for the four sequences 

Ai = [ai0i-yi], A JJ =[a a #j7/ a ], A' 3 =[03^373], A' 4 =[a,i 0 4 yj]i 

we have 


^ { a i a 0i a a} = “i M ft aa + n s s 0a “a+U3 a 0 3 a i + “4 2 04 <*i 

+ a i a 01 “3 + fla 3 0a “4+Og a 03 Cl! + ap 04 02 
+ a l 2 0104+a2 2 02 a l + aD S 03 «2 + a 4 J 04 a 0 j 

the development from the typical term being obtained by permutations of the suffixes 
1, 2, 3, 4. 

If S is the monotypic symmetric function (3), then by the weight of S 
with respect to the variable x h we mean the sum of the indices of those 
elements a^, a^, .. a rh in any term of S which are values of i.e. the 

number \h + \h+ • ■ + which is the same for every term of S. Thus if 
u 1} Wa,... Un are the weights of S with respect to x 1} n? 9 ,... x n , we have 

u h = An + \h + • ■ • + (h = 1, 2, ... n). 


,(5) 
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By the degree of any term of 8 in the matrix or sequence X t we mean the 
sum of the indices of the elements a H , am, .. a in of Xi m that term, this 
number being in general different m different terms. The degrees of any 
term of S in the r separate matrices X x , X 2 ,. . X r are the same v numbers 
for every term, except as regards their order of arrangement. The degrees 
of tho typical term in the separate matrices X lt X 2 , ... X r are the numbers 
v u u,,... v r given by 

v k = Xi-i + Xjb 4- . + Avi™, (k = 1, 2,... r) .(6) 

The typical term is usually so chosen that the r numbers v lt v a , .. v r are 
arranged m descending order of magnitude, and may then be called a 
standard typical term. 

By the degree of 8 in a single matrix or sequence X{ we mean the greatest 
degree which a term of 8 can have in X i} this number being the same for 
every matrix X ,, and being the greatest of the sums (6). It will often be 
called simply the degree of 8 When the typical term is chosen in the 
standard way, the degree of 8 in each and every separate matrix is the 
•degree of the typical term in X ,, i e. the number 

S = \] 1 + \ju+... -J- Aim = .( l ) 

By the total weight of 8 we mean the sum of itR weights with respect to 
all the variables x 1} x 2 , .. x n> this number being the sum of all the indices in 
each term of S, i c. the number w given by 

W = + Ua + ... + Un = V x + V a + ... + V T .(8) 

It is also the sum of the degrees of each term of S in the separate matrices 
X x , X a ,... X r , and may bo called the total degree of each, term of 8 in all the 
r matrices. 

The monotypic symmetric function 8 is homogeneous in the matrices 
X x , Xz,... X r when every one of its terms has the same degree in every one 
of those matrices. Thus 8 is homogeneous of degree s in the matrices if and 
only if 

Vi = V a = ... = v r <= s, 

and this is the case when and only when its total woight is rs. 

By the oi'der of <5? we moan the number of matrices which contribute 
elements with non-zero indices to any one term of S, this number being the 
same for every term of S, and being the number of tho integers v x , v*,... v r 
which are different from 0. When the order of 8 is i, where of course i ^ r, 
and the typical term is chosen in the standard way, we have = 0 when 
h >i, and Zjsl when k > i. Accordingly when elements with zero indices 
are omitted, the standard representation of a monotypic symmetric function 
S of order i is 


£ = S{M... Ti). 


(3") 
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Here the typical term ia ao chosen that X 1} X i} ... X % are the matrices which 
contribute elements with non-zero indices to it; and we have 

u h — \h + + • ■ +\h, (A = l,2,...w); = (£=1,2,. .i), 

v t+1 = v l+i = ... =r,. = 0; w = u 1 + u 2 + ...+u n =v 1 + v a + ... + v x . 

The integers v u v 3j ...v t are the non-zero degrees of each term of S in the 
separate matrices. 

The abbreviated notation (3") ia definite if and only if the number 
of sequences, i.e. the number r, ia given, but if i :}> r, the substitution 
[on«ra «m] = 0 converts the function £ [T^T 3 ... Ti) of the r sequences 
X 1} X 3 ,...X r into the function £ \TfFz... Tt] of the r — 1 sequences 
X lt X 3 , .. X r If i >r, we must interpret (3') to be 0. 

Ex ni The monotypio symmetric fuuctions S of Em i and u have weights 3, 1, 0 
with respect to the variables x u x 3 , x 9 or x, y, z. In each case the funotion S has degree 3 
m each of the matrices X u X 3 , X s , X t ; it has total weight 4 ; and it has order 2 The 
degrees of each term in the separate matrices X lt X a , X S) X* are 3, 1, 0, 0; and the 
greatest of these numbers, i.e. the number 3, is the degree of S in each matrix. 


2. Monotypic symmetric functions of order 1, and of degree 1. 

If Pi, Pa, Pn are any n given positive integers which are not all 0, 
there is one and only one mdnotypic symmetric function of order 1 of the 
elements of the r matrices (2) whose weights with respect to the variables 
®i, x 2) ... cc n are respectively p 1} p 2l ...p n . For this function we will use the 
notation o- PiPi Pn in which the weights are indicated by the suffixes. It is 
the function of degree p Y +p B + ■ • ■ +Pn in each matrix given by 


*. Pn 


= 2(! , 1 } = 2a J V*...a 

1 ‘ 11 13 


Pn 

l . 

In 


.(9) 


For the monotypic symmetric function of order 0 we will use the corre¬ 
sponding notation <xoo..o, which we must mterpret to mean the integer r. 
By the <r’s we mean the functions thus defined. 


The monotypic symmetric functions of the elements of the r matrices 
(2) of degree 1 in each matrix are those which are expressible in the form 
(3'), where T lt T Sl ... T t each consist of one unrepeated element only, and 
i-^-r If q u q a ,... q n are any n given positive integers which are not all 0, 
and which satisfy the condition 


?i + ? 2 + .. + ?„:K 

there is one and only one such function whose weights with respect to the 
variables a^, x 3 ,... Xn are respectively q u q 3> ... q n . For this function we will 
use the notation ., 9b in which the weights are indicated by the suffixes. 
If i — ffi + <?a + ■ + qn is its total weight, it is the monotypic symmetric 
function of order i given by 

.. Qn ^ {^1^8 • ■ * F \} = ■ • • A im , 


( 9 ') 
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where the first q 1 of the /mb ore equal to 1, the next of the fia are equal 
to 2,... the last q n of the /j.‘s are equal to n; there being of course no (jl 
equal to k when qj t = 0. The typical term in (9') contains i factors, ono 
selected from each of the matrices X lt X a , ... X l} and of these i factors q x 
are values of w lf q., values of x„, ... q n values of oo n . For the monotypic 
symmetric function of degree 0 m each matrix we will use the correspondmg 
notation ct„ 0 . which we must interpret to mean the integer 1. When 

?i + ?b + ■■■ + > r, 

we must interpret ra- 9l9a . iljn to be 0. By the tar's we mean the functions thus 
defined. They are usually called the elementary symmetric functions. 

In the notations for the o-’s and ta-’s the number n of the variables is 
indicated (by the number of the suffixes), but not the number r of the 
sequences. They have definite meanings for every value of r, and they can 
be used when r is an arbitrary positive integer on the understanding that 
. ,, /n vanishes whenever (ft + q a + ... +q n > r. 

Ex iv For the four sequences X 1} A r a , A r Sl A r 4 of Ex. i we have 
o'aoa = San 3 a 13 2 = an 8 ais 8 + 031° aas 2 + a ai 9 n 33 2 + an 3 « 43 U j 
“ an = Snn a ai a as =an a ai 093 + a^ a 31 043 + 0131 «4i <*13 H~ “41 «n “an 
4 -aai a 3 i ai 3 + a 3 j 041033 + ° 4 i <Ui033 + a n « 2 i <M 3 

+oai a n a 23 +an a 31 033 + an a 3 i 043 ■+■ a a i 04! ai 3 . 

It will bo observed that o- a)2 , for four values of [xi #3] ore the same as ur 33 , ar 21 
for four values of [.TijbJ, the variable with respect to which tho weight is 0 being 
struck out 

Ex. v. For the four sequences A 7 la X i} X 3 , X 4 of Ex 11 wo have 
cm = 2 a 1 3 y 1 s =a 1 3 y 1 2 + a a 3 y a 2 +a 3 3 y a 2 + a^ 2 , 

®sioi=2aj 03 73=ai 03 yg+a 2 as y 4 + 03 04 yj+04 ai y a 
+03 03 y 1+<*3 *4 ys+°4 a i ys+<*1 o%y 4 
+0301 ya + ^aaya+Oi 0374 + 02*4 7 i- 

Note 1 . Special ease whan w==l. 

In this case thore is only a singlo variable. If wo denote this by x, and its r values by 
m, 03,... ctf) these being arbitrary parameters which may be the roots of an equation 
/(.r)=0 of degree r, our r sequences are 

-‘fi =a [ a i]> A a = [a a ], ... A r =[a,.], 

and a gonorol monotypic symmetric function of a i} 02,... a,, has tho form 

S= 2 {a^i a a ** ... Of^rj 

The monotypia symmetric functions of order 1 and the elementary symmetric functions of 
degree 1 m each parameter have respectively tho forms 

o'# •= 2a{? ™ ai p + a 2 p + • • • +Ur ,, > 

OTg^Saiaij ... Oq, (<£= 1 , 2 , ... J*), 
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whilst ar 0 =r, w 0 —l, and , nr (? =0 when q>r. In this coae we have Newton’s identical 
equations connecting tho it's and Ur’s, viz. 


^i-^—O, 0-3 —o- 1 ur 1 +2ar 2 =0) <r 3 - o- 2 ari + o^Oa - 3ar 3 =a0, 

the general equation being 


^p-Op-i ® - i+<r p _ 2 ar a -... + (-l)P -1 . o- 1 ra , p _ 1 +(- 1 )p. pxs p = 0 , .( 10 ) 

where ^=0 when i>r The equations ( 10 ) enable us to express <ri, o- a , rr s , ... 
succession as rational integral functions of urj, or a , . and also to express 


®Ii ^r, °Y + 1j Vj'H-ai ■■ 

in succession as rational integral functions of o-j, fr a ,... oy. In fact we have 
^l =OT i i <r 2 = arx 2 - 2 ar a , o" 3 = CTj 3 — Setj et 2 + 3 nr 3 , 
a-i= GTx 4 - 4 crx 2 ar 2 + 4 etx ar 3 + 2 ar a 2 - 4 ar 4 , 


o r 5-w 1 6 -6cr 1 3 Br 2 + B ( i uT 1 2 ‘ar 3 + 'ui x -nr< i 2 ) — 5 (gtx nr 4 -f ar 2 trr 3 ) + 6ar r)) 

(Tfl=: uri° - 6arx* ar 2 + (6nrx 3 Br 3 + 9arx 9 ar 2 2 ) - (6ur 1 s tB , 4 + 12w 1 m 2 nr 3 + 2bj 2 3 ) 


+ (6 * i aif, + G u, 2 ar 4 + 3 ht 3 9 ) — finr u , 


and 


OT x = vx, 2 ! a , 2 =or 1 a -tr 2 , 


the corresponding general formulae being 


31 oJ 3 =<ri 3 — Sir^crz + Qo-a, 


..( 11 ) 

■(110 


®1 

1 , 

o ,. 

0 , 

0 1 

°"1 , 

1 . 

. o , . 

• o, 

0 

2 ar 2 , 

®i . 

1 , 

• 0, 

o I 

<r a , 

0-1 ! 

, 2 , 

. 0, 

0 

3 taf 3 , 

nr 2 , 

®i . • 

■ 0, 

0 

, q\ur 0 = 0-3 » 

tr a , 

i o-i 1 ■ 

0 , 

0 


®p-aj 

®P — 3 j ■ 

®1. 

1 

<r «—li 

<r 9 —B) 


.. o-x, 

q-l 

P®* » 

®p— l > 

m p— 2> •• 

.. raaj 


0"q f 

Vfl-l, 

a> 

.. <r a , 

<ri 


i 10) ’ ? X) * (ll ' )j < ir > ftre tnie f01 ' al1 Poritive integral values of r, 
provided that wo interpret or, to be 0 when i> r, and they are identities^ a l9 a 3 , . . n ,.. 

It is known from the theory of equations in a single variable that Wl , nr.„ nr are 

™T fl D t dent i i° n ; ^ x W , hlCh any “ bitHU 7 values can be asaribed, and that every 

r T fu ™ tlon f ° f «i. ■ «T «n be expressed in one and only <Z 

way as a rational integral function F of on m a nr tiia + . m. . . , 

when tho coofflciouto of/are mtegom ' " ” ° 0efflol8nt8 of * >>“»«^togoro 


Noth 2 . 
arbitrary. 


Relations between the cr's and w>s for r sequences of n variables when r is 


Let /*x, k 3 K „ be n auxiliary arbitraiy parameters j and let the 
replaced by the single quantity 


matrix X in (l) be 


* “ *1 #1 + K2&2 + ... + K n X n , 


and the matrices X J} 


X 2 ,...X r by the corresponding values t u f a , ... 0 f t given by 
*<=Kiaa + K2affl+...+K*a inj (»=!, 2 , ... r). 
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Then the monotypic symmetric functions of order 1 and the elementary symmetric functions 
of degree 1 of ti, t >,. t r are given respectively by 

i=r 

£r 7 , = 2£i p = ^ (Kjaji + Ka«rj+ + K n a i^ v 

P I 

= 2 I „ .ff-pim J* Kl*W- J KiAi (i’i+i*3+- +p*=p), 

Pi P 2 • Pn 1 

OT (j = ts t,j 

= 2©,,,^ <m' K i q ' K 3 Qi - K n g n, (-71 + ?3+-. +<Jn = Ql q^r\ 

where <r VlP . 2 1>n and l uf Qllh Qn are defined as m the text; and the second equation remains 
true when q> r if we then interpret xa q to bo 0. Those equations are identities in the k's 
and the elements of the matrices (2). Wo could define the o-’s and ©’s for tho matrices (2) 
in this way as being the coefficients m the expansions on the right 

When we sulwtitute these values far tr v , . . ©, ; , .. m the equations (11), regard tho 
resulting equations as rational integral identities in the k’s, and equate the aoeffioionts of 
corresponding terms on both sides, we obtain equations expressing tho quantities a- PlPi 
as rational integral functions of the quantities w these equations being identities m 
the a’s. Since r does not occur in these equations, they are true when r is arbitrary, 
provided that we interpret a quantity , Jn for r sequences to be 0 when its total 

weight +y,i is greater than r. The general character of these equations is 

shown in Ex. vi In the expression for cr PlVi 1>n the term of highest degree in tho ar’s is 
®ioo iXio o- -®ooo n-and iip=p 1 +p i +. +y; u , tho term of lowest degree is iV. ©„ lPa ^ 
whore N is the rational number given by (p- 1)1 N= (-])»'“ 1 p x \p~A...p, k I. 

By substituting in the equations (11') we oan obtain equations expressing the quantities 
ar, ltfa ^ as rational integral functions of the quantities tr Pl ^ 1>n . 

In all these equations overy term of the expression on tho right must have the same 
weights with respect to x x , a? 2 > • • as tho quantity on tho loft. 

Ex. vi. By the process described in Note 2 wo oan obtain tho following equations 
which are identities in the elements of tho r sequences Xi, A'a,. . -T P for all values of r, 
provided that ur Qiqa Qn =0 when ji + g , a+... + <7n> »*• The equations are alassifiod according 
to their total weights. 

( 1 ) <ri=©il 

(2) cr 2 =uTi 2 - 2nr.j) 

= ©10 ©oi ” ©n t 

(3) (rg=©i 3 —3©i©a + 3©3, 

(T 2i = ©io a ©oi - (©io©u+©m ©jo)+© at, 

2 cm= 2 td , 10 o© oio©noi - (©mo ©on + ©oio ©101 + ©ooi ©no) 4 - ©ill ; 

(4) 0-4 = Uli* — 4©i 2 ©2 4‘(4©i©342©2 2 ) — 4©4, 

o- ai =* © 10 3 ©01 “ ©10 (©10 ©11+ 2 ®bi ©ao) + (©10 ©21+©01 ©to 4 -©1 1 ©an) — ©ui > 

3<tj 2«=3ar 10 a ©01 2 — 2 (©io a ©m + 207m ©oi ©11 + ©oi a ©20) 

+ (2OT 10 nri a +2©oi ©21 + ®Tii® + 2©ao © 02 ) — 2ur^ , 

3o , 2ii= : 3©ioo 2 ®oio©(x)i - {®ioo a ®oii4-2©ioo (©010 © 101+©001 ©no)+2©uio ©ooi ©aoo} 

4 - {©100 ©111+(©mo ©201 + ©om ©210) + ©011 ©200+©101 duo} “ ©211» 
6 iriiu= 6 ®iooo ©0100 ©ooio ©uooi — 22 0 ro 1 ( KX) Woioo 'Em 1 + 2 * ®iooo 11 

+ 2 b ©1100 Wqou - ©mi. 
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In the last equation S 0 means the symmetric sum of six terms of the type shown, and 
S 4 and S a have similar meanings 

The number of variables is indicated by the number of suffixes; but in any one of the 
equations we can supply any number of zero suffixes ocoupying the same positions through¬ 
out Thus for three variables the complete set of equations of total weight 2 deduced 
from (2) is 

( 2 ') o 1 200 = o-ioo 2 — 21*200) tro-jo=^bio 2 — Srabao > or 002= ^ooi 2 ~ > 


<T 0 U = OToio GTooi — OToil i o'icii == Wool ®ioo — Wion 0*110 — wioo W010 “ ^lin • 

We can also interchange two suffixes occupying corresponding positions throughout any 
one of the equations When there are only two sequences, the equation for <rgi becomes 

(Tgi=urio 3 OToi — j u7;o (ujioOTn H-2aioi®2o) + 


Noth 3. Number of the functions ur and standard relations between them. 

For r sequences of n valuables the total number of the elementary symmetric functions 
m is 


"#r= 


fn+r\ _ fn+r\ 

\ r )-\ n /’ 


(°) 


.L j n 1 \ 

there being ( . J of total weight i, where i ^>r, and the total number being in 

accordance with the equation 

® 5 ‘ r = w “ 1 J 3 r 0 + 1 ‘“ 1 - 2 i+ n ” l -ffa+— + 1 ‘~ 1 5 ’r» (where "~ 1 if 0 =l). 


In this enumeration we include vr 00 0 , but exclude the Ur’s of total weight greater than r, 
every one of which is 0 Since one of the oj’s is the constant 1, and the rest are functions 
of m arbitrary parameters, we may expect to have exactly 


CD -- 1 • 




independent relations between them, excluding the relation ot 00 o= 1 - That this is 
actually the case can be seen from the equation 

i=r 

n (Kiaii + K20t2 + .- +K»ain + l) = 2JV <fl<fa .K u fln, .(12) 

i=l 

(?i+?2+- +y„:M 5 


which is an identity in the k’s and a’s when ar 00 0 =1. 


If we regard both sides of (12) as rational integral functions of the k’s and equate tho 
coefficients of corresponding terms on both sides, we obtain —1 equations, not 

counting the equation m Q0 o a l» each having the form 

®m. * =/(“)> (2 i+?2+...+?»^>J’) j .( 13 ) 

where /(a) is a rational integral funotion of the a’s, and from these equations, which are 
in fact the definitions of the air’s, we have to eliminate the m quantities a. To do this we 
will divide the equations ( 13 ) into three classes: 


( 1 ) the r equations in which ji+j a + • ■ + ?n-i=0; 

(n) the r (w—1) equations in whioh g f i+y 2 +-- + Jn-i=l; 

^ v\ 

J -Hi-1 equations in which ffi+g , a+...+2 , n-i> 1 > 
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and for tho sake of brevity we will use for the Ur’s m which g f i 4 -y 3 +...+ 5 , n _i =0 the 
notation 

aroo i =ar i- 


The equations ( 1 ) express the fact that ai n , agn, . a^ are the roots s 1} of the 

equation of degree r 

0 (0)=s’ -nr 1 s r_1 + B72^ 1_a —... + (- l) r ar P =0.(14) 

Those r of the equations (n) in which q x = 1 oan bo expressed in the forms 

2a,'!=ra' in _ (1) (£=1, 2, . . r), 

2 (ra 1 !— z t ) a ( i = crii). i, 

2 (®2 — TBiZi+Zi 2 ) nii = crii) s, 

2 (ur 3 -vj. i z i +vj 1 z^-z i 3 ) an=ur 10 s , 

.(15) 

and they are r unconnected linear equations in an, a^i,...a ?i which can be used to express 
these quantities as rational functions of g lt «a,.. e r and those id’s in which 

2i+?a + . +2 f H-i E= 0 or !• 

In fact if h and k are positive integers, and if n* is the sum of the distinct products of 
total degree k which can be formed with z\, z 3 ,... 2 r , it is known from the properties of 
symmetnc functions of the roots of a function of one variable (see Burnside and Panton’s 
Theory of Equations , Chapter xn) that 

« s i h 




=0 when h <?•—], 


s iC 1 —i 

V w’ 




V(*i) 


=n i; 


VS\ — Hi — 0, ETy — TVj ETi + Hj = 0, ETj — UTg Hi + Dg — Dr = 0, 


and it is easily verified that the equations (15) have the unique solution 


an- 


«10 0^ P_1 -^10 l2i P_li +.- + (-l) r " 1 ® 1 . 0 .. r—1 n 

-—- - . (l-l, 2 ,... r). ...(16) 


Similar remarks are applicable to those r of the equations (ii) in which qj<=, l, where j 
is any one of the integers 1 , 2 ,... n— 1 ; these being r unconnected lineal’ equations in 
ay, ay,. . ay which have a imique solution m which the value of ay is obtained from the 
value of ay given above by interchanging tho first suffix 1 and the yth suffix 0 in each of 
the Ur’s in the numerator. 


Thus the rn equations (i) and (ii) admit of unique solution for the rn quantities ay 
when arbitrary values are ascribed to the ofs in which g , i+?a+ ... + 5 , n-i=0 or 1 ; and we 
conclude that: 


Those m of the w > s, not counting ar 00 ..o, in which £ 1+£2 -f • ■ ■ + <7n-i “0 or 1 are inde¬ 
pendent functions to whoh any arbitrary values oan be ascribed. 

When we substitute for eaoh quantity ay in which j^n its value found by solving the 
equations (ii), and then multiply throughout by 0 ' (z{) 0' ( 2 j).., 0 ' (e?), eaoh of the equations 
(m) assumes the form 

0'(*O0'(*)-0 , (*)- Wftft. .*,“$(»!, * 2 , ■•■*»■), .(17') 

where Q is a symmetnc function of Zj, 23 , . e r in which the coefficients are rational 
integral functions of those Ur’s iuwhioh qi+■+q n ~i B *0 or 1 ; and when we substitute 
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for the symmetric functions of s 1 , z 2} . z r occurring on both sides their values in terms of 
the coefficients of the function 0 (e) given by ( 14 ), we can replace ( 17 ') by 

A. W, l9j q n =S, (tfl + tfj-t-.. +?,.-!> 1 ),.( 17 ) 

where S is a rational integral function of those ufs m whioh ji + ^a+ +? n -i = 0 or ], and 
where a is the discriminant of 0 (a), and is therefore a rational integral function of those 
'sj’a in whioh ji+ga+.. + jn-i = 0 . The equations ( 17 ) are all independent, because the 
second factor on the left is not the same m any two of them; and we conclude that: 


Time are exactly 



rn — 1 independent national integral relations between the w’s 


of r sequences of n variables, not counting the relation 0 = 1 > ond we can take these to be 
the relations (17) winch express those •ss > s in which ^i + g'o-K . + </„_ i > l as rational functions 
of the afs in which qi + q» + . . + ? n -i=0 or 1. 


From the way in which the above results have been proved we see further that- 

The relations between the a fs of r sequences of n variables are the necessary and sufficient 
conditions that the general function of degree r 

f (j;j , .r,, . x n ) = 2w gifti Qn x^ xji . . xjn , (?i++. . + ? n r), 

shall be expressible as a produet of linear factors, when ar 00 U =1 and the other coefficients 
are arbitrary. 

If we homogenise these relations by the substitution l=ra , 0(l they become the 
necessary and sufficient conditions that /(a?i, x^, . . x n ) shall be expressible as a produot of 
linear factors when all the coefficients are arbitrary and uroo n'HO. 

Both sides of ( 17 ) are lsobanc with respect to each one of the variables, the weights 
with respect to xi, x», .. a,’„-u being q u q$, ■ ■ q%-u ? B +r(r-l); the left-hand side 
has total degree 2r-l; and the expression S on the right is homogeneous of degree 
?i + ?a+ ■■ +g , n _i in those ofs for which qi+qt+.. +^ n _i=»l. Further the degree of S in 
the tir’s for whioh <71 + ^2 + ■ •+ q n -i “0 is r — 1 or r according os q n = 0 or 4= 0, therefore the 
total degree of $ oannot exceed 2r-1, and when we homogenise the relatiou ( 17 ) by the 
substitution l = OToo o, its degree is 2r —1. 


Noth 4. General character of the relations between the vis. 

By a relation between the of s of r sequences of n variables we mean an equation of the 
form 

■F( ot v a V ■ •’ -)=^ , (®)=0. (?i+?2+... + ? n ^>r).(18) 

where F{w) is a rational integral function of the ufs whioh does not vanish identically, 
the equation ( 18 ) being an identity in the a’s. In every such relation wo may and will 
suppose F(w) to be isobaric in the Ur’s with respect to each one of the variables. The 
standard relations ( 17 ) obtained in Note 3 are all of this form, but they are not necessarily 
the simplest set of independent relations. We can usually find relations of lower degroes 
and of smaller weights than the standard relations. The problem of finding the simplest 
possible set of independent relations has not been solved, though it has been shown that 
no relation can have total weight loss than r+2 

Every relation between the tit’s of r sequences of n variables (n being given) has 
reference to a particular value or particular values of r, which must be specified. There 
does not exist any relation which is true for all values of r, or for all values of r greater 
than.a given value. On the other hand if s is any positive integer less than r, a relation 
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between the Ur’s of r sequences of n variables becomes a relation between s sequences of n 
variables when m it we substitute 0 for every or m which the sum of the Btiffix.es (1.0 the 
total weight) is greater than s 

For if the tit’s are defined as in the text, and if we use the lottor n with suffixes to 
denote the elementary symmetric functions of the elements of the ?•+ L sequono.es 

= [a n n^ am],. A', - [an a rt . . a, ,J, A'. +1 = [£i • £«], .. ( 2 ") 

then each n is a linear fuuction of the tit’s given by 

n fllVJ <i n =a, ’(iioa i,«j, ■■ "hftt i n -1 ’ 

tho formula ( 19 ) being true for all uitcgral values of tho j’s, provided that we interpret 
a n or nr with a negative suffix to be 0 , and of course consider a n whose total weight is 
greater than /•+1 to be 0 and a or whose total weight is greater than ?’ to bo 0 , tlio total weight 
being the sum of the Buffixes Thus the substitution [£i£.i ■ —0 converts n 5l , h into 

aiy, and a rolation between the n’s into a relation between the corresponding tit’s , 
and this process can be repeated. 

If /(n )=0 is any relation between the n’s which have just been defined, and if wo 
substitute for the n’s their values given by ( 19 ), we obtain a ratioual integral oquation 
g(£, °r )=0 whioh is an identity m tho £’s and a’s. If we arrange g as a rational integral 
function of tho £’s, the coefficient of every term is a rational integral function of the tit’s 
which vanishes for all values of the a’s ; consequently wlion wo equate to 0 the coefficient 
of any term which does not vanish identically, we must obtain one of tho relations 
between the tit’s Thus from any given relation botween the elementary symmetric 
functions n of ?-+l sequences of n variables we can deduce by moans of tho equations ( 19 ) 
a number of relations of lower weights botween the elementary symmetric functions or of 
r sequences of n variables 

It may happen that/(n) contains no n of total weight r+ 1 , and then f(m )=0 is one 
of the relations between the tit’s. We see from Ex. x that such cases are possiblo; for 

sJoTaoo ar U() 07 1()1 ortoo 
who 2tiTo2fl ®im ®nio 

= U 

etim ar ni ^ooi 

. SaTjon Sotomi SoTudi 3 , ed‘(hhi 

is a relation between the tit’s of 3 sequences of 3 variables whioh does not involve any or 
of total weight 3 , and is therefore also a relation betweou the tit’s of 2 sequences of 
3 variables. Thus although there does not oxist any relatiou botween the tv’s of r 
sequences of n variables which is true when r is arbitrary, there can exist relations whioh 
are true for two successive values of r. 


Ex. vii For 2 sequences of 2 variables we have the one relation 

20%) TtTii ®Tjq 

I TZTn 2 or w OToi = ( 4 arso ® , 0M _ ‘ ar li a ) - (® , l() aa Tua _a T 1 O OT()l a T 1 l + ® , 01 2 a,, So) B "O, 

OTio TZTqi 2oToo 


2 TITos TITqi 


ar 20 =ar in 2 W(W - Win Wn • ®oi + OT n 3 • «ta • 


otoi 2ar on 

This relation (see Note 4 ) is not true for 3 sequences of 2 variables. 
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Ex. viii. For 2 sequences of 3 variables such as [a,$, 7 ,], [ag^aYa]? [“s&Yb] there are 
three independent relations which express the fact that the rank of the matrix 

” 207300 W „ 0 w , 01 OT 10 U 

to -,10 2a7oa) Won 

07,01 Won 2 arooa ^ooi 

- ra -,00 O7q, 0 Wool 207,100 

is not greater than 2. The three independent relations can be taken to be 

207200 Wioi 07,00 SOTfla) Wqh 07, | 10 07,10 ^oii Woio 

07,0, 2o7ooa Wool = 0 j wg,, 2a7ooa Wqu, =0, w 10I 2a7ooa Wooi =0, 

07,00 Wool 207000 W 0 ,0 Wool 2wooo W,oo Wool 207000 

the first two of these being deducible from the relation of Ex. vii by the insertion of zoro 
suffixes. If we homogenise the relation of Ex. vii iu the way described in § 198. l, we 
obtain the equation as by equating to 0 the leading diagonal minor determinant of 
order 3 of the matrix given above. 

For 2 sequences of n variables the relations between the ur’s are those which express 
the faot that the symmetric matrix of order w +1 of the coefficients of the general 
quadratic function 

f(x i 1 r 2 ) ...^)=Sw M . Js a,-i»U 2 I a. -V*. (?i + ffa + ---+g,i> 2 ), 

formed in the same way as the matrix given above shall have rank not greater than 2 , 
for these are the conditions that the quadratic function / shall be expressible as a product 
of linear factors. Each relation has degree 3, being formed by equating a determinant of 
order 3 to 0 . 

Ex. ix. For 3 sequences of 2 variables such as [a,/3,], [ 03 ) 82 ], [asj 8 3 ] there are exactly 
3 independent relations between the w’s. When these are formed as m Note 3, they are 
the relations of weights ( 2 , 6 ), (2, 7), (3, 0) 1 

A. W 20 = W,o a . ( 9 Wo 3 2 - 407,), Woa W ra + Ooa 8 ) + U7,, 2 . (W M a - 30701W M ) + W la 2 . (w 01 a -3woa) 

+ W, 0 W, 1 . (4Wo, 3 Wo 3 — Wo,Wo 2 3 — SWga 07 (h)+ a7,oa7, a . (2 u7q2 2 - 00701 Wob) 

+ W„Wi 2 (9Wq3 — Wq, Wqj) j 

A . Wj, = W,o a . (Wjjs 2 Wq 3 — 3Wq, W 03 a ) + w„ a . (® 01 2 Wqs — 3 u 7 q 2 X w ) + S 7, a 2 . (w 0 , 3 — 4Wo, tZ7 w + 9 W(h) 

+ w,oW„. (9woa 2 — W 01 W,BW03)+Wi 0 a7 ia . (2m 0 , 2 — GwqjWqj) 

+ 07,1 W, a . (4w M a - 3 u7qi Wgg - W 01 S Wga), 

A . W 30 = W,o 8 . Wfl 3 2 — U7 ,, 3 . Wq 3 + 07, a 3 — W,o 2 W„ . W 09 + a7,o 2 W, a . ( W^ 2 — 2w 0 , U7gg) 

+ W„ 2 737 ,o . Wq, Won + w ,, 2 nr 12 . W ra + W, 2 2 ur ,0 . (wg, a — 207,^) — w, a 2 07,, . tZ7 0 , 

- W,o w„ W, a (w 0 , TDqjj — 30703 ), 

3W03 0 Wqq 0 

1 2Wfl2 3 Wq3 2u7q, 07q2 

3 Wq, 2 o 7 q 2 3 2w 0 , 

Q % 0 3 


n, og 

01 & Ta a j8 a 72 11 

71 72 L«1 Pi 7 i 

_ 1 1 _ 


where 
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/ 


/ 


A simpler sot of relations of weights (3, 2), (2, 3), (3, 3) obtained by the methods 
described m Note 6 is 

A'. ot 1( ,=nTjy (3 OT)q — arm 9 ) + ar 21 (2OT ln - ar u i — 3a7n) + 3ar 10 (3a7 n2 — arm 9 ), 

A ar 0 j=ari2(2arniar l ,i —3nru) + ar < j 1 (3ar()2 —arn^J + Sardd (3ar;jo — arm 8 ), 

A' ari 1 = ar 1 . ii (3aroiar)ju —arioarii) + ar 2 i (3armar (K1 — ar n i ar^) — 3a7 12 ar a i 

— 3 ar 30 ar () j — Sar^ or w a 7 oo + 27 ar,^, ar 03 , 

2 aroo arji ar^ 

whore A'=— ar^ 207^ ar 0 i ==4ar2i)ar oa —aru J —ar 0 i a ar 2 n —ar^^aroa + armtiroiaru. 
ario 2T U 1 2 

Ex v Many relations between the ar’s oan be obtained by evaluating products of 
two matrices as m Ex. viii. 


Thus for 3 sequences of 3 vanablos such as [ai/Siy^, [nyftjys], [njftjys] we have 


“ <*1 a a n 3 

Pi Pa Pa 
7i ~H 7a 

L 1 1 1 


where [<d]*°=i 


r a a a 3 , . Paya+Paya, . • , ua + a 3 , , . , 1 

a s a li Payi+Piya, •» -1 as + aij ■ > --J l = [o>], 

_ a i«2i ”5 • -j Aya+^ayii • ■> ■ 9 a i + n a> j ■ , 1 _ 


- 30%) 

wiao 

WlIB 

wm 

207^)! 

207210 

207200 

Who 

Wioi 

Winn 

w 3 io 

3ar u30 

Won 

2®rai 

Will 

2w ia , 

Willi 

2W(|2o 

W,IH 

W,)l„ 

Waoi 

®091 

30-003 

2ar uia 

2ar 11K j 

Win 

Wioi 

Won 

2 w ( K )2 

Wool 



Wooa 

won 

WlOl 

Will) 

2wion 

2woio 

2®'ooi 

3 Wool, 


and therefore all the simple minor determinants of [<o]*° vanish. Only 7 of the relations 

thus obtained aro independent, whereas there are 10 independent relations in all. We 
can however obtain 3 other relations by homogenising the 3 relations of Ex. ix m the way 
desonbed in § 198. a. 

The elements of the 10 vertical rows of [a]* 0 are the coefficients of tho 10 derivatives 

L J 4 

of order 2 of the general cubic 

/=Sar A ^,,r x ?/V, (X+^ + v ;|>3) 


with respect to x, y, z and the homogenising variable. Hence wo could deduco tho abovo 
relations from tho foot that in this case (because n<fc r) f cannot bo expressible as a product 
of linear factors unloss its derivatives of order 2 have a common root (which may be any 
common root of tho 3 linear faotors). This argument is not applicable when (os in Ex. ix) 
we have n< r. 

The construction of the matrix [<o]*° becomes more apparent when we consider the 

corresponding homogenised relations between the homogeneous o^s of 3 sequences of 
4 variables 


Ex. xi, For 3 sequences of 4 variables the matrix [a)]* fi whose 15 vortical rows are 
formed with the coefficients of the 15 derivatives of order 2 of the general function of 
degree 4 

0o-f‘a'+r+a^4), 

with respeot to x,y,z,w and the homogenising variable has degeneraoy 2, and all its minor 
determinants of order 4 vanish. 

This can be shown by expressing [a]* 6 as a product; and it also follows from the fact 
.that if / is expressible as a product of linear faotors, its derivatives of order 3 must have 
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two common roots (which may be any two common roots of the linear factors) Since 
the relations thus obtained are necessary but not sufficient conditions that f shall bo 
expressible as a product of luiear factors, they cannot include all the 22 independent 
relations between the ot’s, and are equivalent to less than 22 independent relations 

In general whenever we con obtain some of the relations between the ro’s of 

r sequences of n variables by using the fact that the matrix formed with the coefficients 
of the derivatives of order r- 1 of the general function of degree r 

f= 2or aiW ^#,<*1 xfi . XrS, (?i + y 2 + +q* k 5 ’), 

has degeneracy w-r + l, bo that all its minor determinants of order v vanish, but wo 
cannot obtain a complete set of mdependent relations in this way, except m the special 
case when «=2 as m Exs vn and viii. 

3 Expression of any monotypic symmetric fu/nction as a function of the 
cr’s of order 1 , or as a function of the ra-’s of degree 1. 

The applications of symmetric functions which we shall make in the latter 
part of thin chapter are based on the two lemmas which will now be given. 

Using the notation \ u = \\ m X U a Xu«] in (3) and (4) let 

T,M> - «£'<£■ • • <4"”. so that T, = «£■«£■.. «4r = r,<» <>. 

Then if the elements of the sequences ... X, formed by the indices in 
Tj, T a , ... T r are regarded as arbitrary, and if we evaluate by direct multi¬ 
plication the product 

2 {T^ T^.T^K. . 

we obtain for each of the values 1, 2, 3, ... r — 1 of i the equation 
%{ Tp ... Tf + \ +0 } = 2 {T^ . T^\ 


-2 {TpdTJto+i ). T^>. .2V*0) _ s . y a (*,). ^(a,). p.(M)} 

- ... - 2 {TfMTfH+i *. .... T x to- 1)}, .(A) 


which is an identity m the elements of the r matrices X lt X i} ... X r , and 
serves to express monotypic symmetric functions of order i + 1 in terms of 
those of orders i and 1 From the r — 1 equations (A) we can deduce in 
succession the equations (a 2 ), (a*), .. (a,.) of the set 

X{T^} = ^{T^} . (ai ) 

. 2 [T ^. T^} = 2 {2\W}. S {T^} - 2 { T+% .(a,) 

N ,. 2 {T^. . TJM) = S (. 2 {T ^}. 2 {T^\ 

-2 {T^} . 2{T 1 ^l TjM] - 2 {TJU} . 2{2V^ T^} - 21 T^\ . 2{2V Ai) T^} 

+ 22 (a,,) 

jV<.2 [T,M. T a (As) • ■ TW) = 2 . 2 {r a M}. 2 {2V*.>}. 2 (ZV**>} 

- [2,(2 [TV*-)} 2 {T^)}. 2 })] 

+ [22 4 (2 {2 1 !. 2 [TJH 2\ W T^)}) + 2,(2 [TJM T^)}. 2 [Tju 2^j)] 
-62{T l W2\WT 1 WT 1 M].(a,) 
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whore N 2 = = ... =1 Here S 0 means the sum of the six terms 

which cun be formod from the one given by permutations of the symbols 
\i, \a, X.J, when theso arc regarded as all different. The ith equation has 
the general form 

Ni.t [TJM.TP* . T t M]=U % - U^ + ...+(-l) i ~ k U b + .. + (-iy- 1 Z7i, 

.(ft.) 

where N % — 1, U b is a sum in which each term is a product of h monotypic 


symmetric functions of order 1, and in particular 

£7; = S{^>} SITJU}... .SffiWJ, .(20) 

£7i = (i - 1) I 2 {T^T^... 2’^)}.(21) 


These equations are identities in the ni elements of the r sequences 
X l} X 2 , ... X T whon tho eloments of \ 1( Xu, ... X,. aio arbitrary. In order 
that they may remain true when any particular values whatever are assigned 
to the indices forming the sequences Xq, Xu, . . wo must supply numerical 
factors N u N s , ... N r on tho left, this being necessary because in such cases 
the S’s are defined to contain no repeated terms If in the ith equation tho 
i soquonces consist of t distinct sequences repoated i\, r, i3 ... r T times 
respectively, the numerical factor N t is given by 

Xf x = r 1 1 n>I ... r T 1 .( 22 ) 

Accordingly it is equal to 1 only when X 1} Xu, .. Xi aro all different, and it is 
equal to i\ when they aro all equal. In tho first equation we always have 
N x = 1. No additional numerical factors arc required on tho right because 
each sum is of order 1 . When those numoncal factors are supplied on tho 
loft, tho equations serve to express all monotypic symmetric functions in 
terms of those of order 1, i.o. in terms of tho <r’s. 

Ex. xii. If T{\ T{ n aro tho products into which tho substitutions of A'i for 
A'a, A'a, AT 4 oonvort Ty, 7 7 3 , 7* rcspootivoly, wo can oxpross tho fourth equation ( 04 ) in 
the form 

N,. 2 {TiTtTM** Ui- CT„+ Ut-Uu 

whoro 

^4=ST , i.S7 , i'.s7 T 1 ".s7 T r, 

27Y. 27 7 1 "7Y"+27 7 1 . 27 t 7.27 1 i"'^’i'-t-s7i. 2 TV", 27V TV' 

+ 2 TV'. 27V". 27 7 1 7 7 1 '+27 7 1 "'. 2 TV. 27 7 1 7 7 1 "+27 7 1 '. 2 T{' 27 7 1 7V", 

27,-2 {S7 7 !. 27 7 1 '7 1 1 "7i"'+s7 7 x / . 27\ T{" +2 T". 2 T x T{ TV"+27f". 27' 1 7 T i'7 7 1 "} 
+{27 7 1 7V. 27 7 1 "7 7 1 '"+27’i 7 t 1 " . 27 7 1 "'7 7 1 '+27 7 1 7 7 i"' . 27 7 1 '7 7 1 "} ) 

U x =62 T x T{T{' T{'. 

The possible values of are 1, 2, 4, 0 and 24. 

Noth 5. Extension of the validity of the foregoing agnations. 

By putting some of the sequences ATi, A'y,... X r equal to 0 we see that the equation (a*) 
remains true when r <i, provided that we interpret 2 {7\ T’y .. 7 7 i } to be 0 when the number 
of those sequences is less than i. With this understanding the equations (ad, (a a ), (as),... 

10 


0. m. 
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are tiue when r is an arbitrary positive integer In the same way we see that we can use 
the equation (A) wheu there are only i sequences, provided that we interpret the sum on 
the left to be 0 Thus for i sequences JTi, ... we have 


2 srpO'i) a) iji (^i) 

= 2 {T 7 !f^^ l) 


T.^ . .7 T , lx<) }+2 T^ +l) . Ti 

+ -f- 2 { 


(^i) m (^a) 


rp (*ib 
I 


•T z 

T^-'\ . .. (B) 


when the elements of \ lt X 3 , . A i+1 are arbitrary. When these elements are given integers, 
we must supply the appropriate numerical factor to each sum as in the sums on tlic left 
in formulae (ad, (ao), (as), .... 


Note 6. Alternative methods of determining the relations between the ur’s of i sequences 
ofn variables 


We can determme the 



—in- 1 independent relations between the tv's of 


% sequences of n variables by applying the identity ( 01 + 2 ) to i sequences, the expression 
on the left being then 0. The relatious of various weights are obtained by assigning 
various sets of values to the elements of the sequences X x , • ■ A i+1 , these being so 
chosen that tho total weight is not less than r+2 and the weight in each individual 
variable is not greater than r. We can also obtain them by applying formula (B) to 
1 sequences Illustrations are given in Exs. xiii, xiv and xv. 


Now let S be any monotypic symmetric function whatever of the elements 
of the r sequences of n variables given in (2); let its order be i, where i^r\ 
let its weights with respect to the n variables x 1} x i} ... x n be u 1} u^,. . Un, let 
its total weight be w = + ... 4 - u n ; and lot it be expressed in the form 

8 = .t«n = S {^iT a ... T{), .(23) 

where the T *s are given by (4). Then in obtaining the equation (a!), in 
which every sum on the right is one of the functions cr, we have proved tho 
following theorem which we call Lemma A. 


Lemma A. The monotypic symmetric function S given by (23) can be 
expressed in the form 

S = F(<r plPti iPn , ..., ...)=F (<r),.(a) 

where F(e) is a rational integral function of those functions a of order 1 
which have total weight not greater than w, and has the following properties: 

(1) The coefficients of F(cr) are rational numbers. 

(2) The function F{cf) is isobario in the as with respect to each one of the 

variables x 1} x^,... x n , the weight of every one of its terms with 
respect to x^ (1 e. the value of $p h in every term of F) being equal 
to the weight u^ of S with respect to x^. 

(3) The degree of F (<r) in the <r’s is equal to the order i of S. 
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(4) 

In every quantity <r Pllh Vn occurring m F (a), p k is 
of the integers \ lh , X^, ... X^. 

ft sum of ceriain 

(5) 

If Ni is the number defined in (22), the term of highest degree in 
F (c) is 


1 

• °"A 11 A la A ln ^Afl! A aa A a jj • ■ • ^Aft A ia , K{ u i • • 

. (20') 


and the term of lowest degree in F(cr) is 



\ *-) • • °Mi«2 H n . 

.(210 


By substituting for every function a- occurring on the right in tho 
equation (a) of Lemma A its value in terms of the -ars as determined m 
Note 2 we obtain the second theorem which we call Lemma B. 


Lemma B. The monotypic symmetric function B given by (23) can be 
expressed in the form 

«=G , K, Sa ..)-<?(«).(b) 

where G (zs) is a rational integral function of those functions ra of degree 1 
which have total weight not greater than w, and has the following properties: 

(1) The coefficients of G (zr) are rational numbers. 

(2) The function G (zr) is isobaric in the zr’s with respect to each one of the 

variables x Jt x», ... tr n , the weight of every one of its terms with 
respect to x h (i e. the value of %qi L m every term of G ) being equal 
to the weight Uj t of S with respect to x^. 

(3) The degree of G(- nr) in the zrs cannot be greater than the total weight 

w of S, and cannot be less than the degree of B in each of the 
matrices X u X s ,... X r . 

(4) The terms of the highest possible degree w in G(zr) all differ by 

numerical factors only from the product < or" , 10 0 ®-^ 10 n ... to-' 1 " 0 
but such terms will usually cancel except when B has order 1. 

(5) When r is arbitrary, the term of lowest degree in G(zr) is -sr,^ ftft 

multiplied by a non-zero numerical factor, but this term vanishes 
when r is given and is less than w. 

(6) When r is given and is less than w, the equation (b) expresses B in 

terms of the vr's which have total weight not greater than r; for the 
other -bep’s all vanish. 

The second property in (3) follows from the fact that every w has degree 1 
in each matrix; hence if the degree of G(*r) is p, no term of S can have 
degree greater than p in any matrix. The second property in (4) follows 

10—2 
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from the fact that no other product of the -bt’h occurring in G can hnvo 
degree w in each matrix; hence if such terms do not cancel, S must have 
degree w in each matrix, and this is only possible when its order is 1 . 

Noth 7. Insertion and removal of zero su fixes. 

In tlio equations (a) and (In) wo can insert or remove k /iOro suffixes occupying corre¬ 
sponding positions in all tho o-’s or m’a. Wo then obtain equations true for n-\-k or 
ii - k variables, the k variables which huvo Ikjou added or roinovod being such as do not 
actually occur in S Consequently in writing down thoso equations wo may always 
supposo tho number of variables to bo equal to i, tho order of S. 

Note 8 . Cases m which the function G(vs) of Lemma B is unique. 

From Note 4 wo see that when r is arbitrary, tho function G (re) m (b) is uniquely 
determinate. For particular values of r, when Ur’s of total weight greater than r are 
replaced by 0’s, tlio function G (or) is unique if and only if there is no relation botweon the 
ur’s of weights iq, u. i7 .. u n , in particular it is uniquo whouover its total weight is less than 
r+ 2 , Le. when r <| w- 1 . 

Ex. xm When there is only one valuable [,u] and r is arbitrary, wo have for tho 
r sequences [ni], [« a ], [n 8 ],... in accordance with Lemma A ■ 

2 n 1 2 a 2 = o' 2 tri - tr 8 , 22a^a^=crf-ai, 2 Sn 1 2 n 3 a 3 =(r 2 (ri a -(ra 2 - 2 (r 1 o- 3 -t- 2 o- 4 ; 
and therefore m accordance with Lemma B 

Sad oa=>ar 2 rai - 3ur 3 , Sad a a 2 =ar a 2 - 2 m 1 ar 8 + 2ur 4 , Sai 3 a 3 03 = ■ar 1 ar 8 - 4^. 

By inserting zero suffixes wo see from tho lost result that for r sequences of three 
variables we have 

Sai 2 a 2 a 8 = ztr 100 01300 — 4nr 1() (), S0i 2 020 8 =aroioO7Q3o — 4 u7q4o. 

Ex. xiv When thero aro two variables [x 7 y\ and r iB arbitrary, we have for tho 
r sequences [ai0j, [a 2 0 a ], [o 8 0 3 ], ... in accordance with Lemma A: 

Sai 2 0 a =o-a,CT-oi- 0 ‘ 2 ij Sa 1 a ^i/3 2 =(raitroi-o'a3, 2 ai s 0 a a = 0 - 200 - 03 - 0 - 33 , 

22 a 1 a 0 2 £a= oao^oi 3 _ C2n<ro2 ~ 2 iroi 0 - 31 + 20 - 33 , 

2 “l^lUaft s= 0 'll 0 -xfl 0 - 01 — on 3 - 0 - io 0 - i 2 ~o- ra cr 2 i-|- 2 or 22 , 

and therefore in aocoi*dance with Lemma B: 

( 1 ) Sai 2 = (arm ®ii - ®oi ®ao) + ra , 2 i, 

(2) 32a 1 a 0i0 a =(ur 10 ur 0 i ®u + 2 o 7 10 2 nr w - or 01 2 + (ar 01 ar al - 2ar 10 ar 12 - 2zd' 80 ot 02 - ® n a ) + 2 ^, 

(3) 32ai 2 0 8 a = 4 (wioW 01 a7n - ®i(M )2 - ^oi 2 ^) + (lOoraouroa - 2m 10 m la - 2m 01 a7 2 i - ar n 2 ) + 2ar a2 , 

(4) 3201*0203=(aio a ®b 2 - ® , io®oi I °ii + ^oi^m) + ( 2 o 7 10 a 7 12 - - 4 a 7 M iir 2 o + arid) - 20733 , 

(5) 32ai0iO20 8 = (ur 10 a7 01 ar u - zr^ha^ - ar OI a nrao) + ( 4 a 7 2 n ztr ua - orn 2 + or 0 i w 21 + m 10 za l2 ) - 4 a 7 22 . 

When j-= 2, and we negleot Ur’s of weights 4 and 3, the equations ( 2 ) and (3) cease to 
be unique. In this oase we have by Ex vii the relation 

® 10 a ar oa — O7 10 07oi ^11 + O7oi 2 OJ’SO = 40720 ^os — ®n 2 , 

and the equations (2) and (3) can be replaoed by 

(2') 2ad0i0 s = aroa (®io 2 - 2ar 02 ), (3') 2a 1 2 0 a 2 c =ar u 3- 
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Again when r= 2, the left-hand sides of tho equations (4) and (5) vanish (or wo may 
cousidor that a 3 =/9 3 =0), and each of these aquations becomes tho relation of Ex. vn 
given above, winch we could have obtained in this way. 

Ex. xv When there are three variables [.<?, ?/, s] and r is arbitrary, wo have for tho r 
sequences [aiftyj], [aa^yj, [ajftjya], .. in accordance with Lemma A 

Sai J ftya=o i aio ffmo Cuoi — a'm mm — 0‘au (rmo — frain o"iku + 2o"an; 
and therefore in accordance with Lemma B : 

32«i 3 ft)y3 = { ot3 hxi ®un - ®iuo (^oin ^ioi ~ ^mi ^lin) + 2 ®iihi ®uni ra'ami} 

+ {2wu)i OTiio + 2®mo ®in — ^aoi ~ ^uoi ^nu} — 2wan- 

When ?•=2, tho last equation becomes one of the relations of Ex. vui, viz. 

®®mi) , s®iiii - ST]on (W(iio wiui — Wnoi a7 iin) + 2 ®oki ^noi ot 3m = 4wiiu Wjoo — ^ OT ioi ^iio- 
TIiuh this relation of weights 2, 1, 1 between the w’s of 2 sequences of 3 variables can 
bo obtained by applying tho identity (a.,) to 2 sequences of 3 variables, putting Xi = [200], 
X a = [0 1 0], X 3 =[00 1] ; and it can also be obtained from the identity (B) in the Bamo way 
when i = 2. 

Ex xvi. Relations between the •m‘s of 2 sequences of n variables 

When wo have 2 sequences of n variables, tlio left-hand side of (a.j) vainslias, and wo 
therefore have relations between the afs of tho form 

«»»■■ ,-)=7 ?T (®)= 0 i (ffi + f/ 3 + +ynt*2), 

where 

2 {7 T 1 ^‘ ) }. 2 {T 7 ^} 2 {T 7 /^} 

- 2 {T 7 !^' 5 }. 2 7 T 1 (Xa) }-2{7 T i ( H. 2 {7' 1 (X|) 7\ (X|) } -2 {T 7 /^} 2 {T^ 2 T / XJ } 

+ 22{7 7 1 (x ‘ ) 7 7 1 (x J ) 7 7 1 (Xl) }, 

and the soquonoes Xi, X 2 , X 3 are so chosen that tho total weight of F(?jr) is not Ichs 
than 4, and its weight in each individual variable is not greater than 2 For other vuIuoh 
of Xi, X 2 , X 3 tho function F (nr) vanishes identically. 

Thus if n= 2, and we put Xi=[l 0], X a =[01], X 3 =[l 1], wo obtain the relation of woiglits 
2, 2 given in Ex vii. Again if w=3, and wo put Xi=[100], X 2 =[0 10], X 3 -[002], or 
X, = [00I], Xa=[001], X 3 —[110], wo obtain tho relation of weights 1, 1, 2 given m Ex. viii. 

We oan obtain the same results from tho equation 

2 {T^ . T 7 /^}. 2 {T 7 /^} =»2 {T^ l) . Tfti} + 2 {Ti tx * 5 . T.^\ 

whioli is the oquation (B) whon i=2 , and is true for 2 Hoquonces of n variables. 

Note 0. Other methods of expressing the mouotypio symmetric function & of Lemma B 
in the form Q (w). 

Tho method used in the proof of Lemma B, besides being very laborious in application, 
does not usually load to tho simplest possiblo rational integral function O (w), except in 
tho special ease when U (m) is unique. It is often simpler to use other methods such as . 

(1) to assume an equation of the form S=G (nr) iu which tho coefficients of Q (nr) are 

constants whoso values are to be determined by ascribing various sets of 
particular values to the elements of the sequences ; 

(2) to make a classification of the products which cun be formed with the w’s, eaoh 

product being expressed as a rational integral function of the elements of the 
sequences. 
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Ex. svii In the case of the three sequences [ajft yj], [ 03 / 8272 ]} [aa&ys] we have equations 
of the following types for homogeneous monotypic symmetric functions of degree 2 . 

2ai 3 a a 2 /9 3 2 =® r2 ain — 2tD , aootir 1 20) 2nj 2 «;ry,i a — — 2®3ou a3, io2, 

2ni a a2 2 ^373=a3 , ai()®'an —^sno^iiij Siu 2 ft 2 113/83 = raa™ ^ 1 ^) - 3ar ;WH i rs m , 

2ai 2 ^ 8 2 a873=tD , 210 raf lU — nr 20l ar 120'~ ‘ ar 3OO t3:r 031> 2«i 2 (1 2 72/3;|73 = ^10^lCKi -ET'HHIra'liri 1 

2«i 2 ^273^3 73 + 2«i ^10375)/ 3 a 73=ur 120 Wuh . 

These results are easily obtained by the second method of Note 9 . The general method is 
only required for the evaluation of the one function 201/810273/8373. 

§ 198. Homogeneous symmetric functions of the elements of r 
similar sequences. 

1. Homogenisation of a monotypic symmetric function. 

Let X = \x^...x n \ Y =[y,7/ fl .. VnVn+i], 

where the x s and ij s are scalar variables; 

let X h = [ctfciQfjfca... a^J, Y k = H.J, (Jc = 1, 2, ... r), 

be respectively r values of X and r values of Y in which all the elements are 


arbitrary; 

and let S'= S’ UlUt Vn = t{T 1 'T a '...T r '}, .(A') 

where T h ' = (/c = 1, 2, ... r ),.(a') 


be any monotypic symmetric function of the elements of X u X a , ... X r which 
has degree s in each matrix and weights u u u 2) ... u n with respect to x 11 x a ,... x n , 
so that 

h + h + •.. + \rh — (h = 1 , 2 , ... n). 

Also, os is clearly possible, let \i, 7H .i, X^n+i, ... A, rt7i+1 be positive integers, 
one at least of which is 0, so chosen that 

fyfci +\fca+ ... H- + kfc.n +1 = S, (k =1,2, ... r); 

and let u n+1 be the positive integer determined by the equation 

\n+l + V«+l + •• • + = Mii+i, 

so that Ui + w a + .. + w n+1 = rs. 

Then the equation 

S = S, llUi 1ln ii n+1 = %{T 1 T B ... T v } } .(A) 



defines a uniquely determinate monotypic symmetric function S of the ele¬ 
ments of the r matrices or sequences Y u Y 3 , ... Y r which is homogeneous of 
degree s in each of these matrices according to the definition of homogeneity 
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given in § 197, and which has weights u u iu A , . u n , u n+1 with respect to 
y u y*> yn,yti+il and because one at least of the integers \ ]in+ i, ■■■ 

is 0 , 8 is not divisible by the product 

'SLi+i = &,n+i ^q.ih -1 ■ ••Sr,n+i . (-0 

Wo call $ the homogenised monotypic symmetric function of degree s (in 
each of the Y’s) derived from S' by the substitution 

[®l CCn... BC n \~\ = [t/j 2/a ■ • • y% Z/n+i]* 

To obtain it from 8 f we introduce into each of the products T/, T*, ... T r ' 
expressed in terms of the new variables an additional factor which will raise 
its total degree to s, the new factor being a power of the value of y n . hl appro¬ 
priate to that product. Conversely $, which may be any monotypic symmetric 
function of the elements of the r matrices Y 1} F fl ,... F r which is homogeneous 
of degree s m each matrix, has weights u 1} u a , ... / u nlt iin+i, and is not divisible by 
is re-converted into S' by the substitution [yiy<i...y n yn+i] = [oi® a ...® n l], 
i.e. by the substitutions Ski = a fa (when h =(= n +1), Sk,n +1 = 1- Thus these substi¬ 
tutions establish a one-one correspondence between all monotypic symmetric 
functions of the elements of the matrices X lf X 2l ...X,., and all those monotypic 
symmetric functions of the elements of the matrices Y 1} K, .. Y r which are 
homogeneous in each matrix and are not divisible by «■»+,, corresponding 
symmetric functions having equal degrees m their matrices 

More generally if we choose the new indices and w n+1 so that 

+ ■ ■ + ^fe,n+i = s + \,h+i + ^a,H+i 4- ... + X r ,7i+i — ^n+i> 

then (Sf is homogeneous of degree s +1 in^ach of the matrices Y 1} F a , ... Y r , 
it is divisible by ■OT t n+1 but not by any higher power of and it is 

convertible into S' by the same substitutions as before. Wo call if the homo¬ 
genised symmetric function of degree s + i in each matrix which corresponds 
to S'. 

We can of course write 

[2/i2/a ■ ■ • 2/n+i] = [&i®a • • • ®ii+i]> {.SkiSki • • • fth,n+i] == [ a ii &ki ■ ■ ■ a &,7i+i]* 

Then to obtain S from S' we homogenise S' by the introduction of a new 
variable cc n+u or by the substitution 1 = oc n+1 . 

We shall usually suppose homogenisation to be effected without change 
of degree. 

Ex i. To the monotypic symmetric functions of degree 3 

Si = San a ai2 a 2i, St = 2fln a naa^aflsi 3 

of the elements of the three sequences [ana^am], [agia^aas], [a 3 i 032093 ] there correspond 
the homogeneous monotypio symmetric functions of degree 3 

$ 1 = 2 au a aia agi 024 s 034 ®, S%= San 2 a 14 a>j$ 033 034 a si 3 
of the elements of the three sequences [duauiaiaau], [osidsaoasojJj [ 031032033034 ] 
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Ex. ii. To the monotypic symmetric functions of degree 3 
£i'c=2ai a /3iaa, 5jj'=2(n 3 ft!yH fl :i 3 

of the elements of the three sequences [ai/3i*yJj [aa^ayji [ n j/3j ya] there correspond the 
homogeneous monotypic symmetric functions of degree 3 

S x =» 2ai a j9i aa Aj 2 S3 3 , S» = Saj 2 Si y» Sa aa a 
of the elements of the throe sequences [aifryiSi], [ny&yuSa], [« 3 ^ayT 83 ] 

Ex. lii. Homogenisation of the elementary symmetric f unctions. 

Let the elementary symmetric functioas of the elements of tho r soquonces A'], Xj,. A',, 
and those of tho elements of the r sequences Yi, Y i} . . T r ho denoted respectively by 

“Va V (?i+?»+■• +<?«>»’)) (f7i+?a + .- + 3'« + i^?')- 

Thon when q u q 2> ... g n are given and are not all 0, the symmetric function of degree 1 in 
the Fs which wo obtain by homogenising q n ™ the function „ w+1 m which 

q n+l lias the value given by qi+Q 2 +...+q n +q n+ i=r. Thus there is a ono-ono corro- 
spondenco between all tho elementary symmetric functions of the elements of the A”’s (with 
the exception of ra^oo .o) and all thoso elementary symmetric functions of the elements of 
the Fa (with the exception of ar 00 0r ) which have total weight r, two corresponding 
functions having the same degree 1 in each of their matrices. Wo may consider furthor 
thnt to the function n =l of degree 0 there corresponds tlio homogeneous function 
^0 ii n r = ®» + i of degree 1. 

It will bo observed that an elementary symmetric function of degree 1 of tho elements 
of r soquonoes is liomogoneous when and only when its total weight is equal to r, so that 
it lias order r. 

2. Relations between the homogeneous ur’s ofr sequences ofn +1 valuables. 

By the homogeneous -bj’s or the homogeneous elementary symmetric functions 
of the elements of r similar sequences we shall mean (see Ex. iii) those of the 
•ot’s which have total weight r, i.e. those in which the sums of tho suffixes are 
equal to r. All independent rational integral relations between these homo¬ 
geneous i/s may be supposed to be homogeneous in them. 

Let F (■et / ) be any given rational integral function of degreo g, of tho 
elementary symmetric functions of the r sequences X u X 2 , ... X T defined in 
sub-article 1, and let (?(«■) be the function which we obtain when we first 
make F (•ex') homogeneous of degree fi in the functions cr' by the substitution 
1 = -s/oo . 0 ) and then substitute for every quantity ^ / q 1 q 2 :.,q n tho corresponding 
quantity . q n q n+1 in which has the value given by 

<Zi + ?3 + • ■ ■ + Qn 4- QVi-i 5:3 r - 

Then Q (-nr) is a homogeneous rational integral function of thoso elementary 
symmetric functions of the elements of the r sequences Ti, F Sl ... F r which 
have total weight r, and we will call it the function of the homogeneous 
-bt’s of the r sequences Pi, Y 2 , ... Y r obtained by the homogenisation*of the 
function F (cri) without change of degree. There is a one-one correspondence 
between all such functions as F(v/) and all such homogeneous functions 
as 
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If F (fir') when expressed as a rational integral function of the a’a has 
the form 

F (xr ) = 0 (®n j ttja, ■ • • ®in j ■ • ■» ■ ■» ®n > > ■ ■ ■ ®ni)» .) 

then G (xr) is the homogeneous rational integral function of the $’s given by 


G (or) = xr\ +1 . 



$i, ii+i 


fin @r s 

@r,n +1 @r,n +1 


fim 

&r, w+i' 


);• -(B) 


and it follows that the equation G (xr) = 0 is an identity m the j8’a when and 
only when the equation F(xr , ) = 0 is an identity m the a’s. Consequently 
the homogeneous relations between the elementary symmetric functions xr 
of total weight r of the r sequences Y x , F a > ... Y r bear a one-one correspon¬ 
dence to the relations between the elementary symmetric functions xr 1 of the 
r sequences X l5 A r a , .. X T> and are derivable from the latter relations by the 
process of homogenisation just described. From Note 3 of § 197 we now 
conclude that: 


Th /j'i'j 


independent relations between the 



homogeneous xr’s (of total weight r) of v sequences of n + 1 variables; and 
these relations are the necessary and sufficient conditions that the genei'al homo¬ 
geneous rational integral function of degree r 

f{y i, Zfe. Vn+i) = • Qn+i 2/i ?1 ?/u 9a ■ • ■ ft 1 1 (?i + 5fe + ■ ■ • + q n +i = r )> 


shall be expressible as a product of linear factors. 

Tho independent relations when determined as in Note 3 of § 197 all 
havo degree 2 r — 1 in the homogeneous xr' s. If i and j are any two different 
integers selected from 1, 2, ... n + 1, wo can take tho rn + J independent 
homogeneous -ot’s to be 

(I) those r +1 in which (p + qj = r, (2) those r (n — 1) in which $+£/=?'—1J 

and the independent relations are then those which express each of the other 
homogeneous cr’s as a rational function of these 771+1 independent homo¬ 
geneous rar’s. 

Another aspect of theso relations is shown in Note 1 of § 199. 


Ex. iv. If F(w > ) is isobano of weights u x , « a , ... u n with rospoot to ,%\ t ,r a , ... x n , then 
G(m) is isobario of weights u X) ?i a , ... u n witli respect to y x , i/ a , ... ?/„, find lias total 
weight rp. 

Ex. v. From the relation of Ex. vii of § 197 

(4ar»). aTjjg — Wji®) — (ar ln a arog - ar 1 (t aP(,i ur 11 + ar 0 ] B ur a i))=O 
between the a^s of tlie two sequences [# 13 / 1 ], \x- 2 yi\ we deduce by homogenisation the relation 
4ot2oo Woao m m +Won ' Z2r ioi ^no ~ ^soo ^ou 3 ~ ^ioi 2 — ®boa w no 3 ™ 0 

between the homogeneous rate of the two aequenoes [a 1 /9 1 y 1 ], [a a /9 2 y a ]. 
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Ex vi From tlio fourth of tho relations given in Ex. i.\ of § 197 ive deduce by homo¬ 
genisation the relation 

2 ar«(ii aim ar lltJ 
2 Win 2 : 0 ( 10 ! ar,| 1;J . isThh 

^nii Wnm 2ra , , )ftl 

= (2^210^oigWioo — StETyootOom" — ‘^’lai^iua 8 ) *^ 00:1 "H 3 (3nT3H(|ZD , oai-l'Qi'2oi rar i2o — ^aiu^iu)' ®uur 
between the homogeneous tv’s of the three sequences [«i/3iyi], [a^o-yo], [n-i^ay-t] 

3. Expression of any homogeneous monotypic symmetric function of the 
elements of r sequences as a rational function of the homogeneous ot’s. 

First let S, as given by (A), be any monotypic symmetric function of the 
elements of the r soquences Fi, F 2 , ... F r which is homogeneous of degree s 
in each of those sequences and is not divisible by ^n+i 5 and let S', as given by 
(A'), be the monotypic symmetric function of degree s of the elements of the 
r sequences X u X 2 , ... X T from which S is derived by homogenisation. 

By Lemma B of § 197 there exists an equation of the form 

S' = F(nT', jjljs .,q n , . ) = F(tsr , ) 1 ((ft + q a + ••• + q n ^ ’’), ■■■(O') 

where F(nr') is a rational integral function of degree p of the quantities ■nr', 
p being some integer which is not less than s, the equation (O') being an 
identity in the elements of , X 2 ,... X r . If m (O') we make the substitutions 

= (& = 1, 2, ... r, i= 1, 2, ..«), 

Pk, u+i 

and then multiply both sides by {A.n+i^g.n+i---A» 1 «+i}' 1 = W(i obtain 

the equation 

■ 8 = In+ 1 * —»••■) = («0> (?1 + gs + ■ • ■ + qn +1 = r).. .(c) 

or w^n +1 8 = "n +1 Q fa), .(0) 

where G (or) is a homogeneous rational integral function of degree p of those 
of the quantities nr which have total weight r, i.e. of the homogeneous nr’s; 
in fact G (or) is the function obtained when we homogenise F(vt') in the way 
described in sub-article 2. 

When we regard G (or) as a rational integral function of the homogeneous 
■nr’s, it is not divisible by the quantity w 0()iii0j . = or n+1 , though it may be 
possible to separate off this factor, or even the factor isr^”® when we transform 
Gfa) by means of the relations between the homogeneous -n-’s. But since 
the equation (c) is an identity in the $’s, G fa) must certainly be divisible 
by •nr^j when it is regarded as a function of the /3’s. The quotient, being 
the monotypic symmetric function S of the /S’s, can be expressed as a rational 
integral function of the «r’s whose total weights do not exceed r, though not 
necessarily of those whose total weights are equal to r. 


/ 
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Next let S be homogeneous of degree s in each of the matrices 7 lf Y 3 ,... Y r 
and be divisible by but not by any higher power of . Then it is 
derivable by homogenisation from a function S' of degree <r = s — t, and if S' 
is expressed in the form (O'), where F (nr 7 ) has degree fi in the quantities ct', 
fi being not greater than a-, we have 

s =ft» Kll ft = G .fa) 

where G(vr) is the function of degree p in the ot’s formed by the homo¬ 
genisation of F (<&'), and the equation (C) still holds good. 

In the former case G (ot), regarded as a function of the yS’s, was divisible 
by and therefore ot* G (to-) was divisible by ; in this latter case 
G (to), regarded as a function of the /0’s, is divisible by and therefore 
Ki+i 1S divi sible by 

Ex. vii. If we suppress the dashes as being superfluous, we have the following pairs 
of corresponding results for the two sots of 3 sequences 

Oiyd) Oayji [>3ys] and [fli&yi], [ayftjys], [a 3 |9 3 y 3 ] ■ 

(1) 2/r 1 a y 3 = ar 11 ar 1 || —OTajOToi —ar 31 ; 2ai 2 ^a7a73 2==ar ui air io , j — ^ssn ^oia — Waio^uus- 

(2) 2A , i 2 A , j 9 y. 1 = ar ai cr : )(, — OTjioOTu , OToti)tzr._>,| 1 — 'uJ;uKi a 'iii ■ 

(3) 'i2.i’i 2 y w/y 3 (or lu 2 — 'iir lu ar|) 1 arii-|-ar|| 1 2 iir i j,) + (2a' 1 (|air 1 .j — or t n — -f Un 2 ); 

3nT mo ■ 2ai 2 ^jy. i! /3ay 3 =(ar 2 lu uor() ! 2 1 --a7i().jar„i2arni + or 2 ,i ia :ir a ,i) 

+ (^OTucjurjiJo — OTurj^211) ~ 401 ( 12 !+ ar 2 m ). -arma. 

In the last rosult the first bracket on the right cun be expressed in the form 

[401(12! oi a ii — ai 2 ui +(ot 1 | U ot 1; )() + ar (l] .,iih 1(l ) - 32a(£fi aj7y/3 3 -y 3 ]. 

and is then divisible by Wo can oxpross Sa^jnyyy/S 3 7 3 as a rational integral 

function of tho ofs (though not of the homogeneous ofs) by using the formula 

4 b2ni^iay-yjj3yy3 = 45cr(in<r!(n<ri!i) — 45 (rrmi cr^ij. + cr unciyi +o‘no <r na) -hflOo'sasi* 


§ 199. Monotypic symmetric functions of common roots. 


In this article we shall assume that the theorems of §§ 193 and 19G are 
true generally for functions not more than n in number. Accordingly 
Theorems I and II of this article will be true when n is replaced by n— 1 
if the theorems of §§ 193 and 196 are true generally for functions not more 
than n — 1 in number; and wo shall know that they are true for all positive 
integral values of n when we have completed the proofs of the theorems of 
§§ 193 and 196 in § 200. 

1. Homogeneous symmetrio functions of the common roots of n general 
homogeneous functions ofn +1 variables. 


Let/!,/ a , ...f n be n general homogeneous rational integral functions of 
the n + 1 variables oa 1} x e , ... a n+1 of non-zero degrees r 1} r a , ...r n given by 

f r= ~ a p,p 3 iJn+L^l ■" ^n+l’ CPi + P* + +^n+i “Pt! T=° 1, 2, ... n)\ 


.(1) 
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let their coefficients be called the a’s; let ... r n = r m , and let a given 
eliminant of these n functions, as defined in Theorem I of § 196, be 

E (/Ci, K 2) ■ ■ ■ ^n+l) “ i3a J«n*i ^2 ’ ’ ^ n + l 1 C? 1 d" ^9 d - • ■ ■ "l" = 0 » 


so that p qi g 2 qn +1 is a homogeneous rational integral function of the a’s 
which is homogeneous of degree — m the coefficients of f T , and isobaric of 

^T 

weight r-qh with respect to the variable xj t . For the coefficients of 
tcf, k 2 t , ■ . tfVt-i we will use the alternative notations p u p 2 p ll+l We 
know that pi is the resultant of the n homogeneous functions derived from 
f 1} f 2t ...f n by rejecting all terms which contain x L , and that it is a homo¬ 
geneous rational integral function of the a’s which is homogeneous of degree 


— m the coefficients of f T , isobaric of weight r with respect to the variable 
W] t when h^i, and isobaric of weight 0 with respect to Xi. 


Whenever the a’s have any particular values which do not cause E to 
vanish identically, the n functions/ have exactly r non-zero common roots. 
We will denote these by 


... ®n+i] — • • • tti.Ti+i], [ofaiOfaa - * • ■('0 


and we will suppose that the absolute values of the a’s are always so chosen 
that the equation 


k=r 

(flftx Ki + Ofe fC 2 + ... + C£fc, n+1 K n+1 ) = ~pq iqt g n+1 . 


,?n+i 

'n+1 


..(4) 


is true and is an identity in the ks. This is always possible because the 
coefficients of the various terms m the expansion of the product on the left 
always bear to one another the same ratios as the coefficients of the corre¬ 
sponding terms on the right. 

By a symmetric function of the r common roots of the n functions f we 
shall mean a symmetric function of the r (11 + 1) elements of the r one- 
rowed matrices (3); and by the A;th common root we shall mean the jfcth of 
the matrices (3). As in § 197 the elementary symmetric function of these r 
common roots which has weights q u q 2t ... q n+1 with respect to x. i ,...x n+l 
will be denoted by ^ gi q t , 9n+1 , where q 1 + q s + ... + q n+1 ;}> r. When wo expand 
the product on the left m (4) as a rational integral function of the /e’s, the 
coefficients of the various terms are those of the bj-’s in which 


ffi + g'ad ... +g ft+1 = r, 

i.e they are those monotypic symmetric functions of the r common roots 
which are homogeneous of degree 1 m every one of the common roots. 
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When we equate coefficients of corresponding terms on both sides of (4), we 
see that for all particular values of the a a which do not cause E to vanish 
identically wc have 

<ln +1 = P'lito <In h 1 * (ffi + tfa + ■ ■ + tf«+i = r )> .( 5 ) 

where the -or on the left is a function of the common roots , and the p on the 
right is a function of the coefficients of the n functions f. For the coefficients 
of K X r , kJ, . . k\ut\ in tho product on tho left in (4) we will use the alternative 
notations t ur ^, 'oj^,... so that 

tS%— Otj^ Ofijf ■ •. Ofj-j,i = 1 > 2, ... 91 + 1), 


and then particular cases of (5) are 

== Pj } 'CJg == p2 J ■ ■ ■ p%} • • • pi i+1 • 


.(5') 


Our object is to investigate tho properties of those monotypic symmetric 
functions of tho r common roots which, like the -bj’s in (5), are homogeneous 
(of the same degree) in every common root. 


Let 

where 


8 = S 


lil«2 


= 2(^ .r h ..T,}, 


«m-i — " i-*-1 -«■ a 


rp — /A 1 n « fcn+l 


(A) 

.(a) 


be any monotypic symmetric function of the r common rootH (3) which is 
homogeneous of degree s m each root, i.e. in the elements of each one of tho 
matrices (3), and has weights u^, .. u n +i with respect to tho variables 

ic a , ...Wn+i, so that its total weight is rs, and 

+ Xjfca + ... + Xjfc, «+i — 8, (/c = 1, 2, ... ?"), 

^i 7 i + X a } L + ... + Xj-ft — u>h> (h = 1) 2, ... n +1), 

Mi + Uq + ...+M n _|, 1 —rs, 


and let ordinary mines of tho a’s be those for which ovory element of every 
common root is a finite number different from 0. 

If Xi is any one of the variables w l3 x, Jt ... w ll+ i> wc can write for all 
ordinary particular values of tho a ’s and for tho values 1, 2,... n + 1 of h 

[offc! ... ajfc, t+1 • ■. ajj.n+i] = a ki [^'Ai • ■ • x k,i- 1 1 


and we then havo 

T* = <4 2V, where T{ = >... A" ....(a') 

and S = vri B Si, .(6) 

where % = S [T^... Tf... T r '} .(AO 

Here is a monotypic symmetric function of the elements of the r matrices 
[x 1 ...Wi n - 1 Xi +1 ...X A+1 ] = [Xi a .. ••• ®A, n +i]> (& = 1> 2,... r)i ...(3 ) 


. i 
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which has weights u lt ... u^, m* + 1 , ... w n+1 with respect to the variables 
ai,... av-i> ®i+\, ®n+i, and total weight rs — u^. The degree of m each 

of the matrices (3') is s when •et 1 is not a factor of 8, and s — t when vr % is a 
factor of 8 repeated exactly t times, but it is not in general homogeneous in 
those matrices. We obtain 8 when we homogenise S' by the substitution 
1 = If we denote each of the elementary symmetric functions of the m 
elements of the r matrices (3') by a letter nr' with suffixes indicating its 
weights with respect to ... x^, a l+li ... x n+1 , then as particular cases of 
(6) we have 

' Er 9lJB- 911+1 = VF 1’’ m Qi- Qi-iQi+1 .?n+i> (9l + ?2+ ••• +(?it+l ==r )} •■•(6) 

where the function vr' has total weight r — q t . 

By Lemma B of § 197 we can express 8 t ' in the form 

^ <?i-i9i+i .?n-u> •• ) — F % (tb') i.(B') 

as a rational integral function of the quantities or', in each of which we 
have <£ + ...+ g , l _ 1 + q i+1 + ... + q n+1 r. Every term of F % is a product of 
certain of the quantities ts in which 

Sq'a — Uju (h = 1, ... i — 1, i +1, ... 9i+l), 

i.e. F % has weights «i, . t^_ 1} t^ +1 , ... u n+1 with respect to x 1} ... a^, 
Xi+i, ... x n+ 1 , and therefore total weight rs — Ui. We will denote the degree 
of F t in the quantities -nr' by in. We do not know p t , but if is a factor 
of 8 repeated t times exactly, so that s — t is the degree of SJ in each of the 
matrices (3'), then by Lemma B of § 197 we must have s -1 ; and if urt 
is not a factor of 8, then m^-s. 

From (5), (■)'), (6), (b') wo see that for all ordinary values of the a’s 


vr 


Vi di-l'li+i <Jn t-i 


_ 9i <Ji ‘<ln +i _ P<] i9a ■ 9n+i 
Pi 


(*fr + q a + • + q n+i = r), 


and when we substitute these values for the quantities , nr / in (B 7 ), wo obtain 

***** (®"9i9a 9n-ri > .) = Gi (V), 8 = G t (nr), .. (B) 

pF-i £> t =Gi(p qi q t < ]n+1 , . ,...)= G t (p), pfi S = pi s Gi(p), ... (0) 

where G x (©■) is a homogeneous rational integral function of degree of 
those vr s in which 9i + q* + ... + q^ = r, and G t (p) is the same function of 
the corresponding p’s. The terms of correspond ono by one to the 

terms of Fi (vr 1 ). We obtain Gi(vr) from Fi(vr') by replacing each of the 
quantities vr by the corresponding quantity -or, and supplying m each term 
an additional factor of the form ©■/ which will raise its total degree in the 
to-’s to m- Thus in every term of G t (vr), which is a product of certain of the 
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nr’s, and therefore also in every term of G t (p), which is a product of corre¬ 
sponding p’s, we have 

’Zqh = Uh, (A = l, ... i - 1, i + 1,... n+ 1), ' 

S ((ft -I-... + ffw + (ft +i + ... + q ll+ i) = rs-u l , - .(7) 

2(ft = ~ ( rs ~ u i) = ih -r(s- p t ). i 


Let the p’s and each term of G % (p) bo expressed as rational mtegral 
functions of the a’s. Then if f T is any ono of the n functions f, the p’s are 


all homogeneous of degree — in the coefficients of f T ; therefore every term 


V 

of Gi (p) is homogeneous of degree p t — in the coefficients of / T . Again if cc h 

is any one of the variables x 1} x s , .. then p, JlQ „ , In+l is isobaric of weight 
r — Qh with respect to x h in all the a’s; therefore from (7) we see that the 
weight of every term of G{ (p) with respoct to in all the a’s is 


S (r - q h ) = rp n — Sq h = rp z - u h when h =1= i, 


2 (r - (ft) = rpi — 2(ft = rs — v l when h = i. 


Thus G % (p), regarded as a rational integral function of the a’s, is homo- 

gcncous of degree — in the coefficients of f T , isobaric of weight rp t — U& in 
I't 

all the a’s with respect to x h whon h =)= i, and isobaric of weight rs — u t m all 
the a’s with respect to 

If Xj is any other of the variables x^ x a ,... ® n .|i different from x { , we can 
obtain in the same way equations of the forms (B) and (C) m which i is 
everywhere replaced by ft>and from these two sets of equations we deduce 
the equations 

P*' Pf* • (p) = Pj* Pi ^ (p). 

in which pj like pi is a positive integer; and this equation, being true for 
all ordinary values of the ft’s, is an identity in the a’s. Since p( and pj are 
irresoluble functions of the a’s, it follows that Gi(p) must be divisible by 
Pi' 1 *- Therefore there must exist a rational integral function II of the a’s 
such that 

Pi* ■ ^i (P ?lli • 9»u ’ ■ 1 ■ ’ ’ • •) ‘ ^ifh>i Pt"‘Pn±i> ■ • *» • ■ ■)».(1^) 

this equation being an identity in the a’s, and boing analogous to the 
equation (0) of § 198. 

The function H, like the other factors on both sides of (D), must be 
homogeneous in the coefficients of each one of the n functions f and isobaric 
in the coefficients of all those functions with respect to each one of the 
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variables oc lt a ^,... a; n+1 . If its degree in the coefficients of f is s T , we sec by 
equating the degrees of both sides of (D) that 

r , r r , rs 

s — + fL l - = iH-+s T , or s T = — ; 

T t T t ' T t T r 

and if Vh is its weight in all the a’s with respect to x h , then by equating the 
weights on both sides of (D) we see that 

sr + (mr - u h ) = p % r + v h , or v h =rs — u h when h =(= i ; 

0 + {rs — Ui) = 0 + v ( , or v t = rs — u t when h = i. 

The equation S = H which follows from (G) and (D), being truu for all 
ordinary particular values of the a’s, must be true for all values of the a’s 
which do not cause E to vanish identically, because for every such set of 
values of the a’s each side of the equation has a unique finite value. 

We have now proved the following theorem. 


Theorem I. If S is any monotypic symmetric function of the r common 
roots of the n general homogeneous functions f given by (1) which is homo¬ 
geneous of degree s in each root and has loeights u lt u. i} ... u n+1 with respect to 
the variables a^, a%,... ts n+1} then there earists a rational integral function 11 of 
the coefficients off, f, which has the following properties: 


( 1 ) 


It is homogeneous in the coefficients of each one of the n functions f 

i T8 

its degree m the coefficients off being — . 


(2) It is isobario in the coefficients of all the n functions f with respect to 

each one of the variables ah, x ^,... w n+1 , its weight with respect to 
®/i being rs — uj L and its total weight being nrs. 

(3) For all particular values of the a's which do not cause the eliminant 

E to vanish identically we have 

S = H, 

provided only that the absolute values of the elements of the common 
roots are always so chosen that the equation (4) is true. 

We may call S and H equivalent functions of the common roots and the 
coefficients of the n functions f It is very often possible to express II as n 
homogeneous rational mLcgral function of degree p of the pa, i.o. of the 
coefficients of the eliminant E, but we cannot assert that this is always 
possible. 


Ex. i. The function S is uniquely determinate when the arbitrary numerical faoto 
in E is given; for if there were another function E' with the same properties, tin 
equation H' = E would be true for all ordinary values of the a’s, and would bo un identity 
in tho a’s. 
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Ex. li. If S is the elementary symmetric function l0n in whioh 

?l + ?2 + +!/n + l=^ 

then H=p q ^ .q n+1 ; in particular ifS is the function then H=p % . 

Ex. ui. If the a’n have such particular values that all tho coefficients pq^ 
of tho elimmant E vanish exeopt p ( , wo seo from (D) that H is expressible as a funotion 
of pi only, and that in this ease wo must have Jf=Ap i t , and therefore S~Awi g , where A 
is a constant. That suoh values of tho a’s are possible will bo clear from Ex. xviii of § 196 
We conolude that: 

The function tl vanishes whenever E vanishes identically. 

Ex. iv. If S oau bo expressed as a product of two monotypic symmetric functions in 
tho form S=SiS->, we must have H= If If , whoro Hi and are tho functions of tho 
cooffioients equivalent to Si and respectively. 

In this case howovor either Si or S.> must have tho form ar^i a.. ; for if tho 
produot Si of two monotypic symmetric functions of tho olomouts of tho r soquences 
(3) is itself a monotypic symmetric fuuction of those elements whoso weight with respect 
to X{ is not 0, then evory town either of S t or of Si must contain all tho ^-elements 
«n> a 2 it «■!<) • •» and must therefore bo divisible by nr*. If this wore not so, the produot 
Si Si would contain terms of different typos, so mo involving p and some involving q 
of the ^(-elements, whoro p^q 

It appears probable that a monotypic symmetric function of the elements of tho r 
soquencos (3) which is not divisible by any one of tho produots nq, aa, ot 3 , , . is irro- 
solublo This is obviously true of tho olomontary symmetric functions. 


Ex. v. If ■ttf^iaiicin ... ciyiY is a factor of every term of S, thou <S'-r-ar i ‘ is a mono¬ 
typic symmetric fuuction of tho r common roots (3) which is homogeneous of degroo 
c=s-t in every common root, has weights u u u 3 , ... n{=Ui—rt ,. . ?t n+J with respoct to 
Xi, Xi,... x t) ... x u+ i, and has total weight nr. Applying Theorem I to this function, wo 
see that in this case 

.(E) 

I 

whoro K is a rational integral fiuiction of tho a’n which is homogonoous of degree — in 

the cooffioients of f T , is isobario of weight nr—Uh, m all tho a’s with rospoct to x k when 
h^i, is isobano of weight ro-vf=rs — Ui in all tho a’s with rospoct to Xi, and has total 
weight rtr. 

If moreover ar ( * is tho highest power of ur ( whioh is a factor of S, then K cannot 
bo divisible by tho irrcsoluble factor for goneral functions f i.o. p t ‘ is tho highest powor 
of pi which is a faotor of H, and if o-^s—t, we have p* ir and 

Qi{p)=PiH-°K=pfi-* 8 % .( 8 ) 

tho equation (8) being an identity in the a’s, but not neoessarily an identity in the p’s. 

In the particular caso when is not a factor of every term of S, then H is not 
divisible by p<, and we have p*<£s and 

H .( 8 ') 


Ex. vi. From (0) and (D) wo seo that the equation 

Pi'S/**!! ...(9) 

is true for all partioular values of the a’s whioh do not oause E to vanish identically; and 
when pi vanishes for such values of the a’s, the equation means that Si is infinite. 


0. HI. 


11 
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If j S is not divisible by va u jS/ may be any monotypic symmetric function of the 
elements of the r matrices (3') which has degree s (but is not neoessanly homogeneous) in 
each of those matnoes, has weights ... «i_i, Wj+i,. Mn+i with respect to 

A’l, . ®i_i) #< + i) •‘J'tt + l) 

and has total weight rs-Ui. In this case 3 is uot divisible by the irresoluble factor p t 

If S is divisible by to \\ but not by any higher power of then 3 is divisible by pi\ 
and we can replace (9) by 

.(O') 

where K has the properties described in Ex. v, and is not divisible by pi In this case 
Si may be any monotypic symmetric function of the elements of the r matncos (3') which 
has degree a-=s — t in each of those matnoes, has weights iq,... n . . ?i n+] with 

respect to .Vi ,. . a;_i, ... x H+u and has total weight ra- — uf =?■« — «(. 

Note 1. Relations between the coefficients of the eliminant of n homogeneous functions 
ofn +1 variables. 

If F ( w o l <i i ) = F(m)=0, (fii+(? a +... + ? n+ i=r).(10) 

is one of the rational integral relations between the homogeneous elementary symmetric 
functions of any r sequences of «+l variables, then 

(Pffi <72 fln+p ■> • ‘)—F(p)—Q t (9 , i+9'a+---+9'n+i =r7 ’) . 

is a rational integral relation between the coefficients of the eliminant (2) of the n homo¬ 
geneous functions (1 ) which is an identity in the coefficients a of those functions; for from 
(6) we see that the equation (10') is true for all ordinary values of the a’s The sumo 
result follows from §198.3; for (10') is one of the conditions that E{ Kl , k 3 , ... k* + 1 ) shall 
be expressible as a product of linear faotors; it is therefore necessarily true for all ordinary 
values of the a’s, and must be an ldontity in the a’s. There may be other relations 
between the p’s which are identities in the a’s ; and there always are other relations 
between the p’s and a’s which are identities in the a’s. 

Note 2. Derivation of the function H(a) from, the function G t (nr). 

When wo have obtained by homogenisation the equation 

•nr i M S=wSG i (vr) 1 

in which we may take i to be w+1, the function 3 is given by the equation 

Pi H 3= pi * Gi (p) 

which is an identity m the a’s but not necessarily an identity in the p’s 

If ar t is not a factor of S, we have w^Ls, and the equation (8') shows that Gi (p), 
regarded as a function of the a’s, is divisible by p^/q-s; and after separating off this factor 
from it we obtain 3. It may be possible to separate off this factor when we transform 
(p) by mea nB of the relations between the p’s; and in such cases 3 is expressible as a 
rational integral function of the p’s It must always be possible to separate off this factor 
when we transform Gi (p) by means of the relations between the p’s and a’s. 

If N is divisible by but not by any higher power of nr t , we have pi,<^s—t. In this 
case the equation (8) shows that G t (p), regarded as a function of the a’s, is divisible by 
PiH s+t) and when we separate off from it the factor p^M*~*, we obtain the function 

3=p{K. 









199 ] 


THE ELEMENTS OF SIMILAR SEQUENCES 


163 


Note 3. D<n iwtiion of the fumtion H{a) from thefunction F t (vf) in (B'). 

Both when S is not and whon it is diviaiblo by tzr { , U is the rational intogral function 
of the a’s given by 

. ) = -^£.(F) 

\ Pi J PiW S 

where < 7 i + <7a+.. +y,i+i=r, and s in tho degroe of S. 

Ex. vii. Homogeneous symmetric functions of the two non-zero common roots [a t /3iyi], 
[“aAiVii] of tho two homogeneous functions 0 and 0 of Ex. xiv in § 198. 

(1) N—Sa^/Stiyj For tho two sequences [.r^i], [.i’a^a] havo 

S' = S.i‘i a //« — GTji) US \! — Qr ul ur a) ; 

and by homogenisation wo deduce for the two common roots tho oquatiou 
S— 2ai a $)yj=niioi Wm, — 01011 ^aim 

“PiniPni) - PiiiiPsnu = 4jl/W— PL 

=>H 

(2) S='2a l 2 fj.i i . For tho two sequences [a? a ya] wo havo (aoo Ex. xiv of § 197) 

twnirarm^n ~ Win 3 wna - w n ^vj. M ) + (lOur-jonr^ ~ Br u a ), .(11) 

and by homogenisation wc doduoo for the two common roots tho oquatiou 

Sarnia 2ni 3 ^a a =4(mo^OTimurjiii — zHaoDaron- — nr ( ) i )()nr] ( ) 1 2 )+(10ra , ano 13:r 03n”^lio 3 )®ooa- 
Tlioroforo the valuo of S m torms of tho coefficients of 0 and 0 is given by 

•tyirna • 2n 1 2 $j ,J =4 (pon pun pun — Pam Pm 1 “ “ PimoPkii 2 ) + (1 QpmpuH) —pun 2 ) Pima i 
or 911. Wfts-lfl (2 LMN-PL 1 -QM'^ + ilOPQ-iN' 1 ) It. 

Using tho rotation PQIl+2L3fiV- PL 1 - QM' 1 - itN i =0, it follows that 

S= 2ui a j3a a =4iV rji — 2PQ 

= H. 

We could use the relation of Ex. vii of § 197 to roplucso (11) by 
S '- 2a? 1 a y. J a =w n 2 - 2ur a , ar IB) 

and wo should thon have 

(S'—2ai a — Wi m a - 

=Puu 2 ” ^paiupdijo = 4iV a - 2 PQ 

-if. 

It is to bo understood that tho absolute values of tho elements of the oomraon roots 
are chosen in accordance with the oquatiou (4). Both the above functions S are expressible 
as rational integral functions of the coefficients of the oliminant, 

2. Symmetric functions of the common roots of n general functions of 
n variables. 

Let f\,fx, ...f n be n general rational integral functions of the n variables 
ajj, ®a, ... x n of non-zero degrees r it r a ,... r n given by 

f T = SOpjpg Pnp n+l ®2 ?a • ■ ■ S} n p n, (j0i + ^ 8 +...+^ n +i3n+l = ’’T, T=l, 2, 

.( 12 ) 

11—2 
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let their coefficients be called the a’s, and let r x r a ... r n = r. We may regard 
these functions as derived from the homogeneous functions (1) by tho substi¬ 
tution x n+1 = 1, and define p lt p s ,... p n +i us before, so that p n+1 is the resultant 
of the n functions formed when we retain only the terms of the highest 
degree in each of the n functions (12 1 ) We may use the same notation for 
the eliminant as before if we replace « n+1 by z. When the n functions f have 
no infinite common roots, they have exactly r common roots which we will 
denote by 

== ^13 ■ • • ®1 n] J ^22 • • ■ j • ■ • • • a™].(13) 

By a monotypic symmetric function of these r common roots we mean a 
monotypic symmetric function of the elements of the r matrices (13). 

Putting i = n + 1 in the first part of Ex. vi we obtain the following second 
theorem: 

Theorem II. If S is any monotypic symmetric function of the r common 
roots of the n general functions f given by (12) which has degree s in each root, 
weights u 2 ,... u n in those roots with respect to cc Q ,... co n , a/nd total weight 
w = u-l + u 2 + ... + u n = rs — Un+i , then there eccists a rational integral function H 
of the as which has the following propeiines: 

(1) It is homogeneous in the coefficients of each one of the n functions f, its 

T8 

degree in the coefficients of f r being —. 

^T 

(2) It is isobaric in the coefficients of all the n functions f with respect to 

each one of the variables ... x n> and also with respect to the 
homogenising variable its weight with respeot to being 
rs — U] u and its total weight with respect to x lt x a , ... co n+1 being nrs. 

(3) The equation p e n+1 S = H 

is true whenever p n+1 =j= 0, i.e. whenever the a's have such particular 
values that the n functions f have no infinite common roots. 

We first express S as a rational integral function of the ct's of the 
r common roots (13) in the form 

S= F faq 1 q a ...q n > ■■■» ■■•) = ^(®')> (#1 + (fr + • • • + (frl ^ ?’)• "(14) 

Then if p. is the degree of F (sr), it follows from (D) that H is the rational 
integral function of the a’s given by 

PZ+tH = G(p qiqi ffB+1 , ..., ...)=G(p), ( q 1 + q t +...+q n + q n+1 = r ), 

where G(p ) is the function which we derive from F(nr) when we make the 
substitutions 

to - •<In = f>qi9a n ' Sa9 * ±1 > (2i + 9'e+ + 9n + <?n+i = r), 
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and multiply throughout by p^, l+1 . In other words H is the rational integral 
function of the a’s given by 

-ff=pv H -W p, ‘ , ‘ , “ w+, 1 .).(**) 

\ Ph+] 1 

where q^ q a + ... + q n + q n + 1 = r. 


Ex. vm. Symmatnc functions of the two common iootx [.I'li/i], [A'aS/a] of the two filiations 
cf) and ip- of Ex. xv in § 196 

(1) If S= Sa’j a y a =- nr m *%,, we havo s = 2, p =2, aud 

a o « Pioi pun -pon Pam „ 

P a ona'5=p-(Mia- r a ~ =pi(iipii()-pmip!i«i 

P 002 

=4 MN-PL 
=H 


(2) If ^=SA'iVa 2 = & [4 (nrioar^ron-OTin 2 ^- «lii a Wa) + (10wa»» , ua-™li a )]i tl ,on 8=2 > 
p, = 3, and we have 

o r* o 4 (pioiPonPu()“P a i()iPiKio— P a onPaio)+( 10 pgonPooii~P a iin) 

P ooa»=P 002 ■ —- 57,3 ' 

opm 

~4N*-2PQ=H. 


§ 200. Determination of resultants and eliminants. 

1. Determination of the resultant of n general homogeneous rational 
integral functions of n variables. 


By Ex i of § 193 we may suppose that n > 1 We will make the 
hypothesis that the theorems of §§ 193 and 196 are true generally for 
functions less than n in number, and suppose that it is required to find 
the resultant of n general homogeneous rational integral functions f,f ,.../« 
of the n variables x lt x 9 ,... oc n which have non-zero degrees r u r . it ... r n in all 
the variables and are given by 


Let 


fi —fx (®i , • w n) = ... PH x \ X ■ • ■ °°n n > 

(Pi+Pi+'--+p n = n\ 4 = 1, 2 

T 

?’ = ?*!r a ...r n ; Sf=-, (»-l, 2,...w); 


•( 1 ) 


let k u /e a ,... K n be n auxiliary arbitrary parameters; and let X be the homo¬ 
geneous linear function 

X = K\SB\ + K%C0% + ... + fe n oo n .(2) 


Selecting any one/< of the n functions f let 

E{ (aCj f K i} ... AC ft ) = ^ pq 1 .. On (|?l d" + ... H" Qn = ®<), 

be a given Jf -eliminant of the remaining n — 1 functions 

/l, ■ ••/*-!> /i+l, •■■/». 


(3) 
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Let ordinary values of the coefficients of the n — 1 functions ( 3 ) be finite 
values which do not cause jE i} regarded as a function of the kb, to vanish 
identically; and when any ordinary particular values are given to their 
coefficients, let 

[oSiOC^.. *®n] = ®«a■ ■ ■ i (w = l» 2 , . . #i), .( 4 ) 

be the s l non-zero common roots of the n - 1 functions ( 3 ) when the absolute 
values of the a’s are so chosen that the equation 

K = fii 

II ( AC] Cftti -j- /C 2 0 W 3 4 " ... -f- KnCLyii) = JSi (/C-j, AC 2 1 ■■■ Kn) .( 5 ) 

«=1 

is true, and is an identity in the kb. 

Then by ordinary multiplication we obtain an identity m the coefficients 
of ft of the form 

U=8{ 

«?w) = A x Ag . ^$>4 A a .(6) 

where ^ ,x„ is ^ product of of the coefficients of^, (some or all of which 
may be repeated) which has weights X a , ... in those coefficients with 
respect to x u a^, ... x n , so that in every term of (6) 

\ + ... +\ n = = v ; 

and where a 2 ■ • • is a monotypic symmetric function of the s, common 
roots ( 4 ) which 

(1) is homogeneous of degree r< in each root, 

(2) has weights A-i, X*,... with respect to a\, cc 2 ,... oc n . 

By Theorem I of § 199 we have for all ordinary values of the coefficients 
of the n — 1 functions (3) 

^ a i*b (/ij = — Xj = r — Xj- } j = 1, 2, ... n), ...(7) 

where ^ ^ is a uniquely determinate rational integral function of the 
coefficients of the n — 1 functions (3) which is 

(1) homogeneous of degree — = - in the coefficients of f T 

T r V r , ' T ’ 

(t = 1, ... i-l, i + l, ... n y 

(2) isobaric of weight ^ with respect to x 5 in the coefficients of all the 

n -1 functions (3), 

(i = l, 2, ...«)■ 

Now substituting the functions H for the functions 8 on the right 
m (6), let 5 

*a .\n *n = R (/}> /a, •••/»). 


( 8 ) 







200] 


THE ELEMENTS OF SIMILAR SEQUENCES 


167 


Then R is a uniquely determinate rational integral function of the coefficients 
•••/» which is 

(1) homogeneous of degree s T in the coefficients of f T , (t = 1, 2,... ?i), 

(2) isobaric of weight ?^ + /uj = r with respect to in the coefficients of 

all the n functions f,fi, fn> 0*=1> % w)> 

and for all ordinary particular values of the coefficients of the « — 1 functions 

(3) the equation 

^(/i,/ 9 , ••/») = nVi(«ui «»•■■««») .(9) 

U = 1 

is true, and is an identity in the coefficients of f. 

The equation (9) shows that whenever the coefficients of the n functions 
(1) have such particular values that E l does not vanish identically, the 
vanishing of R is a necessary and sufficient condition that at least one of the 
non-zero common roots of the n— 1 functions (3) shall be a root of f lt i.e. a 
necessary and sufficient condition that the n functions (1) shall have at least 
one non-zero root in common. When we give such particular values to the 
coefficients of the functions (1) that JS % vanishes identically, it follows from 
Ex. lii of § 199 that all the functions H vanish, and therefore R vanishes. 
In this case (see Note 8 of § 196) the n — 1 functions (3) have common roots 
in which the ratios x x : a? 3 . ... : sc n are functions of one or more arbitrary 
parameters ti, ..., which can be so chosen that the equation f = 0 is 
satisfied; consequently the n functions / have non-zero roots m common. 
Thus m all cases the vanishing of 12 is a necessary and sufficient condition 
that the n functions / shall have a non-zero root m common. 

We have now shown that for each of the values ], 2, .. n of i and 
for every set of non-zero values of r 1} ?’ a , ... r n there exists a function 
R(f, ft ,. . f n ) which has the properties (a), ( a'), (//), (o'), (e') of Theorem I 
of § 193; and by Note 5 of § 193 it follows that that theorem is true 
generally for n functions, and that the function R (/ l3 / a ,.../«) determined 
above is the resultant of the n general homogeneous functions / given by (1), 
It follows that Theorem II of § 193 is true generally for n functions, and that 
R (fit fat • • fn) is also the resultant of the n general functions derived from 
the n functions (1) by the substitution x n = 1. 

Noth 1. On the property (d 1 ) of Theorem Iof% 193. 

We oan modify the general argument so as to make Note 2 of § 193 superfluous. 

Let Aij and be respectively the coefficients of xfi in ft and of k/< in jE*. Then the 
series on the right in (6) contains one and only one term in which the 

corresponding value of ^ ^ being (a xj ay ... . From (5) we see that ay ay ... = p tf ; 

therefore the corresponding value of ^in (8) is p</t. Accordingly when R (/i,/u, 

is defined as m the text, the coefficient of AqH in R is ptft, this being true for all the values 
1, 2,... n of j. 
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We conolude that for all non-zero values of . .r n there exist functions /Zi(/i>/ 2 j •■■/«)> 

^a(/i>/ 2 j ••/«)> .. R,i (/i,/a, . /») which have the properties (d') and (e') of the theorem 
for the values 1, 2,.. n of i respectively, and which also have the properties («), («'), (&'), 
(o') of the theorem; and from this it follows as in Note 5 of § 193 that the theorem is true 
generally for to functions, and that any one of the to functions R can be taken to be the 
resultant. 


Note 2 Detmnination of the resultant of n general rational integral functions of 
n- 1 variables. 

let (f-1, *...»).O') 

be the n general functions derived from the functions (1) by the substitution.#,,—1. To 
find their resultant it is best to replace them by the corresponding homogeneous functions 
(1). We can however determine their resultant direotly by using Theorem IT of $ 199, 
and this will of oourse also be the resultant of the n functions (1) 

Let be the resultant of the n— 1 functions formed by retaining only the terms of 


highest degree in each of the to - 1 functions 

fu • -fi-u ft+u .(3') 

and when p ro =|=0, let the oomm.cn roots of the n— 1 functions (3') be 

# 2 ...# n _i] = [#„i #„ a . -■'T’m,«.— l]* (^ = lj 2, ... Sj).(4') 

Then by ordinary multiplication we obtain an identity in the coefficients of f t of the form 

i^l*^ 1 ^'* 1 ’ Xv2i ” Xv > n ~ l1 1 ) =Sy) MAB An^AiAa An-1) . 

(Xi+X a +.. +X n =r), 


■where ^ has the same properties as before when we regard x u as a homogenising 
variable, and where ^a*.a»i-i 18 a uionotypic symmetric function of the s t common 
roots (4') which 

(1) has degree not greater than in each root, 

(2) has weights Xi, X a} ... X M _! m those roots with respect to the variables _i. 

Let the degree of S . xn-i * n s^oh root be s, and let its total weight be 

w sXj + X 2 +... +X*_! ^sst— X,/=^ - X n '=r - X„. 

Then from Theorem II of § 199 we see that when p in =j=0, we can write 

Pin ^AiAb .An— i = -^i.(10) 

where K is a rational integral function of the coefficients of the to -1 functions (3') which 
is not divisible by p in and 

(1) is homogeneous of degree ^ ~ in the coefficients of/ T , ( T =l,... i- 1, i+ 1,... to), 

(2) is isobanc of weight ^a-X^—-X^ with respect to xj when y =^to, and ^ isobar ic of 

weight a^s —X n '=—— X^' with respect to x ni its total weight being 

(to— 1) m ( =(to — 1) — . 

r t 
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Now pin iE) a function of the coefficients of the n - 1 functions (3') which is homogeneous 

of degree in the coefficients of / T , (t= 1,... i— 1, »+ 1,... »), isobaric of weight — with 
r t r T n 

respect to %j when and lsohanc of weight 0 with respect, to at u , Honce when we 
multiply both sidas of (10) by wo obtain 

^ ~ -^*1MJ WII .(^1 

( W = r-Xy, >= 1, 2, . . n), 

where II ^ m has tho same properties ns before, and when we multiply both sides of 

(6') by /)','*, and define 11 . /„) by (8) os before, wo see that the equation 

It (/li /ui ■ fi ) = p)f, U • ®n,n —lj 1) 

n H=1 


is true whonever /;,•„=}= 0, and that It (/ ls />, .../„) is the resultant of the n general functions 
/ os defined in Theorem II of $ 193 


2. Determination of the eliminant of n general homogeneous functions of 
■» +1 variables. 


By Ex. i of § 196 we may suppose that n > 1. We will make the hypo¬ 
thesis that the theorems of § 196 regarding oliminants and the theorems of 
§193 regarding resultants are true generally for functions less than n m 
number and for functions hot more than n in number respectively, and 
suppose that it is required to find the X-eliminant of n general homogeneous 
functions f, / a , ... f n of the n + 1 variables w 1} a; a , . . «.•„+! having non-zero 
degrees r 1} r a , ... r n m all the variables and given by 


ft —ft (®i, fl-B, ••• 'Tji, tf'71+1) — 


PlPi-PnPn +1 


-T-? 


fJPnnlPnil 
- 11+1’ 


(ID 


(Pi + i>a + • • • +p n + Pn+i = U \ 1 * 1 , 2 ,... n). 


when 


X = KiX x + AC 2 ®aH" ••• + + ^n+i^n+ij .(12) 


the kb being arbitrary parameters to which any values can be ascribed. We 
shall write 

V 

/c = /c n+a ; r = r ] r fl ...r n ; s,= “» (»'“ 1» 2, ... n), 

and denote the resultants of the n +1 successive sets of n homogeneous 
functions of n variables formed by putting ac 1 = 0, as^ = 0, ... a? n = 0, = 0 


in turn in the n functions (11) by 

Ri> Pii ••• Pni Pn +1 .(13) 

If we suppose that k^ =f 0, we can solve the equation 

ACjfl?i "b KgSCn + ... 4* K n tD n *b = 0 ..(14) 
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for x n+1 , make the substitution 


— 


AGjfl?! + /C a flJ a + ... 4- K n S6 n KiXi + K z 0C a 4* • • • + K n 0S n 

/iCjl+1 K 


(15) 


in the n functions /, render each of the resulting functions integral in the Vs 
by multiplying it by a suitable power of k, and so obtain the n homogeneous 
functions F x , F~>, ... F n of x x ,. x n given by 

Ft = (a* W + ± 

= 2 (- l) P,M a plp 2 P i m f • • • + * 9 ®s + ... + !C n X n ) Vn+l K r< _2Wl . 

.( 16 ) 

When we express these in the form of general homogeneous functions, we have 

F i = F l (w u ai' 3 , ... ttn) = tA® qi .(HO 

( 2 i + 92 .+ ... 4- q n = n ; % = 1, 2, ... n), 

the coefficient q being a homogeneous rational integral function of 

the /c’s of degree t\ given by 


( jt Pn+i' _ (V + X B ■+■ .. + X n ) !\ 

\ \ l \X i \...\ n \ \ 1 '\ s \...X n \ /’ 

where the p’s have all positive integral values consistent with the conditions 

Pi +Pa+ ... +Pn + Pn+i ~ r tl Jh ^ Ji, p B fa, ... p n $ g n , ...( 18) 

and V = (?i Pi> Vi = (?2 Pa j ...X n = (j[n Pn, = ^*£ ”(1*0 

or where the Vs have all positive integral values consistent with the conditions 

V 4" Vi 4“ ■ • ■ 4" ^-n + Vn-i = Ti, V ^ 2ij Vi^’Q'aj ■••"(18) 

and P\ — fa~Xi, p%— fa Vi j ...p n T=q n Vi, Pji+i = ?\ — Vi+i* (19) 


Since f t has one and only one coefficient a corresponding to each possible set 

of values of the p’s, it follows that a$ m „ „ will always have the same 
1 P 1?2 • ^nPn-t-l J 

meaning in (17) as in ( 11 ), whatever the particular values of p lt p a , ... p n+1 
may be. 

The unreduced resultant B(F X , F i} ... F„) of the n special homogeneous 
functions F u F 2 , ... F n of the n variables x lf a^, ... x n given by ( 11 ') will be 
denoted by E 1l+1 . 
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More generally if is any one of the variables x lt ,v s , ... x n+1 , and if we 
solve the equation (14) for x l , substitute the value thus obtained for in the 
functions/ a ,/ 3j . . f n , and then render the resulting functions integral in the 
kb by multiplying them by , k/ 1 -, . kJ 11 respectively, the resultant of the 
n special homogeneous functions of the n variables a\, ... ®*_ 1( x x+1 , ... cr n +i 
thus obtained will be denoted by R t . 

We shall investigate the properties of the functions R u R^, ... jR n+J , 
usually deducing the properties of R x from the properties of R n+l . We shall 
show finally that for each of the values 1, 2, ... n 4- 1 of i the function R x can 
be expressed in the form 

R x = K x {n ~ l)r E{k u Kt, ... /Cii+i), 

where E is a homogeneous rational integral function of the kb of degree r in 
which the coefficients are rational integral functions of the coefficients a of 
fufs, . f n , and that E has all the properties enumerated in'Theorem I of 
§ 196, and is the required X-eliimnant. For convenience the successive steps 
by which the final conclusion is reached will be presented in the form of 
examples on the properties of R lt R u ... 72 n+1 . 

Wo shall mean by the a’s the coefficients of the n functions /in (11), and 
by the A’s the coefficients of the n functions F in (11'). The unreduced 
resultant R (F 1) F % , . . F n ) can be expressed as a rational integral function of 
the A’b having the properties described m Theorem I of § 193, but it is to 
be regarded as a rational integral function of the a’s and kb derived from 
that expression by the substitutions (17). When it is expressed as a function 
of the A’b, it is a sum of terms each of which is a product of ...s n of the 
.A’s, Si of them being coefficients of F t . When we make the substitutions 
(17) for all the A’s, each of the original terms bocomos a product of expres¬ 
sions of the form (17), and when wo multiply out each of these products, we 
obtain an expression for R n+J as a sum %T of ‘ uncollected terms’ all having 
the form 

T-TM .(20) 

where each of the factors on the right is a term of such a sum as that on the 
right in (17). For a given term T and a given value of h we will denote the 
sum of the suffixes pj L of the a’s occurring as factors in T 1} 1\, T„, ... by 2p h , 
and the sum of the indices \/ t of the powers of Kh occurring as factors in 
T u T a , T s , ... by 2\/i. It will appear from Ex. xii that when we proceed to 
collect the terms of I? n +ii only those which are divisible by /c (H-1)r will remain 
with non-zero coefficients. 

The weights of the A’s with respect to w, it ... ® n , and the weights of 
the a’s with respect to a> u a ^,... a n , cc n+1 are indicated by their suffixes. The 
weights of the kb are not indicated in this way, but by definition (see § 192. a) 
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the parameter Kj has weight j with respect to xj, and weight 0 with respect 
to each of the other variables, in particular k or /c n+1 has weight 1 with 
respect to x n+x , and weight 0 with respect to each one of the other variables. 

Coefficients and dimensions of A! u+1 . 

Et l. When Rn +X is expressed as a rational integral function of the a’s and k\ its awn 
coefficients are rational numbers which we may suppose to be integers 

For when /£, t+1 is expressed os a rational integral fnuotion of the A’s, we see from 
Theorem I of § 193 for n functions that its own coefficients are rational numbers which 
we may suppose to be integers; and from (17) we see that each of the ii’s is a rational 
integral function of the a’s and k’b in which the coefficients are integers 

Ex ii. When /2 n+ i is expressed as a function of the a’s aiid k’s, it is 

(1) homogeneous of degree nr in the k’s, 

(2) homogeneous of degree s t in the coefficients of f ti where f is any one of the n functions 

f in (II). 

When is expressed as a function of the .4’s, then by Theorem I of § 193 for 
n functions it is homogeneous of degree m the coefficients of F X ; and it follows from 
(17) that the above two results are true. 

Ex. iu. When ft,, + j is expressed as a function of the a’s and k’s, it is 

(1) isobaric of weight r with respect to each one of the n variables ,T], ,r. j, ... .r M in the 

coefficients of all the n+1 functions f Xt f 3 , . .f H , X, 

(2) isobano of weight nr with respect to the miiable x n+ \ in the coefficients of all the 

n + 1 functionsf x ,f, A” 

Let x h he any one of the variables x x ,x%, .. x n When /2, l+1 is expressed as a function 
of the id’s, we see from Theorem T of 4^ 193 for ?i functions that in evory term (which is 
a product of certain of the A’s) we have 2qj t =r. Now m every term of (17) we have 
$h = Ph+\- Hence when Rn +l is expressed as a function of the a’s and k’s by means of 
the equations (17), the terms being uncollected, then in every term (which is a product of 
oertam of the a’s and certain powers of the k’s) we have 2pf l +2\j i =r i.e. evory torm has 
weight r with respect to x h in the a’s and k’s. 

To prove the second result, we observe that by Ex ii we can express It n +i iu the form 

... 

where Pi is a produot of s x of the coefficients A of Fi Now in every term of the sum (17) 
wo have 2 ? 7 i+i+^n+i = ?*i. Therefore every coefficient A of F X is isobano of weight in the 
a’s and k’s with respect to x n+x . Therefore with respect to x n+x the factor P t ib isolwmo 
of weight s x r x =r in the a’s and k’h, and the produot P X P% , . P n is isobano of weight nr in 
the a’s and k’s. 

Terms of i2, of the highest degrees in k 1 , k 3 , ... k „ +1 respectively. 

Ex xv.' If his any one of the integers 1, 2, ... w, the actual degree of Jt H+x in K h is r; 
and if Sh is the sum of all the terms of E n+X which contain K}f, then 

^“k! n ~V r .pkK h r , 
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When Rn+i is expressed as a sum of uncollected terms of tho form (20), we see from 
Ex in that in every term T we have 

'2ph+'2\ h ,=r, 

2\ h being the total index of n h m T. It follows in tho first placo that 2X A ;J> r, and tliorofore 
no term which aotually occurs can have a higher degree than r in k a . It follows in the 
second plaoe that we can have 2X fc =r m a term T when and only when 2jo fc =0, i.e. when 
and only whon tho suffix p h of every a occurring as a faotor in T is 0 ; consequently S h is 
what R(F X} F$, . F n ) becomes when m it we substitute 0 for every coefficient p n t 

in wliiohy> fc =|=0. 

Let these substitutions oonvert fuft, ...fn into g u g 2 , ... g H , and F u F 2 , ... F n into 
G x , (? a , ... Gf n , s ° that 

S h =R(G u Q 3j . . U H ). 


Then gi, g 2 , ... g n are the n general homogeneous functions of n variables derived from 
/i,/ a , • fn by putting 3^=0, and have a resultant R {g u g 2 , . . g n ) which differs from p h 
only by an ordinary numerical factor; and G u G 2 , .. G n are derived from g x , g 2 , ... g» 
in the same way as F x , F 2 , . . F, t aro derived from f\,ft, fu If we denote by 
b ‘h ’‘h-\T>h+ i J'u + i the c0Qffici01lt a Pi vt v H+ ! in which p h =0, wo have 


a, = 2fe^ x Pl iv Vli+1 fVn+i 

ffr i0 Pl .ph-iVh+i- Pn-n^l ‘ • /i-l x h hi • • t »+l ’ 

G r = 'S( — r p> r Vh+i v Vn tVn nir-jJn+i 

1/7 21 1; °Pi~ Ph-iVh+i ~rn-n ,V l 1 “H-l ^A+i ■ *n +1 k 

(Pl + ...+P/i-l + ?Vn ! + •• +^»+l = 


wVi nrn 


Sinoe G x , G 2 , ... G n can ovidontly l>e derived from g x ,gt, 9n by the homogonoous 
linear substitution 

(4=1, ... k— 1, A + l, ... ?l); a? u+ i= -(K 1 3?i + K a .??.j+. . + k h j? b ) 

whose determinant is 

A=(-l) n+1 - A K w - l K A , 

it follows from Ex. ix of § 193 that when the arbitrary constant in p h iH suitably determined, 
we have 

S h ~R(G 1} <? a , ... G n )=tfR(g u g a , ... g n )= K &-') r . p h n h r . 


Ex. v. The actual degree of R, i+1 in « H+ i w nr; <tnd iftS n + 1 w the mm of all the terms 
of Rn+\ which contain then 

+ 1=b r . p H+ j K r n + j . 

In this case S n + X is what R(F X , Ft, ... F n ) bocomes when in it wo substitute 0 for 
every coefficient a^^. p„ +1 of the fiuiotions fi,fi, . .fn in whioh ^ ll+ i 4 = 0 . If we write 
for the coefficient ap 1M ...p n+1 in which p n+1 =>0, these substitutions convert f T 
and Ft into the functions 


9 r = 2bl p l p t ...p n x i' a, l'-'- x % t ’ (Pl+ft+.-.+Pn-Fr), 

G r -=Sb^ ... x^ n kiv. 

T PiPi-Pn 1 8 n * 

Sinoe the substitutions kx x , kx 2 , ■■■ for x x , 3? a , . . x n convert g x , g 2f . . g n into 
Gi, G%, ... G n , we have 

£n+i = -ft(0i, G'a* ... G n )*°K w R(gi, g%, ... £j'«)=K:( w-1 ) r . pn+i^in-i 


when the arbitrary constant in p n+1 is suitably chosen. 
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Ex vi When Ri is arranged as a rational integral function of the k’s , the terms of 
highest degrees in kj, K a , ... « (t+ 1 respectively which actually occur in it arc 

iKl’, <i {n ~ 1)r ■ Pill- 1 k '«H li 

provided that the aibitrary numerical factors in pi, pj, ... /> (t+ i are suitably chosen 

This follows from Exs iv and v, and is truo for each of the values 1,2,. u+I of L 
The actual degree of IU m k ( ih nr, and its actual degroe in each of the otlior k’h is r. 

Wlion wo i*oplaco R ll+ i hy /£( in Ex. iv, wo shall huvo 

A = (- l) i ~ h K i n ~ 1 Kfr. 

From this it is door that in the abovo theorem pi, p 2 , ... p n + i will ho t,ho sumo for all 
values of i, provided that the arbitrary numerical factors in ll\, R*, lt n h \ are mutably 
chosen. 

Linear factors of R t for any particular values whatever of the a’s. 

Ex. vn When n > 1, Hi is divisible by k i oven if the u's are all arbitrary 
We will provo tins for the cose m which i=n+l, wnting k„+i=*.. 

When we put k =0, we have in (16) 

R'i = c i (<1 a'l + K jA'a •+• ... + * 

whore at is the coefficient of m/ t , and is a numerical constant; tlioroforo every rooL 
^t7 a • ■ ■*■'»] of the liouiogoneous linooi' function 

» 

M— k i + K>jX 2 4-... + k w v n 

is a common root of tho n functions F for all particular finite valuoH of k,, k 2 , . . and 
the a’fi. If n >1, the function H certainly has a non-zero root for all ordinary values of 
k j, k 2 , ... k„ Therefore i2, i+1 vanishes when k=»0 for all finite values of tho a’s and all 
ordinary particular values of m, k 2 , ... * n ; and it follows that, k is a factor of 7<!„ + i when 
the a’s and k’h are all arbitrary. 

In the special cose when n= 1, thoi'o is only one function/=/(.i'i, x») of degroo r, the 
corresponding fuuotion F being F=Xi T /(k 2 , - k{) ; and we have 

Ili=Ri=if(K a , -ki). 

In thiH case Hi is divisible by ki when and only when the coefficient of j'd in J vanishes, 
i e. when f has tho root 0], or R x has the root [ki k 2 ] = [0 1]; and It a iH divisible 

by k 2 when and only when tho coefficient of x/ inj vanishes, i.o. whon and only when/ 
lias the root [xix 2 ]s [01], or R 2 has the root [/q >e a ]=[l 0]. 

Ex viii. Let any particular finite values whatever be ascribed to the a’s, so that the Ills 
are rational integral functions of the k’s only. Then if 

Oitfa ^n+i]s[a 1 o 3 ...n„ +1 ] .(a) 

is a non-sero common root of the n functions f, each of the functions Ri, R%,... R n+ \ has the 
linear factor 

-£= a OlKl + a2K2-K .+On+lKn + l.(b) 

We assume that the a’s are all finite, and show that L is a factor of 


i 
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First suppose that a!, < 12 , .. a, t all vanish, so that 4=0. Then if n> I, it follows 
from Ex vii that k„ + 1 is a factor of i e. L is a factor of fi n+1 . If ?i=l, we have by 
supposition n!=0, n.j4= 0, and it follows again from Ex. vn that is a factor of fio, 
i.e. L is a factor of 72„ + i. 

Next consider the goneral case m which a a , . a n do not all vanish, n being oithor 
greater than 1 or equal to 1 Let auy particular finite values be asonbed to k.j, ... K n+ i 
whioh make the expression L vanish. Thou from ( 11 ) and ( 16 ) wo see that 

^i(«l, "a, . a n ) = K r i.f { (ai, n a , ... On + 1 )=0; 

therefore [a’i... a' n ]=[aia a . a,,] is a non-zero common root of tho n functions F, and 
Rn +1 vanishes. Thus when we regal’d tho k’n os variables, f£ n+1 vanishes for all roots of 
the irresoluble function L, and is therefore divisible by L 

Sinoe R i} whioh is homogeneous of degree nr in tho k’h, cannot have more than nr 
linear factors, it follows that 

If Rt does not vanish identically , tho n functions f oannot have more than nr distinct 
non-sero common roots. 


Ex ix Let any particular finite values whatever he ascribed to the a’s, and let 


[ K i K, j ••• k h+ l] s [^i■■■^« + i].(°) 

he any non-sero root of Ri, when Ri is regarded as a function of the k’s. Then: 

(1) If ki 4=0, tho n functions f have at least one non-sero common root 

[a’i a\| .. . x n + i] s [ai a-i ... a,i + ^.(a) 

in which .. ni-i, aj + 1 , . n,n-i are all finite and not all 0, and satisfy the 
equation 

^ai+Aao-j-l-... 0^1=0 ..(d) 


and (o) is aroot of the corresponding linear factor Z=fi 1 K 1 +a a K 3 + ... + a, v+1 K ft+ i 
of Ri, which is in this case distinct from k,. 

(2) If /’(=0, R t has the linear factor k* of which (c) is a root. 

We will prove the first result for the case in whioh so that /t', l+1 4=0. 

When the k’s have the particular values (o), tho n functions F given by (16), whoso 
resultant vanishes, certainly have a non-zero common root. If ... .tv]=[aia a ... a,J 
is any such common root, wo can ohoose a„ + i so that tho equation (d) is satisfied, and wo 
Bee from (16) that (a) is then a common root of the n functions/ in whioh ai, on, ... a n 
are not all 0. By Ex. viii the linoar function I given by (b) is then a faotor of and 
from (d) it follows that (o) is a root of L. 

The second result follows from Ex. vii both when n > 1 and when n= 1. 


We conclude that when any particular finite values are ascribed to tho o’s: 

Every root of Ri is a root of a linear faotor of Ri; a root of Ri in whioh k<+0 being a 
root of a linear factor distinct from. k { , ahd a root of Ri in which 0 being a root of the 
linear factor k<. 

These results remain true when fit, regarded as a function of the k’s, vanishes identically, 
and in that case (o) is a root of Ri for all values of ki, ... £ n+1 . It follows that: 

When the a’s have such pai'timlar values that Ri vanishes identically , the n functions f 
ham an infinite number of non-sero common roots to each of which there corresponds a linear 
factor of Ri as in Ex. viii. 
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Factors of Rt for ordinary particular values of the a’s. 

Ex. x. If wo ascribe to the a’s any finite particular values which do not cause R l} 
regarded as a function of the k’s, to vanish identically , then Rt can be expressed as a 
•product of homogeneous linear factors; and if 

Z , = aiKi + a i |K 2 +...+an + i K m + i. 0 3 ) 

is a linear factor of Rt distinct from 4 , so that a £ ,... aj_i, a( + 1 . . a„ + 1 are not all 0 , then 

[j?i x».. . x n + 1 ]=[«x a 2 ... a n + 1 ] .(a) 

is a non-s&'o common root of the n functions f 

First lot L u L^, .. L t „ where pnr, bo all the distinct linear factors of Rt, and lot 
0 («!, k 2 ,... K tt+1 ) bo any irresolnblo factor of R. Then by Ex ix ovory root of 0 iH a 
root of ono of the linear factors L l} L>,. . L, t . Thoroforo tho product L x ... L t , vanishes 
for all roots of 0 , and must bo divisiblo by 0 . Consequently </> itself must bo one of the 
linear factors L x , I™,. L v . 

Next let the n fuuotions / lmvo oxactly q distinct non-zoro common roots of the 
form (a) m which n t ,. . a £ _ 1) a £+1) . . a n+ i are not all 0, where q^nr by Ex. vnij let 
L x , Im, .i, L a be the q distinct linear factors of Ri, all distinot from 4 , winch correspond 
to them by Ex. vm; lot L bo any linear factor of R distinct from k< ; and lot ordinary 
roots of L be those m wbioli 14 = 1 = 0 . Then by Ex ix every ordinary root of L is a root of 
one of the linear factors L 1} lq, . L q . Therefore the product I x Z a .. I q vanishoH for all 
ordinary roots of tho lrresoluble function L, and must be divisible by L Consequently 
L itself must be one of the linear factors L\, , ...L q , ie. L must liavo tlio form (b), 

where (a) is a non-zoro common root of the 71 functions/. 

If <i is one of the linear factors of Ri, there may not be a corresponding root of the 
n functions / of the form (a); but if tho 71 functions / have a 11011 -zero common root in 
wbioh everj T element vanishes except x i7 then by Ex. inn the function Ri must have tho 
corresponding linear factor 4 

Ex. xi. When any ordinary particular values are ascribed to the a’s, Rt is a function of 
the k’ 8 which is divisible by k/’ 1-1 ) 7 ', atid the n functions / have exactly r distinct non-zoro 
common roots to which the other r linear factors of Ri correspond. 

Wo will consider ordinary values of the a’a to bo those for which pi^=0, p^O,... 
and at the same time ono of tho discriminants a of Lemma A of § 10/5 does not vanish. 

Lot any such ordinary particular values bo ascribed to tho a’s. Then by Lomrna A of 
5$ 195 the n functions/ have at least r distinot non-zero common roots 

[a?i a? 8 ... .. a lt , n + 1 ], («=1, 2,... r), .(21) 

m which the a’s are all different from 0, but no non-zero common root in which any one 
of tho elements has the value 0; and it follows from Ex. viii that Rt oan bo expressed in 
the form 

7L=r 

A( = 0(ki, K 2,...K n+ i). n^(a,ti (C 1 + a, ( 3K9+. .+Oti lT !+lKn + l)) ......(22) 

where 0 is a homogeneous rational integral function of the k’b of degree (n - 1 ) r, which by 
Ex. x is a product of linear factors. If; is any one of the integers 1 , ...i- 1 , i+ 1 ,... n+\, 
and if wo equate the terms of highest degree m 4 which aotually oocur on both sides 
of ( 22 ), we see from Ex. vi that 4 cannot actually occur in 0 ; and if we equate the 
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terms of highest degree m K( which actually occur on both sides, wo see that the term 
Ki (n-i)r m ust occur m (j> with a non-zero coefficient. It follows that <j!> differs by an 
ordinary numerical factor only from k^' 1-1 ) 1 " 

If the 11 functions f had another non-zero common roof 

[a'i x-i .. = aa. .% + t] 

distinct from the r common roots (21), thon by Ex. vm 

*11*1 + 02*2+ + a u+l*u+l 

would bo a linear factor of </>, and therefore of K (; but this is impossible because 
«i, « 2 , . n, l+1 aro nil different from 0. 

Derivation of the eliminant E from the resultants R jj y^ l+1 . 

Ea xu. The resultant Jti, regarded as a function of the a's and k’«, is divisible by 
(.(C 1 " Mi¬ 
lt has boon shown in Ex xi that K((’*“b>- is a factor of R t for all ordinary values of tho 
«’s and tho parameters ki, . . kj_!, k< + 1 , k w+ i ; and it follows (see Ex. iv of § 102) that 

it is a factor of Mi when all tho a’s and k’h are arbitrary. 

Ex Mil. When the arbitrary nnniencal factors m them have been suitably determined^ 
we can express all the resultants R u Aj,. • R n n Xtl forms 

Rl—^fi 1, b’ h (ikj, *.2, . . *m-i), (f“lj 2, it+l), . (23) 

where E is the same for all the R’s, and vs a rational integral function of the a's and k’s 
which is homogeneous of degree r in the k's ; and tho coefficients of <c 1 p , nf, . k t u + y m E are 
the resultants p lt p 2 , . . p H+I defined in (13) when the arbitrary numerical factors in them 
have been suitably determined. 

If i and j aro any two of tho integers 1, 2, n+ 1, it follows from Ex. xii that when 
the arbitrary numerical factors in Ri and Rj aro fixed, wo hnvo 

Iii = K(( n b r . (Kj, Ky, .. *n + l)» Rj = */" b* . hij (kj, li O, ... 4.„ + i), 

where Ei and E } aro rational intogml functions of tlio a’H and k’h which aro both lionio- 
genoous of degree r m the k’s. Lot the coefficients of k>$\ ... k v ,h i hi E t and Ej 
respectively ho 

Pit P‘i> pn +1 Pi > PH > • • Pn+li 

and lob —=<Ju ^-=0a> - —-“fln+u 

pi Pa Pn+ 1 

Then from Ex vi it follows that ci, c ^,... c n h i are absolute constants, the same for all 
particular values of the a’s and k’h (and also that they are all equal). 

Now let any ordinary particular valuos be ascribed to tho a’s, ordinary values being 
defined as in Ex. xi. Thou the n functions f have exactly r non-zoro common roots 

[3?itf?2-* ^n + 1 ]^[oniflux °«iB + l]) (m™ 1, 2,... r), 

m which we may suppose each of tho n’H to have a definito fiuito non-zero value; and 
from Ex. xi we see that for all valuos of tho k’s whioh aro such that K{+0, Ky=t=0 we have 

tt«=r it=r 

Ei=A II (a M iKi + a, t 2 * 3 +'” + aii 1 M+i *ft + i)> Ej=^ D n fo ul K! + «„ 2 *a + . + a„,, M .iK JH . 1 ), 

1t=l K=1 


, ^ 


0 m. 
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where vl and B are, for the particular values given to the a’s, ordinary numerical constants 
independent of the k’h. It follows that we have 

Ej(k U Ka, . . K n + 1 ) = £j^ (k 1( K 8j ... K n + 1 ),. (24) 

where e is an ordinary numerical constant independent of the k’s , and this equation, 
being true for all ordinary values of the k.% is an identity in the k’h. When we equate 
the coefficients of iq 1 , k/, ... on both sides of (24), we obtain 


Ol=Cjj—. + i — c , 

and this shows that c (like c 1} c a ,...) is an absolute constant independent both of the k’b 
and of the particular values given to the a’s Consequently the equation (24) ih an 
identity iu the k’h which is true for all ordinary values of the a’s, and is therefore an 
identity in the a’s and k’s when both sets of quantities ore arbitrary. 

When the arbitrary numerical factor m Rj is suitably ohoson, we shall have o=l, and 
we can then write 

*(■1, k 2j K n+l) = -^f ( K lj k 3 , ... K,i + i)=^(k; 1 , K n + 1 ). 

Giving \joj the values 1,... i-l, £+1, . . ji + 1 in turn, we obtain all the equations (23). 

The function E (k u k„, ... tc n+1 ) of Ex. xiii has the properties (a) and (d') 
of Theorem I of § 196. It follows from Exs. vni and x that it has the 
properties (6) and (c); from Exs. i, u and iii that it has the properties (a'), 
(b') and (o'); and from Ex. ix that it has the property (e')- Thus it has all 
the properties (a), (b), (c), (a'), (&')> (o'), ( d'), (<?') of Theorem I of § 196. 
Hence by Note 6 of § 196 the theorems of § 196 are true generally for ?i 
functions,and E(k 1} ... «, l+1 ) is the required X-elimmant of the n functions 

/ given by (11). 

N ote. Deten'mvnation of the X-eliminant of the n general funotions fu ft ,... f n given by 

fi=fi(x u a-a, ... x n , 1), (i= 1, 2, ... n), .(II') 

w * im X = z +k i + K 8 A’ a +...+k „ x n . 

Wq cau suppose the n funotions (11') to be derived from the n functions (11) by 
the substitution # n+1 t=l. Then the required JC-eliminant is obtained by putting ^ 
iu the eliminant E{k u k 2 , ... k, 1+1 ) of the homogenised functions (11). 

To find the new iT-eluninant directly, we may homogenise the n functions (11') by the 
substitution 

1 = _ K l J? l + K2#a+ ■■■ + K n^n 
z ’ 

and so form the n homogeneous funotions F u F 2 , ... F n of x lt x % , ... x n given by 

Then the unreduced resultant of F\, Ft, ... F n can be expressed in the form 
R(F U F a , ... F n )=sA n -i)r .£(zi Ka , ... Kn ). 

and E(z , Ka,... K n ) is the required X-eliminant of the n general functions (11'). 
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3. Final proof of the theorems o/§§ 193 and 196. 

In sub-article 1 it has beon shown that if tho theorems of §§ 193 and 196 
are true generally for functions less than n in number, then the theorems of 
§ 193 are true generally for n functions. In sub-article 2 it has been shown 
that if the theorems of § 196 are true generally for functions less than n in 
number, and the theorems of § 193 are true generally for functions not more 
than n in number, then the theorems of § 196 are truo generally for n functions. 

Thus if the theorems of §§ 193 and 196 are true generally for functions 
less than n in number, then both sets of thoorems are true generally for 
n functions. Since by Ex. i of § 193 and Ex. l of § 196 both sets of theorems 
are true generally when n= 1, it follows that both sets of theorems are true 
generally when n is any non-zero positive integer, and the proof of the 
theorems is now complete. 


12—2 



CHAPTER XXIII 


THE POTENT DIVISORS OF A RATIONAL INTEGRAL 
FUNCTIONAL MATRIX 

[Iu {5 201 wg define rational integral functional matrices and consider Rome nf their 
preliminary properties. In §§ 202 —4 wo define the irreducible and lrresolnble divisoi’H 
of a rational integral functional matrix and prove their fundamental properties; we also 
consider the speoial properties of those minor determinants of such a matrix which are 
regular with respect to a given irreducible or irresoluble divisor. In 205—6 we define 
the maximum and potent divisors and the maximum and potent factors of a rational 
integral functional matrix , and we consider some properties of the potent factors and 
potent divisors of a product of two or more such matrices. In § 207 wo show that the 
potent divisors of a compartite matrix arc the potent divisors of its several parts, and 
in § 208 we determine the irreducible divisors of all orders of a complote matrix of minor 
determinants. In §§ 209—10 we effect the reduction of any rational integral functional 
matrix to one whoso successive loading minors are regular by eqmgradenL transformations, 
the reduction being symmetric when the given matrix is symmetric. The remaining two 
articles aie oonoemod with homogeneous linear transformations of the variables in a 
rational integral functional matrix, and with the methods of homogenising such a 
matrix.] 

§ 201. Rational integral functional matrices. 

ft 

A matrix A = [a] whose elements are rational integral functions of 

several scalar variables x, y, z, ... will be called a rational integral 
functional matrix or a matinw which is a rational integral function of the 

scalar variables x, y, z . Every such matrix can be expressed os the 

sum of a number of terms 111 the form 

A " !>]" = 2 a-V* 4 • • ■, .(1) 

where i, j, k, ... are positive integers each of which may be 0; where the 
values of i, j, k, . . are nob all the same in any two terms of the sum; and 

where Ay* , is a matrix of the form [a] whose elements are constants. 

771 

The matrix Ay* . is then called the coefficient of x i y^z h ... in the matrix A. 
Each functional element of A which does not vanish identically has a certain 
degree in all the variables x, y, z ,..., and the highest of such degrees will 
be called the degree of the matrix A in all the variables. Similarly each 
functional element of A which does not vanish identically has a certain 
degree m any one variable a, and the highest of such degrees will be called 
the degree of the matrix A in the one variable x- In other words the 
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degree of A m all the vcw'iables x, y, z, ... is the greatest value of the sum 
i + j + k + .. m those terms of A whose coefficients do not vanish identi¬ 
cally, and the degree of A in the one variable x is the greatest value of i in 
those terms of A whose coefficients do not vanish identically. 

The matrix A is homogeneous when its elements arc homogeneous rational 
integral functions of the variables all having the same degree in all the 
variables, i.e when the sum i + j + h+ ... has the same value in every term 
of .4. 

If the functional elements of A, or the elements of all such matrices as 
A v i , all lie in a domain of rationality Cl, then the matrix A will be said to 
lie in or to belong to the domain Cl. 

As in § 74 the rank of the matrix A is the greatest order of a derived 
determinant which does not vanish identically 

Ex i Tf the rational integral functional matrix 0 = [a]” t has rank r, and if 1 and 
then every complete matrix <I» = [d]^ of the minor determinant* of cj> of order s has 

rank 

Since 0 cannot have rank greater than r for any sot of particular values of the 
variables, it follows from ^ 73 that <I> cannot have rank greater than (^j for any set 
of particular valuos of the variables. Thoroforo all minor determinants of the functional 
matrix <I> of order greater than f r \ vanish identically. 



Again there exist sets of values of the variables for which 0, regarded as a matrix 
whose elements are constants, has rank r. Therefore by $ 73 there exist sets of values of 
the variables for which <!>, regarded oh a matrix whoso elements are constants, has rank 

^ . Therefore the functional matrix * has minor determinants of ordor 

not vanish identically. 


y \ which do 


Ex. ii If \df l and [A ] n are rational integral functional matrices, and if there exists 


an identical relation of the form 




where [/i] 1 ’ and [/fc]" are undegenerute rational integral functional matrices of ranks p and q, 
thm the functional matrices [a]^ and [6]“ have the same rank. 


This has been proved in § 131. 


A matrix ral" whose elements are all functions of a single scalar 

L J 7fl 

variable x will often be called an x-matrix. In particular a matrix [a] m 
whose elements are all rational integral functions of a single scalar variable x 
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will often be called a rational integral x-matrix Every rational integral 
a-matrix can be expressed in the form 

of = or of + [£f + .. + Of, .(2) 

LJ st LJ W ‘--‘w ‘--‘ill ' 

where Of > r#f . Of are matrices whose elements are constants, and are 

L J w L L j hi ^ 

the coefficients of x r , a r_1 . ... a? in [a]" . Tlie matrix [«] is then the 

91 u j in 

constant term in Of ■ 

The following examples contain some properties of rational integral 
^-matrices 


Ex ni. Let (7/f and [6]" be rational integral x-matrices , neither of which vanishes 
identically , and let their degrees in x be p and q. Then if the coefficient of the highest 
power of x in either matrix is undegenerate and has rank r, the product matrix [af [if is 
a rational integral x-matriv of degree p +17- 

Let [al ,, =^[a] r +^- 1 [af +- , + + ..., 

L L J m L J m r L J v J r 

where [af, [af, . 0]*, [/S']”, ... are matrices with constant elements, and where 

neither [af nor [/3]" lias rank 0. Then the coefhoient of aP + Q in [af [if is [af[pf. 

If in the product [af [jsf eithor factor matrix has rank r, then by § 131 the product 
matrix has the same rank as the other factor matrix, and therefore does not vanish 


More generally let [af and [if bo rational integral functional matrices , neither' of 

which vanishes identically, and let their degrees in all the 'Variables be p and q. Then if the 
terms of highest degree m eithor matrix form an undegenerate matrix of rank r, the product 

matrix [af [if has degree p+q in all the 'variables 


We can write [af =[ a f + [a'f + . ., [if = 0]" + O'f + •■•> 

L J m L J m L J W4 L J r u J r ^ J r 

where [af, [af , ... are homogeneous matrices of dogreos p, p — 1,..., and [/9f, [/3f , ... 
are homogeneous matrices of degrees q, q — 1 , .... Tlion the terms of degree p-\-q in the 
product [af [if form the homogeneous matrix [«f (jsf whioh does not vanish identically. 


Ex. iv. Let [af and [if be rational integral x-7nairices, and let the degree of the 
product [af [if in x be loss than the degree in x of either one of the factors . Then if the 

coefficient of the highest power of x in one of the factors is an undegenerate matrix of rank r, 
the other factor matrix must vanish identically. 

This follows immediately from the first result in Ex. lii. 


Ex. v. Let [af and [if be square rational integral x-matrices of the same order on. 
Then if the coefficient of the highest povier of x hi [if is undegenaate , we can in one and 
only one way express [af in each of the forms 

w:=m: pc+m:. m:-pc 
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where \_q] ^W w s M ar % rational integral .v-matriecs, and the last two have lover 
degrees m x than [&]"*. 

It will be sufficient to prove the first result, the proof of the seoond result being 
similar. 

Lot [«]*=*» [a]’* [«']’" + . [bf=x'>[fi] Vl + .V"-'[l3?f+ , 

L J m L J m L J m L J vi J vi L J m 

where [a]’" does not vanish, [/3]™ is undegenerate, and it and v are positive integein, being 
the degrees in x of [</]’” and [£>]’” 

If n d>, we oun express [ft] 1 ” in the form specified by puttmg [</]** "=0, [r]’” = [»]"*. 

Tf u v , we onn solve the equation [//]” [j3]™=[a]’” for [/f] 1 ”, mid have 

[f[//]’” [6] w =^-i [y]*+a*-9 [y'] M + . =[a']"\ 

L L J in L ■ J vt L,J vt Lf J vi L J ni 

where the elements of M 1 ”, rV] ,l1 , .. are constants. 

If u- 1 <£?>, we can then solve the equation [A']J” [j9]™ = [ , y]^ for [//]’”, and have 
[a'] [A']* [Z>]’'W‘-2 [S] m +^-» [&]"' +. =[«■"]’", 

L J w L J M L J Ut L J W L f>t 

where the elements of [8]'”, [S'] 111 , .. are constants. 


Proceeding m this way we have finally 


L J w L J w L J m 1 L J i n L J «r 

+l>r. 


where [r]j n is a rational integral ^-matrix whone degree in x is less than n. 
Thus there is always one way of expressing [a]’“ in the form (3). 

There cannot be any Beccnd way of doing this; for if we also had 

. 


where r</'l ,rt and |>'l w are rational integral ^-matrices, the degree of [r'] 1 ” in ,r being less 
than v, we should have 

fcC-wDral-MZ-w:.w 

Then sinoe the degree in x of the matrix on the right in (0) is less than the dogree in x 
of [&]”, it follows from Ex. iv that 

[C-[<”°> aud therefore 

r /iff * 1 r r nW r 


i e. we have 
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Ex. vi If in the theorem of Ex. v the matrices [a]’" afid [&]’" both lie in a domain of 
rationality Q, then the matrices [g]™, [ff 1 ]™*) M ^ a ^ s0 

i r t M I* yi wt r . n in r^i m ryiin 

Form the proof of the theorem the matrices [/(| ()i , LyJ m > ■■■» L" J m » L°J m > L° J,,,' • • 
necessarily he in Q. 


Ex vn If [a]"* and [6]“ are rational integral ^-matrices, and if the coefficient of the 
highest power of ,r in [6] w has rank r (so that r ^ m), we can express [aj^ m the form 


where [p]* and [g]* are rational integral .^-matrices, and where [g]”* has a lower degree 
in x than [Z >] 1,1 . If r < m, this can he done in many ways. If [a] } and [/d ( lie m any 
domain of rationality Q, wo can so ohoose [jp] w and [g] } that they also he in Q 


§ 202. The irreducible, irresoluble and linear divisors of a 
rational integral functional matrix. 

Let A = [al" be a rational integral functional matrix of rank r lying in 

any domain of rationality Q, its elements being rational integral functions 
in 12 of certain scalar variables m, y, z, , let i be a rational integral 
function m II of the same variables which is irreducible in 12, and let i bo 
any one of the integers 1, 2, ...?\ Then if the irreducible function t is a 
common factor of all minor determinants of A of older i } it will bo called an 
irreducible divisor of A of order i. Since every minor determinant, of A of 
order i+s can be expanded m terms of minor determinants of order i, 
every irreducible divisor of A of order i is also an irreduciblo divisor of A 
of each of the orders i -t-1, % + 2,... ?•; and therefore t is an irreducible divisor 
of A (of some order) when and only when it is an irreducible divisor of 
order r. Accordingly the irreducible divisors of A are the irreducible factors 
of the ii. c. f of all minor determinants of A of order?’, and the irreducible 
divisoi’s of A of order i are the irreducible factors of the H.C.F. of all minor 
determinants of A of order i. 

In particular, (talcing 12 to be the domain of all scalar numbers), if t 
is an irresoliiblo rational integral function of the variables a:, ?/, z,, and if 
the irresoluble function t is a common factor of all minor determinants of A 
of order i, if will be called an irresoluble divisor of A of order i. Every 
irresoluble divisor of A of order i is also an irresoluble divisor of A of each 
of the orders i+ 1, i + %... r\ and therefore t is an irresoluble divisor of A 
(of some order) when and only when it is an irresoluble divisor of order r. 
Accordingly the irresoluble divisors of A are the irresoluble factors of 
the h.c.f of all minor determinants of A of order r; and the irresoluble 
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divisors of A of order i are the irresoluble factors of the H.c f of all minor 
determinants of A of order i. 

An irresoluble divisor of A which is linear in the variables ,r. y, z ,.. will 
be called a linear divisor of A. When A is rational and integral in a single 
variable or rational integral and homogeneous in two variables, the irre¬ 
soluble divisors of A are identical with its linear divisors 

If t is any irreducible or irresoluble or linear divisor of the matrix A, 
and if ip* is the highest power of t which is a common factor of all minor 
determinants of A of order i, i being any one of the integers 1, 2,... r, we 
will call d t the maximum index of order i of the divisor t for the matrix A 

Notr. When the matrix A has rank 0, we shall considor that A lias no irreducible or 
irresoluble divisors. 

For we must in this case (see Ex xxvii of § 186) regard 0 as the H.o F. of the minor 
determinants of order i, and 0 is not regarded as an irreducible funotion In general 
formulae it must be possible to replace every irreducible and irresoluble divisor by 0 in 
the limiting case when A has rank 0 

When the matrix A has rank r, wo shall consider for similar reasons that it has no 
irreducible or irresoluble divisors of order greater thau r. 

Ex. l. Lot A be a rutional integral functional matrix m £2 of rank »■, where ?•<£ J ; let 
t beau irreducible function in £2; and lot^j,^, .. g v be a nuinbor of irreducible functions 
in £2 which are all distinct from t. Then t is an irreducible divisor of A 

(1) when and only when A has rank loss than r for overy finite root of t ; 

(2) when and only when A has rank loss than r for every finite root of t which is not 

a root of any one of the functions //a, ... 

This follows from Exs. v and viii of § 189. 

If t is not an irreducible divisor of A, then there exist finite roots of t for which A has 
rank r ; and this remains true when r=0 

Ex li. Let A, B, G, ... bo rational integral functional matrices in £2 whose ranks are 
n, ft y, ...; let t be any irreducible rational integral function in £2; and let ft, ■/, ... be 
positive integers wbioli are not greater than a, ft y, ... respectively. Then if t is not 
a common factor of all minor determinants of A of order d, nor a common factor of all 
minor determinants of B of order ft, nor a common factor of all minor determinants of (J 
of order y', ..., there must exist finite roots of t for which A, B , (J, ... have ranks not less 
than d, ft, y', .... 

We will now proceed to establish the following important theorem: 

Theorem I. Let A — [a,]* be any matrix of rank r, r being not less than 1, 
whose elements are rational integral functions in the domain of rationality 
of the scalar variables x, y, z, ...; let t be any irreducible divisor in HI 
(or any irresolvhle divisor ) of the matrix A; let t d ‘, i^, ... tP*, ... t dr be the 
highest powers oft which are common factors of all minor determinants of A 
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of orders 1 , 2, . .. i,. . r respectively; and let d 0 = 0. Then for the values 
1, 2,... r -1 of i we have 

cZi+i — dn — c^_i.(A) 

The index d l} where i 1, haa the value 0 when and only when t is not 
a common factor of all minor determinants of order i ; and when d £ = 0, all 
the preceding indices d 1} d i} ... cfai clearly have the value 0. If d*=t=0, then 
t is a common factor of all minor determinants of order i, and therefore a 
common factor of all minor determinants of each of the orders i, i +1,... r , 
and in this case the inequalities (A) show that the indices ch, d i+u ... d r form 
a series of constantly increasing integers. 

Since d Q = 0, the first of the inequalities (A) is 
ck-da^di, or dz^ 2d lf 

In proving Theorem I we shall make use of the lemmas given below. 


Lemma. A. If [a] ” = [a] ” + [£]”, tJien every minor determinant of order k of the matrix 
[a] H can he expressed as a sum of determinants of the k +1 types 


(a)*, fa fth 

where s receives the values 0, 1, 2, ... k 


*—i.i 


fa 0) 


k—«,» 
fc ' 


0)!. 


.(i) 


Here for the sake of brevity every determinant of the form (a uv , |3 u1t ,)* -8, ‘', where [m] is 
a minor of the sequence [12. .m], and where [u] and [w] s are minors of the sequence 
[1 2 ...ft] having no element in common, is called a determinant of the type (a, 0)*~ s,f . The 
truth of this lemma is Heen when we observe that the minor determinant 


a 2J|Cfi + 0PiOfi) n Pi<7s + 0pL<Za) q Pi(7k: + 0Pi'4 
((jpg)* = a P»®id‘0Pu9n ( %Offl + 0J>a?u) • a Pu?it + 0Pu(7 fc 

“P|j<7i+0Pi( : gij a P Jt ?a + 0P (: <7ji ••• a Pfc ( Zfe + 0P*Q , ]fc 

can be expressed as a sum of determinants of order k each vertioal row of which contains 
a’s only or /3’s only. 


If [a]” has rank p and [/3]“ has rank a, then all those determinants of the various 

types (1) vanish for whioh k- s>p or s> cr. This is seen by expanding each determinant 
of the types (1) in terms of the simple minor determinants of the vertioal rows which 
contain /3’n only 

Lemma B. Let he any minor detei'minant of order i of the matrix A in 

Theorem I which does not vanish identically, so that i*%. 1 and i ipr; let u and v be any 
elements of the respective sequences [1 2...»i] and [12 ...ft]; and let 


GPiQi a P,v 

’<ji ■ ff.'t’N . 

. PlJ > “ ViJ = *** " a Pi<H “W 

a 1 iq l ...Cti iq t auv 


Op, 3j ... Op I q t Op t v 

a Pi<Ii GPiV * 

q, a vqi 0 
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Then a, [a] * = [Pf - [P'] n , .(2) 

this equation being an identity in the elements of A, and therefore an identity in the 
variables x, y, e,. .. Also the functional matrices [P] M and [P'] B lie in the domain O and 
have respectively ranks r-i and i. 

That the equation (2) is an identity m the elements of A has been shown in Theorem I 
of § 116 This can also be seen immediately by equating corresponding elements on both 
sides. If [/i M ] i is the reciprocal matrix of it has also been shown in Theorem I of 

§ 116 that the equation 

i 

tn”=-K]l 5 k.i; .0) 

is an identity in the elements of A, and therefore on identity in the variables a?, y, s, ; 
and it follows that the matrix [PH™ has rank i. That the matrix rPl H has rank r—i has 

L J m L J m 

been shown in Ex vni of § 116. 

Ltomma C. With the notation used in Theorem I and Lemma B we have the following 
remits: 


(1) If kA^i and emery minor determinant («„„)* of [a]” of order k satisfies an 
identity of the form 

(P } P')r + S (P, P')™ + .. +2(P, P')"" 1+M " S +. ., ...(4) 


where the final value of s is the smaller of the two numbers i and r - k. 

(2) If k i t every mines' determinant (P' u „)* of [P']” of order k satisfies an identity of 

the form 

(P',«)*=(- l) fc («„„)*+A,*" 1 2 («, P)*~ U +... S (a, P)*“ M +..., ...(5) 

where the final •value of sis the smallei' of the two numbers k and r — i 

(3) If k^r—i, even/ minor detei'minant (P„„)* of [7 3 ]* of order k satisfies an identity 

of the form 

(PH V ) k h =tf(a, a ,)l+tf- 1 '2(a, + + .( 6 ) 


where the final value of s is the smaller of the two numbers k and i 
We deduce these results from Lemma A by using the identities for [/’'««]*, 


[■P«.] fc by 




.(S') 


Eaoh sum in formulae (4), (5) and (6) is a sum of a number of determinants of the typo 
shown, as defined in Lemma A. 

We may observe that (flO* vanishes identically when k>r, (P' uw )* vanishes identically 
when k>i, and (P w )* vanishes identically when k> r-i. When k<i, the first term on 
the right in (4) is (— l)* (P' u „)* corresponding to the value i — k of a. 
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Lemma D If in Theorem I the first ? of the inequalities (A) are trm t then 

(a) Every element o/[P]” contains thefactw ■ 

(b) Every element of [P']* contains the factor if l i +i i 

(c) Every minor determinant of [P']^ of order i contains the factor £( i+l ) d i 

(d) Every minor determinant of [P'] n of order k, where k z, contains the factor 

Fk+*k. 

The property (a) follows from the fact that every non-vanishing element of [P]’* is a 
minor determinant of [ 0 ]™ of order i+1. 

L J w 

The property (b), which is a particular case of the property (d), follows from the 
identity P' ut ,=P, lt) - and the inequality di +l — d % ^.di. 

The property (c), which is also a particular case of the property (d), fellows from the 
identity 



=(-i)V-’ (<OJ 

derived from (3). 

To prove the property (d) we use the identical equation (5) of Lemma 0. Expanding 
every determinant 111 each sum in terms of the simple minor determinants of the vortical 
rows containing the P’s, it follows from the property (a) that the equation lias the form 

= .(7) 

where U Q , U 1} . U t) ... are rational integral functions in SI of the variables x, y, c,and 
where 

Xo=l'di + df., X! = d^ i + (£-1) di + fl^-i) X 8 =«£i + i + (£-a) dt+d^g, .. . 

The first i of the inequalities (A) show that 

Xi^Xg-i ^Xg-a^ •• ■‘fcXu 

Hence from (7) it follows that the minor determinant (P' M u)* contains the factor i.o. 
the footor t k, k+ d k. 

We are now in a position to prove Theorem I. We shall consider that t 
is an irreducible divisor in 12; for if the theorem is true for irreducible 
divisors, it follows by taking 12 to be the domain of all scalar numbers 
that it is true for irrosoluble divisors. 


The first of the inequalities (A) is clearly true. For if if 1 ' is a factor of 
every element of [a]" , we have 

[a]*-*[&]", 

where [6]* is a matrix whose elements are rational integral functions in f2 
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2 

of the variables x, y, z,, and if A 0 = (a, tB ) o is any minor determinant of 
[a\ n of order 2, we have 

a m 

Ki>] * = fa [6»«] l, 4, = Ifa (b uv )’. 


Thus every minor determinant of [a]” of ordor 2 is divisible by fa'i and 
if fa is the highest power of t which is a factor of all minor determinants 
of [a]’ 1 of order 2, we must havo 

u J Vh 

da<j:2(Zi, 1.0. rfa - ck 4 d x - do. 

Hence we can prove Theorom I by induction We will make the hypo¬ 
thesis that the first i of the inequalities (A) arc true, and show that, if 
i + 2 r, the (i ■+ l)th inequality, viz. 

&i +a ^+i 4’ ^i+i — di 

must then also bo true. 


Let A,- = (a piJ ) ^ be any one of the non-vanishing minor determinants of 
order i of the matrix A in which tho highest power of t occurring as a factor 
is fa. Then if A i+a is any minor determinant of A of order i + 2, wc have 
by Lemma C an identity of the form 


<v +5 A*. = S (P, P 1 )" + s (P. P');7 + •.. + 2 (P, F) -- ■ • +. (4') 

where the final value of s is the smaller of tho two numbers i and r — % — 2. 


.i. i-i 


2 - 1 - n , l—a 


Expanding each determinant on the right in terms of the simple minor 
determinants of the vertical rows containing the 1 J> s, and using the pro¬ 
perties (a), (b), (c), (d) of Lemma D, wo soo that the equation (4') has the 
form 

^A* +a F= fa F 0 + fa Vi + ... + fa V a + ..., .(8) 

where F, F 0 , V u ... V a ,... are rational integral functions ni of the 
variables x, y, z, ..., and where 

A = (i •+■ 2) d,, X 0 = 2d<+j +■ (i +1) di, A 1 = 3df+ 1 4-(i , ~l)df + di_ 1) 

... X fi =(s + 2)d i+1 -f-(i-s)d l + rfi_ 4 ,. (9) 

Since A< is not divisible by a higher power of t than fa, the function F is 
not divisible by t. 

The first i of the inequalities (A), which are true by the hypothesis, Bhow 
that 

x« 4 a s _i 4 ... 4 Xj 4 4 a, 

and when we divide both sides of the equation (9) by <*, we obtain the 
identity 

A l+fi F=^F 0 + ^'7 1 + ...+faV„+..., .(10) 
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where 

p>o = 2di +1 — di, fii = Z (cii-f! — d{) 4- ij • • • fa = (s 4* 2)(dt+i — df) 4-rff-g ,, 

and (*„-! ^ /^s-aH: ••• ^ Hi ■+ fa- 

Since the right-hand side of (10) is divisible by i'* 0 , therefore A l+a V is 
divisible by ; and since V is not divisible by t, it follows from (Corollary 3 
to Theorem III in § 188 that At +a is divisible by P*. 

Thus every minor determinant of tho matrix A of order i + 2 is divisible 
by P\ i.e. by #"**+‘ _<i »; and if t di+i is the highest power of t which is a 
common factor of all minor determinants of A of order i 4 2, we must have 

d>i +a < |« ’Zdi+x — d l} or ^ +a — ■*); — d^. 

This completes the proof by induction of Theorem I. 


Note. Alternative proof of Theorem I for the special case when the elements of the 
matrix A are rational integral functions of a single vanable x. 

Another proof for this special case is given in Note 2 of § 219 


Ex. in. From the inequalities (A) wo boo that if u, v, w are positive integers such that 
u <£ v, u 4 vj r, we have 


^U + tD ^H^r^U+tD - d v . (B) 


Ex. iv From the inequalities (A) we see that if £<£0, i+k%>r, then 

di+i — di^k (efi+x - di) . (C) 

Ex. v. If t first occurs as a common factor m tho minor determinants of A of order i, 
and if the highest power of t which is a common factor of all minor determinants of 
order i is i°, then the highest powers of t which are common factors of all minor 
determinants of orders £, z + l, £42, £+3, ... respectively, so long as no ono of these 
orders exooeds r, are 

giL g2a+0 g8a+2|8 + y ^-t-BP+ly+fl 

whore /3, y, 8, . . are positive integers, each one of which may be 0 


Ex. vi. Special proof of the last of the inequalities (A) for an wndegenerata square 
matrix [a]^. 


Let t bo any irrcduoible (or irrcsoluble) divisor of [a]£, and let A r _ a bo any minor 
determinant of [o]^ of. order r — 2 whioh is not divisible by a higher power of t than 
&r- a. Without loss of generality we may assumo that A v _ a =(a)^“®. Then in tho 
identity 


(a) 


r-a 

r—2 


(.a)l=Ar-2 («)'- 


'i. a. 

r-2,r-l\ 
a ) 


r-2, r 
a 

,1,2, 

r—i, r-lj 

\l. 2. 

r-2, r-‘. 

'1, 2, 

> -2,1-lN. 

a ) 

r 

r—2, 
a ) 

> i.a, 

r-2, r / 

N1.2. 

r-2, vi 


given by § 110, the highest power of t which is a factor of the left-hand side ib < d r + 'V-a; 
and 1 is certainly a faotor of the right-hand side We have therefore 


dr^df^ a^2o^._x, or d r — d r _i — d r _ 2 • 
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Ex vn If [-4]" is a complete mati'ix of the minor determinants of order i of the matrix 
A = f til 11 of Theorem 1 whose rank is r, and if i + l j>)‘, then emery minor determinant of 

L J fll J 

[.4] 8 of oi'der 2 is divisible by ^i-i+^+i. 

Wo observe that if i+l > r, then every minor determinant of [4]” of order 2 vanishes 
identically, but if i+l^r, thon [4]” has minor determinants of older 2 which do not 
vanish identically. 

Wo prove tho above theorem by showing that if [p]^, [m] 4 aro minors of the sequence 
[1 2 ... »i] and \jf\^ aro minors of tho sequence [1 2 ... «], and if 

i 4 i t 

= -d wo =(a wt ,) f , ■dpu=( ii pu) i i 

then i'*i-i +d i+i is a faotor of the determinant 


Z>= 


■Apq Ap# 
■A-uq -d«tf 


s ApqA 1tv A 1t qAj) 0 . 


Let A=^4,,,=(«,«,)and let [P]* and [P']” bo defined as in Lemma B, so that 

P n _ = C*' qi a ni " k \ , and P'n h% ih obtained from I' Vk by substituting 0 for a %VL 
h ^ \ihV 2 

Then A ^=[Puu] j — [P iu>\ • 

By § 110 we have tho identities 

‘ ;/>..);=a-(!"’ -a<-> (“«■ “%) , 

1 x^wn ^ ^ \ a uQ j u / 

the second being derived from the first by tho substitutions [a, [tf ] i ==0. 


ThUM dotffiy; - A [ajJ) = A<-> (£; , 


u 

or dot {A — [P 1tu ] f } = A 4 1 A pv A m . (11) 

Expanding tho left-hand sido of (11) in asconding powers of A, wo obtain a result of 
the form 


A. i A m -A i ~ 1 A )m A u g‘=A i ~ 1 J) 

= A<-i 2 (a, P);- U + A 4 '* 2 (a, P)| _,, “d-...d-A 4 - 2 (a, P^'d-.(12) 

Now every determinant of tho type (a, P)J -8 ’ 8 m (12) is a sum of products of a minor 
determinant of [ajj of ordor i-s and a minor determinant of [P W ]J of order a, and ovary 
minor determinant of [P we ]j of older s is by §110 the product of A* 1 and a minor 

r "l ijl 

determinant of apa 1 llpv of order i+s containing A. 

L°«?j 

Consequently in (12) we can write 

A 4- * 2 (a, P)| _ ®’*e= a 4-1 S8{_ a 8i + ,, 

where 8*-* and 8 J+> ai’e minor determinants of M* of oiders i—a and id-«; and we see 
that A 1-1 is a faotor of both sides. 




192 


THE POTENT DIVISORS OF 


[OH XXIII 


Since (12) is an identity in the elements of [a] ”, and A m a function of those elements 
■which does not vanish identically, wo can cancel the faotor A i_1 common to both sides, 
and wo then obtain a result of the form 

E=ft l U\ + t T *U%+ ... 4- t Te U t + ...(13) 

where U x , f7 2 ,... U a , ... are rational integral functions m 12 of the variables .v, y, s,..., and 
where 

In (12) and (13) we liavo s r- i, i.o. i —s<£0, i+s'jpr, and the inequalities (A) 

show that 

. ^>r g ^> ... 

Therefore D is divisible by ft 1 , i.o by f^-r^+i. 


Ex. via If the irreducible (or irresolublu) function, t is not a factor of the tumor 
determinant Ai =(«,*,)*, and if ft is a fadin' of all those minor determinants [«]” of order 
£+1 which contain A(, then ft is a factor of all minor determinants of [o]" t of order i+1, 
and ft* is a factor of all minor determinants of [ci]^ of order i+L. 


Let A i+fc be any minor determinant of [a]” of ordor i + k, whore & <j; 1 and i+k r 
Then by Lomma 0 wo have an identity of the form 

a i *+*i 1+ll =s(i> > i>') ( 1 ;‘ l +s(i>,p')‘+j'‘- , + ..+2(/>, /•-)£;;•‘-*+. , .. (uj 

the final value of s being the smaller of the two millibars i and r-i — L Smoo each of the 
P’s is divisible by ft, this identity has the form 

Ai +Jl < (A+1) ' a U x +... + ‘ U t +..., 


whore U, U 0 , U u U,, . are rational integral funotious in G, and whore U is not 
divisible by t. It follows from Corollary 2 to Theorem III m § 188 that A i+l is divisible 
by ft*. 

The theorem of this example corresponds to Theorem I of § 71. 


Ex. ix If the irreducible (or irrcsalvhle) function t is not a faotor of the minor 
determinant A t =(<*,„) £ , and if ft is a factor of all those minor determinants of [ft]” of 

order i+k which contain A*, then ft is a faotor of all minor determinants of [«]” of 
order i+k 

We again use the identity (14). 


If (Put,),, ih any minor determinant of [P]” of ordor k, wo have by $ 110 


(P«o), = Aj* 1- 


\p t .piU, nj 



Since the Heoond factor on the right is divisible by ft, we see that every minor 
determinant of [Z^of order k is divisible by ft. Moreover every minor determinant of 
[P]m or ^ or greater than k oan be expanded in terms of minor determinants of order k, 
and is therefore divisible by ft. Hence from (14) it follows that Ai +fc is divisible by ft. 

The thoorem of this example corresponds to Theorems II a and II b of § 71. 
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Ex x ds m the text let [a]* have rank r, where r^l, let Aj = ((/,*,)* l>e a minor 
determinant o/fu]^ of eider i which does not vanish identically , and let t be an irreducible 
{or mmoluble ) divisor of [a]’^ Then if [Z*]^ and [Z 1 ']’^ are defined as in Lemma B, we 
have the following results in which k is a positive integer. 

(1) If Z=2k r-i, every minor determinant (/’,(„)£ of [i*]“ of order b is divisible by 

■jkdfrid K 

(2) Ifb^-lK + l'frr-i, every minor dot&'minant ( P uv )£ of [/*]” of order b is divisible 

by i* (? i+ d n+ rf s+i. 

By Lemma C thero exists mi idontity of tbo fonn 

(«„,);+ .+i i ‘-S(a,i")‘“- , + ■ 

Using the property (d) of Lonmin I), wo omi writa this in tho fonn 

{l ) J l =^U l) + t^CI 1 + . . + ^<7, + . . + frU k .(IB) 

whero £7 0l U\, U„ . U L aro rntiomd integral functions in Q of tlio variables x, y, s, ., 
the functions l/ i+1 , F i+a ,... i\ vuuinlnug identically wlion b>i; and where 

\=bdt+di, . . X B =Zc?i + c?t_g+o?g, . 'k^bdi+djf 

We observe that X i ._ s = X fl . 

Now Xb_!<|:Xb when d L - l+1 -d L - s 4 Therefore X B _] <{; X, when X; — « +1 

or 2 s b /t'+l. Thlia when b = 2k, tho least of the numbers X (l , Xi, .. X fc ia X*, and when 
k — 2i>. + 1, the least of tlioao numbers are tho two equal numbers X K and X* + i. Honce tlio 
identity (15) shows that tho results (1) and (2) given abovo are truo. 

In tho following second theorem, which will bo usod in tho next article, 
fl again denotes any domain of rationality. 

Theorem II. Let A = be any matrix of rank r, where r <{: 1, 
whose elements are rational integral fmictions in £1 of the scalar variables 
x, y t z ,.. ; let A i = (a pi] ) | and D,- +1 = | J j be any two minor determinants 

of A of orders i and i t 1 luhich do riot vanish identically, so that i 4- 1 ^ i 
let t be any irreducible {or irresoluble) divisor of A; let df df, ... d' r+] be 
the indices of the highest powers of t which are common factors of all minor 
determinants of D i+1 of ordei's 1, 2,... i + 1 respectively , so that in particular 
d \ + 1 is the index of the highest power of t which is a factor of D{ +1 ; and let 
d 0 ' = 0. 

Further let 8{ be the index of the highest power of t which is a factor of A;, 
and let 8f+i be the index of the highest power of t which is a common factor of 
those minor determinants of A of order i + 1 which contain A tl 

Then S<+i — 8(<j:0, 8^ — ^ d't+i — df . (D) 

As before we can confine ourselves to the case in which t is an irreducible 
diviSQr of A in XI. 


a m. 


13 
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The fiist of the inequalities (D) is obviously true. 

/tfi5 a QiV\ 

To prove the second inequality let P„„ = I a j, so that 8 l+1 ih the 

\lhPs -Ptu/ 

index of the highest power of t which is a common factor of all the elements 
of [Pl n . 

J JU 

Then if [4^]* is the reciprocal of [a OT ] we have by § 116 the equations 

A.[a]:-[P]>K];Z?‘ W ;. 


-r^C; =[<CS‘M +1 . 

which are identities in as, y, z,...\ and from the socond equation we deduce 
the identical equation 

det^.[o, w ]^-[P M ];+;] = 0.(16) 


which ib Kronecker’a identity given in Ex. xvii of § 116. 

Let 8 l+1 be the index of the highest power of t which is a common factor 
of all the elements of [P«„] 1+1 . Then S l+1 ^ S'i +1) and therefore the Becond of 
the inequalities (D) will have been proved if we can show that 

.(D') 

Now putting [a UB ] j+i = [i]^, [P= [Q]^ 1 ; writing (16) in the form 

and expanding the determinant on the left m powers of A, we obtain an 
identity of the form 


A ' + ‘.D( +I = Aj5(&,y)^ i +...+A 


‘""■S( 6 ,Q)^ 1 -'+... + (-l) i (Q) 


t+1 

<+l‘ 


When we further expand each determinant of the type ( b, Q) i+l ~ t,,> in 

terms of the simple minor determinants of the vertical rows containing the 
b s, we see that the last identity has the form 


t T<, V 0 = t Ti U l + t r *U 2 +... + t T >U a + ... +i ri+i E7' i+1 , .(17) 

where XJ#, U lt ... U a , ... are rational integral functions in fl of the variables 
as, y, z ,..., the function IT 0 being not divisible by t] where P, wi+1 , P r _ /+a> ... 
U l+1 vanish identically when i+l>r-i- s and where 


t 0 - (i -4-1 )8i + d , iH , n = 8'^ + i8 { + ... 


T * - s8'i +! + (i -f- 1 - s) 8i + _ 
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With this notation wc have 

T s+i ~ Tk = (8 1+1 — 8 t ) — (d i—s+i — d l _„), (a = 0, 1, 2,. . %) 

But by Theorem I d\ +l d\^ +l - d' 

Therefore t s+1 -r„i (8'^ - S t ) - ( d\ +1 - d t ') .(18) 

If wc had 8' i+ i- > d\ +l — d', it would follow from (IS) that r u , . r„ 
arc all greater than t 0 , and then from (17) that U 0 is divisible by t, which is 
not tho case 

Accordingly we must have S ' l+1 - 8 t £ d\ hl - d/, and this establishes 
Theorem II. 

§ 203. Regular minors of a rational integral functional matrix. 

Let A = [a]* bo a matrix of rank r whose elomonLs arc rational integral 
functions of the scalar variables a;, y, z, ..., all lying m any domain of 
rationality fl; let t be any one of the irreducible (or irrcsolublc) diviBors of 
A , and let d u d. i} ... d t) . . d, be the indicos of the highest powors of t which 
aro common factors of all minor determinants of A of orders 1, 2,... i,... r 

respectively. Then any minor determinant = (a p(J ) | of A of order i, 

where i :)> r, is said to be regular with respect to the divisor t when it 
docs not vanish identically and is not divitublo by a higher power of t than 

t d t. The square minor matrix [o^] * will then also bo said to bo rogular 

with respect to the irreducible (or irrcsolublc) divisor t. Further any 
horizontal or vortical minor of A of reduced order i, wkoro i ^ r, will bo said 
to be regular with respect to t when one of iLs simple minor determinants 
(of order i) is regular with respect to t. 

If t is an irreducible (or irrcsolublc) function which is not a divisor of A, 
any minor determinant of A of order i which does not vanish identically and 
is not divisible by t will bo said to be regular with respect to t. In fact we 
could regard t in this cose as an irreducible (or irrcsolublc) divisor of A for 
which ch = = ... = d r = 0 In tho particular case when all the dements 

of A arc constants the torm regular will have tho meaning ascribed to it 
m § 117 a. 

We have used tho term ‘regular’ in an entirely different sense in § 187. a. 
The sense in which it is used will always be clear from the context. 

With respect to the regular minors of A we can prove the following 
theorem which corresponds to Ex. i of § 116: 

Theorem. If i + 1 ^ r and i 1, every minor determinant of order i 4-1 
of the rational integral functional matrix A which is regular with respect 

13—2 
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to the irreducible (or irresoluble) divisor t contains at least one minor detei'- 
mmant of order i which is regular with respect to t, also every minor 
determinant of order i of A which is regular with respect to t is contained in 
at least one minor determinant of order i + 1 of A which is regular with 
respect to t. 

Wo shall prove the theorem for the coso in which t is an irreducible divisor 
in 12. The truth of the theorem for the ease in which t is an irresoluble 
divisor then follows when we take 12 to ho Iho domain of all algebraic 
numbers 

In the first place lot A,, = * and A+i = be any two minor 

determinants of A of orders i and i 4-1 which do not vanish identically. 

Let d'i +1 he the index of the highest power of t which is a faclor of 
Di +1 , and let he the index of the highest power of t which is a common 
factor of all those minor determinants of A of order i which are contained 
in A+i. 

Also let 8 { be the index of the highest power of t which is a factor of A l} 
and let 8 l+1 bo the index of the highest power of t which is a common factor 
of all those minor determinants of A of order i + 1 which contain A*. 

Then by Theorem II of § 202 we have 

— ^ di ^ — di .( 1 ) 

Now let both the determinants A* and D ^ be regular with respect to t 
so that 

d (2) 

Then the inequality (1) becomes 

di + di +1 <j: df 4- Si+i.(3) 

From (3) and the obvious inequalities 

S(-n ■i' <^+1) dt .(4) 

we deduce in turn that di <|: d*', di+ ^ .(5) 

and from (4) and (5) it follows that 

d t = di, Sf+i = di+ .(b) 

The first of the equations (6) shows that if -Ah is regular with respect 
to t, then it contams a minor determinant of order i which is regular with 
respect to t ; and the second of the equations (6) shows that if A* is regular 
with respect to t, then it is contained in a minor determinant of A of order 
i 4-1 which is regular with respect to t. 
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Ex. i. If the minor determinants Ai=(ff M )* and Z) i+1 =(a MB )*^| are regular with 

respoet to tlie divisor Z, then one at least of the minor determinants of A of order i +1 
which contains A< and is regular with rospect to Z is a minor determinant of the matrix 

M=\ a,l4n Cliw 

ct, tv 

Wo see tins by applying the theorem of tho text to the matrix M We cau also see it 
by using the inequality <5'i+i —wlncli is tho inequality (D') of § 202, in 
place of the inequality (1) m the above proof, in which case we obtain 

It follows that 8 i+i = fy+i =t ^+i.(?) 


»,i+i 

i.i+l 


Ex. ii. If the rational integral functional matrix A in convertible into tho matrix B by 
an equigradent transformation , then B is also a rational integral functional matrix , and: 

(1) Tho matrices A and B have the same rank r. 

(2) The matrices A and B have the samo irresolvble divisors 

(3) If t is any irresolable divisor of A and B, and if i'jpr, the maximum indices 

di , d%, di , d r of t of orders 1, 2, . i, .. r are tho sumo for both tho 

matrices A and B. 


Let A = [«]?,! B = [li] m , and lot 


« r ~p ' 1 


KW 7 . Ml/ 1 ' 


(8) 


whore [A] ^, [/t]’* are uudegonorate matrices of ranks p and q with constant elements, and 

r—“jfll # 

H , K are undogonerato matrices of ranks p and q with constant elements inverse to 

1 —'p 1 — 

them. When we equate correspondingly formed complete matrices of the minor deter¬ 
minants of order i on both sides of the equations (8), wo see that ovory minor determinant 
of B (or A) of order i is a homogeneous linear function of tho minor determinants of A 
(or B) of order i. 


Hence if tho minor determinants of A (or B) all vanish identically, then the minor 
determinants of B (or A) all vanish identically. Therefore A and B must have the same 
rank, which we denote by r. 


Again if i^>r, the common footers of all minor determinants of A of order i are 
identical with the common factors of all minor determinants of B of order i; and this 
proves the properties (2) and (3) of the theorem. 

Let the equigradent transformation converting A into B be a transformation in Q, Q being 
any domain of rationality; and let one of the matrices A and B lie in Q. Them both these 
matrices lie in Q, and: 


(4) The matrices A and B have the same irreducible divisors in & 

(5) If t is a/ny irreducible divisor of A and B , and if i ;)>?•, the maximum indices 

dt, c^, . . . . d r of i of orders 1, 2, .. i, ... r are the same for both the 

matrices A and B 
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In this case the matrices |7i"| p , [71 n lie in SI. and wo can choose the inverse matrices 

L J j/r L J q 

i —\Q 

H K so that tliey also lie in Q. Therefore if ono of the matrices A and B lies m SI, 

' - 'p 1 - 1 Ti 

the other also lies in Q. The sanio reasoning as before establishes the properties (4) 
and (C). 

Ex. iii. Jf A=\ci^ is a rational integral functional matrix in Q of rani r, where r 1, 
and if t is any one of its irreducible (or irresoluhlc) divisors , we can always determine a senes 
of i minor determinants 

2 i T 

Al = = ■ Af=(tf w ) fI . . A, s= ( a pg) } , 

which are all regular with respect to t, and each one of which often' the first is contained in 
the preceding determinant. 

This follows from the theorem of tho text. We can clearly choose Aj to be any element 
of A wlnob is regular with respect to t ; or as an alternative we can choose A r to be any 
minor determinant of A of order r which is regular with respect to t. 

Ex. iv The matrix A of Ex n can he converted by derangements of its horizontal and 
vertical rows into a similar matrix [6]^ in which the senes of r leading minor determinants 

hi —bih A 2 '=(6) a , . . A/=(&) t , ... A,.'=(&),. 
are all regular with respect to t. 

Wo deduce this result from Ex. iii when wo form B by bringing the p x th, jt) a tli,... p r th 
horizontal rows of A into tho 1st, 2nd, . 9*th positions, aud then bringing tho ^tli, (/ a th, 
... gvth vertical rows into tho 1st, 2nd, ... pth positions. 

Ey Ex. ii the matrices A and B have tho same rank, lie in tho same domain of 
rationality, and havo tho same irreducible (or lrresoluble) divisors. Moreover the highest 
power of t which is a common factor of all minor determinants of A of order i is the samo 
os tho highest power of t which is a common factor of all minor determinants of B of 
order i Since A/= ± A*, and A t is a regular minor determinant of A, therefore Af is a 
regular minor determinant of B 

Ex. v. Lot tho matrix -4=[ct]^ have rank r, where 1; let t bo any one of the 
irroduoible (or lrresoluble) divisors of A ; and let d } , cf 2l ... d T be the maximum indices of t 
of orders 1, 2,... r for tho matrix A 

Than if A'^a^]^ is a square minor of A of order r wlnoh is regular with reHpect to t, 

tho maximum indices of t of orders 1, 2, ... r for tlio matrix A' ore d u ctf a ,... df, io. they 
are the samo as for the matrix A 

More generally if aud if A '=[«„]“ is a square minor of A of order a which is 

regular with rospeot to t : then tho maximum indices of t of orders 1, 2, ... a for tlio 
matrix A' are d^ tf 3 , ... d t . 

These results follow immediately from tho theorem of the text. 

Ex. vi If A{=(flp g )^ is a minor determinant of A of order % which is regular with 

respect to t, and if i+s r } tho highest powei • of t which is a oommon factor of all minor 
determinants of A of order j+s is the same as the highest power of t vihich is a common 
factor of all those minor determinants of A of order i+s whioh contain A*. 
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For by the theorem there exists a minor determinant A H . S of A of order z'+s which 
contains A* and is regular with respect to t Then all minor determinants of A of order 
t + s containing A< are divisible by t d i-ts, and one of them, viz. A* +H , is certainly not 
divisible by a higher power of t. 

Ex vu If H*=[ «,,]]” ?a « horizontal minor (or if A'=[a l9 ]| w a vertical minor) of A 
of reduced order i which ia regular with respect to t, and if i+s r, then the highest power of t 
which ia a common factor of all minor determinants of A of order i+s is the same as the 
highest power of t whieh is a common factor of all those miner determinants of A of order 
z+« which involve all the i horizontal rows of H (or all the i vertical rows of A”). 

This follows from Ex vi. 

§ 204 Regular minors of a rational integral functional matrix 
which is symmetric. 

In the following examples A = [«] m will denote a symmetric matrix 
whose elements are rational integral functions m fl of tho variables tv, 
fl being any domain of rationality. The rank of a! will, unloss it 
is otherwise defined, be denoted by r. It will be supposed that t is any 
irreducible divisor of A m fl. In the special case when fl is taken to be 
tho domain of all scalar numbers t will bo any irrcsolublo divisor of A. 
The indices of the highest powers of t which are common factors of all minor 
determinants of A of orders 1, 2, ...r respectively will be denoted by 
d lt d a , ... cL r ; and we shall use the convention that d 0 = 0. When any 
minor determinant of A is said to be regular, it will be understood that 
it is regular with respect to the irreducible divisor t. 

These examples correspond to the theorems given in § 12G. 

Ex. i. Every symmetric matrix A =[«]** of rank I has a regular diagonal element 

If a t j In any non-diagonal element, the equation Uii Uii =0 is an identity m the 

a n <r tt 

variables x, y, z, . and leads 1.0 the identioal equation 

anay^af* .(1) 

If ay is regular, the right-hand side of (1) does not vanish identically, and tho highest 
power of t occurring oh a factor in it iH t^i. It follows that neitlior a# uor a# vanishes 
identically; and since each of these elements must contain the factor i'h, this must l>e tho 
highest power of t occurring as a factor in each of them, i.o. each of them is regular. Thus 
if there is a regular non-diagonal element cty, there are at least two regular diagonal 
elements a ti , a#. And if there is no regular non-diagonal element, there must necessarily 
be at least one regular diagonal element. 

Ex. ii. Every symmetric matrix A = [a] ™ of rank r, where r <£ 1, has at least one regular 
diagonal minor determinant of order r. 

Let [A]* 1 be a complete matrix of the minor determinants of A of order r with a 
common scheme of formation for horizontal and vertical rows. Then [A]' 1 is a symmetric 
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matins of rank 1, and by Ex. 1 has a regular diagonal element -which is a regular diagonal 
minor determinant of A of order r 

Ah an immediate consequence we see that. 

The it.q F. of all minor detei'minants of order r of a symmetric matrix of rank r is the 
same as the it of. of all its diagonal minor determinants of orclei' r. 

/ViP* 3>s-l\ , /Pi Pa , . 

Ex ill Let A s _ 1 = ( a ) and A s+ i=( a ) be two diagonal mmor deter- 

\Pi3V Pa-J 'PiPi .PB-inv/ 

mvnants of the symmetric matrix A = [a] ™ of aiders a — 1 and s + 1 (where fl-l<jrl,« + l^> m) 
such that the second contains the first as a minor , and let 



so that A Wi , A m are the two diagonal minin' detei'minants , and A vv , A vll are the two 
non-diagonal minor detei'minants of A of order s which aure contained in A 8 + i and 
contain A„_i. 

Then if A uv is regular and either A nn or A vv is non-regular with respect to the wredliable 
(or irresolable) divisor t of A, both A 8 _! and A a+1 are regular with respect to t 

By § 110 we have the identical equation 

A r A r =A m A„-j\„ .(2) 

If A uv is regular, and A „„ and A m are not both regular with respect to t, the identity (2) 
can be written in the form 

A 8 -i A i+ 1 = i (t U 

where U and V ore rational integral functions in Q, of x, y, z, mid where V is not 
divisible by t. Therefore the highest power of t occurring as a factor m the product 
A 8 _i A i+ i is Since A„_i certainly contains the factor t d s-i and A s + 1 certainly contains 
the factor t d a+i, and since by Theorem I of § 202 wo have d l _ 1 + d l+l <£2g? s , it follows that 
tfa-i and t ,l a+i are the highest powers of t oocurring os factors in A 8 _! and A 8+1 respec¬ 
tively, i.o. A 8 _i and A 8+1 are both regular with rospeot to t. 

It also follows that rf 8 _i+rf 8+ i=2rf 8 , or dg +1 — d t =d s —d s _ t . 

Ex. iv. If a diagonal minor determinant of order fl+1 of the symmetric matrix A which 
is regular with respeot to the irreducible (or irresaluble) divisor t of A does not contain 
any diagonal minor detei'minant of ordei' s which is regular with respeot to 2, then it 
certainly contains a diagonal minor determinant of order «-l which is regidar with 
respect to t. 

It is assumed that r <£ 3, « -1 1, s + l^>r. 

Let A 8+1 bo a regular diagonal minor determinant of A of order s+1 which does not 
contain any regular diagonal minor determinant of order s. By the theorem of § 203 it 
contains a regular non-da agonal minor determinant A a of order s, and we can by like 
derangements of the horizontal and vertical rows of A (which leave its symmetry 
unimpaired) express A 8+1 and A„ in the forms given to A 8+1 and A vv in Ex. iii Then 
by that example A 8-1 is regular , and it is a diagonal minor determinant of A oontained 
in A 8+i . 





204 ] 


A RATIONAL INTEGRAL FUNCTIONAL MATRIX 


201 


Ex. v. If a diagonal minor determinant of order « — 1 of the symmetric matrix A which 
is regular with respect to the itreduoiblo (or irrcsoluble) divisor t of A is not contained m any 
diagonal minor determinant of A of order s which is regular with respect to t, then it is 
certainly contained in a diagonal minor determinant of A of order s+1 which is regular with 
respect to t. 

It is assumed that r 3, s -1 <£ 1, s +1 ;J>r. 

Let "be a regular diagonal minor determinant of A of order a —1 which is not 
contained in any regular diagonal minor determinant of A of order a By the theorem of 
§ 203 it is contained in a regular non-diagonal minor determinant A s of A of order «, and 
we can by like derangements of the horizontal and vertical rows of A (which loavo its 
symmetry unimpaired) expross Ag_x and A a m the forniH given to Ag_x and A, tv in Ex lii 
Then liy that oxamplo A s+1 is regular, and it is a diagonal minor determinant of A which 
contains Ag_x 


Ex vi If the symmetric matrix A = [rr]’jj has rank r, then every diagonal minor 
determinant of A of order r — 1 which is regular with respect to the iircducible (or iire- 
soluble) divisor t of A is contained m a diagonal minor detmninant of A of oi'der r 
which is regular with respect to t 

It is assumed that r <£ 2. 


Let A 1 _ 1 =(a w )^ r _| be a regular diagonal minor determinant of A of order ?■- 1. Then 
if the ttth horizontal row and the -wth vertical row of A are rows which do not occur m 
and if 



the equation ^. wt ^\ uv 
vn ^w» 


to the identical equation 


■0 is by 5$ 110 an identity in the variables x, y t s, 

A v ,uA vt) = A^ wl . 


, and leads 

.(3) 


If there is a rogular non-diagonal minor determinant of A of order r which contains 
A r _x as a minor, wo may select it for A w . Then A uv doeH not vanish identically, and the 
highest power of t occurring as a faotor on tho right in (3) is t^r . It follows from (3) that 
neither A uu nor A m vanishes identically, and since each of those determinants must contain 
the faotor ^r, this must be the highest power of t occurring as a factor in each of thorn. 
Therefore A uu and A m are regular diagonal minor determinants of A of order r containing 
Ay_x And if there is no regular non-diagonal minor determinant of A of order r which 
contains A r _x as a minor, then by tho tlieorom of $ 203 there is cortainly at least ono 
diagonal minor determinant of A of ordor r which contains A v _i. 

The above theorem is that which replaces the theorem cf Ex. v when s=r— 1. 


Ex. vii. If no one of the diagonal elements an, «mj • ■ a mm of the symmetric matinx 
A = [a]” is regular with respect to the irreducible (or irresoluble) divisor t of A, and if a^ is 
a non-diagonal element which is regular with respect to t, then 


A 2 * 


“h a t j 
Oji o a 


'Ct^a Oiy 2 


.(4) 


is a diagonal minor determinant of A of order 2 which is : egular with respect to t. 
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It is assumed that r 2. 

By § 203 there must exist some non-diagonal element which is regular with respect 
to t Since t^i is the highest power of t which is a factor of and since the product 

u, t oy is divisible by a higher power of t than this, we see from (4) that 

A 2 =t*i(tV+V) . (5) 

where U and V are rational integral functions m Q, of x, y, s, , and whore Y does not 
vanish identically and is not divisible by t 

Let cU he the index of tho highest power of t which is n factor of Ah . Thou from (5) 
we Bee that 

di—'idi. 

Now d2-d\-^-d\-d n , ie d 2 ^.^d x , and therefore cUA^df Since d> A(id.>, it follows 
that c4'=c?a=2fl?i > and this shows that A a is regular with respect to t 

The above theorem is tho special form assumed hy tho theorem of Ex v whon s—1 


Ex vin. If A =*\_a\^ is a symmetric matrix of rank r, where r<j:l, whose elements are 

rational integral functions in Q of the variables x, y, s,. ., Q. being any domain of rationality , 
we can always determine a series of diagonal miner determinants 

^0 = -h ^l ==£I p l p 1 > ^2 = ( ct pp) a ) &a—(flint ) B > ^i ,== ( a jiji), 

of orders 0, 1, 2, . . s, . . r such that: 

(1) Each determinant after the first contains the preceding determinant 

(2) The first and last determinants A n and A,, are regular with respect to the given 

irreducible {or iiresnluble) divisor t of A. 

(3) No two consecutive determinants are both non-regular •with respect to t. 

(4) If A, is non-regular with respect to t, then all diagonal minor detemninants of A of 

older s are non-regulcvr with respect to t, but those two non-diagonal minor 
determinants of A of order s which contain and are contained in A„ + i, viz 


„ /Pi Pa Pa-i P«+l\ _ / Pi Pj • Pfl-iPa \ 

£>■=( a ), 2V-( a V 

\ Pi Pa • Ps-lPs / \PiPa Ps-lPsHl/ 

are regular with respect to t. 


Taking A,, to he any regular diagonal minor determinant of A of order r, wo can 
determine A r _t, A r _ a ,... Aj in turn. When A s+1 has been detormmod and iH regular, we 
choose A g to ho regular if this is possiblo. If this is not possible, thou if a+1 <fc3, we 
determine A„ and A g _! in tho manner described in Ex. iv; and if fl=l, wo ultuoNO a* to ho 
one of tho two diagonal elements of A g+1 . 

Or starting with Ai, we take Ai to be any regular diagonal element of A, if this is 
possible; and whon tins is not possible, wo choose Aj and A a in tlio manner dosorilmd in 
Ex vii. Wo can then proceed to determine tlio remaining determinants m HiicceHsion. 
When Ag_x has been determined and is regular, we choose A g to he regular if tliiH iH 
possible. If this is not possible, then if a+1 -jp-r, we determine A s and A s hl in tho mauuor 
described in Ex. v; and if s=r— 1, we determine A s in tbe manner described m Ex. vi. 


Thus in the above series of determinants A r can be any regular diagonal minor 
determinant of A of order r which we choose to ^elect. Or as an alternative Ai can 
he any selected regular diagonal element of A, when one exists; and when A has no 
regular diagonal element, A l can be any diagonal element of A which lies m the same 
horizontal or vertical row as a regular non-diagonal element. 
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Esc is. Let A =[a ]be any symmetric rational integral functional matnx in fi of 

rmik r, whore r 1, and let t be any one of its irreducible (or inesoluble) divisors Them by 
like derangements of its horieontal and vei'tical roves we can convert A into a symmetric 

matnx whose leading diagonal minor determinants 

A{=b lu . . Ar'-Wl 

have the following properties: 

(1) The first and last determinants An' and A,/ arc regular with respect to t 

(2) No two consecutive determinants are both non-regular with respect to t. 

(3) If A h ' is non-regular with respect to t, then all diagonal minor detenninants of B 

of order s , including the two diagonal minor determinants 

/i, a, . /i,a, 

A/=( h ), /?.,«=( b ), 

\i, a, K-i, hJ \i, a, *-i, H-i/ 

are non-regular with respect to t, but the two non-diagonal minor determinants of 
order s 


a, a, / i, a, fl-i,# \ 

B\*= ( b ), B 2 \ = ( b ) 

\l,2, N-l, »/ \1, 2. s-l.H-l/ 


are regular with respect to t. 

Let A lie the matrix of Ex. viii. Then B ■will bo a matrix having the properties 
stated above wliou wo form it by bringing the p^th, p> y th, .. jD,,th horizontal and vertical 
rows of A into the 1st, 2nd, .. rth positions. 

The matrix A is converted into B by a symmetric eqnigrndent transformation or 
a symmetric derangement of the form 

1 i r nWI r7 1 wt m w 

h [«] [/i] = [&] , 

i_i m L J w L J in L ‘w 

where \li\ m is a dorangomont of the unit matnx [l]™. 


Ex. x. In Ex. i\ supposo that A s ' is non-rogular with rospect to t ; lot the symmotrio 
matrix B=[b]^ be converted into tho symmotric matrix [ c ]by adding in succession 

the («+l)th horizontal row to the rth horizontal row and tho (s + l)tli vertical row to the 
nth vertical row ; and let 

Au" = l, A^cn, A a "=(o)*, ... A s " = (o)®, ... A r "-(< 

Thon by Ex. n of ij 203 the matrices B and 0 liavo tho same rank, ho in tho same 
domain of rationality, and have the same irroduciblo (and irrosolnblo) divisors. AIho the 
maximum indices d u o? a , .. d,, of ordors 1, 2, ... r of tho irreducible (or lrrosolublo) 
divisor t are the same for the matrix 0 as for tho matrix B. 

As shown in the proof of Theorem I a of § 147 wo have 

A/'*=A/ when i+s; .(0) 

and A,"= Bn +2/?ia+ j0b3.(7) 

Since t d > is the highest power of t which is a factor of B^, and both Bu and B& are 
divisible by a higher power of i, the identity (7) has the form 

A/'-f^fcr+r), .(8) 

where U and V are rational integral functions m O, and V is not divisible by t. The 

identity (8) Hhows that & is the highest power of t which is a factor of A s ". Thus the 

non-regular determinant A,' has been replaced by the regular determinant A*" From (6) 
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we see further that when A/' is regular ov non-regular according os A/ is regular or 
non-regular. 

By a succession of such symmetric equigradcnt transformations toe can convei't B into 
a mutnx in which the r leading diagonal minor determinants o n , ( c)l , ... (c)^ are 

all regular with respect to t 


Ex 21 Let A =[a] m be « symmetric rational integral functional matrix of rank r lying 
in a domain of rationality fl, whei'e r 1, and lot t be any one of its irreducible {or 
irresoluble) divisors. Than we can convert A into a similar symmetric rational integral 

functional matrix G= [o] m of rank r lying in Q, whose first r leading diagonal minor 
detei'mvnants 

Al = L 'llJ ^2 = ( c ) 2 ) "• As = ( c ) a 5 .. A,.= (c) (> 


are aU regular with respect to the divisor t, by a symmetric unitary oquigradcnt transforma¬ 
tion of the form 


a 


.(9) 


where (h)™=l, and where every element o/[/t]” is either 0 or 1. 

To do this we apply to A in succession the transformations indicated in Em ix and x. 
The form of the matrix |7il 1,1 in the resultant transformation (9) 1ms boon considered m tho 
proof of Theorem Ic of § 147 

By Ex. n of § 203 the matrix G has tho same irreduciblo and irresolublo divisors as the 
matrix A, and the maximum indices of orders 1, 2, ... r of every irreduoihlo or imwolublu 
divisor are the same for the matrix G as for the matrix A 


§ 205. The potent divisors and potent factors of a rational 
integral functional matrix. 

1. Maximum and potent indices Maximum and potent divisors. 

Let A = [u.]^ be a rational integral functional matrix of mnk r lying in 

any domain of rationality fl, its elements being rational integral functions 
in H of certain scalar variables ca, y , z , ... ; and let t bo any one of the 
irreducible (or irresoluble) divisors of A us defined in § 202. Lot d y , d t ,... d r 
be the indices of the highest powers of t which are common factors of all 
minor determinants of A of orders 1, 2, ...r respectively; and let the 
convention d 0 = 0 be adopted. Then if 0 is regarded as a positive integer, 
d 0 , do, dt,. . d r are positive integers satisfying the inequalities 

d r dr —i df —a di do .(1) 

They will be called the maadmwm, indioes of orders 0, J, 2,... r of the 
irreducible (or irresoluble) divisor t for the matrix A. 

Let 6] = rfj d q —- di ,, $2 -— eh, di , — d# d %,... Gy = d,- dy—i . 

Then if 0 is included amongst positive integers, we know by Theorem I 
of § 202 that Si, e a , e a , .. ev ar© positive integers satisfying the inequalities 

&r-i e r-t .( 2 ) 
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They will be called the potent indices of orders 1, 2, 3, ...r of the irre¬ 
ducible (or lrresolublc) divisor t for the matrix A. 

From the inequalities (2) wo hoc that if ^=(=0, then d{, d t+ll . .d, are a 
senes of constantly increasing positivo integers. 

If d l =(= 0, wo will call the maximum divisor of order i for the matrix A 
corresponding to t, if d t = 0, we shall consider that A has no maximum 
divisor of order i corresponding to t. 

If e l =)= 0, wo will call t°i the potent divisor of order i for tho matrix A 
corresponding to t , if e % = 0, wo shall consider that A has no potent divisor 
of order i corresponding to t. 

If i + 1 r, we see from the inequalities (1) that: 

Any maximum divisor t d * of order i is a factor of the corresponding 


maximum divisor t d t +1 of order i +1.(A) 

Similarly if i + 1 we sco from the inequalities (2) that: 

Any potent divisor t e i of order i is a factor of the corresponding potent 
divisor t e i+i of order i- 1-1.(B) 


A potent divisor t° corresponding to any irreducible (or iiTosoluble) 
divisor t of the matrix A will be said to be repeated s times when it is a 
potent divisor of s different orders; and it will be said to be an repeated 
when it is a potent divisor of only one order. If e l} e a ,... e r aro the potent 
indices of t of orders 1 , 2, ...r, there is a potent divisor repeated s times 
corresponding to the irreducible (or lrresolublo) divisor t when and only 
when s consecutive integers in tho series e 1} e a ,... e,. aro equal and not zero. 

Noth. When wo spunk of tho poLcnt divisors of a matrix A without mentioning tho 
domain m whiuli they lie, wo Hlinll os a mlo understand that they aro tho potont divisors 
corresponding to tho various irrosolublo divisors of J ; and tliis will bo so whotbor tho 
domain in whioh A lies is or is not specified. 

When A lies in a spocifiod domain of rationality Q, tho potent divisors of A nmy in 
general l>o oither thoso curruspouding to its various irroduoiblo divisors in Q or thoso 
corresponding to its various lrroHolublo divisors. When tho first interpretation is to bo 
given to them, we shall as a rulo call thorn potent divisors in Q. 

2. Maximum and potent factors. 

Let Di, D y ,... Dy bo the highest common factors of all minor deter¬ 
minants of A of orders 1, 2, ...r respectively. They aro rational integral 
functions of the variables x, y, z t ..., oach of which is determinate save for 
a constant factor to which any finite non-zero value can bo ascribed. The 
constant factors can be so chosen that all tho functions D lt D a , ... D r he in 
the domain f 1, and we shall suppose that this has been done. Wo will also 
introduce the convention that D 0 = 1 , The functions D„, D 1} D a ,... D r will 
be called the maximum factors of the matrix A of orders 0, 1, 2,... r. The 
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irreducible and irresoluble divisors of the matrix A are the irreducible and 
irresoluble factors of the function D r} and the irreducible and irresoluble 
divisors of A of order i are the irreducible and irresoluble factors of the 
function A- 

If t is any irreducible (or irresoluble) divisor of A whose maximum 
indices of orders 0, 1, 2, ... r are d Q , d 1} d 2 , ... d r , then t d o, t d i, t d a,... are the 
highest powers of t which are factors of D a , A> A. . . A respectively. 

If t, il, t", ... are all the irreducible (or all the irresoluble) divisors of the 
matrix A, and if the maximum indices of t, £', t", ... of orders 1, 2,... r arc 
di, da, ...dr\ d^, d/, dr', da"> d," t ... respectively, and if i + 1 ;f> r, 

we can express A and A+i in the forms 

A = (hi* t ld iW .... A+i = a l+1 t d i+it' d 'i+it l,d ‘'i+i ...,.(3) 

where a* and ct^+i are non-zero constants lying m fl; and from the inequalities 
(1) we see (as is otherwise evident) that A+i is divisible by A for the values 
0, 1, 2, ...r — 1 of i. 

Thus each of the maximum factors A. A> A.... A after the first is 
divisible by the preceding .(C) 

Hence we can write 


A=A A = A A 


■■ A+i — AA+i>... A = A-iA, ...(4) 


where E u E 2> ... E r ore rational integral functions of x, y, z ,... lying in the 
domain il; and we then have 

A = A> A = AA, A = AA-..A, •• D r = E 1 E 2 ...E i ...E r . (5) 


The functions E l3 E.,,... E r determined in this manner will bo called the 
potent factors of the matrix A of orders 1, 2,... r. Each of them is deter¬ 
minate Bavo for a non-zero constant factor lying in H to which any value 
may be ascribed. 

If t, £', £",... are all the irreducible (or all the irresoluble) divisors of the 
matrix A, and if the potent indices of t, i, £", ... of orders 1, 2,... r are 
e u e 3) ... 6r; e/, e 2 ,... e/; ef, e.f, ..of,... respectively, and if i-f 1 :)> r, we 
see from (3) that 

E t = biM°i fV ..., A+i = b^t e i+it' 0 't+it"°"i+i..., .(6) 


where b x and 6 l+1 are non-zero constants lying in il; and from the inequalities 
(2) it} follows that Ak is divisible by A for the values 1, 2,... r — 1 of %. 

Thus each of the potent factors E u E it E a ,... E T after the first is divisible 
by the preceding .(I)) 

The irreducible and irresoluble divisors of the matrix A are the irre¬ 
ducible and irresoluble factors of the function E r , and the irreducible and 
irresoluble divisors of A of order i are the irreducible and irresoluble factors 
of the function A- 
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If t is any one irreducible (or lrresolublo) divisor of A, and if e 1} e.,. . e l} ... e r 
are the potent indices of t of orders 1, 2,... i ,... r, then t?i is the highest 
power of t which is a factor of Ei 

' Ex l Tho function D v in the produoL of all tlio maximum divisors of A of order i , 
and this in true both when the maximum divisors are tlioso corresponding to tlio various 
lrreduciblo divisors of A, and wliou they aro tlioso corresponding to tho various lrresolublo 
divisors of A. 

Ex li Tho function E t is tho product of all tho potent divisors of A of order i; and 
this is true both when the potent divisor's aro tlioso corresponding to tho various lrroduciblo 
divisors of A , and when they aro thoso corresponding to tho various irrosolublc divisors 
of A. 


Ex. m. Evory maximum divisor of A of order i is a factor of but not a factor 
of Z? < _ 1 

Evory potent divisor of A which is a factor of E t but not a factor of Ei -1 is a potont 
divisor of order i 


We have now defined four Beta of quantities, viz. 

(1) The maximum factors of A of all ordors. 

(2) The potent factors of A of all orders. 

(3) The maximum divisors of A of all orders, 

(4) The potent divisors of A of all orders. 


All these quantities are known when all tho quantities composing any 
one set are known. It is generally most convenient to regard the potent 
divisors as fundamental. When these arc known, the maximum divisors are 
known from the equations 

V L i = V > it e * ...tH, dn = fij + +... 4- ei ; .(7) 


and tho potent foetal's and maximum factors aro known from the equations 
(6) and (3). 

Ex. iv. The matrix 

' 1, 0 , 0 0 
r ,.| _ 0, »+l, 0 , 0 

L "’ J 4 0, 0 , (tf+2) (.*/»+1), 0 : 

_0, 0 , 0 , -4) (*■» + !) (*+l) . 


has rank 4 and lies in the domain ft of all rational numbers. Expressed m terms of 
irreducible factors belonging to this domain, we have 


A=1 

i?2=(.V+l) , 

Jh= (a+l) a (*+2) (.c 2 - x +1) 
E i =(x+l) i {x+ 2) a (#* - a +1 ) a (<r - 2), 


A-l 

E%=%+1 , 

j5?3 = (a;+l) (.r+2) (a^-a + l) , 

i? 4 =(#+l) a (#+2) (aP-x +!)(«-2), 
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The potent divisors corresponding to these u*roduoible factors are shown in the 
following table. 


Irreducible 

Maximum 

Potent 

Maximum divisors 

Potent divtsois 

divtaurs m ft 

indices. 

indices. 

m 0. 

m ft. 

Ti=x +1 

0, 1, 2, 4 

0, 1, 1, 2 

J , 

jra 

T lt T v T? 

T 8 = x d” 2 

0, 0, 1, 2 

0, 0, 1, 1 

T 2 , Tf 

T*, T* 

T 8 =j? -x +2 

0, 0, 1, 2 

0, 0, 1, 1 

m m o 

— j —> *3) J 3 

—» —> 

T±=x — 2 

0, 0, 0, 1 

0, 0, 0, 1 

-> -) -) ^4 

) l ) ^4 


There are eight potent divisors in £2, viz. 

7 i 2 , T 2 , T a , Ti of order 4 , 

Ti , T a of order 3 ; 

T x of order 2 

The potent divisors T u T 2 , T a are repeated; and the potent divisors and are 
nnrepeated 

Expressed in terms of lrresoluble factors we have 

A=1 , A = 1 

D a =X+l > = 1 

J) 8 =(x+ 1 ) 2 (a? + 2) (a'+wj) (jj + o) a ) , ^ 3 =(a; + l) (a;+2) (.u+ci)!) (a;+o) a ) , 

Z? 4 =(a?+1)‘ (^+2) 2 (a’+ojj) 2 (i’+o> a ) a (a;-2), jE i = (x+l)' 2 (x+2) (ai+aj) (a' + m 2 ) (.tf-2), 

where <»! and a> s are the two imaginary cube roots of 1 

The potent divisors corresponding to those irresoluble factors are shown m tho 


following table. 





. Irresoluble 

Maximum 

Potent 

Maximum 

Potent divisors. 

divisors. 

indices 

uulices. 

divisors. 

t x =x + \ 

0 , 1, 2, 4 

0 , 1, 1, 2 

—, h, tf 

—j *i i ht 4 a 

ia=A’+2 

0 , 0, 1, 2 

0 , 0, 1, 1 

—j —j *ai 4 a 

—> —> 4 > 4 

£3 =#+&>! 

0 , 0, 1, 2 

0 , 0, 1, 1 

—> —> h j 4 s 

i —i 4 , t 8 

X-\-0>2 

0 , 0, 1, 2 

0 , 0, 1, 1 

> ) 4 j 4 * 

> j 4 > 4 

t B =x- 2 

0 , 0, 0, 1 

0 , 0, 0, 1 

i > J 4 

—) —> —) 4 
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There are ten potent divisors, viz. 

t\ l , h, t a , U, t h of older 4, 
t\ i h% ^31 h of ordor 3, 
ti of ordor 2 

The potent divisors t lt ti, t x , are repented; and tho potent divisors if, J and t !t are 
unrepeatod 

In this example tho dements of [o] | are functions of the single variable ,r Thoi'eforo 
every irreducible divibor in G is either linear or ipnuli'atie, and idl tho lrrosoluble divisors 
are linear 

“ X 0 . . 0 - 

Ex v Let d = [>]"‘=A’[l]’" = 0 0 , 

_ 0 0 . A r _ 


where X is a rational integral function of tlio variables x l} x 2 , ... ,v n which is irrosnluble 
(or is irreducible m G) 


Then A has rank on; it has onh / one irresoluble (or irreducible) divisor A'; and it has 
m potent divisors corresponding to the irresoluhle (or irreducible) divisor X, viz 

X , X, . A", X of orders 1 , 2 , , . m — 1 , in 

For in this case wo liavo 


J),=X, Di=X~, . . D VI =X»', E y = X, Ei=X r , ... E m —X. 


Tho potent divisor X is repeated m timos. 


Ex vi Let 


- X Y 0 ..0 0 - 

d=0]’ ll+1 = 0 J 0 0 

L J 1/1 . 


_ o o o .. A" r. 


where X and J’’ are rational mtogral functions of tho variables .r,, ,r 3 , ... .r„, and are 
moreover distinct lrrosolublo fiiuctions (or distinct irreducible functions in G). 

Then A has rank m; it has no irresoluble (and no irreducible) divisor; and it Juts 
therefore no potent dimsw. 

For tho matrix of the affoctod simplo minor determinants of A iH 

[4 1 ^iii...ll» +1 ]-(-l)"[I^ 1 -XY»-\ X*Y"'*, ... (-1>*-V*] 5 
and tho H. o.F of tho minor determinants of A of ordor on is 1 . Accordingly we have 
Di=D 3 =... =D m =»l; Ei=E 2 =>.. =E vt '= 1. 

There is only one distinct connection between the vertical room of A, vL. the oonneotion 


[a] 


i/H-1 


J m+l 


When the irresoluble (or irrediioible) functions A” and Y are not distinct, we can write 
Y=kX, where k is a non-zero constant, and wo have 

A=X, D^X\ ... E x =X, E 2 =X, ... E m ^X. 


o. in. 


14 
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Thus in this special case thei'S is just one ii'resolublo (or irreducible) divisor A , mid 
there are in potent divisors corresponding to this irresoluble (or irreducible) divisor A, viz. 

A', X, . . X , X of orders 1, 2, ... m-1, in. 

T 0 .. 0 " 

X 7 .. o 

„ T , . r -lire 0A..0 

Ex vn Let J = [aJ m+l = . > 

0 0. Y 
0 0 ... X 


where A’ and Y are defined ns in Ex vi 

Then A has Tank m; it has no irresoluble (and no irreduoible) divisor ; and it has 
therefore no potent divisor. 

For the matrix of tho affected simplo minor determinants of A is 

= -X™~'Y> X"-»r» • • (-l) m 7 1 ’ 1 ], 


the signs on the right being alternately + and —, and we have 

A=A= .. = -D m = 1; E]_ — E%= .. = E VI =1 

There is only one distinct connectum between the horizontal rows of A, viz the connection 

[/ij /ijj h s ... A,,i + i] [ a J, )1+1 = : 0. 

When the irresoluble (or nreducible) functions X and 7 are not distinct, wo liavo 
A=A Jh=X'\ .. D W =X™, E^X, E^X, . . E m =X 

In this speoial oase there is just one irresoluble (or irreducible) divisor A"; and thoro 
are m potent divisors corresponding to this divisor A", viz. tho potent divisor A' rupoated 
m times. 


Ex. vui. Let 


A=[«] 


m 

m 


"X 7 0 ... 0 0" 
0X7.. 00 

. 3 

0 0 0 ... X Y 

o o o ... o x 


where A' and 7 are rational integral functions of tho variables x lt x 2 , ... x n , and aro 
moreover distinct irresoluble fuuctions (or distinct irreducible functions in Q). 

Then the matrix A has rank in; it has only one irresoluble (or ii'reduoihln) divisor X; 
and it has only one potent divisor corresponding to this uresoluble (or iireduoible) divisor X, 
viz the potent divisor X m of order m. 

For we have (a) m =X m , and since by Ex. vi the simple minor determinants of tlio 
minor matrix [a]”* differ iu signs only from X m-1 , A’ m-2 7, X m ~ 3 Y' i , .. P'*” 1 , tho 
h c p. of the minor determinants of A of order in-1 is 1 Thus in this coho we liavo 

A = L A = l> An —1 = 1) E vl =X n ', Ei = 1, E 2 =l, ... An—1“1| Aii E= A m . 

When the irresoluble (or irreducible) functions X and 7 are not distinct, so that 
7= kX, whore k is a non-zero constant, we have 

A=AT, D 2 =X\ ... An-X"; a=A A=X, ... E n —X. 
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Thus in this special coho there is just one irrosolublo (or irreducible) divisor A” whose 
potent indices are 1, 1, . . 1, 1, and there aro vi potent divisors corresponding to this 
divisor A' viz. tho potont divisors 

A', A r , ... A", AT of orders 1, 2, ... wi-1, on. 

Tho potent divisor A' is repeated m tinios. 

Ex. ix. Potent divisors of an undcgciicratc quasi-scalar matrix. 

~ eq 0 ... 0 — 

Lot < / ,==l Mj, = ° “ a ‘ ° 

0 U .. a r _ 

bo an undogonerato (puiHi-soalar matrix of rank r whoso diagonal olomonts rri, « a , . a, are 
rational integral functions m tho domain of rationality 12 of certain variables a 1 , y, z ,..., no 
ono of thorn vanishing identically. Then wo liavo tho following thoorom ■ 

Theorem. The irreducible and iro'esolublc divisors of tfy arc the irreducible and 
irrosolublo factors of the functions « l3 a 3 , . a r . 

If t is any irreducible (or inosoluble) divisor of (jo, and if It is the index of the highest 
power of t which is a factor of at, then I, . l r when arranged in ascending order of 
magnitude are the potent indices oft of orders 1, 2, ... r for tho matrix (ji 

Lot D\, D s , ■ A bo tho maximum factors of </> of orders 1, 2, .. r, so that J) t is tho 
H c.P. of all the functions Ai = n„ rt lla .. a Ui , whore [?q w t ] is any imuor of order i of the 
sequence [12. .r] 

To prove the first part of tho theorem it is sufficient to olworvo that 

D r =(i] L a<2...a r . 

To prove the second part of the theorom, lot <q, <‘b, ...flr bo the integers l lt Z a ,.. l r so 
arrangod that 

e r c r _i <£ Co «i. 

Thou if di, di,. d r aro tho highest pmvons of t which aro faotors of D x , A,... D r 
respectively, we have 

di=Ci, d i =ei + e», ... c^ = c , i+£’:i + ...-|- (, ij ■■■ A s=sr ’i+ t, a"l"*” + t, r 

Thus if i^r, we have o t *=di~ l.a ct is the potent index of i of order i. 

Ex. x Potont divisors of any quasi-scalar matrix. 

Any quasi-soalar matrix yjr of rank r, whore r <£ 1, can l>o roduood by striking out rows 
of 0’s to an undegenorute quasi-scalar matrix <j) of tho form considered in Ex. ix; ami yjr 
has then tho same maximum and potont factors and tho snmo maximum and potent 
divisors as 0. 

Accordingly the irroduoiblo and irrosoluhlc divisors of yfr aro the irrcduciblo uml 
irrosolublo faotors of tlioso of its diagonal olomonts which do not vanish identically. 

Also if t is any irreduciblo (or irrosolublo) divisor of ifr, and if the indices of the highest 
powers of t which aro factors of tho r non-vanishing diagonal olomonts of yfr are a a ,... c r 
whon arranged m ascending order of maguitudo, then e l5 e 3 ,... c r aro the potont indices of t 
of orders 1, 2,. . r for tho matrix <fo. 

If e t is the first of the mtegors e 2 , ... e, which is not 0, thon the potent divisors of <jj 
corresponding to the irreducible (or iirosoluble) divisor t tiro 

t a s, ^8+i, ... tPr of orders s, s + 1, ... r. 

A quasi-soalar matrix which vanishes identically has no potent divisors. 


14—2 
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Ex. xi. If a l5 Oa, . a m are rational integral functions of x, y, z, , andif&i,& 2 , b m 
are the same fuuctious arranged m a different order, then the two quasi-scalar matrices 

1 Tal and have the same potent divisors of all orders, i.e they are eqmpotent 

L J m L J ui 

Note If a rational integral functional matrix A has rank r, and if we speak of 
a maximum or potent factor of A of any order greater than r, it must (see Ex. xxvn of 
§ 185) be considered to have the value 0 

We shall however consider that a matrix of rank r haH no maximum or potent factor, 
and no maximum or potent divisor of older greater than r We shall also consider that 
a matrix of rank 0 has no maximum or potent factor, and no maximum or potent divisor 


§ 206. Potent factors and potent divisors of a product of two 
or more matrices. 

Theorem I. If [e]**[o]^[&]’, or 0 = iB .(A) 

is a standard product of two matrices A = [ct]^ and B = [&]* whose elements 


are rational integral functions in the domain ft of the scalar variables 
cd, y, z, ... , then ■ 

(1) The mascimum factor of any order s of G is divisible by the product 

of the maacimam factors of order s of A and B. 

(2) The potent factor of any ordei's of G is divisible by the potent factors 

of order s of A and B. 

By Theorem III of § 71, which is clearly applicable to rational integral 
functional matrices, the rank (i.e. the number of maximum or potent factors) 
of G cannot exceed the rank (i.e. the number of maximum or potent factors) 
of either A or B. 

Let s be any positive integer which does not exceed the rank of G ; and 
let A S} B s , G s be the highest common factors of all minor determinants of 
order s of A, JB, G. By equating correspondingly formed complote matrices 
of the minor determinants of order s on both sides of (A), we hgo that all 
minor determinants of 0 of order s are divisible by the product A S B 8 . 
Therefore G s is divisible by the product A s B a \ and this proves the first 
part of the theorem. 

Now let t be any irresoluble divisor of A and B (or any irrcduciblo 
divisor in O of A and B), and let the highest powers of t occurring as factors 
in A s , B s , Gg be respectively a 8 , /3 S , y 8 . The second part of the theorem will 
be proved if we can show that 

7* “ 7«-i + «s - «»—n and 7# - 7,-, & - &_ a .(1) 

Let (6^)* \ and (c UB )* be minor determinants of B and G of orders s— 1 
and s which are regular with respect to t ; let 

__ pi>(?’ frpo 
L C Uff, a 
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and let be tho index of the highest power of t which is a common factor 
of all those minor determinants of M of order s which contain (6^) * -1 . Then 
by Theorem II of § 202 we have 


fia fia—i ^ 7 » 7 «—!• 


( 2 ) 


But from (A) we see that 


S-'/u 

• ’ ■ C ^i'h-\ Cu i v j^ ~ a, ‘i 1 ‘ 

■ • ^l»j] 

Theroforo 

+ \biqb‘iq, ■ + • ■ 

■ "h y b,i]^ ... b,q g _ j &n>j]- 

bpiQi 



h h It ~ au O ft 

U P*-i<h °Pg-iQs-i U Pa-i*j 

+ A a + ., + a^r A r , 

C « t 9i 




where A la A a ,... A r are minor determinants of order s of [i]", and are 
therefore divisible by tpa. Consequently every minor determinant of Jlf of 
order s which contains (b pl] ) is divisible by tP», and wo have 

/3b i ft.(3) 

From (2) and (3) it follows that 

ft a ~ ft-i ^ 7» ~ 7«—l- 


ThuH the second of tho inequalities (1) is true, and in the same way we 
can show that thu first of those inequalities is true. 

This proves the second part of the theorem. 

It should be observed that tho maximum factor of C of order s is in 
general »nt (‘([uni to the product of tho maximum factors of A and B of 
order s. Also tho potent factor of 0 of order s is in goneral not divisible 
by the product of the potent factors of A and B of order s. These facts are 
illustrated in Ex. i below. 


The converse of Theorem 1 for rational integral /E-matrices is proved in 

§ 221 . 

Kv. i. Let 

“m, 0, 0 "baft, 0 > "abaft, 0 , 0 

A = 0, efib, 0 , B — 0 , baft, 0 , O = 0 , t{Waft, 0 , 

_ 0 , 0 , a?ba_ _ 0 , 0 , a_ 0 j 0 , a s boa _ 

so that C^AB, where a, b, c, a, ft are distinct irresoluble functions. Then the maximum 
factors of orders 1, 2, 3 of A, B, G are respectively 

a, u?b, a% li c ; a, btAft, b 3 a 3 ft i ; aba , aPbWft, aVActAftft ; 
and the potent factors of orders 1, 2, 3 of A, B, C are respectively 

a, efib, a s bo ; a, baft, baft: aba a s baft, a s b 1 0a8. 
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Hove the potent factor aba of 0 of order 1 is divisible by a and a, but is not equal to 
the product ay. a, and the potent factor a-bafi of G of order 2 ia divisible by a-b and ia/3, 
but is not divisible by the produot a?b x bafi 


Ex. li. If either one of the matrices A and B m Theorem I has rank r, then every 
irresoluble (or irreducible') divisor of C must be an irresoluble (or irreducible) divisor of at 
least one of the matrioes A and B 

It will be sufficient to consider the case in which A has rank r. In this caso by $ 13] 
the matrices B and G have the same rank wluch we will denote by s 

Let t be a rational integral funotiou of the variables x, y, z, ... which is irresoluble (or 
irreducible m Si) and is not a divisor of either of tho matrices A and B By Ex i of $5 202 
there exist finite roots of t for which A and B havo ranks r and s respectively. Therefore 
by § 131 there exist finite roots of t for which G lias rank s Therefore by Ex. 1 of § 202 
the function t cannot bo an irresoluble (or irreducible) divisor of G. 


Ex in. If the matrix A in Theorem. I has rank r, and if t is an irresoluble (a)' 
in'educible) divisor of B which is not also a divisor of A, then the matrices B and 0 
have the same potent divisors of all orders corresponding to the divisor t. 

Let the common rank of B and G be s, and let d x bo tho index of the higliost power of t 
which is a common factor of all minor determinants of B of order i, i being any one of tho 
integers 1 , 2 ,... s 


Equating correspondingly formed oomplete matrices of tho minor determinants of 
order i on both sides of the equation (A), we obtain an identical equation 111 x, y, r, ... 
of the form 


»-(’“)> *-(:). *-(J), . 

and where [2?]^ and [C7]* have rank ^ , and [A]^ has rank p. 


... .(4) 


Since is a factor of every element of [fl] 1 ', it iB a footor of every element of [C] 1 ', anil 
we can write M 

and replace the equation (4) by 

.w 

where t is not a common factor of all elements of [7?']^. 

We will now suppose that t is an irreducible divisor of B hi a, so that \B'] v p and [C"]* nro 
rational integral functional matrices in SI. 

Since t is net a diviBor of A, there are finite roots of t for which A haH rank r; thoruforo 
by § 73 there are finite roots of t for which [ri]£ has rank p; therefore t is not one of tho 
irreduoible divisors of [A]J. Henoe [A]^ has at least one minor determinant of ardor p 
which does not vanish identically and is not divisible by t. 


And because t is not a common faotor of all elements of [-S']*, therefore [B r \ v has at 
least one element which does not vanish identically and is not divisible by t. 

It follows by Ex. ix of § 189 that there exist finite roots of t for wliioh [A] J has a non- 
vanishing minor determinant of order p and [TiQ^ has a non*vanishing element, i.e. for 
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which [J]^ has rank p iiml [Zf']^ has rank not Ions than 1; and for such roots of t we see 
from (5) that [C"]£ him rank not lens than 1. Thus there exist finite roots of t for wliioh 
[C"]^ does not vanish, and therefore t is not a factor of the elements of [C"]^ Conse¬ 
quently t'U is the highest power of t wlnoh is a ootnnion factor of all the elements of 
[£7]^, io d t is also llio index of the highest power of t which is a common factor of all the 
minor determinants of 0 of older i 

Thus the maximum indices of t of orders 1, 2,...« aro tho Hamo for the matrix C as for 
tho matrix B, and therefore the potont indices of t of orders 1, 2,.. n aro tlie same for the 
matrix 0 .is for tho matrix B, i.o. tho matrices B and G liavo tho same potont divisors of 
all ordors corresponding to tho irreducible divisor t 

When the diviHor t iH irresoluble, we obtain tho same result by taking Q to be the 
domain of all scalar numbers. 

Ex iv If the matrix B in Theorem. I has rank r, and if t in an irresoluble (or 
irreducible) dim nor of A wlnoh is not tdsn a divisor of B, than the matrices A and G have 
the same potent divisors of all ordors corresponding to the divisor t. 

The proof of Ex iv is similar to that of Ex. iii 

Ex v If either one of tho factin' matrices A and B in Theorem I has rank r and 
moreover has no potent divisors (ie no irresoluble or no irreducible divisors), then the product 
matrix G has the same rank and the same potent divisors of all orders as the other factor 
matrix. 

This follows from Exs iii and iv 

Ex vi If M= ABC. If w a standard product of any number of rational integral 
functional matrices, then: 

(1) The maximum factor of any order s of the product matrix M is divisible by the 

product of the maximum factors of aider s of the factor matrices A, B, C, ... AT. 

(2) The potent factor of any ordei's of the product matrix M is divisible by the potent 

factor of order s of each of the factor matrices A, B, C,. If. 

This follows by ropeatod applications of Theorem I. 

Theorem II. If there exists an identical equation of tire form 

=[&][,. hak=b, .( B ) 

where A salVT, B — , II = [7'V , K = [feV* are matrices whose elements 

■- J // 1 J til L J w L J q 

are rational integral functions of certain scalar variables x, y, z,..., and 
where the matrices H and K have ranks p and q equal to their respective 
passivities, then: 

(1) The matrices A and B have the swnve rank. 

(2) The irt'esoluble (or in'educible) divisors of B are the irresoluble (or 

irreducible ) divisors of the matrices H, A and K. 

(3) If t is an irresoluble (or irreducible ) divisor of B which is not a 

divisor of either H or K, then the matrices A and B have the 
same potent divisors of all orders corresponding to the irresoluble 
(or irreducible ) divisor t. 
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By an irreducible divisor is meant one which lies m and is irreducible m 
any domain of rationality in which all four of the matrices A, B, If, K lie, 
i e. in which the three matrices H, A, K lie. 

The first part of the theorem has been proved in § 131. 

The second part of the theorem follows from Ex. ii. For by Ex. ii the 
irresoluble (or irreducible) divisors of B are those of H and AK, and the 
iiresoluble (or iiTeducible) divisors of AK are those of A and K. 

The third part of tho theorem follows from Exs. iii and iv, and can also be 
proved directly in the same way as Ex. iii. By Ex. iii the matrices B and 
AK have the same potont divisors of all orders corresponding to t, and by 
Ex. iv the matrices AK and A have the same potent divisors of all orders 
corresponding to t Therefore the matrices B and A have the same potent 
divisors of all orders correspondmg to the irresoluble (or irreducible) divisor t. 

Ex vii. If in tho equation (E) the matrices E and K have ranks p and q, and if each 
of them has no potent divisors , then the matrix B has tho same rank and the same potent 
divisors of all orders as the matrix A. 

This follows from Theorom II as a particular case. 

This case occurs whon and only wliou eaoli of the matrices E and E has no irresoluble 
(or no iiTeducible) divisors. The matrix B then has the same irresoluble (and the same 
irreduoible) divisors as the matnx A ; and it also lias the aanio maximum divisors, the 
same maximum factors and the same potent factors of all orders ns tho matrix A. It is 
said to he equipotent with A. 


§ 207. The irreducible divisors and potent divisors of a 
compartite matrix. 

Theorem I. The irreducible (or irresoluble) divisors of a compartite 
matrix are the irreducible (or irresoluble) divisors of its various imrts. 

It will be sufficient to prove this theorem for the iiTeducible divisors; and 
there will be no loss of generality in supposing the compartite matrix to be 
in standard form. ^ _ v 

a , 0 , ... 0 


0, b t ... 0 


0, 0, ... c 

“ ffl, P , U 

be a compartite matrix in standard form whose elements are rational integral 
functions in O of certain scalar variables x, y, z,.. , H being any domain 
of rationality, and let the ranks of its parts [o]* , [&] f/ ,... [c] 1 " be a, ft ,... y, 
so that by § 100 the rank of is 

p — ctArf3 + ... + ry. 

The minor determinants of <f> of order p which do not vanish identically 
are those of the forms 

A p = A a Bp ... Gy, 
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where A a , Bp,... CL are minor determinants of Ta/T , IbY,... ro]*’ of orders 
a, #,...7 which do not vanish identically. 

Let t be any irreducible function in Cl 

Then if t is an irreducible divisor of the part [it]" > it is a factor of all 

such determinants as A a , and therefore a factor of all such determinants as 
A p . Thus if t is an irreducible divisor of any one of the parts of <f>, it is an 
irreducible divisor of (j >. 

On the other hand if t is not an irreducible divisor of any one of the parts 
[«]", [&]*, [ 0 ]™ of (fj, wo can determine A a , Bp,...C y so that no one of 

them is divisible by t ; and then A p is not divisible by t, and t is not an 
irreducible divisor of <£. 

Consequently t is an irreducible divisor of (j> when and only when it is an 
irreducible divisor of at least one of the parts of <p. 


Theorem II a. The potent divisors of the covipartite mati'iso 

, fa, O'*' 

* = 0 , b 


are the potent divisors of the two parts A = [a]* and B = [ 6 ]. 


We assume that <£ is a matrix whose olements arc rational integral 
functions in Cl of the variables cc, y,z,...,Cl being any domain of rationality, 
and we will show that this theorem is truo for the potent divisors of <j> 
corresponding to its various irreducible divisors in Cl. It will then follow 
as a particular case that the theorem is true for the potent divisors of 
corresponding to its various irresolublo divisors. 


Let the parts A and B have ranks a and /3, so that </> hns rank p, whore 
p = a + /9; and let t be any one of the irreducible divisors m H of <f>, so that 
t by Theorem I is any rational integral function in Cl which is an irreducible 
divisor in Cl of at least one of the parts A and B. 

Let df, df ... d a ' and el, el, ,..e a ' be the maximum and potent indices of 
t of orders I, 2 ,... a for the matrix A. When t is an irreducible divisor of B 
only, these quantities all have the value 0 . 

Let df, df ,... dp" and ef, ef ,... ef f be the maximum and potent indices 
of t of orders 1 , 2 ,... /9 for the matrix B. When t is an irreducible divisor of 
A only, these quantities all have the value 0. 

Let di, da, ...d„ be the maximum indices of t of orders 1, 2 ,... p for the 
matrix <f >, and let do = 0. 
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Let e lt e 2 ,. . e p be the integers e/, ef ,... ef, e", ef ,... ef arranged in 
ascending order of magnitude, i.e. so arranged that 

ei $ e 2 $ e 3 £ e p _ 2 Sp-i £ « p . 

We will prove the theorem by showing that e l} e i} .. e p are the potent 
indices of t of orders 1, 2,... p for the matrix <p ; i.e. by showing that if s <j: 1 
and s p, then e a = d a — d p_ a . The special case in which s = 1 is considered 
in Ex i below. 

Et. i Tke potent index of t of order 1 for the matrix <fj is e x 

The potent index of t of order 1 for the matrix <jj is the index of the highest power of t 
which is a oonirnon factor of all the elements of efi, 1 e. a common factor of all elements of A 
and B\ and this is the smaller of the two integers d{ and df, i.e the smallor of the two 
integers e{ and e{\ i.e. the integer fli. We have therefore 

e^ — d\ = d] — cl {\. 

If we consider that A 0 = 1 and 2? 0 =1, and if s is any one of the integers 
1 , 2, . . p, the minor determinants of of order s which do not vanish 
identically are of the types 

Au .... .A w +i -Bn—i, AuBv, -d-u—i -Su+i) • • A. a —ft B^ .(a) 

where u + v = s \ Aj lt ... A u+1 , A u , A^,. . are minor determinants of 
A of orders h,...u + l, u, u— 1,... s — Tc which do not vanish identically; 
and B s _ h ,... B bm , B v , B^,... B^ are minor determinants of B of orders 
8 — h,... v — 1, v, v -f 1,... k which do not vanish identically. We obtain all 
terms of the series (a) from the term A U B V by giving to u and o all 
integral values consistent with the conditions 

w + y = s, «H:0, 0, 

The possible values of it and v are given separately by 
u »{; 0, u { 8 — ft, u^a, u :f> s ; 
v <{: 0, v <j: s — a, v v :j> s. 

The integer h in the series (a) is the greatest possible value of n, and is 
the smaller of the two integers s and a, the integer k is the greatest possible 
value of v, and is the smaller of the two integers s and /8; and it is assumed 
that s <j: 2, and s :]> p, so that p <j: 2. 

The index of the highest power of t which is a common factor of minor 
determinants of </> of the type A U B V in (a), whore u and v are given integers, 
is df + d". Consequently d„ is the smallest of the integers 

dh + d a—iu d U+1 + d d— i, du + d v ', + d" v+l ,d'g^ + d^', ...(a ; ) 

Now since <f u+a ^ e'u+i, e *'^ e Vi and e" v+a ^e" v+u we see that 

if e' u+1 > ef', then e' u+a > eVi; and if e" v+1 > e u ', then e\ +a > aV*. 
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Therefore if d u ' + df < d' u+1 + d" v - x , then d' un + d" v ^ < d' tl+2 + d"„_a; 
and if dj + d" < d ' u .+ d" v+1 , then d'„_j + d M v+1 < d' u _a + d" v+ ° 

Hence those terms of the series (a') which have the smallest value d s are 
consecutive terms; the terms preceding them constantly diminish from 
the first; and the terms following them constantly increase up to the 
last .(A) 

We observe further that if df + d„" = d' u+l + then e' u+l = ef. ...(B) 

Now let df + df be any one of the temiH in the series (a') which has 
the smallest value d„. Then in general we have 

d u + d v rf> d + d i)—i and d u -}- d B d «_i + d ^+1, 


i.e. e'u+i i ef, and e" v+1 e u ' .(1) 

Since also ef u+1 ^ and a'« + i ^ & .(2) 


we see that neither e' n+1 nor e" v+1 is less than any one of the numb el's 
61 , 6 a , ■ ■ j ^ j ... e v . 

Thus if d u ' + df is any one of the terms in the seines (a') which has the 
smallest value d s> then , e/, ef ... e 1t ', ef, e.f, ... e B " a,re the integei's e u 
e.j, ...e„ arranged in some order .(C) 

In proving this result we have implicitly assumed that d u ' + d v ,f is neither 
the first nor the last term in the series (a'); but (as is shown m Exs. ii—iv) 
the result is true in all cases. 

Ev ii Suppose tliat there are at least two terms 111 the series (a'), and that the first 
tern lias the smallest value d t . 

If h=s t the first two terms of (a') are d a \ and wo have d t ,1 Jpd' s _ 1 +d l " ) or 

e{' <£fl B ' Thus e" is not less than any one of the numbers a -!,... a/; and therefore 
these are the numbers fli, fig, ... e„. In this special case of (0) we huve v =0 

If h=a, the first two terms of (a') oro rf„ / +ciJ // lt _ a , d' a _i + d" B _ a + 1 ; and wo lmvo 

da' + ^'a-a^^'a-l + ^-a + lj or "Va +1 ^ «a'- 

Thus fi'^-a+i is not less than any ono of the numbers e{, o a ',... e a \ e", e./,.. e"„_ a ; 
and therefore these are the numbers e lt e S) ... o B arranged in some order. In this special 
cose of (0) we have u=a, v—s — a. 

In both oases the result (C) is true. 

Ex. hi. Suppose that there are at least two terms in the series (a'), and that the last 
term has the smallest value d t . 

The proof that the result (C) is true in these special oases is similar to the proof 
of Ex. ii. 

Ex. iv. Suppose that there is only one term in the series (a'). 

If h=a, we have jfe=0, j8=0, and the series (a') consists of the single term d{ Further 
e li e a ,.. e„ are the numbers e/, eg',... e/; and the result (C) is true. 
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If h=a, we have k=s-a=l3 , s = a + ji, and the .senes (a') consists of tho single tmu 
d a ' + dp". Farther o 1} ... e g are the numbers a/, o 2 ', ... e a ', e{\ o {, . up arranged m 

some order, and the result (C) is true 

From (C) we see that if e u ' { e”, then e 8 = e„ # ; and if e v " i e H \ then 

e 8 = e v ”. Oar object is to show that in both cases we have e„ = d„ — 

when si 2, this having already been shoAvn in Ex. i to be true when s — 1. 
To do this we must consider the value of d „; and this can be obtained from 
the series which replace (a) and (a') when s is replaced by s — 1. 

We may suppose without loss of generality that a <j: ft Thun there are 
three possible cases. 

Case I. s { 2, s :f> ft. 

The non-vanishing minor determinants of $ of order s are of tho types 

-d/ t _i-B s _7 t , ... -du-Z?p_ j, H v , ^-u— s-^v+d ■ ■ • j .(hi) 

and dg-i is the smallest of the integers 

dh —i *t "d R—ftj... dfi + d + d v , d 1t _ 3 + d ,... d + d t-i ..(b| ) 

In this case we have h = s and k = s both in (a') and in (b/), and the 

number of terms m (b/) is less by one than the number of terms in (a') 

Case II. s <j: 2, s > ft, s a- 

The non-vanishing minor determinants of <f> of order s are of tho types 

-d h —i ,.., A. U B V — i, -d, ( _i-B B , .. -d v—it—i y .(b..) 

and d. s _! is the smallest of the integers 

d'h-i + d" g _] L ,... d,/ - 1- d"^, d\^ + d B ", d' u ^ 4- d "„ +1) . . d'„_jt—i + d^'. .. ,(b./) 

In this case we have h = s and k = ft both in (a') and in (b/), aud the 

number of terms in (b a ') is ecpial to tho number of terms in’(u'). 

Case III. s <j; 2, s > a, s p. 

The non-vanishing minor determinants of <b of order s are of the types 
-d/t-^a—7i—l j • • • -dit4-1 u> -d-U^D—1> -d-ll-l^fl) • • ■-d«—ft—l^ib > .(b a ) 

and d s _! is the smallest of the integers 

dh ■+ , • • • rZ / , t+1 + d \~ 3 , du 4- d!' v -i, d' u ^ + d v ",... dV-ft—i + dh', .. .(b a / ) 

In this ease we have h=a and Jc = ft both in (a') and in (b 3 '); and the 

number of terms in (b 3 ') is greater by one than tho number of terms in (a'). 

In each of the series (b/), (b u '), (b.,') those terms which have the smallest 
value dj,-! are consecutive, the preceding terms constantly diminish from the 
first, and the following terms constantly increase up to the last. 

As before let d,/ + d u " be one of the terms in the series (a') which has the 
smallest value d B) where now s <(: 2, s p. 
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Fii'st suppose that e u ‘ 4' e a ", or d\^ + c/ 0 " :|> d u ' + d" v - 1 , so that e„ = e u ’. 

Then if d' u + d u " is the last term in (b/), (b 3 ') or (b./), the above in¬ 
equality shows that it must have the smallest value rf g _i; and if d' u -^ + d v " 
occurs in (b/), (b 3 ') or (b./), and is not the last term, the above inequality and 
the inequality e ,, u+1 ^e , u - l , or d' u -\ + d v " d' u -^ + d'' v+l , which follows from 
the second inequality in (1), show that d r %i —i -I- has the value <£ g _|. 

Thus if* the term d\ M + d 0 '' occurs in (b/), (b 3 ') or (b/), we have 
d s = d tt ' + d a ", dg—i — d\h —i + } and d g — dg —i = d u d u—i = e u = On¬ 

Now the term fZ' K _, H d v " always does occur m the senes (b 3 ) and (b 3 ), 
it always does occur in (b/) except when d u ' + d„" is the last term in (a); 
and it is shown in Ex. v that the equation d s — d „-i = e 8 is still true in the last 
exceptional case. 

Consequently we always have e„ = d u — d s -i. 

Next suppose that ej, or d u ' + eZ'V-i ^ d \ t -1 + d u ", so that e 8 = e v ". 

Then if du' -+■ d'Vi is the first term m (bj'), (b/) or (b 3 '), the above in¬ 
equality shows that it must have the smallest value d 8 -i ; and if d u -1- d B -i 
occurs in (b/), (h/) or (by 1 ), and is not the first term, the above inequality and 
tho moquality e\ t+1 «j: e" B _i> or d u ' -+■ (l"v-i : h d' u+1 + d" which follows from 
the first inequality in (1), show that d u ' 4- d" 0 _i has the smallest value cZ H -i- 

Thus if the term d u ' + d\-, occurs in (b/), (b/) or (b/), we have 
d 8 = du’ + ik", d 8 —i = d % l + dV-i; and d 8 - <£„_* = c^" - d" B _i = = e»- 

Now tho term dl + d"^ always docs occur in the series (b.,'), it always 
does occur in the series (b/) and (ba*) except when d,i +d 0 ,/ is the first term 
in (a '), and it is shown in Ex. vi that the equation d 8 — fZ g _i = e a is still true 
in tho last two exceptional cases. 

Consequently wo always havo e 8 = d a — dg- 1 - 

We have now shown that tho equation e s = d a — ri w _i is always true when 
s 2 and 8 ^ p ; and in Ex. l wo havo shown that it is true when s = 1 if 
p< j; l. Therefore e lt e a , .. e p are the potent indices of t of orders 3,2,.. p 
for tho matrix <£; and this establishes Theorem II a. 

Ex. v. In Case I suppose that d u ' + d v " has tho value d„ and is tho last term m (a')- 
Sinoe tho last term in (a') is d a , wo now have i£ = 0, *>■=«, and or e g ". 

Therefore e u ej, ... e, are the'integers e", c%\ . . & 8 . 

The last term in (bf) is d" s _i, and the inequality fli'd^Vi) or dVi^^'+^Vaj 
which follows from the inequality <£ & a \ shows that the last term d g _i m (b^) has the 
smallest value cJ„_ v 

Therefore d e =d 8 \ cZ g _i=d",_ii and d t — d g - l ‘=d, r '-d" a - l = e t "= 0 a . 
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Ex vi Iu Case I or II suppose that + d u " has the \alue d a , and is the first term 
in (a') Sinoe the first term in (a') is d a \ we now have it=s, v=U, and d a '^>d' B _j +d 1 ", or 
e" <{: e a . Therefore e 1} a lt ... e„ ai'e the integers e B ',... c B 

The first term in (V) or (b a ') is d \_ j, and the inequality e" <£ e '„_ j, or d' t _ i ;}> d\ _ a + d \", 
which follows from the inequality c/' e B , Bhows that the first term d ' a _ 1 in (b/) or (IV) 
has the smallest vulue d a _ x 

Therefore d„=d a , d 8 _ 1 =d' a ^ii and d B —d B - 1 =d B / — d / a _ 1 =e a =(‘ a 

Theorem II b. The potent divisors of any compai'tite matrix are the 
potent divisors of its several parts. 

We will suppose that 

— "| li, Q t 0, h 

a, 0 , 0 ,.. 0 
0 , b, 0 , ..0 
tf>= 0, 0, C....0 


0 , 0 , 0 ,... d 

- — m, p, u, h 

is a compartite matrix m standard form whose elements are rational integral 
functions in O of the variables x,y, z, ..., Q, being any domain of rationality, 
and that t is any irreducible divisor in fi of the matrix 0 , so that t by 
Theorem I is any irreducible divisor m O of at least one of the parts of </> 
In the particular caso when wo take fl to be the domain of all scalar 
numbers t is any irresoluble divisor of <fi. 

Let the ranks of the parts A = [a]^, B = [&]”, G = [c]”,... B = [r7]^ be 
a, j3, 7 ,. 8, so that the rank of (f> is p, where p = a + (3 + y+... +8. 

By Theorem II a the p potent indices of t for the matrix <£ are the a 
potent indices of t for the matrix A and the /3 + 7 + ...+8 potent indices of 
t for the matrix 

- —if, v, l 

6 , 0 ,... 0 

, / _ 0, c, .. 0 


0 , 0 , ... d 

— p, «, a 

By the same theorem the /3 + y + ... + 8 potent indices of t for the 
matrix <£' are the potent indices of t for the matrix B and the 7 + ... + 8 
potent indices of t for the matrix 
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Proceeding in this way we aeo that the p potent indices of t for the 
matrix 0 are the a potent indices of p for the matrix A, the j3 potent indices 
of t for the matrix B, the y potent indices of t for the matrix G,... and the 
8 potent indices of t for tho matrix D; and if e lt e. 1} . ,e p are tho potent 
indices of t for the several parts of 0 arranged in ascending order of magni¬ 
tude, then these are the potent indices of t of orders 1 , 2, ... p for tho 
matrix 0. 

II e h is the first of the integers e 1 , e u ,... e p which is not 0, then the potent 
divisors of <f> corresponding to the irroducible (or irresoluble) divisor t arc 

t fi , t' 1 of orders i } i + 1,... p ; 

and these are the potent divisors corresponding to t of tho various parts of 0 
so arranged that their indices arc in ascending order of magnitude. 

Note. Theorom lift is true both whon tlie compartito matrix 0 is and when it is not 
m standard form Tlioro is clearly no loss of generality m supposing it to bo in standard 
form. 

Ex. vn. Potent divisors of the nudoyenerate square matriv of order m, 

0 0 .. p 0 0 ... 0 0" 

0X0 .. 0 p 0 ... 0 0 
0 0 X .0 0 p. 00 

0 0 0.. X 0 0 .. p 0 
OUIJ..OXO ...Ofi 
0 0 0 .. 0 0 X ... 0 0 


0 0 0 ... 0 0 0 .. X 0 
_0 0 0 ... 0 0 0 ... 0 X_ 

m which all elements are 0 except those lying in the leading diagonal and those which lie m 
any one row parallel to the leading diagoiud and separated from the leading diagonal by 
p - 1 rows of 0’«. 

Wo regard X and p as distinct irroduciblo rational mtogral functions in a domain of 
rationality Q. of certain scalar variables x, y, s,.... Thoy may howover bo indopondcut 
varmblos, in which case 12 is the domain of all rational numhors. Tho maximum and 
potont factors of ordorH 1, 2,... m of 0 will bo denoted by A* A» and Ei, A,. . E m 

rospeotively. Tho potent divisors will he those corresponding to tho irreducible diviHors 
of 0 m Q (of which thero is only uno, viz. X). 

We coumdor that p and m nro positivo mtegors such that 1, p ■jpm. Wo oxcludo 
tho caso p=Q in which 0 is tho scalar matrix (X-t-/i).[l]’j\ Wo can then write 

m=np+q, 

whei’o p, q, n are positive integers such that 

1 , 


rn i ~i i'i tn—i> 
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find (the constituent matrices being scalar) we can express 0 in the form 


ft ^5 
Xj ft 

0, 0, X, 


0, 0, 

0, 0, 

0, 0, 


0, 0, 0, 

0, 0, 0, 

0, 0, 0, 


X, n, 0 
0) Xj ji e 
0, 0, X.l 


p> v . i>. P. <1 


where 


mj-GJ 

■— -*fl. n—n 


(3) 


(4) 


Let i be any one of the integers 1, 2, p — q Then if we regard tho (q + i)th vortical 
row in each of the first n sets of vertical lows in (3) and the (<7 + i)th horizontal row in 
each of the first n sots of horizontal rows in (3), w c aco that tho elements common to theso 
n vertical and horizontal rows of 0 form the squaro matrix of ordor n 


MI = 


X p 0 
0 X p 

0 0 0 
0 0 0 


0 O' 
0 0 

X p 
0 X 


and that all other elements m these rows of 0 are 0’s. 

Again let i bo any one of the integers 1 , 2 , ... q. Then if we regard the ith vertical 
row in each of the ?i +1 sots of vertical rows m (3) and the ith horizontal row in each of 
the ?j + 1 sets of horizontal towh in (3), wo see that tho elemonts common to those a +1 sotH 
of vertical and horizontal rows of 0 form tho square matrix of order w+1 


M 


H+l 

n+1 


X /i 0 ... 0 0 
0 X p ... 0 0 

0 0 0 ... X fi 
0 0 0 ... 0 X 


and that all other elements m theso rows of (p are 0’s. 

Consequently 0 is a compartite matrix having exactly p parte of wbiuli p-q are equal 
to [m] jt and q are equal to , and wo can convert 0 by a symmetric derangomout of 
its horizontal and vortical rows into a compartite matrix of standard form whose parts are 
those just described. By Ex. viii of § 205 each of the parts [<a] w has only tho nno potont 

divisor X" and each of the parts [>]“+j has only the one potent divisor X nH \ llonoe from 
Theorem II b we conoludo that: 


The matrix <p has only the one irreducible divisor X, and it has exactly p potent divisors 
of which p — q are equal to \ n and q are equal to \ n+1 . 

It follows that the potent factors and the maximum factors of <p are 



■=An-p= l; 

^m—p+l — Em-p+'i— ■■ = TJ m . 
■E'm —« + l = -hm—q + 2 = ■ ■ =r A m 

-{“X* j 

= X n+1 ; . 

Di=D a = . 

= 1 5 

• Ai-p + 1 =X n , Z> m _p + a =X 1Jn ? 

■ ■ An- 9 =X( p - (, ) B ; 

An 

- 9+ i=Xb ) -« + *)“ + i, + 

. J 0 m = \P' t+ 9 = X m . 





207 ] 


A RATIONAL INTEGRAL FUNCTIONAL MATRIX 


225 


In tho particular case whon </ = 0 , so that >u = np t tho matrix 0 lias exactly p potent 
divisors each of whioh is equal to X". Wo ohtam the matrix of Ex viii in 206 when 
y= 0 , jo = 1 , m=n. 

Eiv. vm Conjugate reciprocal of the matrix 0 of Ex. vii. 

It can be at once verified by actual multiplication that tho oonjuguto reciprocal of 0 is 
the square matrix 

-X’"-^ X“-y>- (-l)*- l X**-* /t**" 1 , (-1) M X’"-«-V 1 ‘ ■« p ' q 

o , x™- 1 ,-x ni -y, (-l) n --X’ l *- ,t+ V”- !! , (-l) ,l - 1 X ,,, - ? ' p n ~ l e 

lJ>= o , 0 , X* 11 - 1 , . (-l)“- 3 X w - u + V' l-a ) 6 


0 , 0 , 

0 

Xm-l , 

— \ m ‘^p.e 


o 

© 

0 

o 

X” i_l . 1 

/'■ r,n 

whore as boforo 


K-ET 

- J a. p-a 




Since the elements of are the mino^ determinants of 0 of ordor n — I, it follows that 
Z> n i_i = X ’"'" , ' _1 when y + O, wlion q= 0; 


aud becauso Z>„ 1 =X”‘ in all cases, it follows that 

E m =\ n+1 whon f/ 0 , E M =\ H when q=0. 

Because 0 has only the one n'reduoiblo divisor X, E m is its one potent divisor of order m. 
These results agree with Ex. vn. 


Ex. ix Minor determinants of all orders of the matrix 0 of Ex. vii. 

The expansion of every non-vanishing minor determinant of 0 is (when wo disregard a 
possible negative sign) tho product of a number of the elements X and p ho chosen that no 
two of the elements he m the same horizontal or vortical row of 0. Or again a general 
formula for any non-vanishing minor determinant A of 0 is 

A^P^oPi^iPa^.-.A-i^-iA.(7) 

where P„, ^ 0 , Pi, <Jh, P a , (J) a , ... P„_i, Q»-i, P„ are minor determinants of the 2/4+1 
successive constituent matrices 


/*[«£. x[l]^, ,41];;,... xm;;, ", 


X[L] 


p 

v 


ol‘ 0 shown m (3), whero we Btart at tho Ixittom and pass upwards and towards the loft, 
these determinants being bo chosen that no two of them contain a horizontal or vertical 
row in oommon, and a determinant of order 0 being considered to have the value 1 . 


By solving the inequalities to be satisfied by tho indices of X and p in the factors on 
the right in (7) it can be shown that: 

The values of the non-vanishing minor determinants of 0 are given by the formula 

A = Xy, .'.(fi) 


where u and v are integers whose possible values are those consistent with the conditions 

w<£ 0 , «<t: 0 , u+v jpnp + q, 
nv + {n-l)u ]>a{(w- l)p + j}, (»+l) v+nuipn{np+q}. 


0. III. 


16 
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Writing m+»=i, and eliminating v, it follows that 

The values of the non-vanishing minor determinants of </> of order i are given by the 
formula 

Ai=XV" M 5 .( 9 ) 

where u and i are integers whose 'possible values are those consistent with tits conditions 
14-4:0, «<t: (M+l)i-n{wp+j}j u^i, u^ni-<n{(n-\)p+q\, 
which include the necessary conditions i 0, i 4> np + q 
Since ni-n {(w-= 

and 

(?i+ 1 ) i - n {np +g'} = (?i+1) i — nm=n (i-m -\-p )+(i - m + q)=n (p — q) + (» +1) (i - m 4- q), 

the possible values of u m formula (9) are dependent on the value of i in the manner 
shown in the following table ■ 


Value of i Possible values of u 


Case I 

HO, 

ijpm-p 

HO, 

w$>i 

Case II. 

iJfim-p, 

i ^m-q 

H w(i— m+p), 

u^>i 

Case III. 

1 i-^m-q, 

i jpm 

u <|: (n + l)i-nm, 

W$>i 


The values of E lt ... Ai can be constructed from this table, and wo thus obtain 
independent proofs of the results of Ex. vii. The corresponding table for the matrix 

[m]^ of Ex. vii is obtained by putting 5 '= 0 , p=l, m=n. 


§ 208. Irreducible divisors and maximum factors of a complete matrix 
of minor determinants. 


In the examples whioh follow <f> is a rational integral functional matrix of rank r 
lying m a domain of rationality Q ; 4> iB a oomplete matrix of the minor determinants of 
<f> of order 8 , where s is a given positive integer not greater than r ; and we write 


<#>=!>] 


n 

m* 


4 = 



When the variables are arbitrary, the matrix $ has rank p, the maximum and potent 
factors of p of any order i will be denoted by Z> t and Ei, and the maximum and potent 
factors of £> of any order i will be denoted by D{ and E(. Wlien for particular values of 
the variables the matrix p has rank 

0 , 1 , ... 8 — 1 , 8 , ... i- 1 , i, ... r- 2 , r- 1 , r.( 1 ) 


then by § 73 the matrix $ has the corresponding rank 

o, o,.. o, i, ..c: l )>C>--C; 3 >C: 1 M:). m 

By the irreduoible divisors of p and $ we mean those whioh lie in Q and are 
irreduoible in Q. 
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Ex. i. The matrix $ has the same irreducible divisors as 0. 

Let t and T be irreducible divisors of 0 and 0 respectively in their common domain of 
rationality Q. Then for all finite roots of t the matrix 0 has rank loss than r, and 
therefore $ has rank lesB than p ; consequently t is an irreducible divisor of 0. Again for 
all roots of T the matrix 0 has rank less than p, and therefore 0 has rank less than r ; 
consequently T is an irreduoible divisor of 0. 

Thus every irreduoible divisor of 0 is also an irreducible divisor of 0 , and conversely 
every irreduoible divisor of 0 is also an irreducible divisor of qb. 

Ex. 11 . If i w any integer not greater than r and not less than a, the irreducible divisors 
of 0 of each of the orders 


CYK-Q- 1 - 0 


•( 2 ) 


are identical with the irreducible divisors of 0 of order i, i.e. with the irreduoible factors of 
Di and E t . 

Let j be any one of the integers (2); let t be any irreduoible divisor of 0 of order i , 
and let T be any irreduoible divisor of 0 of order j. 

For all roots of t the matrix 0 has rank less than i, thereforo 0 has rank less than 

i.e rank not greater than ^ g an ^ therefore all minor determinants of 0 of 

order j vanish; consequently t is an irreduoible divisor of 0 of order j. Again for all 
roots of T all minor determinants of 0 of order j vanish, thereforo 0 has rank Iosb than j, 

therefore the rank of 0 oannot exceed g therefore tho rank of 0 cannot exoood 

i—1, therefore all minor determinants of 0 of order i vanish; consequently T is an 
irreducible divisor of 0 of order i. 

Thus every irreduoible divisor of 0 of order i is also an irroduoiblo divisor of 0 of 
order j, and oonversely every irreduoible divisor of 0 of order j is also an irreduoible 
divisor of 0 of order i. 

Ex. iii Ifi 0, i r, and ifn= then At' is a factor of Djf. 

Let S=(6)j bo any minor determinant of 0 of order i whioh does not vanish identi¬ 
cally ; let 0=[8]*, so that 0 is an undegenerate square minor of 0 of order i ; and let 
be a complete matrix of the minor determinants of 0 of order s. Then (B) u is a 
minor determinant of 0 of order u, and by § 120 we have 

(E) v = ±d v . 

Therefore EJ, whioh must be a factor of (2?)™, is a factor of 8"; and this is true for all 
such determinants as 8. Consequently Df must be a factor of A“- 

When J)i has no repeated irreduoible factors (in which oase 2?<_|«=1), the maximum 
factor of 0 of order J is 1, and the maximum factors of 0 of the (^~ ^ orders 

b-. .« 

are divisible respectively by 

A, A 2 , - A*, -A*. (4) 

16—2 
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Consequently m this ease Df is also divisible by A B i and we can write 

A/=A V . 

It follows that m tins cose we have in (4) the maximum factors of 4> of the respective 
orders (3) 

Ex. iv. Maximum factors of the reciprocal of an undegenerate square matrix. 

In the special case when <£==[<i]™ is an undegenerate square matrix and $ = 

is the reciprocal of rf), we have D m =(a) , and it follows at once from § 124 4 that for the 
values 1, 2, . . m of i 

A* “Am, 1 1 An-is 

and in particular 

A'=-0» 0 A»i-i=Ai-i» A,i'=A " l_1 A=An 1 "' -1 - 

The possible ranks of <5? for partioular values of the variables are 0, 1, m. The 
irreducible diviHors of $ of order 1 are identical with the irreducible divisors of rf) of 
order m — 1, and the irreducible divisors of $ of any one of the orders 2, 3, . . m are 
identical with the irroduoible divisors of rf) of order m. 

§ 209 Reduction of a rational integral functional matrix to one whose 
successive leading minors are all regular. 

Throughout the present artiole A=[d]^ is a given matnx of rank r whose elements are 

rational integral functions in Q of certain scalar variables x, y, z, . , Q being any domain 
of rationality. The letters t, If, t", .. , t, t', t", .. will denote any givon distinct irre- 
duoible functions in £2, which may be irreduoible divisors of A ; and the indices of the 
highest powers of these functions which are oommon factors of all simple minor deter¬ 
minants of A of order i, where i r, will be denoted by ck, d(, df, . . 8 { , 8i, 8 { ", ... If t 
is not an irreducible divisor of A, then <3^=0, and if r is not an irreduoible divisor of A, 
then 3 { =0. The domain ,of all rational numbers will be denoted by Qj. The maximum 
factors of A of orderB 1, 2,. . r will be denoted by As As A- The chief results 
to be established are contained in the three theorems whioh follow. 

Theorem I. We can always convert the matrix A=[a]^ into a similar eguipotent 

matrix _B=[6]™ whose first r leading horizontal minors [ft]*, [&]”, ... [&]” a/re all regular 
with respect to every one of the given distinct irreducible functions t, If, If,... by a wnitary 
equigradent transformation in Qi of the form 

1 7*12 . . h in 

0 1 h %s ... hfyn 

0 0 1 ... [<=[< . (A) 

_0 0 0 ... 1 

47 i which every dement h of the prefactor on the left can be a positive integer. 

Theorem II. We can always convert the matrix A = \ci]^ into a similar eguipotent 
matrix B < b t whose first r leading vertical minors [6]^, [6]^, ... [&]^ are alb regular 
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with respect to every one of the given distinct irreducible functions t, t', t‘\ . by a unitary 
equigradent transformation in Qj of the form 




n 

in 


1 o o 

&2l 1 0 

^.hi ^aa 1 


.. 0 

. 0 

. 0 


-P'] 


(B) 


£ n l Aill hut 


1 


in which every dement k of the post-factor mi the left ran he a positive integer 

Theorem IH. We can always convert the matrix A = [a]” l,l ^ a a similar equvpotent 
matrix <?=[e]” whose first r leading diagonal minor determinants t! u , (r)^, (c) , . (c)^ are 

all regular with respect to every one of the given distinct iircdncible functions t, t\ tf\ . by 
a unitary equigradent transformation in £2j of the form 


1 hy) /ijj , 

hm 

1 

0 

0 

. 01 

0 1 /ijj 

.. h 2 , rt 


1 

0 

.. 0 

0 0 1., 

h M 

^J1 

hi 

L 

0 

0 0 0 . 

1 

_ knl 

ha 

ha 

. 1 _ 


in which all the elements h and k of the prefactor and post-factor on the left can be 
positive integers. 


Note 1 The matrices B in Theorems 1 and II and the matrix 0 in Theorem III 
lie in Q. and are eijuipotmt with A. 

This follows from Ex. vn of § 20G The proportion of equipotent matrices aro 
enumerated in $ 213. The matrix B (or G) has the same irreduoible divisors ns A , 
and these irreduoiblo divisors have the Banie maximum indices in B (or G) as in A. 


Note 2. Special case in which t, t 1 , t', .. are all the irreducible divisors of A. 

If r=?n, then in this case the H.a f. of all tho simple minor determinants of 
[6]" in Theorem I or [c]” m Theorem III is tho common maximum factor of 
order i of A and B or of A and G ; but this is not necessarily so when r < m, for 
then the simple minor determinants of [&]* or [c] M may have a common factor which 
is not a factor of _D { . 

Also if r=n, then in this case the H.o F of all tho simple minor determinants of 

r&l 1 m Theorem II or [ol* in Theorem III is D< 

L J m L J m 

Note 3. Special case m which the elements of A are constants 

Theorems I—III are still true, hut m the enunciations wo must replace ‘ regular 
with respect to t, tf, if', . ’ by ‘regular’ Bimply The proofB of the special theorems 
for this case are simplifications of the proofs of the general theorems. 

We will prove Theorems I—III with the help of the examples and lemmas whioh will 
now be given. 
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Ex 1 . If P, Q and T are given rational integral functions of a?, y, z,. , and if Q does 
not vanish identically and is not divisible by T t time cannot be more than one constant X 
which is s/uch that P+\Q is divisible by T. 

For if P + ~\Q were divisible by T for two different values Xj and X 2 of the constant X, 
it would follow that (Xi-X 2 ) Q is divisible by T, and this is impossible 

Ex. ii Let the first horizontal roio of the matrix A =[a]'* be regular with respect to 

t, t\ f.. ., but not regular with respect to r ; and let the pth horizontal row of A be regular 
•with respect to r. Then by adding to the first horizontal row the pth horizontal row 
multiplied by a non-zero constant X in Qi ( which can always be a positive integer ) we can 

convert A into a similar eqwpotent matrix B =[&]” whose first horizontal row is regular 
•with respect to t, f, i\ ... and r. 

The simple special case m whtoh t is the only irreducible function to be considered 
(no mention being made of 2, t\ 2", , .) is inoluded in the general case 

Let the matrix B =[&]” be formed in the manner described, X being any oonstant; 

and let the element ctp, of the pth horizontal row of A be regular with respect to r. 
Then we have 

&ig=«i<,+Xa w =i- fl i (Pt+X<2), 

where Q is not divisible by t. Since Pr+X§ is only divisible by r when X=0, the 
element b lq of the first horizontal row of B is regular with respect to t for all non-zero 
values of X. Again let the elements a lui a ltt , a Uu , ... (not necessarily all different) of the 
first horizontal row of A be regular with respect to 2, 2', 2", ... respectively. Then we have 
(with new mean mgs for P and Q) 

&iu= a iH+Xa pu =^ 1 (P+X0, 

where P is not divisible by t. If Q is divisible by 2, then P+\Q is not divisible by t; 
and if Q is not divisible by 2, then by Ex. i there cannot be more than one value 
of X for which P+X<2 is divisible by t Therefore b lu is regular with respeot to t 
for all non-zero values of X with the possible exception of one; similarly b\ v is regular 
with respeot to t' for all non-zero values of X with the possible exception of one; and 
so on. 

It follows that [&]" is regular with l’espect to 2, 2', 2",... and r for all non-zero values 
of X with the possible exception of a finite number of values, one corresponding to each of 
the irreducible functions t, f, 2",...; and we oan always choose X to be a positive integer 
such that [&]" is regular with respeot to 2,2', 2",... and t. Except m very special cases 
(as when P-f Q is divisible by t m the expression for & lH ) we can take X to be 1 

Ex. iii. Let the first i— 1 leading horizontal minors of the matrix A=[tz]^ be all 

regular with respect to 2,2', 2",... and t, and let the ith leading horizontal minor [a]” be 
regular with respect to 2, 2 / , 2", ..., • but not regular with respect to r; i being not greater 
than r ; also let the horizontal minor of A of reduced order i formed with the first i— 1 and 
the pth horizontal rows be regular with respect to r Then by adding to the ith horizontal 
row the pth horizontal row multiplied by a non-zero constant X in Oj ( which can always be a 
positive integer) we aan convert A into a similar eqmpotent matrix P=[6] n in which 

mLi-m?- j aid at the same time the ith leading horizontal minor [&]” is regular with 
respect to 2, 2', 2",... and r. 
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The simple Bpecial case in which t is the only irreducible function to be considered 
(no mention being made of U i", ..) is included in the general case. 

By Ex vu of § 203 there must exist some horizontal minor of A of order i containing 

[a]' which is regular with reBpoot to r, and we suppose such a minor to be that formed 

with [a]* j and the joth horizontal row, where of necessity p>i Let the matrix 5= [6]” 

be formed in the manner described, X being any constant, and let the minor determinant 

Qu < 7 b > ■ 1 \ 

a ] 

1,2. ,i-l, p' 

of the aforesaid horizontal minor of A be regular with respect to t. Then the Bimple 
minor determinant of [&]” formed with the Hame vertical rows os A is 

a J+X( f* )=T®t (Pt+\Q\ 
i, B| i, 2 , t-i, / n. 2 , ,i-i,p J 

where Q is not divisible by r ; and a' is regular with respect to t for all non-zero values 
of X. Again let the Bimple minor determinants 

Ai=( a ), A a = ( a ), A s =( n J, ... 

'1,2, *-l, t' '1,2,. '1.2, , 2—1, v 

of [a]”, winch are not necessarily all different, be regular with respect to t, t\ t'\ . . 
respectively, and let A/, A a ', A 3 ',... be the correspondingly formed simple minor deter¬ 
minants of [ft]’ 1 . Then wo have (with different monnmgs for P and Q) 


f Qili ■ \ / 

A '=(.» .)-( 



v 


/ \ / «]«, « ( \ / «]1fj Uf 

( b )=( a )+X( a 
'1,8,. i—l, v '1, 2, .. i-i, v ' 1 , 2 , i-l, 


Wi(jp+XQ), 

v' 


where P iB not divisible by t. If Q is divisible by t, thou Ai' is regular with respect 
to t for all values of X, and if Q is not divisible by t, then by Ex. i the determinant 
Ax' is regular with respect to t for all values of X with tho possible exception of ono. 

Thus tho simple minor determinant Ax' of [?>]’* is regular with respect to t for all non-zero 
values of X with the poHHiblo exception of ono ; similarly A./ is regular with respect to t! 
for all non-zero values of X with the possible exception of one ; and so on. 

It folio wb that [6]* is regular with respect to t, t 1 , t ",... and t for all lion-zero values 

of X with the possible exception of a finite numbor of values, ono corresponding to each 
of the irreducible functions t, t 1 , t", ...; and therefore we oan always choose X to be 

a positive integer suoh that [&]* is regular with respect to i, i', ... and r. Except 

in very speoial oases (as when P+Q is divisible by t in the expression for Ax') wo oan 
take X to be 1. 


Ex. iv. Let the first i-1 leading diagonal minor determinants a n , (a)^,... (a)j“| of 
the matrix A==[a]* be regular with respeot to t, t\ 2 ", ... and t; and let the ith leading 
diagonal minor determinant (a)* be regular with respeot to t, t\ but not regular with 

respeot to t; i being not greater than r. Then if the uth and vth horizontal and vertical 
rows of A are suitably chosen , we can convert A into a similar equ/ipotmt matrix 6^= [a] 11 
in whioh [c]*~|=[a]* j and the ith leading diagonal minor determinant (o)* is also regular 
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with respect to t, t', t", . and t by first adding to the ith horizontal row of d the uth 

horizontal row multiplied by a constant X in Qj, and then adding to the ith vertical row the 
vth vertical row multiplied by u constant p in The constants X and p can always 

be positive integers 

The simple special wise in wliioh t is the only irreducible fuuction to be uonsiderod 
(no mention being mode of t, t, t'\ is included in the general case. 

In this transformation only the ith horizontal and vertical rows of A are changed 
We will write 

/l, 2, . *—1, v\ /l, 2, 7-1, v\ /l, 2, ?—1, v\ 

■d»7l = ( 1) -^ll»l = ( b Jj CllW == ( C )j 

\l, 2, \1,2.. i-l.il/ \1,3,. 1-1, id 

so that 

( r ) t = Gn= ^it+\A ir i+pAi V +^p 

The ?e.tli and ?>th horizontal and vertical rows of A must always be so chosen that A nn 
is one of those minor determinants of A of order i containing (a)|_| which are regular 

with respect to r. Consequently we Bhall always have u i, 2 , and one at least 
of the two integers u and v must he greater than i 


Case I. When A has a minor determinant of order 1 containing (a)^ 1 and lying in 

l i 

the same vertical minor [«] m as (a) f which is regular with respect to r. 

In this case we have v=i, u>i, and we form G by adding to the ith horizontal row of 
A the utli horizontal row multiplied by a constant X ; so that p =0 and 

(°) l =@u I= -tii l -{-\A U {. 

Then by the reasoning applied to b iq in Ex. li the determinant (o)| iB regular with respect 

to t, t", .. and r for all non-zero values of X with the possiblo exception of a finite 
number of values, one corresponding to each of the irreducible functions t, t\ t", .... 

Case II, When A has a minor determinant A< v of order i containing and lying 
in the same horizontal minor [a]' f ‘ as (a)* which is regular with respect to r. 

I 11 this case we liavo u=i, v>i, and wo form C by adding to the ith vertical row 
of A the vtli vortical row multiplied by a constant p\ so that X=0 and 

(o)(= Cu=A{i+pAi V . 

Then (c) * is regular with respect to t, t', t'\ ... and r for all non-zero values of p with the 
possible exception of a finite number of valuos, one corresponding to each of the irreducible 
functions t, t\ t ",.... 


Case III When none of the minor determinants of A of order i containing (a)*~| and 
lying in the same horizontal or the scvme vertical minor as (a ) 1 are regular with respect to r. 
In this case we select any minor determinant A w of A of order 2 containing (a)* - j 

which is regular with respect to t; and wo have u > i and v>i We first add to the ith 
horizontal row of A the uth horizontal row multiplied by a constant X, thuB converting A 
into a similar matrix 5=[i]^ in which [&]" x and 

(b) =Bu=aAa+\A V i, £ iv =A^+^A m 
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Choosing A ho that (i)j is regular with respect to t } t\ t", . , and ih regular with 

respect to t, wq see tliat A can have any non-zero value with the possible exception of a 
Unite number of values, one corresponding to each of the irreducible functions t, t\ t'\ . 
The matrix B now falls under Case II. Accordingly we next add to the ?th vertical row 
of B the i)th vertical row multiplied by a constant g, thus converting B into a similar 


matrix C=[c^ 1 m which 


M 


■ml: 1 ' Mw-pC-mH;. 


(c) ^ = B#+ A lt + \A ni + gAni+XgA^. 

Choosing fj. so that (c) t ih regular with respect to t, t\ t", . and t, we soo as in Case II 

that g can have any non-zero valno with the ]WH8ible exception of a finite number of 
values, one corresponding to each of tho irrcduoible functions t, t\ t'\ . . 


Lemma la. We cun always convert the matrix A = into a similar equipotent matrix 
whose first horizontal row is regular with respect to any number o f given irreducible 
functions t, t\ t" } . by an equigrndent transformation in Qi of the form 



1 , in— i 


1.1H-1 


w: 


■m: 


,(a) 


in which every element of the constituent matrix [/i]" 1 1 can be a positive integer (which may 
he 0). Only the elements of the first horizontal row of A are changed. 


Wo obtain tho transformation (a) by successive applications of Ex li, making [&]” first 

regular with respect to t\ theu regular with respect to t and t, then regular with respect 
t,o t, t\ t", ; and so on 


The functions t t t , ,t' , t ... may lie all or any number of tho irreducible divisors of A. 
In the particular case whon they are all the irreducible divisors of A wo have 

L'. [<-[»]>A-DS]*, 

where* L/Sjj* is a 11011 -zoro matrix which iH impotent (see § 213. 2 ) with rospoot to all the 
irreducible divisors of A or B. 


Lemmalb. If i ^>r, and if the first t-1 leading horizontal minors [a]”, [a]“,... [a]” ^ 

of the matrix A ™ [a] ^ are all regular with respect to emery one of the given irreducible 

functions t, t', t",wo can convert A into a similar equipotent matrix in which 

t 6 Ci“L< j and at the same time the ith leading horizontal minor [&]” is also regular 

with respect to every one of the functions t, t\ t ",... by an egnigradent transfonnatiov in y Q 1 
of the form 

i-l, 

K-m:.w 

1 - 1 , 1 , m-i 

in which every element of the constituent matrix [/i]™"" 1 oan be a positive integer. Only the 
elements of the ith horizontal row of A are changed. 


1 , u, u 

0, 1, h 
LO. 0. 1J 
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We obtain the transformation (a') by successive applications of Ex. m, making [6]” 

first regular with respect to t ; then regular with respect to t and f; then regular with 
respect to t , t\ t" ; and. so on 

Proof of Theorem I. By applying to the matrix A = [a]^ in succession first 
Lemma la, and then Lemma 16 for the values 2, 3,... r of we obtain a resultant 
transformation of the form (A) converting A into a similar matrix B = [&]” having 
the properties mentioned in Theorem I. 


Lemma 2 a. We can always convert the matrix A = [a]^ into a similar equipotent matrix 
B= [&]” whose first vertical row is regular with respect to any number of given irreducible 
functions t, t', t ",... by an equigradent transformation in of the form 

,1, n -1 

•(b) 


Ml US]’ -K 


m which every element of the constituent matrix i can bo a positive integer (which may 
be 0). Only the dements of the first vertical row of A are changed 
The proof is similar to that of Lemma la. 


1 2 l— 1 

Lemma 2 b. If i r, and if the first i— 1 leading vertical minors [a] ^, [a] ... [a] ? 

of the matrix A = [a] ^ are all regular with respect to every one of the given irreducible 
functions t, t', t" . we can convert A into a similar equipotent matrix B<=[b]^ in which 

[6] w 1 = [«] m 1 at the same time the itli leading vertical minor [6]^ is also regular with 

respect to every one of the functions t, t\ t", .. by an equigradent transformation in Qj of 
the form 

"1, 0, 0 
0, 1, 0 
0, k, 1 


- i—1,1,« —i 


w: 


-m:. 


- <—1.1. n-i 
.1 


in which every element of the constituent matrix can be a positive integer Only the 

ith vertical row of A is changed 

The proof is similar to that of Lemma 16. 


Proof of Theorem II. By applying to the matrix A=[df m m auocession first 
Lemma 2a, and then Lemma 26 for the values 2, 3,... r of i, we obtain a resultant 
transformation of the form (B) converting A into a similar matrix J5=[6] n having the 
properties mentioned in Theorem II. 


Lemma 3 a. We can always convert the matrix A =[a]^ into a similar equipotent 
matrix <7=[o]^ whose leading element Cu iff regular with respect to any number of given 
irreducible functions t, t', t ",.. by an equigradent transformation in Qi of the form 

.1, n—1 

_ n 

.( 0 ) 


1 


ri, //T r ,n n, oT r ,» 

[_0, lj U 1 e ’ n 

5 - J l, 1H-1 ^ ’ —’l. 1 


in which every element of the constituent matrices [A]” k 1 and [A] 1 i can be a positive 

integer (which may be 0). The only elements of A which are changed are those which lie in 
the first Jiorieontal and vertical rows 
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We can obtain the transformation (c) by suooesBive applications of Ex. iv for the 
special case when i=l, firat making % regular with respect to t ; then making it regular 
with respect to t and t', then making it regular with respect to and so on. 

Or wo can first apply Lemma la to convert [a]^ into a matrix [&] H whose first 
horizontal row iB regular with respeot to t, t', t",.. ; and then apply Lemma 2 a to convert 
[6]’ 1 into a matrix [n]” whose first vertical row, i.e the element t'n, is regular with 
respect to t, t\ t" . If the two transformations thus obtained are 


-"l,i/i-l L ’ - J l,n-1 

then the matrix [c] M defined by (o) has the required properties 


, 1 , 11—1 


Lemma 3b. If ?•, and if the first i- 1 leading diagonal minor determinants 
«n, (a)^ ,... («)*_j of the matrix yl = [a]^ are all regular with respect to every one of the 

given irreducible functions t, t\ t" . we can convert A into a svmilar equipotent matrix 

in which [c]* J=[a]| * and at the same time the ith leading diagonal minor 
determinant (c)* is also regular with respect to every one of the functions t, t\ t",. by an 
equigradmt transformation in On of the form 


'1, 0, IP 
0, 1, h 
0, 0, 1 


>—i, l, tn-i 




u 

VI 


4-1,1, m-t 


i, o, o 
0, 1, 0 
0, t, 1 


_ i-1,1,/i-i 


■ ■<-!, 1,51 — i 




....(o') 


in which every element of the constituent matrices [A]" 1- * and oan be a pomtvoo integen\ 

The only elements of A which are changed are those which lie in the ith horizontal and 
vertical rows. 

We can obtain the transformation (o') by successive applications of Ex. iv. 

Or, because the first t-1 leading horizontal minora of A are regular with respect 
to t, t', t ",..., wo can apply Lemma 16 to convert [a]” into a matrix [6]* in whioh 

[6]^ «=[a]" x and [6]“ is regular with respeot to t, t\ t", .... Then, because the first 
i -1 loading vertical minors of [&]" are regular with respeot to t, t\ t ",..., we con apply 
Lemma 26 to oouvert [6]” into a matrix [o]" in whioh [c]* —1 =[6]^ -1 and [o]* is regular 
with respeot to t, t', t ",.... By applying this second transformation to [&]* instead of 
[6]” we obtain (o'). 

Proof of Theorem III. By applying to the matrix A** [a] ^ in sucoession first 
Lemma 3a, and then Lemma 36 for the values 2, 3,... r of i, we obtain a resultant 
transformation of the form (0) converting A into a similar matrix £=[ 0 ]^ having the 
properties mentioned in Theorem III. 


Ex. v. We will apply the foregoing theorems to the matrix of rank 3 


"2# 8 -£ 3 +l , 
.r a -a+2 , 
_2aP—2x+l, 


2x*—x-l 2afi+xP—x, 

3# 8 +2a7-6, a^ + l , 

x — \ , 2sfi — l , 


2.« 8 -5aj a +2a?+3 

a , *-3o , +4 

2a ,a -6#+6 
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whose maximum factors of orders 1, 2, 3 are 

A=ff + 1, Z>a= (*+1)* (* — 1), A = (*+i) 3 (*-i) 3 , 

and whose irreducible divisors in are 


tl=A'— 1 , t 2 = x +1 

The leading element a u of A is regular with respect to both 4 and t 2 ; the leading 
diagonal minor determinant of order 2 , viz. 

A = (cij = (a;+l ) 8 (a— 1) ( 6 a? 3 - ar'-S.r+S), 

is regular with respect to 4 but not with respect to 4 ; and the minor detomiiiiant of 
order 2 

A' = 0 = -3 (a?+l) 2 (r-l)(2.i?' + a: a -2d;+l) 

lying m the same vertical minor of A as A is regular with respect to 4 . Accordingly we 
can convert A into a similar equipotont matrix B = [b]^ whose leading diagonal minor 

determinants of orders 1 and 2 are regular with respect to both 4 and U by adding to the 
second horizontal row of A the third horizontal row multiplied by a constant X. We then 
have 

(&)J ~Q+X 0 =(o;+l ) 2 (a;-1) {{x+ 1 ) (8.«3-a’ 2 -3tf+3)-X.* 8 (2a.-- 1 )}. 

y 

The minor determinant (&) g ih regular with respect to 4 except when X=0, and regular 
with respect to 4 except when X = 10. Therefore if we give to the constant X any valuo 
except 0 and 10 , then ( 6) 3 as well as £> n will he regular with respect to both the divisors 
4 and 4 Giving to X the value 1, we obtain the unitary equigradent transformation 


rl 0 0-. 
0 1 1 
-0 0 1- 


M 


(.u+l) 


-Qx 3 — s 2 +1, 
S.'B 2 —3^+3, 


L ^- 2 —Ar + l, 


= [&] 


4 

3 ’ 


2# 2 — as — 1 , 
3a - 2 + 3a? - 6 , 


— a;, 2#® — 5^+20?+3- 
3 a ,' 2 , 3 a ! 2 — 9 . 17+9 

2a? 2 -1 , 2a? 2 — 6.v+ IB - 


converting A into a similar matrix whose leading diagonal minor determinants of 

orders 1 and 2 are regular with respeot to both the divisors 4 and 4 . 


In this oase the leading diagonal minor determinants of B of orders 1 , 2 and 3 are all 
regular with respeot to both the divisors 4 and 4 ; and no furthor transformation is 
required to secure this. 


§ 210. Reduction of a symmetric matrix to one whose successive leading 
diagonal minor determinants are all regular. 

Throughout the present article A=[a]”‘ is a given symmetric matrix of rank r wliOHe 
elements are rational integral functions m Q of certain scalar variables, Q being any 
domain_of rationality. The letters t t t\ t", , r, t', t", .. will denote any given distinot 
irreducible functions in Q, which may be irreducible divisors of A , and the indices of the 
highest powers of these funotionB which are common factors of all minor determinants of 

A of order i, where r, will be denoted by d t , dj, dj 1 , ..., b u fy', d/'. The domain of 

all rational numbers will be denoted by O l . The chief result to be established is that 
given by the following theorem 
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Theorem. Wo can always convert the symmetric matrix .4 = [a]’’* into a similar equi¬ 
pment symmetric matrix B=[b]'^ whose first r leading diagonal minor detei'mviants b n , 

(^ 2 » (^) 3 j ••• (&) r cm all regular with respect to every one of the distinct irreducible functions 
t, t\ t", . by a symmetric unitary equigradent transformation m of the form 

1 /i]s> /ii 3 .. hi m r 1 0 0 .0 

0 1 ) . . h$)fi Am 1 0 . . 0 

0 0 1 ... A ;)m [«]“ An As, 1 . . 0 = [6];; .(A) 

L 0 0 0 . 1 J |_ Ann /toAftm ... 1 _ 

m which every element A of the prefactor and post-factor on the left can be a positive integer 
{which may be 0). 

The matrix B givau by (A) always Iiqh m 12 and (bbo K\. vn of § 206) is cquipobeut, 
with A. Honco it has tho sumo liTednciblo divisors as A, and those irreducible divisors 
have tho same maximum indices in B as in .J The theorem romamB time in tho special 
case when all tho olomouts of J aim constants, but in the enunciation wo then replaco 
‘regular with respect to t, t\ t ",. by ‘regular’ simply. 

Tho theorem will bo proved with tho help of the examples and lennuaH winch follow 

Kv. l. If Q, R and T arc given rational integral functions of j', ?/, s, . , and if R 
docs not vanish identically and is not divisible by T t there cannot be more than two diffeiant 
constants X which are such that /’+\§+X a /i is divisible by T 

For if the abovo expression were divisible by T for three different values Xj, X«, X t of 
the constant X, it would follow that 

V+(X a + X a )A‘, ^+(X :1 +X 1 )A, ^-t-(X,+X.j) R mid (X, -Xj)/f, (Xn-XOA, (Xi-X.j )R 
are all divisible by T ; and this is impossible. 

Kv. li If the leading dement «n of the symmetric matrix A = [«]’" w regular with 
respect to t, t\ t ",..., but is not regular with respect to t, wo can convert A by a symmetric 
equigradent traiirformation of the form (A) into a similar symmetric matrix whose 

leading element b n is regular with respect to t> t\ i",... and r. 

The simple spociul oaso in which r is tho only irroduoiblo fiuiution to bo ooiiHiderod (no 
montion being made of t, t 1 , t'\ ...) is included in tho gcuoml ease. 

Case I. When A has a diagonal dement u, M which is regular with respect to t. 

If we add to the first horizontal row of A tho wth horizontal row multiplied by a 
constant X, and afterwards add to the first vertioal row tho ttth vortical row multiplied by 

X, we convert A into a similar equipotent symmetric matrix ZJ ■*>[&]”* in which 

&ll “ 011+2Xa U ] + X s O un =t*i {rai! + 2Xa, tl +X a a„ H }, 

where a, w is not divisible by r. Then bn is regular with rosjiecb to r except whon X=0, 
and when 2a rt i+Xa uw is divisible by r. Sinoe by Ex. i of § 209 there cannot bo more than 
one value of X for whioh 2o M i+Xa ttB , is divisible by r, we Hee that b n is regular with 
respect to r for all non-zoro values of X with the possible exception of one Again we oou 
write (with a change m the meanings of the «’b) 

{a u + SXa^i + X a a, w }, 
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where now a xx ib not divisible by t. If a UM is not divisible by 2, then by Ex. i above b n is 
regular with reBpeot to t for all voIubb of X with the possible exception of two, if a llu is 
divisible by t and a„i is not divisible by i, then by Ex. i of § 209 there cannot bo more than 
one value of X for whioh an+2Xa ltl is divisible by t, and therefore & xx ib regular with respoct 
to t for all values of X with the possible exception of one; and if and n„i are both 
divisible by t, then 6 U is regular with respect to t for all values of X. Thus 6 U is regular 
with respect to t for all values of X with the possible exception of two, similarly b n ih 
regular with respect to t' for all values of X with the possible exception of two; and so on. 

It follows that in Case I the leading element b n of B is regular with respect to t, t', 
t", .. and r for all non-zero values of X with tlio possible exception of a finite number of 
values, one corresponding to r and two corresponding to each one of tlio functions t, t\ 
t", . . Usually all non-zero values of X m Q x are admissible, and we can chooso X to be 1. 
In all cases we can ohooHe X to bo some non-zero positive integer. 


Case II. When A has no diagonal element which is regular vnth respect to t. 

Let where u>v and u> 1, be a non-diagonal element of A which is regular with 
respect to t Then if we add to tho uth horizontal row of A the «th horizontal row 
multiplied by a constant X, and afterwards odd to the nth vertical row tho litli vertical 

row multiplied by X, we convert A into a similar symmetric matrix A'=\al^ in which 

a SXa^-f* X^cE|i W = T^i {tow- f 4“ flau}] 

where a,,,, is not divisible by t ; and a' 1ia is necessarily regular with respect to t for all 
non-zero valueB of X. 


If r=#l, i.e. if a, w does not lie in the first vertical row of A, we have a'u=<in, and wo 
can treat the matrix A' just as we treated the matrix A in Case I, thus converting it into 

a symmetric matrix B=[b]™ in which 6 1X is regular with respect to t, t\ ... and r. The 
resultant transformation converting A into B has the form (A). 

If ■«=!, i e. if a, w lies in the first vorticaL row of A, wo take the matrix A' obtamod 
above to bo the matrix ii=[&]™, so that 

&n = tl u + 2Xa „ x +X 3 «„„ = t*i {ran + 2Xa„ x + tX 3 a, m }, 

where a uX is not divisiblo by r. Tlien b 1L is regular with respect to r for all non-zero values 
of X, and just ns in Case I wo can choose X so that 6 XX is also regular with respoct to 
t,t', t",.... 


Eos lii. Let the first i -1 leading diagonal minor determinants of A be all regular with 
respect to the given irreducible functions t, t\ t ",... and r, and let the ith leading diagonul 

minor determinant (a)* be regular until respect to t t t\ ..., but not regular with respect 
to r ; i being not greater than r. Then we can oonvert A into a similar equipotent symmetric 
matrix 5=[&]” in which [6]*_ x =[a]J_ x and at the same time the ith leading diagonal minor 

determinant (&)* is also regular vnth respect to t, t', f", ... and t by a symmetric equigradent 
transformation in fl x of the form 


rf-l.m-i+l 


.i-l.m-t+l 


“I, 01 ' 

L°’ w -Li, m -i + i 


[a] 


1,0 

m 0, a> 


H 




where [a>] 


m-i-t-l 

m-i+1 


is a matrix having the same form as the pt'efaator on the left in (A). 
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The simple special cose in which t is the only irreducible function to be considered (no 
mention being made of t , t\ t ",.. ) is included ni the general case. 

For the minor determinants of A of order i containing (a) * j wo will use the notutiou 

( 1, 2, i-l,n\ 

a ), whore uJcL v <t i. 

1 , 3 , / — 1 , 71 / 

Case I. When A has a diagonal minor determinant A m of order i containing (a)* - J 
which is i cgular with respect to r, where of course u > i 

If we add to the ith horizontal row of A the nth horizontal row multiplied by a constant 
X, and afterwards add to the ith vertical row the nth vortical row multiplied by X, wo 

convert A into a similar symmetric matrix ™ in which and 

(P) f — Aii + 2XA „i + X' J A„„ = r s i {ra#+2Xa (ll + X a ct, 4H ] , 
where a UH is not divisible by t. By the same reasoning as that used for tho element h n m 
Case I of Ex. ii wo soo that (h) ^ is regular with respect to t for all non-zero values of X 
with tho possible exception of one. Again wo oan write (with a change in the a’s) 

(P) | = t l h {an +SXouj+X 3 a, (U }, 

whore o« is not divisible by 2, uud by the same reasoning as that imed for the element b n 
m Case I of Ex. ii we Bee that (b)* is rogular with respect to t, t', t", . . and r for all 
non-zero values of X with the possible exception of a finite number of values. In general 
all non-zero values of X in Qj arc admissible, and wo can take X to bo 1. In all oaBcs wo 
oan choose X to bo some positivo integer. 

Case II. When A has no diagonal minm' determinant of order i containing (a)*~j which 
is regular with respeot to t. 

Lot A uv , where u> i>, n 4 i, u> i , bo a non-diagonal minor dotermiiiRiil, of A of order i 
containing (a)*_| which is rogular with respect to t. Then if wo odd to tho utli horizontal 

row of A the ?ith horizontal row multiplied by n constant X, and afterwards add to tho 
nth vortical row tho wth vortical row multiplied hy X, wo convort A into a similar 

symmetric matrix A '=[«']in which | = [«] ai) d 

A vd = Am,+2XA, W + X 8 A {to^+ 2Xrt, tu + tX' 1 a,,„], 

whero a HM is not divisible by r; and A' w is a diagonal minor determinant of A' of order i 
containing («'))”J which is necessarily regular with respect to t for all non-zero \ alucs of X. 

If vA =i, i.o. if A nv does not lie in tho same vertical minor of A as («t)*, we have 
Mi" [ a ]{> au d we 08,11 treat the matrix A' just as wo treated tho matrix A in Case I, thus 
converting it into a symmetric matrix 2 ?b=[A]^ in which [6] < _ 1 I = [“]» mid (&)* is regular 
with respeot to t, t', t",.. and r. The resultant transformation converting A into B has 
then the form given in the enunciation. 

If £, i.e. if A uv lies in the same vertioal minor of A as (a)*, we con take the matrix A' 
obtained above to be the matrix so that 

(6)j «■ An+ 2XA U i+X 2 A UW = r&i {raii+2Xdui + tX 8 a„ H }, 
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where a, lt ib not divisible by r Then (fi)J is regular with respect to t for all lion-zoru 

values of X, and just as in Case I we can choose X so that (b) £ is also regular with roB].>ect 
to t , t\ t ",. .. 

Lemma 1. We oan always convert the symmetric matrix A = [os]’ 1 * into a similar 
equipotent symmetric matrix _B=[6] m whose leading clement &u is regular with respect to any 
number of given irreducible functions t, t', t ",. by a symmetric equigradmt transformation 
m Qj of the form (A) in which every dement li of the prefaotor and post-factor mi the left can 
be a positive integer 

We obtain the required transformation by successive applications of Ex n, making b[\ 
first regular with respect to t ; then regular with respect to t and t '; then regular with 
respect to t, t', t", and so on. 

Lemma 2. If ijpr, and if the first i— 1 leading diagonal minor determinants a n , 

(а) ^, . (a) | 1 of the symmetric matrix A=[a]™ are all regular loiih respect to every one of 
the given irreducible functions t, t\ t", . , then we oan convert A into a similar equipotent 
symmetric matrix Zf = [&] "* in which [&]* j = [«] * * and at the same time the ith leading 
diagonal minor determinant (b ) ; is also regular with respect to eveiy one of the functions 
t, t\ t ",... by a symmetiio equigradmt transformation in Qi of the form 

i-i.ju-t+i 

=w;:.< b > 

i —l.»n—i +1 

where w a matrix having the same general form as the prefaotor on the left in (A), 

in which every one of the elements h can be a positive integer. 

We obtain tbo required transformation by successive applications of Ex. iii, making 

(б) * first regular with respect to t ; then regular with respect to t and t '; then regular with 
respect to t , t\ t" , and so ou. 

Proof of the theorem, liy applying to the symmetric matrix A = [«]™ in 
succession first Lemma 1 , and then Lemma 2 for the values 2, 3, ... r of i, wo obtain 
a resultant symmetric eqmgradent transformation of the form (A) coiivortmg A into 

a similar symmetric matrix 2?=[i]™ having the properties inontionod in tho thoorom 
given at the commencement of tliiB article. 


t-i,?n-t+ i 


P, 01 ' r 

’ \a 

I 0, a> L 1 

^ ’ -‘(-l.in—i + l 


»i 1, 0 

111 0 , a> 


§ 211. Homogeneous linear transformations of the variables in a rational 
integral functional matrix. 


If [£]* and are two mutually inverse uudegenerate square matrices with constant 

elements lying in any domain of rationality O, it has been shown in § 187 that tho two 
mutually inverse transformations 




k 


■(A) 


establish a one-one correspondence between all rational integral funotioDB of the k variables 
x 1 , &‘ a ,. Xt which lie in A and all rational integral fimotionB of the k variables , y 2 ,... y* 
which lie in A, two suoh functions of the ar’s and y’s con’espondmg when and only when 
they are convertible into one another by the substitutions (A) 
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If A t , A' a , A' fc aiul y t , y 2 ,... Y k arc the homogeneous linear functions of j; s ,. 
and of >/i, // 2 ,. . y k defined by the equations 


Sk 


X = L x , 

1 —'A '—‘l *—‘A: 


7 


=m: a 


°r A t = LhXi + L^.1 ' a +. +L lt .ci, 1 + 

two corresponding functions U and Kof thu ,i?u and y’s have tho forms 
(J<=2u .vfi .v^i ... 2&AV ; i A> AV ; *, 

V= 2a ] V'i 1 V*s. 1 VA = 2 b y,' J i , 

the first of tho trausforniations (_A) con volts / r into F; tho second of tho transformations (A) 
converts l r into U, each of tho functions U and V is uniquely determinate when the 
othor 18 given ; each of them vainshos identically when and only when the other vanishes 
identically, and when U and V do not vanish identically, the degree of V in all the ?/s ih 
the same as the degree of U in all the x'h. Further V is irreducible m 12 when and only 
when O is irreducible in 12 


Again when U and Fdo not vanish identically and two expressed ns products of factors 
irroducible in 12, we have 

U=mf l . ., V-cvf 1 vf *« 3 T3 ..., 

where « 1 , u 2 , w 3 ,.. are distinct irreducible functions iu 12 of x x , A' a ,... A’ fc ; v l} v a , v s ,... are 
tho corresponding distinct irreducible functions in O of y x , y 2 , .. y k , and a is a non- 
vauishuig constant lying m 12. 

It followx that the two mutually inoerse transformations (A) establish a one-one corre¬ 
spondence between all matrices <p whose elements are rational integral functions in Q. of the 
variables x Xi .?: 2 , . .r* and all matrices \j/ whose elements are rational integral functions in Q 
of the oanahies y x , 7/ a , . y k , two corresponding matrices <j) and \jr being convertible into one 
another by the substitutions (A) 

Any two corresponding matrices </> and 0- have the forms 

$-[«£■-s[a]* .r I p i x^H .. x k »h =2 Q8]" A\*i 

^=[C= 2 Wm y^ 1 .w*- 

whore ral” and rfll'* two matrices whose elements are constants in 12, the coefficients 

L u-j M 

[/y] M being uniquely doterininate when the coefficients [aj^are known, and the coefficients 

[a]’ 1 being uniquely determinate when the coefficients (j8]^ are known. The first of the 
transformations (A) converts <p into 0 j the second of the transformations (A) converts \ft 
into <j>; each of the matrices 0 and 0 vanishes identically when and only when the other 
vanishes identically; and wheu 0 aud 0 do not vanish identically, their degreos iu all the 
variables are the same, aiul oaoh of them is homogeneous when and only when tho othor 
is homogeneous. 

Sinoe correspondingly formed minor determinants of 0 and 0 of any given order i are 
corresponding functions of the x’u and y’u in the sense just described, we see that any two 
corresponding matrices 0 and 0‘ have the following properties: 

(1) The matrices 0 and 0 arc similar and have equal ranks. 

(2) Tho maximum factors A and A <>f 0 and 0- of any given order i are (when their 

arbitrary non-vanishing constant factors are suitably chosen) corresponding 
funotioiis m 12 convertible into one another by the transformations (A). 

o. in. 10 


t i n 




< 

'* 4,4 


Ai Jr r : feil^r 


11 




U i $ 
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(3) The potent factors E t and E( of <p and yjr of any given order i are (when their 

arbitrary non-vanishing constant factors are suitably chosen) corresponding 
functions in Q convertible into one another by the transformations (A) 

(4) There is a one-one correspondence between the irreducible divisors in Q of <p and \js, 

any two corresponding irreducible divisors u and v of 0 and \jr being convertible 
each into the other by the transformations (A) Also the maximum and potent 
indices of orders 1, 2, 3,. . z, of o for the matrix ^ are the same as the 
maximum and potent indices of orders 1, 2, 3, i, . . of u for the matrix <j) 

(5) There is a cne-one correspondence between the maximum and potent divisors of <f> 

of any order i and the maximum and potent divisors of ^ of the same older ?, 
any two corresponding maximum (or potent) divisors of <p and ^ being 
convertible each into the other by the substitutions (A) 


Ex i If ffi, q$, . q k and . Q k are two sets of constants ni Q, neither set 

consisting of 0’s only, which satisfy the equations 


Q = ? l J i 

l_jA i —'—<k 


.i -Ml e . 


and if 


■>h ' K 

ffl®l+ +" + ( Jk&'k= Ql X + §3^2+ ... + Qk^ki 


.(B) 


and 0=Qi&i + Qs!f*+ • jt= ?i^t+ ?aJa+ + 

then i) is a linear (or irreducible) divisor of \f/ when and only when u is a linear (or 
irreducible) divisor of <£. 


For u and o are corresponding functions of the ^s and if s 

If f/i, g-i, .. q k and . Q k are two given sets of constants in O, neither sot. 

consisting of 0’s only, then by ^ 132 we can determine two mutually inverso undogenorato 

k ^ 

square matrices |7] and L m Q so that the equations (B) are satisfied; and if g lj y a ,. . g k 

H i— 

are so chosen that u is not a linear divisor of the given matrix $=[a]”, which is possible 
whenever cj> has rank greater than 0, then the given expression o is not a linear divisor 
of the corresponding matrix into which (f> is converted by tho first of tho 

transformations (A). 

Thus if 4>=[a] 1 ^ i is a given rational integral functional matrix whose rank is greater 
than 0, v>e can convei t it by a homogeneous linear transformation in Q of the variables into 
a matrix ^=[6]^ of which the given expression v is not a linear divisor. 

In particular yi is a linear divisor of \)s when and only when 
AY= L\iX i + L^Xi +...+ L^k 

is a hnear divisor of rf>, and when (/> is given and has rank greater than 0, it is obvious 

i—i K 

that we can form an undegenerate matrix L m O such that Xi is not a linear divisor of 

l_l* “ 


Thus if is a given rational integral functional matrix whose rank is greater 

than 0, we can convert it by a homogeneous linear transformation in O of the variables into 
a matrix ^=[6]’^ of which is not a linear divisor. 


Ex u. Transformations of a matrix which is homogeneous in two variables x and y. 

Let |j^ and ^ he two mutually inverse uudegenerate matrices with constant 
elements, and let 

X<=px+qy, Y=ux+vy, A'«iV+ Uf, Y , <=Qx , + Vy‘. 





211 ] 


A RATIONAL INTEGRAL FUNCTIONAL MATRIX 


243 


Then any two homogeneous matrices 0 = [a]”, q whose elements are rational 
integral functions of .t, ?/ and of a/, y' of degi’ee r, and which correspond for the 
transformations 

ch;?k ra-tiae].» 

havo tho forms 

Wl + [0]“ +.. + r [*],“ 

-*'[<+ -V■*->r[jB']* + .. + .( 1 ) 

«'=[<= .^[<+ ^-yDsil+- +y*M; 

=p[a]>r-ir[^ + . + r-wl.(2) 

The first of the transformations (C) converts 0 into 0 ', and tho second of the 
transformations (C) converts 0 ' into 0 The identity ( 2 ) enables us to oxpress the 

coefficients [a'],", [ 18 ']*, .. m terms of tho coefficients [a]”, f/3], . ., and the identity ( 1 ) 
enables us to express the coefficients [a]” , [/3] n , . in terms of the coefficients [a'] 71 , 

ml .... 


Let (X, n) and (X', p 1 ) be two pairs of oonstants such that 


rx'-irp ^irx] r\ir P «-|rxn 


.(C') 


and for the values 1, 2, 3, . of i let (X^, pf) and (X/, pf) be two pairs of constants such that 

rvirvi _[p «ir x n 
l^rlu vj LwJ ’ UJ " L q *J Lw'J ■ 

Then (X 1 V+/x 1 'y'), (X a 'x’+p^y’), ... (X g '.i7 , +/i ,y’) ai’O the distinct lmeur (or irresolublo) 
divisors of 0' when and only when fax+piy), (X a x+p*y), ... (\ t x+p a y) are tho distinct 
linear (or irresoluble) divisors of 0. Also (XV+/*y) T is a potent divisor of 0' of order i 
when and only when ( \x+py) T is a potent divisor of 0 of order / In particular ff is a 
linear divisor of 0' when and only when V=ux+vy is a linear divisor of 0. 

If the mhtrix 0 is given and has rank greater than 0, we can choose the constants 
p, q, u, v so that pv — qu = 1=0, and ux+vy is not a linear divisor of 0; then P, Q, U, V are 
constants such that PV— #£7=1=0, and y‘ is not a linear divisor of 0' Wo can also chooso 
the oonstants p, q, u, v so that jt>v—qu*=l, and ux+vy is not a liuedr divisor of 0; then // 
is not a linear divisor of 0', and we have 


[^H-r/].» 


Ex in. Transformations of a matrix which is homogeneous and linear in two variables 
x and y 

Using the same transformations (0) as in Ex. n, we have 

-tm:+ i'w: 

v=m>* w: +t ml 


f ^ 1 * ; 
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Any two common ding dements rty and by of <£ and \f/ have the forms 


,Pl „P3 


a. = 2 a ^'x 
il ij ] 


X^. 




j-P*; r P*+i 
h i+i > 


and by is the homogenised function of degree r corresponding to a i} -. If a tj has degree r 

Ji J_1~1- 1_TT „ .1 1 1 _ 1 3 _ r_ . 5 


" O- ---— --- -“IJ - **■ **</ inlCM3 U-Ogl CC /j 

ftij is not divisible by F* + l ; and if ay lias degree s, where' s<r, then by is divisible by 
■^i+i and 18 not divisible by any higher power of F fc + l One of two corresponding 

elements c^j and by vanishes identically when and only when the other vanishes 
identically. 

Ex i Two corresponding matrices (f> and ^ have equal values for corresponding 
sets of finite values of the .r’s and ?/s satisfying the equations (A). 

Ex. ii. One of two corresponding matrices <£ and yjr is a matrix M " with constant. 

J 7" 

elements when and only when 

t l j w* r u j in 

Let F be any homogeneous rational integral function in G of the elemonts of cf> having 
degi’ee i m those elements, and let O' be the same fuuction of the elements of \j/ Then O' 
is a homogeneous rational integral funotion in fi of the variables ?/,, y 2| . y k+l having 
degree vr m all the variables Since the second of the transformations (A) converts O' into 
F | and there are not two different homogeneous rational integral functions of i/ u y s ,. . y k+ , 
of the same degree which are converted into F by that transformation, O' must be the 
homogenised function of degree ir corresponding to F. Hence O' vanishes identically 
when and only when Evanishes identically; and when F and O' do not vanish identically 
and /’has degree x in the variables x ly x 2 , .. x h , we can write 

r - x -*?*?•■ 

Wll6re Pl+Pi+’-'+Pl^*, /1+/2+-- +j0* + P*+l=«, 

and where there are terms m which Px+p^-V ...+^= 9 , p h+ ]=0. 

The function Q='2aY\'Y*... is then the homogenised function of i h , y.,,... 

?/t + i whioh corresponds to F and has the same degree as F, and it is not divisible by the 
linear function F* +1 When F and O' do not vanish identically and are expressed as 
products of factors irreducible in o, we have 


F~<'u, T ' 




O' 




.(A') 

where o is a non-vanishing constant in Q, u u . are distinct irreducible funotions 

m fi of a?!, x a , ... x k ; v u v 2 , o s , .. are homogeneous irreducible functions m Q of 
//ij 3 / 2 , l/k+\ distinct from one another and distinct from the ureduoible function Y h ; 

and i> x , i/ a , ® 3 , .. are the homogenised functions whioh correspond to and have the same 
degrees as ?t,, « 2 , ?&,, .... 

Taking F and O' to be correspondingly formed minor determinants of d, and ^ of 
order i, we draw the following conclusions • 

(1) Two corresponding matrices <j> and yj, have the same rank, which will be denoted 
P 


(2) 


There is a one-one correspondence between the irreduoible divisors of <f> and those 
(homogeneous) irreduoible divisors of + which are distinct from Y k . any 
two corresponding irreducible divisors of 0 and + being convertible into one 
another by the transformations (A) 
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(3) If u and v are a pair of corresponding n’reducible divisors of (f> and yjr (v being 
distinct from the maximum and potent indices of v of orders 1 , 2, . p 

for the matrix i/r are respectively the same as the maximum and potent indices 
of u of orders 1, 2, . p for the matrix <ji 

When the homogeneous linear function Y k + , is not an irreducible divisor of yjs, there is 
a one-one correspondence between all the irreducible divisors of and all the irreduoible 
divisors of yjr, also there is a one-one correspondence between the maximum and potent 
divisors of orders 1, 2, ... p and the maximum and potent factors of orders 1 , 2, ... p of (j> 
and \js } any two corresponding factors or divisors of the same order having the same 
degree, and being convertible each into the other by the substitutions (A). 

Noth Homogenisation mth change of degree. 

If r and s are any two positive integers such that r <£ 8, we can show m tbo samo way 
that the two mutually inverse transformations (A) establish a one-one correspondence 
between 

(1) all matrices <f> which are rational integral functions m £2 of degree x of the 

k variables Xi, .. x^, 

(2) till those matnoes which are homogeneous rational integral functions in Q. of 

degree r of the £+1 variables y If y 2 , . . ijk + i, and whose dements are all 

divisible by T* “* and not all divisible by any higher powor of Y k+1 , 

two such matrices <£ and i// corresponding when and only when they are convertible into 
one another by the transformations (A) 


2 Homogenisation by the introduction of a new variable. 

In the particular case when the transformations (A) becomo 

#1=2/1. #a=2/a. • #*=2 /a, 1=2/*+i. 2/i=#i. 2/s=# 2. ••• 2/*“#*, .yt+i = I; -(B) 
and we have 

[J5fl JE"a... Ajfc ^it + l] = [#l #2 •. ■ #il]. [ I 1 Y% ■ ■ I*! 1 1] = [2/l jit ■ ••?/kl/k + >]• 

In this ease the equations (A') are replaced by 

F^cu^'u^uf 2 , O'=yvf l vf' 1 of* . ., . (B') 

and we have the same results as before, Y k+1 being now y fc+1 . 


We can replace y u y if ... y k , 2/*+i by &'i, # 2 . . v k+ i, regarding as a new 
variable by means of which the homogenisation is effected. Then instead of (A) wo havo 
the transformations 

I=#jt+i» #fc+i=l. ..(1-0 

two corresponding matrices (f> and ^ of degree r have the forms 




where P1+P2++Pk+Pk+i= r * and the equations (A') are replaced by 


F= euf 1 uf* uf 3 ..., 0'=* l k r + *v?i v 2 * vf 3 


We have the same results as before, Y k + j being replaced by .v k+r . 


(O') 






CHAPTER XXIV 


EQUIPOTENT TRANSFORMATIONS OF RATIONAL INTEGRAL 
FUNCTIONAL MATRICES 

[The first three articles of this ohapter (with Note 4 of § 219) deal with rational 
integral functional matrices in general; the remaining six articles deal with rational 
integral .i-matrices In §§ 213 and 214 we define equipotent matrices and impotent 
matrices, and describe the ohief features of omnipotent transformations. In 21 fi and 
216 we investigate certain properties of oue-rowed matrices connected with the long rows 
of an undegenerate matrix , in $ 217 we use these properties m constructing certain 
uniquely determinate equipotent transformations of a given rational integral .^-matrix , 
and in § 218 we show that every suoh matrix can be derived from an undegenerate square 
matrix by equipotent transformations. Methods of reducing a given rational integral 
A'-matrix whose potent factors are known to its standard form by equipotent transforma¬ 
tions are obtained m §§ 216—8. The usual method of effecting the reduction, which is 
applicable when the potent factors are not known, is desonbed in 219 In § 220 we 
desoribe transformations whioh are necessary and sufficient conditions that two given 
rational integral ^-matrices shall lie equipotent; and m § 221 we find the circumstances 
under which it is possible to convert one given rational integral ^-matrix into another by 
a rational integral transformation ] 

§ 213. Equipotent and impotent rational integral functional 
matrices. 

1. Equipotent matrices. 

Two matrices A = [a]^, B = [b~]* whose elements are rational integral 

functions of certain scalar variables x, y, z,... will be said to be equipotent 
with one another when and only when any one of the following sets of 
equivalent conditions is satisfied: 

(a) They have the same rank and the same potent divisors. 

(b) They have the same rank and the same potent factors. 

(c) They have the same rank and the same'maccimu/ni divisors. 

(d) They have the same rank and the same maximum factors. 

(e) They have the same potent factors of all orders. 

( f) They have the same maximum factors of all orders 

It will generally be understood that the potent and maximum divisors 
are those corresponding to the various irresoluble divisors of A and B ; they 
may however be those corresponding to the various irreducible divisors in CL 
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of A and B, where £1 is any domain of rationality in which both A and B lie. 
It is also to be understood that a matrix of rank r has no potent or maximum 
divisor of any order greater than r and no potent or maximum factor of any 
order greater than r, and that a matrix of rank 0 has no potent or maximum 
divisor and no potent or maximum factor. Further in (a), (b), (c), ( d ) it is to 
be understood that a repeated potent or maximum divisor and a repeated 
potent or maximum factor is repeated the same number of times in each of 
the two matrices 

If A and B have the same potent (or maximum) factors of all orders, they 
have the same number of potent (or maximum) factors, i.e. they have the 
same rank. Consequently the conditions (e) and ( f) are equivalent to the 
conditions ( b ) and ( d ) respectively, and we only have to prove the mutual 
equivalence of the conditions (a), (6), (c), (d). 

When A and B have the same rank r and the same potent divisors, they 
have the same potent divisors of all orders. For if 

j?» £ e a+1 -f- e i ^V-l £ e r 

are their common potent divisors corresponding to the irresoluble (or irre¬ 
ducible) divisor t and arranged in such an order that 

s g ^ e g +i 4* ■ ■ • ^ ^ ^ Sr-i ^ e Ti 

where e 8 > 0, then t* is necessarily a potent divisor of order i for both 
matrices. Consequently t has the same potent and maximum indices of 
orders 1 , 2, ... r for both the matrices A and B; and A and B have the same 
maximum divisors, the same potent factors and the same maximum factors of 
all orders. Hence when the conditions (a) are satisfied, the conditions (a), 
( b ), (c), (d) are all satisfied 

Again when A and B have the same rank and the same potent factors, 
they have the same potent factors of all orders. For if 

iji TJT 777 TJf Tjf 

jBi, Mi 2 , ... J&i, ... -Or-i, Mr 

are their common potent factors arranged in such an order that each of them 
after the first is divisible by the preceding, then Ei is necessarily the potent 
factor of order i of both matrices, and the matrices A and B have the same 
maximum factors, and the same maximum divisors and the same potent 
divisors of all orders. Hence when the conditions ( b) are satisfied, the 
conditions (a), (6), (c), (d) are all satisfied. 

Reasoning in a similar way from the conditions (c) and ( d ), we see that if 
any one of the four sets of conditions (a), (b ), (c), (d) is satisfied, then they 
are all satisfied Consequently the conditions (a), (6), (c), (d) are mutually 
equivalent. We shall usually regard (a) as the fundamental definition of 
equipotence. 
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Ex i. The two matrices A and B may have the same potent divisors when their ranks are 
not the same. In such a case they are not eguipotent. 

If A and B have the same potent divisors, and if the ranks of A and B are r and b 
respectively, then the potent divisors of A of order r—i are the same as the potent divisors 
of B of order s-i for all permissible values of i ; and if r <£ s the matrix A cannot have a 
potent divisor of any one of the orders 1, 2,... r - s. Hence when r and s are different the 
two matrices have not the same potent divisors of all orders except in the special oase 
when each matrix has no potent divisors. 

Ex. n If A and B are both impotent, their ranks are not necessarily the same, and they 
are therefore not necessarily eguipotent. 

Ex in. If A and B are not both impotent, and if they have the same potent ( or maximum) 
divisors of all orders, then they must have equal ranks and must be eguipotent. 

We do not include 1 amongst the irresoluble (or irreducible) divisors of a matrix. If 
we did inokide it, then A and B would be equipotent when and only when they have the 
same potent (or maximum) divisors of all orders 

Ex. iv. Since a matrix of rank 0 has no potent divisors, all matrices of rank 0 can be 
regarded as being equipotent with one another. 

Ex v. Any two matrices which differ only by rows of O’* (or any two conventionally 
equal matrices) are eguipotent with one another 

For they have the same ranks and the same maximum factors. 

Ex vi All derangements of a rational integral functional matrix A are equipotent 
with A. 

Ex. vii. If the matrix A can be convei'ted into the matrix B by an eguigradent trans¬ 
formation, then A and B are equipotent. 

This has been proved in Ex. ii of § 203, and is moluded in Theorem II of § 214 

Note Correction to § 74 The definition of equipotence given above should be 
substituted for that given in § 74. When that is done, all the four results mentioned in 
Ex iv of § 74 are neoessanly true, the last result following from Ex. v of § 214; but the 
last result is not true universally when the definition of § 74 is adhered to. It will be 
shown m § 214 that if two matrices are equipotent according to the definition of § 74, 
then they are equipotent according to the definition of this article; but by Note 4 of § 219 
the oonverse is not true generally when there are more than two variables 

2. Impotent matrices 

A rational integral functional matrix A = [a]” of any rank r will be said 

to be impotent when it has no potent divisors. If r = 0, the matrix A is 
necessarily impotent If r > 0, it is impotent when and only when its potent 
factors Ei, E 3 , ... E r are all non-vanishing constants, i.e. when and only when 
its maximum factors JD U D it .. D r are all non-vanishing constants; and this 
is the case when and only when D, , the h.c.f of its minor determinants of 
order r, is a non-vanishing constant which we can take to be 1, or when and 
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only when E r is a non-vanishing constant which we can take to be 1. A 
matrix whose elements are chosen at random will usually be impotent when 
it is not square and not impotent when it is square. 

We shall also speak of a matrix as being impotent with respeot to a 
particular irresoluble (or irreducible) function t when t is not one of its 
irresoluble (or irreducible) divisors, so that no one of its potent divisors is a 
power of t; and we shall sometimes speak of a matrix as being impotent with 
respect to a particular variable as when all its irresoluble (or irreducible) 
divisors are independent of as 

Ex. viii A rational integral functional matrix A of rank r is impotent when and only 
when every irresoluble (or irreduoible) function of the variables which occur in it has at 
least one finite root for which A has rank r. Also it is impotent with respect to a 
particular irresoluble (or irreducible) function t of those variables when and only when t 
has at least one finite root for which A has rank r. 

These results have been proved in Ex. i of § 202 

Ex. ix If the rational integral functional matrix = A&s rank r and ia impotent, 
and if s^r and »<(; 1, then emery complete matrix 4> = [A] " of the minor determinants of <f> 
of order 8 is impotent 

For when (f> is impotent, it has rank r for at least one finite root of every irresoluble 

function f of the variables which occur m it; therefore by § 73 the matrix <f> has rank 

for at least one finite root off, therefore by Ex. i of § 201 and Ex vm above the matrix 4> 
is impotent The result also follows from § 208, and we see further that 

If <j) is impotent with respeot to a particular irresoluble (or irreducible ) function t, then $ 
is also impotent mUi respect to t. 

Ex. x. If the rational integral functional matrix A = [a]™ is undegenerate and impotent , 
then evety long minor of A is undegenerate and impotent. 

Let A' be any long minor of A formed with r of the long rows of A. Then A' has rank r 
and is undegenerate, and every simple minor determinant of A can be expanded in terms 
of the minor determinants of A' of order r. Hence if f is any common factor of the minor 
determinants of A' of order r, then / is also a common factor of all the simple minor 
determinants of A , and must therefore be a non-vanishing constant, i.e. the matrix A' is 
impotent 

Ex. xi. If the rational integral functional matrices [&]' m and [6]" are both impotent and 
both have rank r, then the product 

.cd 

is also impotent and has rank r. 

By § 131 the matrix [c]^ has rank r. When we equate correspondingly formed oomplete 

matrioes of the minor determinants of order r on both sides of (1), we obtain an equation 
of the form 

"here )*-(*), »-(*), 
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and all three matrices have rank 1 If the elements of [(?]* had a common irresoluble 
factor g, then g would be a common factor of all elements of the matrix 

■d<l [A 1 ■S]2----Z?li']) 

and since B n , B u , . B lv have no irresoluble factor m common, g would be a factor of A t \. 
In the same way we see that g would be a common factor of An, A 21 , ... A^; and this is 
impossible, since these functions have no common factor other than a non-vanishing 
constant. Thus the elements of [ C ]^, which are the minor determinants of [c]* of order r, 
have no common factor other than a constant, i.e. the matrix [o]^ is impotent. 

The above theorem can be deduced from Ex. ii of § 206, and is included as a special 
case m Theorem I of § 214. 


Ex. xn. Properties of a square matrix which is undegenerate and impotent. 

Let A=[a] m be a square matrix whose elements are rational integral functions of the 
scalar variables x, y, z, . Then when A is undegenerate and impotent, it has the 
following properties 

(1) Its determinant A=(a)”* is a non-zero constant. 

For this is the neoessary and sufficient condition that A shall be undegenerate and 
impotent 


(2) Its reciprocal , conjugate reciprocal a/nd inverse arc also square rational integral 
functional matrices, and are also undegenerate and impotent 

If A=(a)”, and if [A]™ is the reciprocal of A, we have 







and sinoe A is a non-zero constant, it follows that (A )™ is a non-zero constant, i.o. [A]™ is 

undegenerate and impotent. Again the inverse of A is the rational integral functional 

matrix — A 1 whose determinant is the non-zero constant —; therefore it also is unde- 
A i_i m a 

generate and impotent 


(3) Every complete matrix [A]£ of the minor determinants of A of any order s is 
undegenerate and impotent. 

This has been proved in Ex. ix. It also follows from the theorem of § 120, which shows 
that (A)fi is a non-zero constant 


(4) Every horizontal and vertioal minor of A is an undegenerate impotent matrix and 
has an inverse matrix which is undegenerate and impotent. 


nW # # 

Let be any horizontal minor of A of reduced order r. Then if A^ is the inverse 


matrix of A, we have 


WZ'd =[lC Wr.i- -t 1 ]^ det[op,]” Api -L 


The last equation 1 allows that every common factor of the situ pie minor determinants of 

t * 

either of the undegenerate rational integral functional matrices [&pi] r , A pX nuist be a 

m 
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facLor of 1, and must therefore bo a non-vanishing constant Consequently is 

f * 

undegenorate and impotent and has «ui inverse matrix A U1 which is also imdegeuerate 

1 Su 

and impotent. 

(5) If A is homogeneous in the variables , it ean only be impotent when its degree m all 
the variables is 0, i e. when all its elements are constants 

This follows fiom the first property 

Ess. xin If the square matrix [A]™ is undegenorate and impotent , then evety square 

matrix [a]™ of ordeft'm which is rational and integral in the variables can be expressed 
uniquely in the forms 

w:-ra:oc.(2) 

where [u] and [v] m are rational and integral in the variables 

For the inverse of [A] is a uniquely determinate matrix M which is rational and 

• 1 —'m 

integral in the variables, and is also undegenemte and impotent; and the respective 
equations (2) are satisfied identically when and only when 

[«] = [a] H , [ v ] =E [a] . 

More generally if [A]™ and [A]” are given square matrices which ate undegenemte und 

impotent , every matrix [a]” of orders m and n which is rational and integral m the variables 
can be expressed uniquely in the form 

L<=[CtC[C.(3) 

where [6]^ is rational and integral in the variables. 

For if 5? and 1? are the inverses of [A] m and [A]“, the equation (3) is satisfied 

i—| Tii ‘-■w m n 

identically when and only when 


§ 214. Equipotent transformations of a rational integral func¬ 
tional matrix. 

From the theorems of § 206 we deduce the two theorems which follow, 
the first of which is included in the second. 


Theorem I. If [a]^, [&]”, [c]” are matrices whose elements are rational 
integral functions of the scalar variables as, y, z,..., and if the equation 

[<[&]>[< .(A) 

is an identity in the variables x, y,z,..., then: 

(1) If\a\ r m has rank r and is impotent , [c]“ is equipotent with [6]”. 

(2) If [&]” has rank r and is impotent, [o] * is equipotent with [a]^. 


iili.'U', 


t - i 
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Suppose that [a]^ has rank r and is impotent, and let [&]” have rank s 
Then by § 131 the matrix [c]™ also has rank s , and by Exs. li and iii of § 206 
the matrices [c]” and [&]” have the same irresoluble divisors, and the same 
potent divisors of orders 1 , 2, .. s, l e. they are equipotent. 

Theorem II. If [a] 9 , [&]”, [/i]*, [A;]” are matrices whose elements are 
rational integral functions of the scalar variables tu, y, z, ..., the matrices 
[/i]^ and [A;]” being impotent and having ranks p and q respectively , and if the 
equation 

MlWX-m:. <b> 

is an identity in the variables cc, y, z, . then the matrices [a] 9 and [&]” are 
equipotent with one another 

Let the matrix [a] 9 have rank r. Then by § 131 the matrix [&]” also has 
rank r, and by Ex. vii of § 206 the matrices [a] 9 and [6]^” have the same 
irresoluble divisors, and the same potent divisors of orders 1, 2,... r, i.e. they 
are equipotent 

On account of these properties a relation of the form (B) m which \h~\ v m 

and [A;]” are undegenerate impotent matrices having ranks p and q equal to 
their respective passivities will be called an equipotent transformation con¬ 
verting the rational integral functional matrix [a] 9 into the rational integral 
functional matrix [&]“. Further (B) will be called an equipotent transforma¬ 
tion in H when Q, is any domain of rationality in which both the matrices 
\Jif m [A;]^ lie. Every equigradent transformation is also an equipotent 
transformation. 


Note 1. Equipotent transformations of a matrix into a similar matrix. 

An equipotent transformation converting [a] into a similar matrix [£>]” has the form 

[<[<[<=[&]’;..(0 

where \f\ m and [£] w are square rational integral functional matrices whioh are unde¬ 
generate and impotent, Le. where (A)” and are non-zero oonBtants. 

If M and K are the mverse matrices of [A1 and [A1 , the determinants (E) m and 

1 — 'm ‘—'li m n v ' m 


(E) are also non-zero constants (see Ex. xii of § 213), and A? and K are square 

rational integral functional matrices which are undegenerate and impotent. By prefixing 
and postfmng these matrices on both sides of (C) we deduce the identical equation 


i—iw i—<n _ 

e [ 6 ] m =[>]”, 

i—i—1„ L J m’ 


m 
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which is an equipotent transformation converting [&]* into [a]^ , and each of the equations 
(C) and (C') is true when aud only when the other is true. We call (O') the transformation 
inverse to (0) 

Without using Theorem II we can show m a simpler way that two similar rational 
integral functional matrices .4 = [a]* and -B=[£>]" satisfying an equation of the form (0) 
are equipotent with one another. From (C) we see that the rank of B cannot exceed the 
rank of A, and from (C') we see that the rank of A cannot exceed the rank of B. There¬ 
fore A and B have the same rank. Let their common rank be r, let a be any positive 
integer which is not greater than r, and let a* and be the highest common factors of the 
minor determinants of order a of A and B respectively. When we equate correspondingly 
formed complete matrices of the minor determinants of order a on both sides of (C), we 
see that a a is a common faotor of all minor determinants of B of order a. Therefore a g is 
a factor of /9 8 . Treating the equation (O') in the same way, we see that j9 a is a faotor of a s 
It follows that Og and j8 a can only differ by a non-zero constant factor. Thus the matrices 
A and B have the same rank and the same maximum factors, and they ore therefore 
equipotent with one another 


Note 2 Composition of equipotent transfonnations. 

Any number of equipotent transformations applied m succession to a rational integral 
functional matrix are together equivalent to u single resultant oquipotent transformation 
applied to that matrix For if 






KJ 


n 

m 


are equipotent transformations oonvertmg 


[a]" into [a']*, [a']* into [a"]*, [<£ into [a'"]" 
respectively, wo have 

. 


■a) 


whore 








By Theorom I the matrix [A]" is equipotent with [A"]^ [A']*, and this latter matrix 
is equipotent with [A']“. Thus [A]" i5 being equipotent with [A']”, is an undogoneratc 
impotent matrix of rank u Similarly [£]” is an undegenerate impotont matrix of rank r 
Consequently (1) is an equipotont transformation converting [a]^ into [«'"]“ ; and it is 
the resultant of the three suooessive equipotent transformations given above. 

If the component transformations all he in any domain of rationality 12, then the 
resultant transformation alsc lies in Q. Also if the component transformations are all 
symmetric, then the resultant transformation is symmetric 


Note 3. Elementary equipotent tramformatio-ns . 

The following will be called elementary equipotent transformations of a rational integral 
functional matrix. 

(а) The insertion of an additional horizontal or vertioal row of C^s in any position. 

(б) The interchange of any two parallel rows (horizontal or vertioal). 

(c) The addition to any row of any parallel row multiplied by a rational integral 

function of the variables. 

(d) The multiplication of any horizontal or vertioal row by a non-zero scalar constant. 


'LI; 
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All transformations of the types ( b), (c), {d) have the same form as (C) in Note 1, mid 
convert any matrix into a similar matrix. 

A transformation of the type (c) has one of the fonns 

[<[<=[<, [<r*];=cc> 

where [A]™ is formed from [1]™ by replacing one of its zero elements by a rational integral 
function o of the variables, and where [£]" is formed from [1]^ by replacing one of its zero 
elements by a rational integral function t of the variables. The inverse transformations 
have the same forms, and to obtain them we replace o- by - o- and t by - r respectively 

Transformations of the types (6) and ( d) lmve been described in Note 3 of 55 141 The 
inverse of a transformation of any one of the types (6), (c), (d) is a transformation of tho 
same type. 


Note 4 Unitary equipotent transformations and quasi-scalar omnipotent transformations. 


By a unitaiy equipotent transformation will be meant one which is a resultant of a 
uumber of successive transformations of the type (o) of Note 3. The inverse of such a 
transformation and the resultant of any number of such transformations are again unitary 
equipotent transformations. Transformations of the typo (o) are elementary unitary oqui- 
potent transformations Whenever 


[*]>:£ 


ll 

in 


is a unitary eqmpotent transformation, wo must have (A) I and ( k )" =1. 

A transformation of I"al" 1 is the resultant of a number of successive transformations of 

L J Ml 

the type (d) of Note 3 when and only when it has tho form 


where J [A] and l [A] n are quasi-scalar matnoes whose diagonal elements A t , A a ,... A m and 
X'i, A a ,... K wo non-zero constants. Such a transformation will be called a quasi-soalar 
equipotent (or equigradent) transformation. The inverse transformation is obtained by 
replacing A ls A a ,... h m and A 1; A a ,. . k n by thoir reciprocals, and it is also a quasi-scialar 
oipupotent (or equigradent) transformation. The resultant of any number of such trans¬ 
formations is also of the same form. 


Note 5. Equipotent transformations of a oompartite matrix. 


Theorem. If </> and yp are two oompartite matrices with the same number of corre¬ 
sponding parts, and if each part of tf> cam be converted into the corresponding part of yp by 
an equipotent transformation, then <f) can be converted into yp by an equipotent transformation . 

There will clearly be no loss of generality in supposing that <p and yp are oompartite 
matrices of standard forms, and that tho first, second, .. last parts of <fi correspond 
respectively to the first, second,. . last parts of yp. 


Let 


~a, 0 , . . 0 

0, b, .. 0 

_ 0 , 0 , ... o _ 




a, 0, ... 0 
_ -0, 13, ... 0 


- P,Q, £ 


*, m, n 


_o, *■ y_ 


L,H, N 


* i- " H 


t 1 ■rfn 
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bo two compartite matrices of standard forms having the same number of parts Also let 


0 , ... 0 

H = 0, h\ . 0 

L o, 0, . k" 


_ f. HI, IJ 


■ L, M, N 


~J\ 0, ... 0 
K = 0, k\ . 0 

i_o, 0, . r_, 


_ p. Q, if 


be oompartite matrices of standard forms, H having the same number of parts as 0, and 
K having the same number of parts as 0. Then we have 

. (2> 


when and only when 




Now let the elements of 0, 0, H , K be rational integral functions of the scalar vaiiublus 
■ r > h • Then (2) is an equipotent transformation converting 0 into 0- when and only 
when H has rank l+w + + n and is impotent and also K has rank ja + </+ . . + r and is 

impotent. Referring to the theorem of ^ 100 and to Thoorom II h of J5 207, we seo that 
this is the case when and only when 


[/f]£, [/i']™, have ranks l, m, ... it and are impotent, 

[£]£, [*]®, [0"]£ have ranks p, q, . . r and are impotent, 


i e. when and only when the equations (3) are equipotent transformations converting the 
first, second, . lost parts of 0 into the first, second, last parts of 0-. 


Thus (2) w cm equipotent transformation -when and only when all the equations (3) arc 
equipotent transformations 

It will be clear also that (2) ih a derangement, a quasi-ocular cquipotont transformation, 
or a unitary equipotent transformation when and only when the equations (3) arc all 
derangements, or all quasi-scalar equipotent tiansformations, or all unitary equipotent 
transformations. 


**• If 

r/i 2 _r^ + 7J-' 3 + 15.r l! + 12.r+4 , .it*+ !).*/'+ D.r-+ fix- 1 
^2 |_j? 4 + 8r a + 22.i ,2 + 27a. , +14, .t' , + 6.r ,, + 14a? ^ +15.^ , + 4J , 

“ 8dJ 4 +28a/+24, 8a. l2 +20a?+8, l0a? a + 32a; + 24 “ 

[«]j- 8a 12 + 32a?+32, 8a, 12 + 24a: + H, lOx 3 + 36.f + 30 , 

_0** + 12® , 0a? 2 + 4.r + 4, 7a,- 2 + 13a? + 3 

eaoh of the following equations is an equipotent transformation of a matrix whose elements 
are rational integral functions of the single variable a- 1 


0) 


“a? + 2, #1 r2j,’ 2 + 7.r+6, ia^ + h-r + sTl 

1 , l_|“|_ 2a;i! + 8r+8, 2x a + 6a? + 2j ; 

(2) 


.3 pr + 2, x~\ = | - a? 3 + 4.r-'+ 6.r + 4, a? 3 + 4a; 2 + 4.?? 
3J s|_ 1 , 1J “ L®*+10.r + 8, .r a + 5a»+ar + 2. 

0) 

p+2. * lr 

l_®+3, «+ lj L 


0 

III. 



, 1 j < j I i 


17 
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(4) 


" 2 ®+ 4 , 2 ' 
2a-+ 6, 2 
2 ®- 1 , 1 . 


ps+4, * *+*Wi 


2 j 2, 3 J 


... r^+4, an ri, 0 ’ U ~| 

(5) |_2a + 6, 2j |_0, (* + l)(* + 2 )» °J 


'2a+ 4, 2®, 2® + 3" 
2,2, 3 

1,1, 1 


-MJ. 


"" yiS x 9 t 1 1 — jj2 — 9b 2 

+ ’ , n , O rA-|*r J0+&0+4, , JsHSff+B"] r ,j 

(6) ^+3® , -a -2®+ [ —0, — aP — 3a? + 2, -® 2 —4®-3J 

®*-2 , -aP+ a+1_ 

The matnoes on the nght and the middle factor matrices on the left m these equations 
are all equipotent 

Ex 11 When there are two variables as and y, the equation 

~x+\, v + 1 

p®+4y+l, 2®+y+l*l H®, 0, 1”1 

. 0 . v, iJ 


L »+^y+ij a?+y+2j |_< 


"®(3® a +5®y+2y 11 +5®+7y+2), y (2® 2 4-2ja?y+y 1! +4®+4y+3) > B^ + TAy+SyHQA’+lly+B 
®2(®+2y+l) , ay(x+y+ 2) , ®(2®+3y+3) 

®y(3®+4y+l) , y a (2®+y+l) , y (6®+By+2) 

is an equipotent transformation of the middle faotor matrix on the left. 

The matrix on the right and the middle faotor matrix on the left are equipotent, their 
common rank being 2, and their common maximum and potent factors of orders 1 and 2 
being given by 

D 1 =E l =\, D i ^E i =aP+2xy+2y a +4x+By+l 
Ex 111 If we can convert the matrix 

<mC **> 

by equipotent transformations, then we can also convert the matrix 


K5 S'* - 


by equypotent transformations. Moreover if the first conversion can be effected by elementary 
equipotent transformations applied to the m horizontal and the n vertical rows of <fi, then the 
second conversion cam, be effected by the same elementary equipotent transformations applied 
to the last m horizontal rows and the last n vertical rows of 1 fr. 

This follows from Note 5. For eaoh of the equations 

&r&!TGsr-ftsr 

1 . m. L - J r,m L 1 - 1 *, u *- ’ r , m 

is a necessary consequence of the other, and eaoh of them is an equipotent transformation 
when and only when the other is an equipotent transformation. 


• J 
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Ex. iv. If the matrix A can be converted into the matrix B and the matrix B into the 
matrix G by equipotent transformations in Si, them A can be converted into C by an equipotent 
transformation in Si. 

This follows from Note 2. 


Ex. v. If $=[a]^ is a given rational integral functional matrix of rani r, we can 

always determine an undegenerate square rational integral funotionid matrix [6]' of order 
and rank r which is equipotent with <j). 

For if Ei, E z ,. . E r are the potent faotors of <f> of orders 1, 2, ... r, those conditions arc 
satisfied when 


iK =1 ^b 


Ex. vi. If there exists a rational integral identity of the fmm 

.( 4 ) 

in which the dements of all matrices are rational integral junctions of the variables ,r, y,s ,..., 
and the square matrix [6]^ u undegenerate, then equipotent with [6]’ if and only if 

\K\ r m and [*]" are undegenerate and impotent matrices of rank r. 


Clearly [a]™ has rank r when and only when [A]^ and [&]* both have rank r This 
condition being satisfied, let D r , H r , K,. be tbe potent factors of order r of r aV‘ , \li\ r , [7:1" 

L J w L J w L J r 

Then from (4) wo see that D r must be divisible by H v K r (b) * Henoe if [a]” is equipotent 
with [6]^, so that D r =(b) r ^, then both H v and K v must be non-zero constants, i.e [A]’ and 
[7;]^ must be impotent Conversely if [A]^ and [&]* are both impotent and both have 
rank r, then by Theorem II the matrix [a]” is equipotent with [6]^. 


§ 215. Properties of one-rowed matrices connected with the 
long rows of an undegenerate rational integral functional 
matrix. 

In the present article all functions and all matrices are rational and 
integral in certain scalar variables a, y, z, ...; A — [a]™ is an undegenerate 
matrix of rank r lying in a given domain of rationality 12; D ]; D a , ... D r and 
E 1 , E t ,... E r are the maximum and potent factors of A of order’s 1, 2,... r ho 
ohosen aB to lie in II; and irreducible functions are those which lie in 12 
and are irreducible in 12. Consistently with the general definition of a 
primitive matrix of any orders given in a later chapter we may here define a 
primitive one-rowed matrix to be one which is undegenerate (or not 0) and 
impotent; thus it is a one-rowed matrix whose elements have no common 
factor other than a non-zero constant. 

Lemma. If A =[a]* is an undegenerate matrix of rank r which lies m Q and is impotent 
with respect to the irreducible function t, and if r <n, then by adding final horizontal rows to 
A we can form in succession undegenerate matrices [a]” +J , [a]” +a ,... [a]” of ranks r+1, 
r+2, ... n which lie in Q and are impotent with respect to t, the last of them being an 
undegenerate square matrix of order n 

17—2 


PROPERTY Or 

CMJIEGIE INSTIlOfE OF UOLOGr 
liBfi/Ull 
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We may supposo without loss of generality that the loading simple minor determinant 
A,.= (a)^ of A does not vanish identically and is not divisible by t We can then certainly 
form a matrix 



lying m 12 in which the leading simple minoi determinant 


A. 


+1 


/ \ ' + 1 

;) 

3,1 


does not vanish identically If A r + 1 is not divisible by t, we can take [a]* to lie A'. If 
A,. +1 ih divisible by t, and if m A' wo replace tho element by i ]<r+1 +1, we form a 

matrix [a]’* in which 


. 3+1 


( a ) l+1 = J A, +1 + & r — t . A',.+i +A,., 


so that (a)^j does not vanish identically and is not divisible by t. Thus wo can in all 
cases determine an uudegeuorato matnx [«]" of rank r+1 winch lies m Q and is impotent 
with respect to t , and from this fact tho lemma follows by induction. 


Eai i. If [a]’ l=a [«, n]^’ 11 r , where (cc)^ does not vanish identically and is not divisible 
by t, the conditions of the lemma are dearly satisfied when 

I-. 

w: 


[o; a 


Theorem I. If A = [a]“ is an undegenerate matrix of rank r whose 

elements are rational integral funotions of x, y, z ,..., then in every rational 
integral identity in x, y, z ,... of the form 

=«■>[<.(A) 

in which [<£]^ is a non-zero impotent one-rowed matrix (ie. is primitive), the 
function (o must he a factor of E r , the potent factor of A of order r. 

Let t be any one of the irresoluble factors of a>, and let t* be the highest 
power of t which is a factor of to j also let [<£]* be an undegenerate square 
matrix, constructed as in the lemma, which is impotent with respect to t, 
and let 


[«>]>h“l n -m; .a) 

L J i,r—i 

Since all simple minor determinants of [&]£_ , and all minor determinants of 

M r °* or der r — 1, are divisible by Dr~i, we obtain by equating the maximum 
factors of order r on both sides of (1) an equation of the form 


(*)> 


uD^.Ffa y, z ,...), 
<o,F(x,y,z,...)- .. 



rV 


or 


.( 2 ) 






215 ] 


RATIONAL INTEGRAL FUNCTIONAL MATRICES 


261 


and because to is divisible by t 8 , it follows from (2) that V must be a factor 
of E r . Hence by expressing w in the form 

to = tf' tz 8 * 4 8s ■ • ■. 

where ti, are distinct irresoluble functions, we sec that a> must be a 

factor of E r . 

Esc. u If [0]^ and [a]“ are undegenerate impotent matrices of ranks 1 amd r, then the 
product 

is undegenerate and impotent , i.e. it is primitive 

For every common faotor a of the elements of [7)1 must be a factor of E r % i e. a factor 
of 1. 

Ex. in. If [0]^ and [a]™ are undegen&'ate impotent matrices of ranks i and r, then the 
product 

is an undegenerate and impotent matrix of rank i. 

That the rational integral functional matrix [&]” has rank i follows from § 131. 

Let t be any lrresoluble function of the variables x,y,z, ...; and let p and q be simple 
minor determinants of [0]^ and [a]” which are not divisible by t. Then there are finite 
roots of t for which pqj= 0, i.e for which [0]^ and [a]” have ranks i and r and therefore 

[&]” has rank i ; and it follows that t is not an irresoluble divisor of [&]”. Thus [&]” lias no 
irresoluble divisor and is impotent 

Further if [0]^ and [a]* have ranks i and r and are impotent with respect to any irre- 
soluble (or irreducible) function t, then [6]’* has rank i and is impotent with respect to t. 

Ex. iv If A=[a]” w an undegenerate matrix of rank r whose elements arc constants, 
and if [«]" is any one-rowed matrix connected with the horizontal rows of A whose elements 
are rational integral functions of the variables x, y, «, .. , then in every term [A] ". af-ybtf 
of[u\* the coefficient [A]” is a one-rowed matrix connected' loitli the horizontal rows of A. 

First suppose that [it]” is primitive. Then since in this oase E r =>l, we see from 
Theorem I that there exists a rational integral identity in x, y, z,... of the form 

and by equating the coefficients of aPyPtft... on both sides we see that there exists a 
relation of the form 

[A]>[x]’;[<, 

where [X] ^ is a matnx with constant elements. 

Next suppose that [w]™ does not vanish identically but is not primitive. Theu we can 
write 
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where Q is the h.o.f. of the elements of [it]*, and where [o]" is primitive. The coefficient 
of any term of [«]* is a sum of the coefficients of certain terms of |®]" each multiplied by 
a scalar constant Since the coefficients in [«]” are all connected with the horizontal rows 
of A, it follows that the coefficients m [?t]" are all connected with the horizontal rows of A. 

Lastly when [¥]” vanishes identically, the theorem is obviously true. 


Ex v. If A=[a] n is any matrix whose elements are constants, and if [it]” n any 
one-rmmd matrix connected with the horizontal rows of A whose elements are rational integral 
functions of the variables x,y,z,..., then in every term [A]j x*yPzy.. of [w]j the coefficient 
[/i]" is a one-rowed matrix connected with the horizontal rows of A. 

This follows from Ex. iv, but can be proved more simply as follows. 

Let r be the rank of A. Then every minor determinant of order r +1 of the matrix 



matrix 


vanishes identically Therefore every minor determinant of order r+1 of the 


Jl 


must vanish, and therefore this last matrix has the same rank r as [al M . 

1 771 


Theorem II. If A = [a]™ is an undegenerate matrix of rank r whose 

elements are rational integral functions in il of the scalar variables x, y, z, 
we can always determine a rational imtegral equation in fl of the form 

[&&[«!«,.. «„], .(B) 

where E r is the potent factor of A of order r , and where [0]^ and [u] n are 
undegenerate and impotent (i.e. primitive') one-rowed matinees, the equation 
being an identity in x,y, z,... 


Let v — ^ __ i j , and let [A]^ be a complete matrix of the affected minor 

determinants of A of order r — 1 in which the elements of the ith horizontal 
row are the simple minor determinants of the minor of A formed by striking 
out its ith horizontal row, this being true for all the values 1, 2,... v of i. 
Then 




■(») 


where the non-zero elements of [B]" axe the minor determinants of A of 
order r , all of which occur In fact when we disregard signs, the matrix 
[I?]” contains exactly r elements equal to each minor determinant of A of 
order r, these r elements occurring in r different horizontal rows; and the 
remaining (r-l)p elements of [JS]" are O’a, there being r-1 zero elements 

in each horizontal row and zer0 ©lsnmnfcs in each vertical row. 
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Smce D r _] is the H.c.F. of all the elements of A , it follows from 

L “ J v 

Lemma la of § 209 that we can determine positive integers h i} ha, ... h v 
such that 

r—i 

[1, h-a, lla, ... /i|>] A = [of] OIj...ot r ], .(4) 

I—1„ 

where [a] does not vanish identically and is impotent with respect to every 
irreducible divisor of A. When we prefix the matrix [1, h a ,... h v ] on both 
sides of (3) and observe that every element of [5]” is divisible by D,., we 
obtain an equation of the form 

A-i [a, a*... a, ] [a] ” = D r [ft ft .. ft *], 

or [«! a*• ■ • Or] [a]" = K [ft ft • • • ft].(6) 

where [ft]^ does not vanish identically and [a] } is the same matrix as before. 
Replacing the equation (5) by 

Q [01 02 • ■ • 0r] [ a ] r = ft [ft ft • • ■ ft]) .••.(0) 

where Q is the H.C.F. of all the elements of [a]^, and where [0]^ is impotent, 
we see that Q must be a common factor of all the elements of because 
it has no irreducible factor in common with ft; and when we cancel Q on 
both sides of (6), we obtain an equation .of the form (B) in which [0]^ is 
impotent By Theorem I the matrix [u] n must also be impotent. 

Ex. vi We can put 7 =D r _\Af , [-/?]* = D r \B'] n , where the elements of 7 , and 

p f/ ^ ^ |f 

also the elements of [5']", have no common factor other than a non-zero constant, and 
replace (3) by 

.w 

We can then determine positive integers ha, As, . . h v such that 

1—1 ** 

[1, ha, hr\, , h^\ A tip], ...(4) 

1 — 1 v 

where [a] r does not vanish identically and is impotent with respeot to all the irreduoible 
divisors of A, and obtain the equation (B) by prefixing [1, ha, ha ,... A„] on both sides of (S'). 

I—IT 

Ex vu. By § 208 the matrix A in Theorem II has the same irreducible divisors 

V —“ I P 

I—1 

as A, and therefore every irreduoible divisor of A' in Ex. vi is an irreduoible divisor 

1 —V 

of A. 
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Ex vm For the matrix A = [a b r d e] 10I) the equation (3) becomes 


(o i) 04 

(ah) 31 

(ns6) l2 




" 0 

0 

(aba) 

(uM) 

(fdtn) 

(fflc) 23 

CM 31 

(Mi 2 




0 

(acb) 

0 

(aed) 

(ace) 

(fiil)ii 

(an?) hi 

(ad) 12 




0 

(adh) 

(itde) 

0 

(tide) 

(M n 

(Mil 

(Mi i 

— „ 1, 

Cl 

r 7 ji “ 

0 

(aeb) 

(ki‘c) 

(act/) 

0 

(6c) 2 3 

CM 8i 

(6c) 12 

a\ Oi 

«[ 

(hca) 

0 

0 

(bed) 

(bee) 

| (Mas 

(W) 81 

(bd) 12 

«2 &2 

C-l 

di c* = 

(hdri) 

0 

(Me) 

U 

(Me) 

(60)23 

(60)3], 

CM 12 

(_ ®3 hi 

Cl 

“3 w ij 

(bea) 

0 

(60c) 

(bed) 

0 

(Mas 

(«*)si 

(Mia 




(1 oda ) 

(cdb) 

0 

0 

(rde) 

(Mai 

(Mil 

(ce)n 




(cea) 

(aeb) 

0 

{aad) 

0 

_ (M23 

CM si 

(M12 _ 




_ (dea) 

(deb) 

(dec) 

0 

0 


when we change the signs of all elements in the 2nd, 4th, 6th and Oth horizontal rows 

Ex. ix. In the special ease of an undegenerate square matrix J =■ |ry] ( we ('an take 
A to be (n )^. Then if [-4] ^ is the reciprocal of J, and if we put 

w t r -A-iw;, 

we see by postfixing A on both sides that we have an identity of the form 

1 —'r 

[0102 •■ 0 r][«]I!--®r[«l«* «r] 

when and only when 

r 

[010a. 0rl = ['M1«2- «*,.] CI , 

L — J r 

whore w-j, . , are arbitrary. We can choose ii \, u if . . u,, to be positive integers such 
that [0i 02 0,] is impotent. 


§ 216. Properties of one-rowed matrices connected with the 
long rows of an undegenerate rational integral ^-matrix. 

Throughout the present article A = [a]” is a given undegenerate rational 
integral .^-matrix of rank r lying in a given domain of rationality 11. The 
maximum and potent factors of A of orders 1,2,... r are D u D. 2i ... l) r and E x , 
Ei,... E,\ and A,.^ is the H.c f. of the simple minor determinants of the leading 
horizontal minor [a]^, all these functions being so chosen as to lie in ft. 

, Noth 1 . It is to be observed however that if we put D r = 0 , Theorems I and III 
remain true when [a] ( ifl degenerate, provided that [a]” is uudegonerate of rank 
r- 1, and that f(x) does not vanish identically. The condition that /(*) is to be a 
factor of D r then imposes no restrictions on f(x) 


. Theorem I. If f(x) is a rational integral function of x of degree p which 
is a factor of D v and has no linear factor in common with & r - lt then there 
exist uniquely determinate rational integral identities in. x of the forms 


"i, <n M,, r _* ri, o 
-4>> 1 J r— i, l ^ r = U/(«). 


~l r— 1,1 

~a~ 

n 

a 

-* r- 1,1 

_b 

r- 1,1 

J(x).b 


.(A) 


»*—1.1 


whei'e [0] : is a rational integral x-matrix whose degree in x is less than p. 
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We assume (see Note 4) that p is not less than 1, and that 
f{x) = (a; - a) (x - ft) (x - y ).. , 

where the linear factors are not necessarily all different. If there exists an 
identity in x of the form (A) and also a second identity 

o', 

of the same form as (A) in which 1 also has degree less than p, 
then ['Wp‘ M’j, -/(*) M*.( a ) 


Since [a]” ^ is undegenerate when x = a, ft, y ,it follows in succession from 
the last equation (cancelling x — a, then x — ft, then x - y, ... on both sides) 
that x-a, (x-a)(x- ft), (x- a) (x - ft) ( x — y), .. f(x) are factors of 1 , 
i.e is divisible by /(a?), and because [^Jp 1 has a lower degree in x 

than f(x), this is only possible when j/^]^ 1 = 0 Consequently [</>'] p 1 is 
identical with [<£]p\ We conclude that there cannot be two different 

identities such as (A), and that if there is any such identity, it must be 
uniquely determinate. This conclusion would remain valid under the circum¬ 
stances described in Note 1. It remains to show that there always does 
exist an identity of the form (A) in which [^>] i has degree less than p. In 
proving this we shall consider first a special case, and then the general case. 


Ci we I. When f(x)**x—a. 

Here x - a is any linear factor of D r which is not a factor of A^i. 

Let [a]* become [&]" when x=a. Then [/:]" is a matrix of rank r— 1 with constant 
elements in which the minor [£]" is nndegenerate of rank r-l, and therefore there 
exists one and only one matrix [X]j with constant elements such that 

[x, ir u [*]>o, 

i.e. such that [X, ljp 1,1 [a]" is divisible by x - a. Accordingly there exist rational integral 
identities of the forms 

[x, ilp 1 ’ 1 [«£-(«-•>■ Mt. 0 ) 


I—. ,7*—1,1 i-i f\ -ir-1,1 r- 

R? w:-BA 3 ’ 

L- ^ -!r-l, 1 u 5 ^r-i, i - J r—1 




where [X ] r 1 is a matrix with constant elements, and in these the matnx [X]^ 1 must have 
the unique value found above Thus the theorem is true in this case; and it would dearly 
also be true under the circumstances described in Note 1, when the only restriction on 
x- a is that it is not a factor of A,..!- 
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Case II When f[x)-=(x - a) {x - 0) (x - y). . 


For the sake of brevity we will write 

/!(*)=*-n, f i (x)=(x-a) (x-0), f 3 (x) = (x-a)(x-0)(x-y), .... 

We first determine the identities (1) and (V), and observe that (V) is a unitary 
equipotent transformation of the matrix A. 

Let A/ be the H. o. F. of the simple minor determinants of the postfactor on the nght, 
in (1') Then by equating correspondingly formed complete matrices of the simple minor 
determinants of both sides in (!') we see that 


Di=(x— a) A r ' 

Since (x—a) (x- 0} is a factor of D r) it follows that x-0 is a factor of A,.' which is not a 
factor of Ar-i, and therefore by Case I there exists an identity of the form 


IX> i], 


p-i.i 


?--i,i 


■(*-£)•!>]". 


• - (i") 


where the elements of [X']^ are constants Multiplying (1") by x-a and using (1), we 
deduce the identities 

t* . 




r-J, 1 


where 


.(2') 


and (%) is a unitary equipotent transformation of the matrix A. Under the circumstances 
described in Note 1 the postfactor on the right in (1') would be degenerate, and by Case I 
we should still obtain an identity of the form (1") from which identities of the forms (2) 
and (2^ could be deduced 

Let A/' be the H.O.F. of the simple minor determinants of the postfactor on the right 
in (2'). Then by equating correspondingly formed complete matrices of the simple minor 
determinants of both sides m (2') we see that 

D r = (x — a) ( x — 0) A t ". 

Since (x—a) (x— 0) (x - y) is a factor of D r , it follows that x—y is a factor of A r " which is 
* not a faotor of A r _i, and therefore by Case I there exists an identity of the form 


0", ir u [ff .( 2 ") 


r—1,1 


.p-l 

where the elements of [X"^ are constants. Multiplying (2") by (x - a) (x - 0) and using 
(1") and (1), we deduce the identities 

[v, .(8) 

.« 

-'r-1,1 l- — l ^a— 1 , 1 

(»-«anr , +Mr l 

-(*-■) (*-« Mr‘+(»-«) Mp‘+Wp 1 , 


where 
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being a matrix whose degree m x is less than 3 ; and (3') is a unitary equigradent trans¬ 
formation of the matrix A. Under the circumstances described in Note 1 we should have 
A/'=0, and we could still obtain m succession tlio identities (2"), (3), (3'). 


Continuing in this way we finally obtain identities of the forms (A) and (A') m which 
[</>] j 1 has degree less than p ; and this establishes the theorem. 

The equation (A') is a unitary equigradent transformation of the matrix A. 

r -i » 


Consequently the matrix 


r—i,l 


has the same rank r as [a]”, and if Df is 


the H.C.F. of its simple minor determinants, we have 


2W(«) D r- 


(4) 


Theorem I is equivalent to the statement that there exists a uniquely 
determinate rational integral a-matrix [0]^ which has a lower degree m w 
than f($), and is such that 


[«r W” is divisible by f(x) .(A") 

1 r • 

Noth 2 Actual determination of the identity (A) 

If we assume for each element of [<£] ^ -1 an expression of the form c 0 a? I>_1 + Ci x p ~ z +... +c p , 
where the coefficients c are to be determined, then divide each of the elements of 
[(f), l] r-1,1 [a]” by f(x) and equate the remainders to 0 ,1 e. equate the coefficients of a? 1 *" 1 
r J) ~ 2 ,.. in each remainder to 0, we obtain np linear equations whioh have to be satisfied 
by the (r -1) jo unknown coefficients By the theorem this system of equations has a 
unique solution Hence by solving the equations, or any (r-l)p of them which oro 
unconnected, we can find the matrix [c/>] ^ 1 . By using this method we avoid the necessity 
for finding the linear factors of f(x). 


Note 3 Domain of rationality of the matrix [0]^ 1 in (A) and (A'). 

From Note 2 it will he dear that if f(x) lies m the same domain of rationality Q, os 
[a]”, i.e. if Q is any domain of rationality in which both [a]“ and f(x) lie, then [<£]’ -1 lies 
in Q. This oan also be proved in the following way. From the mode of its formation it is 
clear that [<f )] 1 lies in the domain O' formed by the adjunction of a, 0, y,... to O Since 
a, 0, y, all he immediately over S2, the domain a! can be formed from Q by the adjunc¬ 
tion of a certain single element q of O' which is a root of an irreducible equation g (x)=Q 
in Q having a certain finite degree s, and we can write 

-wr +?k +wx +..., 

where there are s terms on the right in each equation, and where all the matrix coefficients 
lie in Q Substituting these values in (A), we see that 


Mr l M 


n 

V‘ 


wr 4,1 [<-/(*)■[<.(a) 

■/« ■ m:, mr l w^-/w • t-nr..(6) 


As m the case of the equation (a) the « — 1 equations (6) show that [aJ/]' \ ty"]' -1 , ... all 
vanish, i.e. [<£]^ 1 must he in Q, the equation (6) being the same as (A). 
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Noth 4. Special case when p= 0 . 

Theorem I remains true when f(x) is a non-zero constant, provided that we interpret 
[«r to be 0 when its degree in a? is less than 0 , this being in accordance with the usual 
convention that a rational integral functional matrix whose degree is less than 0 is one 
which vanishes identically. 

Noth 5. Degree in x of the matrix [6]" in (A) and (A') 

The degree in x of [&]” is less than the degree of [a ]’ 1 For if this were not so, the 
degree in a? of the right-hand side of (A) would be not less than the sum of the degrees of 

[a]™ and f(x), and therefore greater than the sum of the degrees of [a]” and [<£, l]* -1 ’ 1 , and 
greater than the degree of the left-hand side; which is impossible 


Corollary to Theorem I. If [a]^ is impotent and [a]” is undegenei'ate, 

then there exists a uniquely determinate rational integral identity in Cl (the 
domain of rationality of A) of the farm 


Mr T,l K=^-^r. 

where the degree in on is less than the degree of E r . 

in x of [&]” is less than the degree of [a]”, and 


a 

h 


.(B) 

In (B) the degree 
an undegenerate 


and impotent matrix of rarifc r, so that in particular [&]” is impotent. 


It is assumed that E v> which is now the same as D,., is given and lies 
in Cl. This corollary is that particular case of Theorem I in which A,._j = 1 

i- -i« 


and f{x) is taken to be D r . That 
equation (4) which shows that JDf = 1 


a 

h 


is impotent follows from the 

r—i,i 


Ex i. Theorem I cannot be extended to matrices whose elements are functions of more 
than one variable. 


Consider for example the matrix 

J-rdl*- + 2a?+y + l"| 

L J * L #+2y + l, x+y + 2j 

which hes in the domain Oj of all rational numbers, and for which 

A=-£i = l, D i =E 2 =x i +2xy + 2y i +4 l x+6y + \ = t, 
where t is irreducible in Qj. If x is arbitrary, the matrix 

<j)°=[y (ax+b)+(cx+d), l][a]® 

is divisible by t when y= 0 and when y-= 2 if and only if a=ft, b=Y, e= - 1 ,d=- 4 . But 
when x and y are both variable, <£ is not divisible by t when a, b, c, d have these values. 


Ex. li If w any imdegenerate and impotent rational integral x-malrix in Q of 
rank r — 1 , r — 1 being less than n, then by adding to it a final horizontal row we can form an 

undegenerate and impotent rational integral x-malrix |~f 


1 -r-1, 1 


of rank r lying in Q. 
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By adding a final horizontal row to we can clearly form an undegenerate rational 

integral ^-matrix [a]™ of rank r lying m £2. If [a]" is not impotent, then there exists an 
identity in 12 of the form (B), where E r is the maximum (or potent) factor of [a]” of older r, 
and the Corollary to Theorem I shows that the above result is true. 

Ex in If [A]“ is any undegene) ate and impotent rational integral x-matrix of rank r 
lying m 12, and if r<n, then by adding final horizontal rows to [/t]" we can form unde- 
c/onei'ute and impotent rational integral x-matrices [A]^ +1 > [^]/ +2) • ■ [A]” of ranks r + l, 

r+2, . n lying in 12; in particular we can form an undegenerate square matrix [/*.]”, rational 

and integral in a', which lies in £2 and is impotent 

This follows from Ex. u. We can clearly enunciate a similai theorem regarding the 
completion of an undegeuerate and impotent .r-umtnx [^]J of rank r, where r<m , by the 
addition of final vertical rows 

The above theorem does not remain generally true when there are more than two 
variables, for if there are two variables x and y, and it A' and Y arc rational integral 
functions of x and y, the first of the two matrioes 

l>. y]^ [^’ y] 

is impotent, but the second cannot be both undegeuerate and impotent 


Ex. iv. Every undegenerate and impotent rational integral x-matnx of rank r lying in 
12 has an inverse which is also an utidegenerate and impotent rational integi'al x-matrix of 
rank r lying in £2 

Let [/i]™ be an undegeuerate and impotent rational integral ^.'-matrix of rank r lying 
in £2. Then if we form as in Ex. lii a square rational integral .-e-matrix 


nn 


n 


U 


r, n —) 


in £2 which is undegeherate and impotent, its inverse. H y U is also a square rational 


integral .r-matnx in £2 whioh is undegonerate and impotent; and wo have 


c 


*1 
t* J. 


*> e . -m;. 


Thu 5? is a matrix inverse to [A]" which has the required properties 


Theorem II. If A = [a]” is an undegenerate rational integral x-matrix 
of rank r, then in every rational integral identity in x of the form 

[«;[<-/(*)•[<.(C) 

in which [<£]^ is a'primitive (i.e. undegeuerate and impotent) one-rowed matrix , 
the function f (x) must he a factor of E r , the potent factor of A of order r 
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Let [<£]^ be a square rational integral a;-matrix, formed by adding final 
horizontal rows to as in Ex. iii, which is undegenerate and impotent, 
and let 


[< 


i 


=K: 


— 1 1 , < —1 


(GO 


Then [c]“ is a matrix of rank r having the same maximum and potent factors 
as [a]”; and since all minor determinants of [6]^_ i of order r — 1 are divisible 
by Dr-i, we see by equating the maximum factors of order r on both sides 
of (O') that 

A = A-i/(«) 9 (®). A =f(p) 9 i x )> 


where g(x) is a rational integral function of x] i.e./(a?) is a factor of E v . If 
[w]* is impotent, then clearly Ej must be a factor of fix). 

This theorem is a particular case of Theorem I of § 215. 


Ex. v If [a\* is impotent as well as [</>][, then [(/>]^ [a]* is impotent. 

More generally if [</>]£ and [a]” are undegonerate and impotent ^-matrices of ranks t 
and r, then [a]” is an undegenerate and impotent a. 1 -matrix of rank i. 


Theorem III. If A = [a] n is an undegenerate rational integral x-matrix 

in II of rank r whose leading horizontal minor [a] is regular with respect to 
all the iiTeducible divisors of A , and if fix') is any rational integt'al function 
of x lying in II which is a factor of E r> then there exists a rational integral 
identity in 12 of the form 

w>, ic [<-/(•> -wr.p> 

where Mp is a rational integral x-matrix having a lower degree in x 
than f{x). 

As usual Di and Et are the maximum and potent factors of A of order i. 
In the present case A» ... A-i and E lf E a ,... A -1 are also the maximum 
and potent factors of [a]^_ of orders 1, 2, ... r — 1; for every irreducible 
divisor of [a]^_ is necessarily an irreducible divisor of A ; in particular D,-i 
is the H.O.F. of the simple miuor determinants of 

Let [A]\ where v = ^, be a complete matrix of the affected minor 

determinants of A of order r — 1 in which the 1st, 2nd,. . rth horizontal rows 
are composed of the simple minor determinants of the minor matrices of A 
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formed by striking out its 1st, 2nd, ... rth horizontal rows, so that as in 
Theorem II of § 216 

.(?) 

1—1 y 1 


where the non-zero elements of [5]” are the minor determinants of A of 
order r, all of which are divisible by D r . Writing 

r—l i—i r 

A = D r _! a , D, = D r _iHJ r , 

I ly I ly 

we can replace the equation (7) by 

7 [a] n r =E r [!3T y .(8) 

Because the highest common factors of all elements in the last vertical rows 

—i* i—i r _ 

of A and a are respectively and 1, therefore (see Ex. xii of § 188) 

'—'v 1 —'n 

there exist rational integral functions yfr lt yfr s , .. in fl such that 

+ foctn + ... + y{r v 0( r , = 1 ; 

and by prefixing [x/r] on both sides of (8) we obtain an identity in II of 
the form 

[f. iC 1 t<=&. ot;* -/(*). mi .w 

Let [cfj]^ be the remainder obtained when is divided by f(x). Then 

from (9) we deduce an identity of the form (D) in which the degree [</>] , j -1 is 
less than the degree of f(x). In fact it 

the identity (D) is true when 

Theorem III clearly remains true under the circumstances described in 
Note 1, E r and [&']” bemg then 0, and /(on) being any rational integral 
funotion of x which does not vanish identically. 

Corollary 1. If the leading horizontal minor [o]”^ of the x-matrix A = [a]* in 
undegenerate and impotent , and iff(x) lies in Q and is a factor of D r , then there exists u 
rational integral identity in Q of the form (D) in which the degree o/[0] 1 in x is less than 
the degree off(x). 

For in this oase [a]* ib necessarily regular with respeot to all the lrreduoiblo divisors 
of A , and is the same as E r . This result also follows from the Corollary to Theorem I ; 
and it remains true when A is degenerate and f(x) is any non-vanishing funotion lying 
m Q. In this oase the identity (D) is uniquely determinate. 


< ; 4-4^' 
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Corollary 2 When the matrix A = [«]" has rank r and [a]” ts regular with respect 
to all the irreducible divisors of A , there exists a rational integral identity in Q, of the form 


[0, ir wr. 


.(DO 


where wr : 1 has a lower degree in x than E r , and wh&t'e [&]” is primitive (i.c. undeganerate 
and impotent) 


This is the particular case of Theorem III ui whioh f{x) is E r . It follows from 
Theorem II that [&]" must be primitive. When E T is a non-zero constant, wo have 

wr 1 - 0 


Corollary 3 When the matnx A=[a]" has rank r and the successive leading horizontal 
minors of A are aU regular with respect to every one of the vireducible divisors of A, then for 
each of the values 1 , 2 , ...r of i there exists a rational integral identity in £2 of the form 

[*, .( d "> 

where [$]* 1 has a lower degree in x than E t , and where [£>]” is primitive ( i.e . undegenerate 


For in Corollary 2 we can replace r by i 


Corollary 4 When the x-matrix A =[a]" has rank r and the successive leading hori¬ 
zontal minors of A are all regular with respect to every one of the irreducible divisors of A, there 
exists a rational integral identity in £2 of the form 


10 0 
0ai 1 0 

< 6*1 < 6*9 1 


o m; 

0r 1 0r2 <£r8 • ■ • 1 “ 


Ei 0 0 ... 0 

0 Ei 0 . . 0 

o o a. o 


.(B) 


- 0 0 0 .. E~- 


where the ft 8 in the ith horizontal row of the prefactor on the light have a lower degree in x 
than Ei, and where [ 6 ]^ is an undegeneratc and impotent matrix of rank r. 

If we construct r equations of the form (D"), one corresponding to oach ono of the 
values 1 , 2 ,. r of i, these are together equivalent to a single equation of the form (E); 
and when (E) is any equation constructed in this way, we see by equating correspondingly 

formed oomplete matrices of the minor determinants of order r on both sides that [&]” must 
be an undegenerate and impotent matrix of rank r 


The equation (E) is a unitary equipotent transformation converting [a]” into a similar 
equipotent matrix [c]” in whioh the 1 st, 2 nd,... rth horizontal rows are divisible by E u 
E 2 ,... E r respectively. 


Corollary 6. 
lying in £ 2 , and if 


If ri = [a] ” is any undegenemte rational integral x-matrix of rank r 
~E t 0 ... 0 ~ 


0 0 . E r 
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then there exist unitary equipotent transfwmations in a of the farm 

ra;w;-r<p]r-w;. w) 

wft&re [4] )t and [&]“ are undegenerate and impotent rational integral x-matrices of rank r. 

We first apply Theorem I of $ 209 to transform A by a unitary equigradont transforma¬ 
tion in Q into a similar matrix yl'=[tt']” whose successive leading horizontal minors are all 
regular with respect to all the irreducible divisors of A, and then apply Corollary 4 to the 
matrix A'. In this way we obtain a resultant transformation of the form (E') such that in 
the ?th horizontal row of |7;]^ every non-diagonal element has a lower degree in ss than E^ 
whilst the diagonal element differs from 1 by terms having a lower degree iu x than E it 
Since (/i) r =l and (E)^=D r , we see by equating the maximum factors of order r of the two 
sides of (E') that [6]™ is impotent 

The unitary equipotent transformation (E') converts [a]" into a similar equipotent 
matrix [c]" m whioh the 1st, 2nd, ... rth horizontal rows are divisible by E x , E i% ... E r 
respectively. 


Theorem IV. If A = [tt] 1 is an undegenerate square matrix whose elements 
are rational integral functions m 12 of the single variable x and whose potent 
factors of orders 1, 2, .. r are E u E,, ... E r , and if as m Corollary 5 above 
lue write ml= ro r , then there always exist mutually inverse equi/pot&nt 
transformations in £2 of the forms 


K [^] r r ^'=[<.on 


Thus the matrix A can be converted into or derived from the equipotent 
quasi-scalar matrix which we call the standard reduced form of A, by 

equipotent transformations in £2. 

By Corollary 6 to Theorem III there exist unitary oquipotent trans¬ 
formations of A in £2 of the form 

ra>];=[*]'g r r .(io) 

where [ h ] and K are undegenerate and impotent square matrices. If we 

I - y 

denote the inverses of these two matrices by H and [/fc] respectively, we 

i_I,. r 

can deduce the first of the equations (F) from (10) by postfixing on both 

i—if 

BideB, and the second of the equations (F) from (10) by prefixing H on 

i—> r 

both sides. 


When the transformations (F) are obtained m this way by the use of 
Theorem III, the degrees of the elements of [ h are subject to the limitB 
described in Corollary 6 above. In the next artiole we shall obtain more 
special transformations of the same character by the use of Theorem I. 


o. IIL 


18 
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§ 217. Some special unitary equipotent transformations of 
rational integral x-matrices. 

Throughout this article A = [a]“ is a given rational integral a’-matrix of 
rank r lying in the domain of rationality fl, t, t\ t", ... are any number of 
the distinct irreducible divisors of A ; and D a and Eg are respectively the 
products of the highest powers of t, t", ... by which the maximum and 
potent factors of A of order s are divisible, s having any one of the valuos 
1 , 2,... r. If d 8 , dg, dg , ... and e 8 , e/, e 8 ", ... are the maximum and potent 
indices of t, t\ t", ... of order s in A, then 

D a = ..., Eg = i?st't" e »' ..., D s = ExE t ... Eg. 


In the particular case when £, £', £", ... are all the distinct irreducible divisors 
of A, D 8 and E s are the maximum and potent factors of A of order s. For 
the values 1, 2,... r of i we will write 


ei E % I? _ E t w — 

=■£*■> •“'is — , ••• “', il _i = 

-Zvj j&q 


Ei-! ’ 


F -^-1 

■Mii £} A > 


these being all rational integral functions of x ; and whenever i >j and E, 
has the same degree in x as Ej, we may suppose that E % = Ej, so that E,j= 1. 


It will be convement to assign a definite meaning to Ey whenever % and j 
are positive integers not less than 1 and i j. Accordingly for all such values 
of i and j we will use the definitions E lt = l, 


Ei 


Eij = -w when i >j and i ^ r, E v = 0 when i >j and i>r. ...(1) 


Then Eq is a rational mtegral function of x whenever i ^ j, but it vanishes 
identically when i > r except when j = i. Thesu definitions are allowable 
because it is possible to regard Di and E % as being 0 whenever i > r. In the 
lemmas and theorems which follow we could regard E % j as having degree not 
greater than 0 whenever i <j, and E 0 as being 1. 


For the letters u,v,Evte shall use the definitions 


1 0 0 . . 0 
«a 1 0 ... 0 

U^U sa 1 ... 0 



1 Vn ... V H 

o 1 0*8 ... v* 

0 0 1 ... Vgi > 


( 2 ) 


_ 14ta ... 1 


0 0 0 ... 1 


and 


E! 0 ... 0 

= 0 0 


( 3 ) 


0 0 ... Ei 
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the notation (2) to hold good for all positive integral values of i, and the 
notation (3) for the values 1, 2, ... r of i. If $ is any letter other than u, v 
and E } the notation [</>]^ will have its usual signification; in particular [.SJ^ 
will mean the scalar matrix i^[l] p 

Lemma 1 . If A=[a] m is a rational integral x-matrix of i ank r lying in Q whose leading 
horizontal minora of orders 1, 2, ... r are all regular with respect to every one of the given 
iireducible divisors t, t', t",..., and if for any one of the values 1, 2,... r of i there exists 
a rational integral identity m a of the form 


i— 7 . -.1,1)1— i _» 

km:- ft*] ; -pc 


where [«]” w a matrix defined as in (2), then: 


(1) The matrix [a]” is impotent with respect to t, t',t", ... 


(2) If 8 is any one of the numbers i+l, i+2,... r, and if 



the product of the highest powers of t, t', t",... which are common factors of all 
those minor determinants of At of order s which involve all the first i horizontal 
rows of A t is the function A, given by 

&»=Ei + ■$* i> 

and A, is also the product of the highest power's of t , t\ t", .. which are common 
factw'8 of all simple minor determinants of the leading horizontal minor of A t 
of order s. 

(3) In particular all those minor determinants of of order i + l which involve all the 
first i horizontal rows of At are divisible by 

The equation (a) is a unitary equipoteut transformation converting [a] ni into ; and 
by striking out corresponding final horizontal rows on both sides of (a) we obtain unitary 
equipotont transformations oonvertmg the successive leading horizontal minors of [a]^ into 
the corresponding leading horizontal minors of [Z)]\ Moreover we can obtain [6] m from 
A i by multiplying the ath horizontal row of A{ by E t when s ;j> i, and by when s <jc i. 
Consequently [6]* is a matrix equipotont with [at]” whose successive leading horizontal 
minors of orders 1 , 2, ... r are also all regular with respect to t,t’, t”, ..., and whioh has 
the additional property that its ath horizontal row is divisible by E, when a i, and by 
Ei when 8 <{: i. 

First let A< be the product of the highest powers of t, t’, t", ... which are common 
factors of all simple minor determinants of [a]*. Then by equating the maximum factors 
of order 1 of [a]” and [&]” we see that 

D i =E l E i ...E i A i *=D i h i , or A £ =l, 

i.e. [a]" is impotent with respect to t, f, .... 

18—2 
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Next let 8 be any one of the integers i+l, i + 2,. ?*, and let A„ be the product of the 
highest powers of t, t\ t'\ . which ore common factors of all simple minor determinants 
of the leading horizontal minor of Ai of order s. Then by equating the maximum factors 

of order s of [a]" and [&]* we see that 

■Dt—Ei E%.. J2il3i*~ i A af or A e =E i+ i t i E i+2it . . E n . 

Moreover if A is any non-vanishing minor determinant of A ( of order s which involves all 
the first i horizontal rows of A il then because the corresponding minor determinant of 
[6] "is divisible by D s , we see that E i E 2 ...E i E i t ~ i A is divisible by D g , i.e. A is divisible 
by Ei + i ti E %+2ti ...Eai, and this completes the proof of the lemma 

Ex. l. Generalisation of Lemma 1. Lemma 1 clearly remains true when the elements 
of A and \w\ m are rational integral functions of any number of scalar variables. 


Lemma 2 If A =[a]*^ is a lational integral x-matrix of rank r lying in Q. whose leading 
honzontal mmoi's of aiders 1, 2,. r are aU regular with respect to every one of the given 
iireducible divisors t, t\ t", . , and if for any one of the values 1, 2, ... r— 1 of i there exists 
a rational integral identity in il having the gene/i'al form. 




i,m-i .-, 


i 


UU 




i,m—i 


(at) 


where [«]” is a matrix defined as in (2) whose non-diagonal elements u v (in all of which 
s>j) satisfy the conditions that: 


(1) Utf has a loioa- degree in x than when s t, 

(2) Ugj has a lower degree in x than E y when s>i and j < i, 

(3) Ugj=0 when s>i and j i, 


then there also exists a rational integral identity in Q having the general form 


kh:-K*°J 


t+l,m-t-l r- — 71 


t+1, 711' 




= tc. 


t+1, 771-t-l 


( a t+l) 


where [w] m is a matrix defined as in (2) whose non-diagonal elements (in all of which 
8 >j) satisfy the conditions that: 


(10 u sj has a lower degree in x than E^ when s ;j> i+1, 

(20 % has a lower)' degree in x than E i+1J when fi>i+l and j <i+l, 

(30 f%=0 when »>i+l andj^i+l, 

and where the leading horizontal minors [«]”, [a]", [6]* are the same in (a< +1 ) as in (a*). 

As usual a rational integral function of x whose degree in x is less than 0 must be 
interpreted to be 0, and a rational integral ^-matrix whose degree in x is less than 0 most ' 
be interpreted to be one every element of which is 0 Thus if E,—E jt then in (a,) and 
( a t+i) we must have % = 0. 

We will express (a ( ) in the form 



m—i 


m-i 


i, m—i 


k-r a 

u ’ t ~‘< 1 m-t 


LA] 


t, m—l 


ml. 


(b i) 


? 
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where [m]^ is a matrix defined os m (2) whose non-diagonal elements (in all of which 
s>j andj/’ci) satisfy the condition that 

% has a lower degree m x than E^, 

and where [0]| is a matrix whoso elements c p 8] (in all of which,/ t) satisfy the condition 


(f> B j has a lower degree in x than , 


■(^i + i) 


that 

so that in particular 

0^=0 for all permissible values of a, 
and we will express (a i+1 ) m the form 

r- l /| 3 W — i p 17 /*« —|^i III—'I 1— —1 

[;;?] K=K^J t] . 

— 1 /, 711 — / Jll-i L -^ “L, 111—l 

where \u\ i and [a]™ are the same matrices as in (b f ), and where [0']l_ t is a matrix whose 
elements 0'^ (111 all of which j ;}> z) satisfy the condition that 

0'n/ has a lower degree in x than Et +ll j 

To prove the lemma we will assume that there exists a rational integral identity m Q, of 
the form (b<), and show that there must then also exist a rational integral identity 111 Q 
of the form (b i+1 ). For the postfactor on the left 111 (bj) we will use the notation 


■EL- 


By Lemma 1 all those minor determinants of A t of order 7 + 1 which involve all the 


first i horizontal rows of Ai are divisible by E i+ x,i, whilst the horizontal minor [a]“ is 
impotent with respect to t, t\ t", .. Hence by applying Theorem I of § 216 in turn to 
eaoh of the in - i horizontal minors of of order 1 + 1 which coutain [a] " wo Hee that there 
exists a uniquely determinate rational integral identity 111 SI of the form 

ps itr [; J - wL K + ml - *«.. ml,.« 

where [\]l_ f has a lower degree in x than E i+ x,i (and vanishes when E i+l =E t ), and whore 
[a]" and Q9]” _ t are the same as in (b<). 

Multiplying both sides of (4) by E u we obtain the identity 


Mi. 


En 0 

0 E 42 


'E x 0 . . 0 
0 e<£ .. 0 


or 


or 


K+«iwL-^+iiwL. 

0 ... E# 0 0 ... E{_ 

Ml■ 

.(*') 




where 


, = [>]* , 


Efx 0 

0 E.& 


O- 

0 


-^f.i-1 0 
0 1 


, 0 = 1, 2, ... z)j 


.( 5 ) 
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and when wo associate with (4') the equation 




we obtain the identity 




.(4") 

.( 6 ) 

.{&) 


•(7) 


Now (6') is the identity (b» + 1 ) m which 

!+[<-. 

01 = + + + + 5 .(7') 

mid beoause A'^ has a lower degree in x than E^E i+1>i , i e. than E^ +]J , we soe that in (7) 
=«/>*> +ten ns having a lower degree in x than E i+u , 

and therefore ^ has a lower degree in x than E i+ltj Thus from the given identity (h*) 
we have deduced an identity (b i+1 ) in which the prescribed conditions are satisfied 

It will be see^n that (a* +] ) is obtained by multiplying both sides o/(a,) by the prefactor 

&:#■ 

■- ’ -h, m-i 

Ex. ii. When 2 = 1 , we have 

CHU-o, MU.-WL,. mL,=wL,- 

Ex. lii. In the corresponding lemma for vertical minors we must replace (a*) by 

i,n-i 


w: K-[«. air ft =m;„ 

^ ’ u U-i 


where v jt has a lower degree than E u when si, and a lower degree than E v when s^i 
(being 0 wheny^i); and we obtain the identity corresponding to (a*.,) by multiDlvhn? 
both sides by the postfactor 

n 

0 j > where 

n-i 

and where [X] f is the umquely determinate matrix whose elements have a lower degree 
than E i+lt t , and which is such that 

[“> R1 18 divisible by E i + U{ . 

1 —•<,»-* 

Lemma 3. If A=\af m is the matrix of Lemmas 1 and 2, and if i is any one of the 

integers 1, 2,... r, then there cannot exist two diffwent identities of the form (a<) in which the 
conditions (1), (2), (3) of Lemma 2 are satisfied. 

It is to be understood that a definite choice l^as been made of the functions E , E 3 ,.. 
^or that fixed values have been giVen to the arbitrary numerical factors occumng in 
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Suppose that (a f ) is an actual identity satisfying the prescribed conditions, and let (a ( ') 
be any other identity of the same form satisfying the same conditions; let (a,) be expressed 
in the form (b,), and when (a/) is expressed, in a similar form (ty), let (b/) be derivable 
from (b ( ) by replacing u, fa a, /3 by u\ fa, a , jS'; further let 

ra;-wr-M‘« 

so that 

U t j =0 when U t j has a lower degree than E t j when s>j, 

$,j =0 wheny=i, 4> g y has a lower degroe than E i} wlieu j < i. 

Then by subtracting (a/) from (a;) or (b,') from (b*) we obtain an equation which is 
equivalent to the two identities 

. 

First suppose that the elements of the ath horizontal row of [Z7]* are not all 0’s (where 
a > 1 and a i), and let U& be the last of those elements which is not 0 (where k < a), 


so that 

Then if Q is the H o.F of U tl , Um, .. U&, and if we write 

[ (7 t i Ufl . t/gjt] = Q [^i Igi.. 4t] j.(8) 

[^*1 ^«3 ^sfc] [®] ^ “ ® C^sl ^*2 ■■^sit , ]> .(9) 

where the one-rowed matrices ou the right are primitive, we have 

[^sl^«a ■ .(10) 


If further Q' and a' are the products of the highest powers of t, t‘, t",. . which are factors 
of Q and a> respectively, we see from (10) that is divisible by E s , i.o. by E^E* ; more¬ 
over by Theorem I of § 2IB or Theorem II of $ 216 it follows from (9) that E h is divisible 
by a'; therefore Q 1 must be divisible by E&. But this is impossible because and Q', 
whioh do not vanish identically and are footers of U^, have each a lower degree m .v 
than Efe. 

We conclude that every element of [i7]* must be 0 

Next suppose that the elements of the ath horizontal row of are not all 0’s, and 

let be the lost of those elements which is not 0 (where k < i), so that 


[$«1 $89 ■ ■ ■ $J»t] [a] l = Ei [»?8l »?82 . ■ »?81l] . 

Then if Q is the h.o.f. of <J> gl , ... and if wo write 

[^81 $8S • ■ ■ $sfc] = Q [^sl Z*3 • • ■ ^sfc] , .(8') 

[^sl ^12• • ^8fc] [ a ]fc = ® [X„i Atf], .(9') 

where the one-rowed matrices on the right are primitive, we have 

E i [fai Va- Vm ]= |>8l • • ■ ^Bfc].(10') 


If further Q' and a' are the products of the highest powers of t, t', t ",... whioh are factors 
of Q and o> respectively, we see from (10') that Q '<»' is divisible by E t , i.e. by E a E k j 
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moreover by Theorem I of § 215 or Theorem II of § 21 fl it, follows from (9') that, E k is 
divisible by a’, therefore Q' must be divisible by E a . Hut, this is impossible because Q', 
which is a factor of < 3 ^, has a lower degree in x than Eik 

We conclude that ever}' element of [«&]^ ^ must be 0 

It has now been shown that we must have [(/>']'^=[ 0 ]'^, i a the identity 

(bt ) °r (a/) must be the same as the identity (b<) or (n^ ; and this proves the lemma 

It follows that when the identity (fy) is given, and i r — 1 , there exists nvr and only 
one identity of the form (af + 1 ), viz. that obtained in Lemma 2 


Theorem la. If A = [a]* is a rational integral x-m atri:r of rank v lying 
in £1 whose leading horizontal minors of orders 1, 2,... r are all regular with 
respect to every one of the given irreducible divisors t, t\ t'\ .. , then th&t'e exists 
one and only one unitary eqnipotent transformation of A in £1 of the form 




r, m—r 


(A) 


where [u]“ is a matrix defined as in (2) whose non-diagonal elements u 93 (in all 
of which s >j) satisfy the conditions that: 


(1) Ugj has a lower degree in x than E^ when s^r; 

(2) Ugj has a lower' degree in x than E,j when s r, and in particular 

iigf=0 when j ^ r. 

The leading horizontal rnmors of orders 1, 2,... r of [&]" are all regular 

with respect to t, t\ t'\ and the sth horizontal row of [b] n is divisible bu E* 
when s^r, and hy E r when s ^ r. 

The functions E ls E 2] ... E r are the potent factors of A of orders 1, 2,... r 
when and only when t, t ,t ,... are all the distinct irreducible divisors of A. 

The theorem is proved by repeated applications of Lemmas 1, 2 and 3. 
►Since E x is a factor of every element of A, we can write 


or 




p. °r~rar-r* °rrT 

[o, lj Mm 0, E, 


M 


This is the transformation of Lemma 2 for the case in which i = 1, and it 
is necessarily unique. By Lemma 1 the matrix [a]" is impotent with respect 
to t, t\ t", ..., and all those minor determinants of order 2 of the matrix 
[a]” which involve the first horizontal row of [a]* are divisible by E tl . 


,i *■ 
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Therefore by Lemma 2 we can derive from (a,) a transformation (aa) which is 
the transformation (a*) of Lemma 2 for the case in which 4 = 2, and by 
Lemma 3 this transformation is unique. When we obtain m this way in 
succession transformations (a^), (ag), ... (a r ) all of the same type os (a,) in 
Lemma 2, the last of them, for which i = r, is the transformation (A), and by 
Lemma 3 there is only one such transformation. 

In proving Theorem I a we have at the same time proved the more general 
theorem that • 

For each of the values 1, 2, ... r of i there esdsts one and only one trans¬ 
formation (a l ) defined as in Lemma 2; and when % — 1, the transformation 

(a; + i) must always he derivable from (a () in the way described in Lemma 2. 


Ex. iv If m Theorem I a the leading diagonal minor determinants of A of orders 
1, 2,... r are all regular with respeot to t, t', t", . , then the leading diagonal minor deter¬ 
minants of [6]^ of orders 1, 2,... r are also all regular with respect to t, t ",... 

This follows from the equations [u]* [a]J=[&]*; (a)|=(6)J. 


Ex. v If A=[a] n is any rational integral ai-matrix of rank r lying in £, and if 
t, t\ t ",... ore any number of its distinct irresoluble divisors, we can convert it into an 
equipotent matrix [6]" having the properties described m Theorem I a by applying to it 
in succession an equigradent transformation of the form described in Theorem I of § 209 
and a unitary equipotent transformation in Q, of the form described in Theorem I a above. 
We thus obtain a resultant unitary equipotent transformation m 12 of the form 


where 



ft 

m 

1 J 

pj?a 

0 -i r > m " 

KJ 

-V, w- 

r [a ]’ 1 = 
L J m 

-i 

II 

*7* 

■ i 

0 

0 

... 0“ 

1 7*12 

Aw ... h hn 

Wa. 

i 

0 

... 0 

0 1 

A29 . . htoi 

~ 1*81 

1*92 

1 

... 0 

0 0 

1 •. hfy n 

Jb nl 

u mH 

l*m3 

... 1_ 

o 

o 

i 

0 ... 1 


each element being either 0 or a positive integer, and each element satisfying the 
conditions of Theorem I a 


When t, t\ t ",.. are all the irreducible divisors of A, the function E { is the potent 
factor of A of order i. 


Theorem I b. If A = [a]* is a rational integral a-matriai of ramk r 


lying in Cl whose leading vertical minors of orders 1, 2,... r are all regular)' 
with respect to every one of the given irreducible divisors t, t\ t'\ ..., then there 
ewists one and only one unitary equipotent transformation of A in Cl of 
the form 


[<[<=[<[oJT’”=m; .w 
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where [w] * is a matrix defined as in (2) whose non-diagonal elements v J3 (in all 
of which s >j) satisfy the conditions that : 

(1) vj 8 has a lower degree in x them E# when s^-r; 

(2) Vj„ has a lowest' degree in x than Erj when s-j; r, and in 'particular 

Vj g = 0 when j ^ r. 


The leading vertical minors of orders 1, 2,... r o/’[6]” are all regular with 

respect to t, t\ t ",...; and the sth vertical row of [&]” is divisible by E s when 
s ^ r } anid by E r when s-^r. 

We can obtain this theorem by equating the conjugates of both sides in 
(A), or we can give an independent proof similar to the proof of Theorem la. 


Esc vi. If in Theorem I b the leading diagonal minor determinants of A of orders 
1, 2, ... r are all regular with reapeot to t, t\ t", . , then the leading diagonal minor 

determinants of [6]^ of orders 1, 2,... r are also all regular with respect to t, t\ t" } .... 


Ex. vn If A = [a]^ is any rational integral .r-matnx of rank r lying m fl, and if 
t , t', t ”,. . are any number of its distinct irreducible divisors, we can convert it into an 
equipotent matrix [6] m having the properties described in Theorem 16 by applying to it 
in succession an eqmgradent transformation of the form described m Theorem II of § 209 
and a unitary equipotent transformation of the form desonbed in Theorem I b above. We 
thus obtain a resultant unitary equipotent transformation m 12 of the form 


.m 

1 f -*r. n— v 


where 


“1 0 0 ... 0 
1 0 ... 0 
^ fl ^81 &32 1 ■ • 0 

^«3 ^n3 


r, n-r 

1 1^12 ^18 
0 1 % 
0 0 1 


VlH 

VSn 


■ J _ 


0 0 0 


1 


eaoh element being either 0 or a positive integer, and each element v Jt satisfying the 
conditions of Theorem 16. 

When t, ^ tf \... are all the irreducible divisors of A, the funotion E t is the potent 
factor of A of order i 


Theorem Ic. If A = [a] m is a rational integral x-meutrix of rank r 
lying in Cl whose leading diagonal minor determinants of orders 1, 2,... r are 
all regular with respect to every one of the given irreducible divisors t, t', t", 
then there exists one and only one unitary equipotent transforation of A in fl 
of the form 




(C) 
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where [c]“ is a rational integral x-matricc in which 

(1) the sth horizontal row is divisible by E e when s and by E r when 

s^r, 

(2) the sth vertical row is divisible by E s when s ^r and by E r when s<|: r, 

and where and [V] ^ are matrices defined as in (2) whose elements are 
subject respectively to the conditions specified in Theorem I a and Theorem 1 b. 

The leading diagonal minor determinants of [c]” of orders 1 , 2, ... r are 
all regular with respect to t, t', t ",.... 

In this case we can determine identities of both the forms (A) and (B), 
and when [w]^ and [?;]” are the matrices thus found, we clearly have an 

identity of the form (C). By Theorems la and 16 no other values of [w]™ 
and [w]” are possible in a relation of the form (C). It can be seen from the 
particular case of Ex. xi that in general- the non-diagonal elements of [c]™ do 
not vanish. 

When A is a symmetric matrix [a]™, so that n = m, the matrix [a]™ must 
be the conjugate of [w]™, and the transformation (C) is symmetric. 

Ex. viii. If Ai=\af m is any rational integral ^-matrix of rank r lying in O, and if 
t, if, if', . are any number of its distinct irreducible divisors, we can convert it into an 
equipotent matrix [c]” having the properties described in Theorem I o by applying to it in 
succession an equigradent transformation of the form described in Theorem III of § 209 
and a unitary equipotent transformation of the form described in Theorem I c above We 
thus obtain a resultant unitary equipotent transformation in Q of the form 

[pCKwr-w:,... f) 

where [c] m has the properties described m Theorem Ic, and where [fp] n and [j] n have 
respectively the forms and properties described in Exs v and vii. 

When A is the symmetric matrix [a]”, bo that n=m, then by § 210 the component 
equigradent transformations can be symmetric, and then (C') is also a symmetric trans¬ 
formation. 

3 

Ex. ix. The transformation (A) for the matrix A =[a] 3 of rank 3 given by 

~x + l, 0 , ar 3- 

M 8 s = 0 , * + 1, o .(11) 

0 , 0 1 , *■_ 

We will take Q to be the domain of all rational numbers, and t, if, if', ... to be all the 
irreducible divisors of A. The potent factors of A of orders 1, 2, -3 are 

2Si=l, jEfl=a?+l, £,-*"(*+l)s 
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there are only two irreducible divisors, viz x and x+l ; and the leading horizontal minors 
of A of orders 1, 2, 3 are all regular with respect to both these divisors There will be 
three successive transformations (a^. (* 2 ), (as) corresponding to the transformation (a<) of 
Lemma 2, the last of these being the transformation (A). 

We may regard (11) as the transformation (ai) when we replace [a]jj by [1] 3 [ft] 3 . 

To deduce (aj) we first find the uniquely determinate matrix [X]* whose elements have 
a lower degree in v than the function E iX =x+\, 1 e are constants, and which is such thnt 

[X, 1]*' 8 [a] * is divisible by E^\ 

and (using Note 2 of § 216) we easily see that X u =0, X zl = -1. We next determine the 
matrix [X'] 3 given by when i=l, and find that [X']g=[X]^. Finally by prefixing 

the matrix 

n, oi l,! 

LxwJ u 

on both sides of (11) we find the transformation (a 2 ) to be 


' 1 , 0 , 0 
0 , 1,0 
_ -1, 0, 1_] 


1, 


[a] g = 0, x+l, 0 

0 , a?+l 


ra; 


where 


K = 


L °. 

”®+l, 0, afi~ 
0 , 1, 0 
_ -1, 0, 0_ 


•( 11 ') 


To deduce (as) we first find the uniquely determinate matrix [X] t whose elements have 
a lower degree in x than the function E% and which is such that 

[X, l]* 1 [6] l is divisible by 

and (proceeding as in Note 2 of § 216) we find that X 1 i=ic 2 -a;+1, X 12 =0 We next deter¬ 
mine the matrix [X'] given by \' IJ =E i j\ l} when i=2, and find that X' u = E a X n =A' 3 +1, 
X' 12 =0. Fmally by prefixing the matrix 

p, orf * 

U ij 41 

on both sides of (11') we find the transformation ( 02 ) or (A) to be 

“1, 0, 0” ~ x+l, 0 , afl~ ”1,0, 0 -| “aj+1, 0, a? 

0, 1, 0 0 , #+1, 0=0, 0+1, 0 0,1, 0 

_afl, 0, 1 _ _ 0 , 0 _0, 0 , #®(#+l)_ _ 1 , 0, x*-x+l_ 

.( 11 ") 

Ex. x A transfoimation of the form (A') for the matrix of rank 3, 

~x+l, 0,0” 

g 

-4 = [a] g = 0 , x+l, 0 

0 , 0 , x»_ 

The potent factors of A are 

■El=1, E%=x+1, E%^3p {x+ 1), 
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Applying Theorem I of § 209 wo obtain the equigradent transformation 

”101” ” # + 1, 0 , *»" 

0 1 0 [a]| = 0 , x+1, 0 >=[&] 3 , 

.001. 0 , o,^ 3 _ 

and when this is followed by the transformation (11") of Ex. ix, we obtain the resultant 
equipotont transformation 

" 1, 0, 1 ~ "1, 0 , 0 " r £ + l, 0, .r 3 “ 

0, 1, 0 [a] 3 = 0, * + 1, 0 0,1, O ....(12) 

_.® 3 , 0, #®+l_ _0, 0 , a^(a; + l)_ 1 , 0, .r 2 -a; + l_ 

Ex. xi. The traiisformatiotis (A), (B), (0) for the matrix A = [ce]^ of rank 3 given by 

[a]J=(a?+l) [&]J, .(13) 

“a^-^+l, 2a 2 -- 1 , 2 tP+aP-x, 2x 3 -bx J1 + 2x+3~ 
where [6] g = 3^-3a;+3, 3^ + 3a’-6, 3#* , 3.c*-&0+9 . * 

_2tf s -2a:+l, a'—1 , 2^-1 , 2.r a -6.i , +5 _j 

We will take Q to be the domain of all rational numbers, and t, it'\ . . to bo all the 
irreducible divisors of A. The matrix A (see Ex. v of § 209) has only two irreducible 
divisors tf+1 and a?-l, its leading diagonal minor determmants of orders 1, 2, 3 are all 
regular with rospoct to both these divisors, and its potent factors of orders 1, 2, 3 arc 

E 1 ^x+1 ) E%=x 2 - 1, JH s =x i -l. 

There will be three successive transformations (aj), (aa), (a 3 ) of the same type as (a*) in 
Lemma 2, the last of these bomg the transformation (A). We may regard (13) as the 

4 3 4 1 

transformation (a!) when wo replace fa] g by [1] 8 [a] 3 . The matrix [X] 2 on which the 
determination of (aa) by Lemma 2 depends has a lower degree in x than the function 
E 2 i=a?-1, and is such that 

[X, l]j 2 [&]g is divisible by E^ 

We have X u = - f, X ai = [X']g=[A.]^, and when wo prolix 



on both sides of (13), we obtain as the transformation (a>a) 

1 , 0, 0~ ~a? + l, 0 , 0 

-i !. 0 = 0,^-1, 0 [c]*,. (14) 

_-i, 0, 1_ o , 0 , ^-i_ 

where 

. ~ 2^-a^+l , ZnP-x-l, *Lx A +x i -x , 2# 3 -5tf 2 +2tf+ 3~ 

[°]g = -t(a^-* + l), | , -§s(2a? + l) , -$(2a’ 2 -6jf + 3) 

_ -£(&&*-3a?+1), -i(2a?-l), (2iB a -.r-2), -^(2^-7^+7)_ 

In the present case this is also the transformation (as) or (A). 
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There -will be three successive transformations (b^, (b 2 ), (b 3 ) for the vertical rows, the 
last of these being the transformation (B). We may regard (13) as the transformation (b^ 

4 4 4 |l 

when we replace [a] 3 by [a] 3 [1] 4 The matrix [X] 4 on which the determination of (b a ) 
depends has a lower degree than the function E^=x- 1, and is such that 

[&]* PI is divisible by 2? 31 . 

'—' 1 , 3 


3 3 

We have Xn=0, X 12 = - 1, Xj 3 = -1, [XT 1 =[X] 1 , and when we postfix 

i, vY'* 
o, ij 

’ —’ 1, 3 

on both sides of (13), we obtain as the transformation (b 2 ) 


“1, 0, -1, 

-1“ 

r ~x+l, 

0 , 

0 , 

0 ' 

o 

H 

o' 

0 

4 0 , 

£ a -l, 

0 , 

0 

0, 0, 1 , 

0 

“M, o , 

0 , 

.r 2 — 1, 

0 

i 

© 

p 

o 

1 

. 0 , 

0 , 

0 , 

x* -1 _ 


+ 2r+l , 2a;+l, -2(2a?+l) - 
where [a] 4 = Zap — 3# + 3, 3 (# + 2), 3 , -6 

_2.v 3 -2tf + l, 1 , 2 , -4 _j 


In the present case this is also the transformation (b 3 ) or (B) 
From (13) and (14) we see that the transformation (C) is 


- 1 , 0 , 0 ~ 

-3,1,0 [a] 4 

_-4, o, i_ 


H 

i 

o' 

H 

1 


o 

H 

o 

0 

0, 0, 1 , 

0 

o 

o' 

o’ 

1 

1 



,(16) 


whore the elements of the matrix on the right are easily found From (16) we can deduce 
a transformation of the form (O') for the matrix of Ex. v in § 209. 


Theorem II. If A = [a]^ is an nndegenerate square rational integral 

sc-matrix of rank r lying in H whose potent factors of order's 1, 2,... r a/re 
E 1} E S) ...E,, and if 

~E 1 0 .. 0 " 

„ 0 0 ... E r _ 

we can always determine two mutually inverse equipotent transformations in 
£1 of the forms 

m 'Kra'=[*];. g' m' t K r : = K.< D ) 

Thus the undegenerate square matrix A can be converted into or derived 
from the standard form [E] r r by equipotent transformations in Q. 
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Taking t , t', t", ... to bo all the irreducible divisors of A, and applying to 
A in succession an equigradent transformation of the form described in 
Theorem I of § 209 and an equipotent transformation of the form described 

m Theorem la of the present article, we obtain as in Ex. v a resultant 

equipotent transformation of A in O of the form 

.(d) 

where [&]’ is undegenerate and impotent, in fact where (h) | = 1. Equating 
the determinants of both sides in (d), we see that K is also undegenerate 

i—i,. 

J ■ t- l~1 r . . ,, T—ll' 

and impotent. Let E , [A] be the inverses of [/i] , K . Then by post- 

l i r J v J r i i »/ i 

7* r—i T 

fixing [&] or prefixing H on both sides of (d) we obtain the transformations 

* i—i j. 

(D). When the transformations (D) are determined m this way, then in the 
ith horizontal row of [/i]^ each non-diagonal element has a lower degree in x 
than E n , and each diagonal element differs from 1 by terms having a lower 
degree in x than E n . 

If we apply Theorem II of § 209 and Theorem I b of the present ai tide, 
we obtain transfovnmtions (D) in which the degrees of the elements of [k] 7 ^ are 
subject to the same limits. 

Ex xii. For tho undegenorate square matrix A of Ex. x wo have found the trans¬ 
formation (12) whioh is one of the form (d). "When we postfix on both sides of (12) the 
inverse of the postfactor on the right we obtain the equipotent transformation 

”1,0, 1 ~x+l, 0 , 0~ ~xP— x+1, 0 , -aP~ ”1, 0 , 0 

0, 1, 0 0 , ®+l, 0 0 , 1, 0 =0, *+], 0 

_sfl t 0, tf3 + l_ _ 0 , 0 , x*_ _ -1,0, .v+t_ _(>, 0 , ^(j-+1)_ 

corresponding to the first of the transformations (D) 


§ 218. Derivation of any given rational Integral ^-matrix from an un¬ 
degenerate square matrix by equipotent transformations. 

In the following theorem <^>=[a]^ is a given rational intogral ^-matrix of rank r lying 
in any domain of rationality Q ; and JDy, .. D r and E u ... E r are tho maximum 
and potent faotors of $ of orders 1, 2, ... r chosen in any manner so as to lie in £2. In 
proving the theorem we shall make use of some of the results obtained m the chapter 
dealing with primitive degrees and minimum degrees of connection. 


Theorem. We can always convert the x-matrix 0=[a] 
formation in Q into a similar matrix rjr of the form 

. r, n—i* 


by an equipotent trans- 


*=r 6) °t 

* L°» °J. 


•a) 


and [6]^ is then an wndegenerate square matrix in Q equipotent with <f> from which <f> can be 
derived by a/n equipotent transformation in Q. 
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^ [a]>]r r =0 .(2) 

be complete seta of unconnected connections between the horizontal and vertical rowB of (ft 
ao chosen that £X]™_ r and [ju]” ' are undegenerate and impotent rational integral 
^’-matrices in £2 of ranks m-r and n - r. This is always possible, for it is the oase when 
the equations (2) are complete primitive sets of connections in 12 of minimum degrees 
between the horizontal and vertical rows of rf) Using Ex n of § 216, let 

. m;=[*<"'-' ■ 

^ — 1 r, —» 

be undegenerate and impotent square matrices in £2, rational and integral in x, formed by 
adding initial horizontal rows to [X]*| end initial vertical rows to [/i]” r . Theu if 




(3) 


we have 




p, on f,,,_r . 

L°> 


■( 4 ) 


and (4) is an equipotent transformation in £2 converting <f> into a matrix of the form 
If further P , Q are the inverses of [p]’ , [y] , we deduce from (4) the equations 

i_> i i J Ml J it 

1 - 1 Ml 1 -* ft 


p, °T 
Lo, ol 


7 -Ml, t -m; 


•( 6 ) 


and the second of the equations (5) shows that the matrix [&]^ found in (4) is an un¬ 
degenerate square matrix in £2 equipotent with <fi from which <fi can bo derived by an oqiu- 
potent transformation in £2. Moreover [5] }i must have these properties in every equipotont 
transformation in £2 of the form (4). 


From the above we see that there .always exist pairs of mutually inverse equipotent 
transformations in £2 of the forms 

,,,b,, [*];-mi. 

J r, iw-r 

s-w .(B> 

>— 1 HI J «*>—■ n L°) oj K 


w:Gt 3 ’ 


m f T7 m u i—i 

in which [A] , E and [A] , K are two pairs of mutually inverse uudogonerato and 

m 1 1 Ml 11 1 1 It 

impotent ^-matrices in £2, so that 


It" [A] Bl = [A]”* S ,W =[l] m 1 [A]* T 1 [*]"- [1]“ ; .((!) 

i—1,» L J m L J m. i i L J ni L J n. i_i„ i i„ L J n L J «' ' ' 


and from these there always follow the two transformations 


S-wir-p];, 


■(A 1 ) 

,(B') 


, T C3 m n r-?r 

m which [A] a and [&] , K are two pairs of mutually inverse undogenorate and 

m u—i r T i —i ft ° 

impotent ^-matrices in £2 of rank r, so that 
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The matrix [&]’ in all such sets of transformations is an undegenerate square matrix in Q 
equipotent with (ft from which <p can be derived by the equipotent transformation (A'). 
The transformation (B') is not equipotent (except when m<=n=r) y but it can always be 

derived from (A') by applying the prefaotor 3 and the postfaotor K to both sides, and 

1 — l r 1 n 

it is the transformation inverse to (A'). We can regard (A') as the most fundamental of 
the four transformations (A), (B), (A'), (B') because when (A') is given, we can construct 
undegenerate and impotent square matrices [A]” and [A]™ by adding final vertical and 
horizontal rows to [A]^ and [A]", and we then have a transformation of the form (A) from 
which (B) and (B') can be deduced. 


We will now consider some properties of the transforming factors in such trans¬ 
formations as (A), (B), (A'), (B') 


First let 


[h]y[k,u] r ' m - r , 



■(«) 


Then if /x and v are positive integers such that — r and v n — r, we see from (A') 

that m (A) we have 


. (e) 

■- ’ - J r, it ■- ’ -* r, ii 



,( 0 ') 


Because these are equipotent transformations in Q, and because the potent divisors of the 
middle factor matrices on the left are respectively those of [6]^, [1]£ and those of 

[6]^, [1]^, we see that the transforming matrices in (A) have the following properties: 


If fx'jpm—r, then [a, ^ is a matrix in G of rank r+g, which has the same potent 

divisors as [a]”, i e its potent factors of orders 1, 2,... g, g+l, /i+2, ... g+r are respectively 
1, 1, ... 1, Eh -^ 2 ) E r . In particular [a, is an vmdogenerate matrix in G of rank 

m which has the same potent divisors as [a]*.(a) 


If n-r , then 


is a matrix in Q of rank r+v whioh has the same potent 


divisors as [a]", i.e. its potent factors of orders 1, 2,. . v, i/ + l, i/ + 2, ... v +r cure 


1, 1, ... 1, En -® 2 > -®r- In particular 


is an undegenerate matrix in Q of rank 


n which has the same potent divisors as [a]”. (of) 

Suppose that (A') alone is a given equipotent transformation in G, and that [»]* 
are rational integral ^-matrices in G whose elements are to be determined, where g^m—r 
and v^-n-r. Then whenever the matrices 

ft"]:**. [*]". p) 

L J r,v 

are undegenerate and impotent, the matrices 

[“'“C' 1 - [“] .« 


o. m. 


id 
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have the properties described m (a) and (a'); conversely whenever the matrices (8) have 
the properties described in (a) and (a'), the matrices (7) are undegenerate and impotent, as 
we see by equating correspondingly formed complete matrices of the minor determinants 
of orders r+fi and r+v on both sides of (6) and (S'). 


m r fl m n (———i^i n—r 

Next let B = , T , K =■ V .(|9) 

'—‘r, m-r n 

Then (B) is equivalent to (B') together with the equations 

lT [a] w =0, [a] n 7 =0.(9) 

i i L J m L J m i i ' ' 

m —r n 

Thus the transforming matrices in (B) are always such that the equations (9) represent 
complete sets of unconnected connections between the horizontal and vertical rows o/[a]*. 

....."(b) 

The property (b) was used in obtaining the transformation (4), i.o. in proving the 
existence of transformations of the forms (A) and (B). 


Ex. i. When $ is a symmetric (or skew-symmetric) matrix [a] m , so that ?i=wi, there exist 

symmetric equipotent transformations in £2 of the forms (A) and (B); and in these [6]^ is 
a symmetric (or skew-symmetric) matt'ix. 

For in these oases the matrices [X]”_ r , [/*]” r in (2) can be chosen to be mutually 
conjugate. 


Ex. ii. There exist equipotent transformations in £2 of the forms (A) and (B) when [6]^ 
is any giv&n undegenerate square matrix in £2, rational and integral in x, which is equipotent 
with </>, and in particular when [&]^ =1 [i?] r - 

This follows from Theorem IV of § 216 or Theorem II of § 217, which show that every 
such matrix [6] can be converted into or derived from [i£] by equipotent transformations 
in £2. For there certainly exists an equipotent transformation in £2 of the form (A') in 
which [6]^ is some undegenerate square matrix in £2 equipotent with therefore there 
exists such a transformation when [&] r is replaced by [22] , therefore there exists suoh 

a transformation when 1 [22] r is replaced by any given undegenerate square matrix [6] r 
which lies m £2 and is equipotent with <f >; and from (A') we can deduce (A) and (B). 

If however tf> is symmetric, so that we cannot conclude that there exist sym¬ 
metric equipotent transformations in £2 of the forms (A) and (B) when [&]£ is any given 
symmetric matrix in £2 of order r whioh is equipotent with (f). 

Ex. iii. If [a]* is a rational integral x-matrix in £2 of rank r, and if r < wi, then by 
adding final vertical rows to [a] B we cam construct rational integral x-matrioes 

h-C 1 . [■>«];\ ... o,<”■' 

in £2 of ranks r + 1, r+2,... m which have the same potent divisors as [a]™. The matrices of 
the added rows are necessarily v/ndegenerate and impotent. 
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We deduoe this theorem from the remarks which follow the results (a) and (a'). The 
last part of the theorem can be proved independently by observing that if p~jpm—r, and if 
>//■■=[«, has rank r+p, the only non-vanishing minor determinants of ^ of order 

r+p are those which involve all the vertical rows of If then the potent factor of rfr 

of order r+p is D ry the matrix must be impotent as well os undegonerate. 

Similarly if r <n, then by adding final horizontal rows to [a]^ we oan construct rational 
integral x-matnces 



in O of ranks r+1, r+2,... n which have the sane potent divisors as [a]*. The matrices of 
the added rows are necessarily undegenerate and impotent. 


§ 219. Reduction of any given rational integral ^-matrix to a 
standard form by equipotent transformations. 

The usual method of reducing a given rational a-matrix 0 to a standard 
form by equipotent transformations is that indicated in the proof of Theorem I 
which follows. The reduction has been effected m other ways in the preceding 
articles—for an undegenerate square matrix in Theorem IV of § 216 and 
Theorem II of § 217, and for any x -matrix in Ex. ii of § 218—but it has 
hitherto always been supposed that the potent factors of <£ are known. The 
present method is independent of the results of §§ 216—218, and can be used 
when the potent factors of (jj have not been previously determined; in fact it 
is in many cases the easiest way of determining them. 


Theorem I. If tj> = [a]* is a matrix of rank r whose elements are 
rational integral functions in of a single variable x (r being not less than 1, 
and n being any domain of rationality ), then <f> oan be converted by derange¬ 
ments and elementary unitary equipotent tra/nsformations in Q> into a similar 
quasi-scalar matrix $ of the form 


E 1 0 

..0 0 ... 

0 


0 E a 

... 0 0 ... 

0 


*-[*£- o o 

... E r 0 ... 

0 , . 

.(A) 

0 0 

... 0 0 ... 

0 


_ 0 0 

... 0 0 ... 

0 _ 


where E u E 2) ... E r are rational integral functions of 
which do not vanish identically and are such that 

x lying in 

the domain SI 

2?t+i is divisible by Ei, 

(i = l, 2,.. 

r — 1). 



The functions E u E it ... E r are then the potent factors of <f> of orders 
1, 2,... r. 


10—2 
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We shall use the notations 

E x 0 ... 0 
0 E a ... 0 


0 0 ...E r _ 

and call the reduced standard form, of [a]” for equipotent transformation. 
Lemmas 1— 4 -will furnish the successive steps by which tp is reduced to 
this form. 

Lemma 1. If the x-matrix <£=[«]” has a non-zero dement ay which is not a factor 
of all other elements, then we can convert <p by elementary unitary equipotent transformations 
in £2 into a similar matrix ^=[2>] m lying in £2 and containing at least one non-zero element 
which has a lower degree in x than ay. 

The element ay clearly oannot be a constant; and <p must contain at least one non-zero 
element which is not divisible by ay The lemma is obviously true when <p contains any 
non-zero element which has a lower degree in x than ay. "We will consider three cases 
which include all possible cases. 

Cash I. Suppose that there is a nan-zero element ay in the same horizontal row of <p as 
Oij which is not divisible by ay. 

In this oase there exists a uniquely determinate equation of the form 

ay=Qay + R, 

where Q and E are rational integral functions of x lying in £2, and where R does not vanish 
identically and has a lower degree in x than ay. If the degree of ay is less than that of 
Oij, we have <2=0, R=a iq . If the degree of ay is not less than that of ay, then Q and R 
are the quotient and remainder in the division of ay by ay. By adding to the gth vertical 

row of <j> the /th vertical row multiplied by - Q, we form an equipotent matrix [&] B lying 
in £2 in whioh b^R; and by has then a lower degree m x than 

Case II. Suppose that there is a non-zero dement ay in the same vertical row of (p as 
Oij which is not dwisible by ay. 

In this case there exists a uniquely determinate equation of the form 

a pj = Qay+R, 

where Q and R are rational integral functions of x lying in £2, and where R does not vanish 
identically and has a lower degree m x than ay. By adding to the pth horizontal row of <j> 

the ith horizontal row multiplied by - Q , we form an equipotent matrix [6] n lying in £2 in 
which bpj=R] and by has then a lower degree in x than ay. 

Case III. Suppose that all elements of <p in the same horizontal row as ay and all 
dements of <pin the same vertical row as ay are divisible by ay, but that there is some other 
element of <p whioh does not vanish identically and is not divisible by ay. 

In this oase we can write 

where Q is a rational integral function of z lying in £2, which may vanish identically. If 
we first add - Q times the ith horizontal row of 0 to the pth horizontal row, and then in 


$ 


-E3 


r,n —r 


r,i n—r 


= 
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the matrix thus formed add the joth horizontal row to the ith horizontal row, we form an 
equipotent matrix [c]” lying in 12 in which 

TCfl Ofl Oy <kq • c in"]_r^ — Qi 1”1 f~ “il °<S “ia “in "j 

L c pi °p2 ••• Cjtf Op<j ■■■ CpnJ L — Qi 1J L“pi “pa “pa “paJ* 

whilst every other element of [c]” is the same as the corresponding element of [a]” ; and 
we see that 

<kj=Oij, <kq = 0- — Q) a iQ + a p<i' 

Since is divisible by ay, and a p „ is not divisible by ay, therefore is not divisible by 
ctij, i.e. not divisible by cy. Thus Cy is a non-zero element of [c]^ which is not a factor of 
Ciq. Therefore by Case I we can convert [c]* by elementary unitary equipotent trans¬ 
formations in 12 into a matrix [1]^ lying in 12 in which the element by does not vanish 
identically and has a lower degree m x than cy, i.e. than ay , and [a]” can be converted 
into [6]^ by elementary unitary equipotent transformations in 12. 


Lemma 2. If the elements of <f> have no factor in common other than a non-zero 
constant, then we can convert <f> by elementary unitary equipotent transformations in 12 into 

a similar matrix ^=[6]™ lying in 12 one of whose elements is a non-zero constant. 

If no element of d> is a non-zero constant, let s, where s > 0, be the lowest degree m x of 
the various non-zero elements of 0; and let be one of the non-zero elements of <jf» having 
this lowest degree s. Then ay is not a factor of all other elements, and therefore by 
Lemma 1 we can convert <p by elementary unitary equipotent transformations in 12 into 
a similar matrix cf>' one of whose non-zero elements has a lower degree than s in x. 


The matrix <j)', being equipotent with <j>, has the same character as <j>. If no one of its 
elements is a non-zero constant, let where si < s and s' > 0, be the lowest degree in x of 
its various non-zero elements. Then by Lemma 1 we can convert <£' by elementary unitary 
equipotent transformations in 12 into a similar matrix tj>" one of whose non-zero elements 
has a lower degree than si in x. 

If no element of <f>" is a non-zero constant, we can treat <f>" in the same way. 

A succession of such elementary unitary equipotent transformations in 12 will ultimately 
convert into a similar matrix ^ one of whose elements is a non-zero constant. 


Lemma 3. If r 1, and if the elements of the x-matrix <£=[«]” have no factor in 

common other than a non-zero constant, then we can convert by elementary unitary equipotent 
transformations in Q and derangements into a similar matrix \fr of the form 

P-1 1| 

H3 °] .« 


where his a non-zero constant in 12 , and where [ m ]* -1 is a rational integral x-matrix of rank 
r — 1 lying in O. 


By Lemma 2 we can convert by elementary unitary equipotent transformations in 12 
into a similar matrix one of whose elements is a non-zero oonstant h, and we can bring that 
element to the leading position by derangements of horizontal and vertical rows. If we 
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denote the matrix last formed by 80 that ^ 11 =^; add to the 2nd, 3rd,... with horizontal 
rows the first horizontal row multiplied by 

^21 ^ai _ ^ml 

“T» k ’ k 

respectively; and then add to the 2nd, 3rd, ... nth vertical rows the first vertical row 
multiplied by 

k\j _ ^ia ^iw 

k ’ k ’ ■" k 

respectively; we nhn.ll convert by elementary unitary equipotent transformations into 
the form shown in (a). Since the matrix \p thus obtained is equipotent with cp, it has 
rank r; and it follows from the theorem of § 200 that the part [w ]" n _ 1 has rank r — 1 . 


Corollary. Under the same circumstances we can convert (p by elementary equipotent 
transformations in £2 into a similar matrix ip' of the form 

,1, w-l 

.(a') 


♦ 4 S 3 ; ,■ 


where [ , y ]^"_ I 1 is a rational integral x-matrix of rcmk r —1 lying in £ 2 . 

For if we divide every element of ip by the non-zero constant k, we convert it into 
where 


Lemma 4. If r^ 1, then we cam, always convert (p by elementary unitary equipotent 
transformations in £2 and derangements into a similar matrix yp of the form 

.» 

*- ’ 1 — 1 1, m-i 


where E x is a highest common factor in £2 of all the elements of <p, and [&]” _\ w a rational 
integral x-matrix of rank r —1 lying in £ 2 . 

If jj is any given h. 0. r. of all the elements of <p which lies in £2, we can write cp =r l [o]” , 
and reduce [a]^ to the form (a) of Lemma 3. The same transformations reduce rj [a]* to the 
form (b), where Ei=krj and ^ i [ 14 ]^^. Then E x is a highest common 

factor in £2 of all the elements of </>, and [Z >]^ 1 ""_ 1 1 lies in £2 and has the same rank os 
i.e. has rank r - 1 . 


If fix) is any scalar function, the transformations which convert (p into ip also convert 
f{x).<p into f(x).ip. 

Corollary. Under the same circumstances we can always convert <p by elementary 
equipotent transformations in £2 into a matrix of the form (b) in which E\ is any given n. q.f. 
in £2 of all the elements of 

For we merely have to multiply all elements of yp by a certain non-zero scalar constant 
lying in £ 2 . 

We can now prove Theorem I; and in the proof it will be understood 
that every equipotent transformation employed is either an elementary 
unitary equipotent transformation in fl or a derangement. 
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If r ^ 1 , then by Lemma 4 we can convert <f> by equipotent transforma¬ 
tions into the form 

i n>. ii i 

</>! = 


'E lt 0 T 

■° ’ Eib K* 


where E± is a highest common factor in fl of all the elements of <f>, and where 
[b] n 1 lies in fl and has rank r — 1 . 

If r 2 , then by Lemma 4 and by Ex. lii of § 214 we can convert [b] 
and </>! by equipotent transformations into the respective forms 

~E lt 0, 0 

a ’ 


»-l 

m—i 


ft 


_ r*. 

.0, 


0 

Va C 


and <f> 2 = 0 , E 2 , 0 

,,m_a .0,0, 


where r) 2 is a highest common factor in fl of all the elements of [ 6 ]’^ where 


[c]_ lies in fl and has rank r— 2, and where E 2 = E^j 2 . Therefore by 
Ex. iv of § 214 we can convert <j> into $ 2 by equipotent transformations. 


If r H: 3, then by Lemma 4 and by Ex. lii of § 214 we can convert [c]^_ a 
and <j >a by equipotent transformations into the respective forms 



l,ft—8 

If fn —fl 


and 


(f>s — 


E lt 0 , 0 , 0 
0 , E 2j 0 , 0 
0 , 0 , E a , 0 
0 , 0 , 0 , E a d 


i,i,i,n—s 


~ “ 1 , 1 , 1 , 771/—3 

where 77 g is a highest common factor in fl of all the elements of [c] 71-2 , where 
[cZ] m _ # lies in fl and has rank r — 3, and where E a = E 2 rj a . Therefore by 
Ex. iv of § 214 we can convert <j> into <£„ by equipotent transformations. 


Proceeding in this way we see finally at the rth stage that we convert <j> 
by a succession of equipotent transformations in fl (each of which is either 
an elementary unitary transformation or a derangement) into the matrix 
<j> r = <E> of Theorem I; and because ^ a , Va> ■ •• Vr are rational integral functions 
of x lying in fl which do not vanish identically, and 


E 2 — EiTfi, E s = E 2 t] 6} ... E r = Er-tfr, 

therefore each of the functions E u E a ,... E r after the first is divisible by the 
preceding. Moreover smce <f> is equipotent with <£>, and E lf E 2 ,... E r are 
clearly the potent factors of <£ of orders 1 , 2 ,... r, they are also the potent 
factors of cf> of orders 1 , 2 ,... r. 
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By applying this reduction to any given rational integral ^-matrix, we 
f».n.n determine both its rank and its maximum and potent factors. 

Corollary to Theorem I. We can always convert <f> by elementary equi- 
potent transformations in fl into a matrix of the same form as <E> in which 
E lt 2? a ,... E r are the potent factors of <f> of orders 1, 2,... r chosen in any given 
manner so as to lie in fl. 

Since all potent factors of cf> of any given order i differ from one another 
only by non-zero constant scalar factors, it is only necessary to multiply the 
1st, 2nd, ... rth horizontal (or vertical) rows of the matrix <£> obtamed in 
Theorem I by certain non-zero scalar constants lying in fl, i.e. to apply 
additional elementary quasi-scalar transformations in fl. 

Ex. i. Application of the method of reduction just described to the matrix 

”2a? 4 -|-a? s -a? 2 +a?-!-1, 2a? 3 +a? 2 -!-2a?—1, 2^+a? 2 — 2a?-l - 
A = [a]^ = 2a?-x+l , 2a? 2 -2 , 2a? 2 -2 

2a? 3 ~a?+l , afi-1 , 2a? 2 -2 

Observing that the H. o. r. of all the elements of A is x -1, we have 

” 2a? 3 -a? 2 +l, 2a? 2 -a?- 1, 2a? 2 -a?—1 ~ 

[a]j = (a?+l)[a]“, where [a]® = 2r 2 -2a?+l, 2a?-2 , 2c-2 

_ 2x 3 — 2x+l, x—1 , 2a?— 2 

Then using the equation 2a? 2 — 2a?+1=2a? (a?—1) + 1, or aai=2xa 32 +l y to reduce [a]* to 
a matrix containing a non-zero element of lower degree in x than the element a 33 =x— 1, 
we have 

I , 0, 0" ~ — 2xP+st?+2x+l, 2a? 2 — x — 1, 2a? 2 -a?-1“ 

[a]® -2a?, 1,0 = -2x i +2x+l , 2a?-2 , 2a?-2 = [a']*, 

0 , 0, 1_ _ 1 , a? -1 , 2a?-2 


0, 0, 1" ” 1 , a?-l 2a?-2 

1, 0, 0 [o']*™ -2a?“+a^-l-2a?+l, 2a? a -a?-l, 2a^-a?-l = [a"]®, 

0, 1, 0_ _ -2a^+2a?+l , 2a?-2 , 2a?-2 


1 , 0, o- 

2a£ —a? 2 —2a?-l, 1, 0 [a"]® 

2a? 2 —2®- 1 , 0, 1 _ 


1, -a?+l, -2a?+2 
0 , 1 , 0 

0 , 0 , 1 


"I, o,o- 

0, 2a? 4 —3a? 8 +a? a , 4x* — 6x 3 +x+l , 

_0, 2a? 8 -4a? 2 +3a?-1, 4a? 3 -8a? 2 +4a? 
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and therefore 
" 0 , 0 , 


1. 2 


“■ ", 1 , ~ 1 ’ ”® +1 ’ r«+i, o T' - 

I, 0, 2a? 3 -a; 2 -2a;-1 [a], -2a?, 2a~>-2a?+l, 4^-4x =|^ Q ^ * 

0, 1, 2a^-2a?-l 0 , 0 , 1 _ 

.( 1 ) 

. - 2 r 2a?*-3a? 8 +a? 2 , 4af*-e*“+a?+l"]_ „ 

where Pl a = 4a?a+3a?-1, 4a? 3 -8a? 3 +4tf J ’ 

and this completes the first stage of the reduction. 

Next observing that the H. 0 P. of all the elements of B is a? — 1, we have 

o a r ,2 r 2a? 3 — a? 2 , 4a? 3 — 2a? 2 — 2a? — 1 "I 

[&] a =(^“1) \fi] 2 ’ w ^ ere [^1 2 = |_2a? a -2a;+l, 4a? 2 -4a? J’ 

2 

Then using the equation 4 a? 2 — 4 a?=2 (2a? 8 —2a? +1) —2, or 2^— ^=2, to reduce [^] 2 to 
a matrix containing a non-zero element of lower degree in a? than the element $ai = ^r 2 —2a?+1, 
we have 

®:[i 

and therefore 

IT), 1 “| rn «r a » 4a^-4a? “1 p2 (»— 1), 0 “I 

|_2, — 2x- Ij *■ — 1, — 2a? 2 +2a?—Ij [_ ® > 2(a?-l)J’ 

"1, 0, 0 ~ ll2 "1, 0 , 

o ’°- 1 C*o; (*+!)&] * ’ 

_0, 2, — 2a? —1 _ 1,3 _0 ; -1, —! 


0 ^ 
4a? 2 -4a? 

■ 2a? 2 + 2a? — 1 _ 


' * + 1 , 0 , 

0 , 2 (a? 2 — 1), 


0 , 2 (a? 2 - 1) _ 


and from the last equation and (1) it follows that 


" 0 , 0 , 1 " " 1 , 0 , 

0 , 1 , 2a£-2a?-l [a]® -2a?, 2 , 

2 , -2a?-l, -1 _ 0 , -1, -2a? a + 2a;-l_ 


2 a?-2 
0 


.( 2 ) 


r a?+l, 0 , 0 ” 

= 0 , 2 (a? 2 — 1), 0 

_ 0 , 0 , 2 (*■-!)_ 

ThiB completes the second stage in the process of reduction; and in the present case no 
further stage is required. 
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From (2) we see that A has rank 3, and that the potent factors E lt E 2 , E a and the 
maximum factors D u D 2 , D 9 of A are 

E 1 =z+ 1, A a =s a -1, E a =x*-l, 

A=*+l, A-(*+l)(**-!), A=(^+i)(® 2 -i) a . 


Theorem II. If <j> = [a]” is the matrix of rank r described in Theorem I, 
and if E u E 2 ,... E r are the potent factors of <f> of orders 1, 2,... r chosen in 
any manner so as to lie in £1, there always exist mutually inverse equipotent 
transformations in £1 of the forms 


[A]” IT’ ®1 ’ [A]” = [a]*, 5 ?"[a]“ S'*- IT’ J?"| , ...(B) 

L J »» 0, 0 L J » L J m’ u_i m L J rn 0, 0 ’ w 

^ 9 -■ r. »i —r tr9 " L. ' - x r t n\—r 


and therefore also rhutually inverse transformations in £1 of the forms 


mim: w:=mi. s .m 


the first of the transformations (B') being equipotent. 

This theorem is an immediate consequence of the Corollary to Theorem I. 
The transforming matrix factors in (B) and (B') have the same properties as 
those in the corresponding transformations (A), (B), (A'), (B') of § 218; in 
particular the other three transformations of Theorem II can be derived from 
the first of the transformations (B'). 


Ex. ii. If [a]” is a rational integral x-matrix in Q, it can be expressed in the form 

[<-[*£[*];..(O) 

where [A]^ and [A]* a/re undegenerate and impotent rational integral x-matrioes in Q of rank r , 
when and only when it is an impotent matrix of rank r. 

For when [a]” is impotent and has rank r, we can put E x =E 2 = ...=E r =l, and the 
first of the equations (B') then becomes (0). Conversely when there exists an identity of 
the form (0), [a]^ must be equipotent with [1]^, i.e. it must be an impotent matrix of 
rank r. 


Ex. iii. lf\af m isa rational integral x-matrix in Q of rank r, it cam, Always be expressed 
in the form 

[<-[*£&£» .(D) 

where \pf m and [g^” are undegmerate rational integral x-matrices in Q of rank r. 

Evidently either one of the factor matrices on the right can be impotent. 

Nora 1 . When <p is symmetric, the transformations of Theorems I and II are not in 
general symmetric. 

Accordingly it has not been proved that a symmetric ^-matrix oan be reduced to its 
standard form by symmetric equipotent transformations. 
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Noth 2. Alternative proof of Theorem I of § 202 for matrices whose elements are rational 
integral functions of a single variable x. 

The reduction earned out m Theorem I affords independent proofs of Theorem I 
of § 202 and the equivalent results (B) and (D) of § 205 for any rational integral ^-matrix. 
For since the matrix 0 of Theorem I is equipotent with <E», we can take the functions 
... E r obtained in the theorem to be the potent factors of 0 of orders 1 , 2, ... r; and 
the fact that E i+i is divisible by Et is equivalent to the results oited. 

Since the h c p. of the minor determinants of of order i is EiE% ... E t , we can take 
the maximum factors of 0 of orders 1 , 2, . . r to be the functions J) 1} D 2 y • . E r given by 

Ei=E u Ei=DiE s , ... D{+i= DiEi+ 1 , .. D r =D r -iE r , 

the E’b being the functions obtained m Theorem I. If t is any irreducible (or irresoluble) 
divisor of 0, and if d u cfcj, ... dr are the indices of the highest powers of t which are factors 
of Diy Z) a ,... D r y the convention do=l being adopted as usual, then 

d\ — ^o> d^-diy ... di~di+i — diy ... d r — d r _\ 

are the indices of the highest powers of t which are factors of Ei, E it ... E i} Ei+ 1> E r > 
and because the function E i+i is divisible by E t , it follows that 

di+i— di<^. d i — d t .iy 

this being Theorem I of § 202. 

Noth 3. Another method of reducing a rational integral x-matrix 0 to its standard farm 
by equipotent transformations. 

Yet another method is indicated m Exs. iv— vi which follow We can first reduce 0 to 
a quasi-scalar matrix, and then reduoe the quasi-scalar matrix to its standard form. 

Ex. iv. Conversion of the rational integral x-matrix 0=[a]™ of Theorem I into 
a similar quaxi-soalar matrix by equipotent transformations in Q. 

If it is desired simply to convert 0 into some quasi-scalar matrix whose diagonal elements 
are unspecified, we may proceed as follows. 

Let a i} be one of the non-zero elements of 0 of lowest degree. If is not a common 
factor of all elements in the yth vertical row of 0, the highest common factor R of all those 
elements has a lower degree in x than a^, and there exists a rational integral identity in 
S2 of the form 

u il a lj +^2 a 2j + ■ • • + w tm Qmj — -5"j 

in which {u^u^ ... u im ] is a primitive one-rowed matrix from which (see Ex. iii of § 210) wo 
can form an undegenerate and impotent square matrix [it]” in Q by the addition of 
horizontal rows. Then 

is an equipotent transformation in a converting 0 into the matrix [&]” m which b^=R ; 
and we can treat [6]” in the same way. We can use a similar prooess when a tJ is not 
a common factor of all elements in the ith horizontal row of 0. A succession of such 
transformations and a final derangement will convert 0 into a similar matrix in which the 
leading element is not 0 and is a factor of all elements in the leading horizontal and vertical 
rows. Further unitary equipotent transformations in Q will then convert 0 into the form 
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where the leading element an is not 0. We can then apply the same processes to [6]*^, 
and continuing in this way we shall finally convert 0 into a quasi-scalar matrix of the form 



r. n-9* 


r, m-r 


where [a]^ is an undegenerate quasi-scalar matrix. 


Ex. v Reduction of am, undegenei'ate quasi-scalar x-matrix of rank r to the standard 
form 1 [2?] by eqnipotent transformations. 

Let 4 > = 1 [a] r be an undegenerate quasi-scalar matrix of rank r whose diagonal ele¬ 
ments a lt 03 , ... a T are rational integral functions in 12 of the single valuable x , let t be any 
one of the lrreduoible divisors of 0 , and let the potent indices of t of orders 1 , 2 , .. r be 
a ii ® 2 ) •■• e r- The leading diagonal minor determinants of 0 are all regular with respect 
to t when and only when the highest powers of t which are factors of cq, a 2 , ... av are 
l*i, 1*2 ,. . Fr, and in such a oase we shall say that 0 is completely regula/r with respect to t. 
When 0 is completely regular with respect to all its irreducible divisors, it has the standard 
form 1 [i£] , where E u E%,.. E r are its potent factors of orders 1, 2,. . r. 


We can clearly render 0 completely regular with respect to any one of its irreducible 
divisors by a symmetric derangement. Accordingly we will make the hypothesis that 0 
is completely regular with respect to a number of irreducible divisors r, t', t", , but not 

completely regular with respeot to t, and show that eqmpotent transformations in £2 can 
then be determined which will render 0 completely regular with respect to t as well as 
with respect to r, t', r", ... 


Let T x , T 2 , ... T r be the products of the highest powers of t, t', t", . . which are factors 
of Ei, E t ,..,E r respectively, so that by the hypothesis we can write 


a l =2 T 1 « 1 ’ 1 U lt a 2 =7V 1Ji, C r 2i ... a r =2 T r ^ ,r Z7 r ) 


where ••• 1 7r] is 801116 derangement of [e x 6a... e r ], and where no one of the functions U 
is divisible by t, /, r",... or t. Also let i and j be two of the integers 1, 2,... r so chosen 
that i<j but jft>ijy; let H be the h o.f. of U { and Uj lying in £2; and let 


jj<-fy=e, Tj=8Ti , Ui=Hu, Uj-=*Hu\ 8u’=v, K=T i € l SE ; 
so that the part of 0 formed by its ith andyth horizontal and vertical rows is 




-fl * °i r*w*t7 ( , o 

_° “d L o , Tjm h 


JT.00, 


where 



Then beoause K is the h.o.f. of and ctj, or because fu and v are prime to one another, 
there exist rational integral identities in £2 of the forms 

where [Ah. AiJ is a primitive one-rowed matrix from which we can form the undegenerate 
and impotent square matrix 

2 fAn, Axa“l 
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If we transform fa by first adding the 2nd vertical row to the 1st vertical row, then pre¬ 
fixing [A] 2 , and then adding to the 2nd vertical row the 1st vertioal row multiplied by 
— h m v, we shall obtain a resultant equipotent transformation in S2 which converts fa and 
fa respectively into 


tyii 



and fa = 


0 

0 , Tjflt Vj 


where V { =E, and Vj^EuvI ; the form of fa being that of fa when the indices tj ( and ry of 
t are interchanged. By a succession of such transformations we can convert into a similar 
quasi-scalar matrix \Jr which is completely regular with respeot to t as well as with respect 
to t, t', r ",.... 


Repetitions of this process will make <f> completely regular with respect to all its 
irreducible divisors, i.e. will reduce to the standard form 


Ex. vi. If <fi is a quasi-scalar x-matrix in Q whose elements are expressed as products of 
potent divisors , the interchange of two potent divisors which are powers of the same iireducible 
divisor t can he effected hy an equipotent transformation in Q. 

If in Ex. v we determine a rational integral identity m S2 of the form 


and use the undegenerate and impotent square matrix 



we can by the methods of Ex. v also convert 

®1 into ,°1. 

™ |_0, fv J s |_0, t*uv] 

It follows that we can determine equipotent transformations in Q. which will convert 
t ptj mto (fi'ij, and 

I" TitSUi, 0 1 ■ + & [" Tif'iUi, 0 1 

and this proves the theorem. 

By a number of such interchanges and by symmetric derangements we can reduce to 
its standard form. An illustration is furnished by Ex xii of § 217. 


Note 4 The redactions of Theorems I and II cannot in general he effected when the 
elements of the matrix <fi=[a]* n are rational integral functions of two or more variables. 


2 ■ ■ 

Let <£=[a] a be an undegenerate square matrix of order 2 whose elements are rational 

integral functions m 12 of two or more variables and have no common factor other than 
r ~ ^ 2 2 

a non-zero constant, let A be the conjugate reciprocal of «£, and let (a) = A, so that 

Ei — 2?i=l, D% = E% =(a) j =“ A. 

Then we oan reduce <p by an equipotent transformation to the standard form 


‘eMa “].« 

if and only if we oan determine a rational integral identity in the variables of the form 

. (4 > 
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•where am - bl= 1; for this is clearly a necessary condition, and when it is satisfied, we have 
a/i-i3X=1, and the prefaotor on the left and the postfaotor on the right are undegonerate 
and impotent square matrices. This is possible when and only when we can determine 
rational integral functions a, b, l, in, X, p of the variables such that 

(i) = 

(ii) am-hi =1. 

The condition (i) is satisfied when and only when 

[*, »]-[>, ri zl - r x > **] [-X; X 1! ]. (B) 

where X and p are arbitrary rational integral functions of the variables; and the con¬ 
dition (ii) is then also satisfied if and only if the functions a and b are such that 

a — ^®ia} + {/^l — Xosm} = 1 .v(®) 

Accordingly we can reduce rj> to the standard form (3) by an equipotent transformation 
when and only when there exists an identity of the form (6) in which X, ^ a, b are rational 
integral functions of the variables. 

Now when the elements of <j> contain no constant terms, there cannot be any identity 
of the form (6), for the left-hand side vanishes when zero values are ascribed to all the 
variables. Thus there certainly exist un degenerate square matrices [a] a which cannot be 

reduced to the standard form 1 [^] a by an equipotent transformation; and clearly a similar 
result is true for undegenerate square matrices of any order when there are at least 
two variables. 


Ex. vii 


For the matrix 


, r„- 1 a _r 3a ' , +4y+l, a*?+y+l 

t P = W i |_,j;+2y+l, x+y+2 


]■ 


which lies in the domain Gi of all rational numbers, we have 

JD 1 =Ei= 1 , JD2=E2=£^ + 2xy+y 3 +4x+6y+l = A, 


and the equations (5) and (6) are 


[Z, m]=[X,/i]T = 
1 —ia 



x+y +2 , -(2^+y + l)" 
-( x+2y+l ), 3x+4y+l J’ 


■(BO 


a {ja(3tf+ty+l)-X(2tf+#+!)} + & {/x(a;-!-2y+l)-X(tf+#+2)}»l.(6') 


We can convert <f> into the standard form (3) by an equipotent transformation when and 
only when there exist rational integral functions a, 6, X, p satisfying the identity (6'). 

For given functions X and p (see Ex. i of § 180) there exists an identity of the form (8') 
when and only wl?en the two expressions multiplying a and b in (6') have no finite root in 
common. If X and p are constants, this is the case when and only when 


X 2 —2X/i+2/i s =0. 


■00 


If a , b, X, p are all constants, the condition (6') is satisfied when and only when 
X a —2X/i+2/i a =0, 2X 2 a=/x, 2\ 2 &=-(X+/i); 


in particular it is satisfied when 

X=l, p=i (l±s/-l), ct^p, &“£(/*+1). 
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Thus when X, ft, a,b have the values last given, and l and m are the linear functions given 
by (5'), we have an identity of the form (4) in which am-bl= 1, ap-i 9X = 1, from which we 
can deduce an equipotent transformation converting <f> into the standard form (3); bqt this 
is not a transformation in 

Again if X and /i are constants, and a and b are the linear functions 
a=px+qy+r, b=ux+vy+w, 
there exists an identity of the form (6') when and only when 

- ’"p" 1 

2X — 3 ft, 0 , 0 , X — fi , 0 , 0 

0 , X — 4/x, 0 , 0 , X — 2/x, 0 ^ 

r 

X —4/x, 2X—3/i, 0 , X — 2/x, \ — fi , 0 = 0, .(8) 

X — fj. , 0 , 2X — 3/i, 2X — u, 0 , X — /i 

v 

0 , X — /i , X — 4/i, 0 ,2X — /i, X — 2/i 

” “ _w _ 

and (X—/i) r+(2X —/i) w+l=0.(9) 

The maximum factors of orders 1, 2, 3, 4, 5 of the prefaotor on the left in (8) are 

1, 1, 1, 1, (X 2 — 2X/i+2/i a ) 2 ; 

and the matrix of its affected simple mmor determinants is 

(X a -2X/i+2/i a ) a [/i — X, 2/i—X, /x —2X, 2X —3/i, X —4/i, X— /i] .(10) 

If X 2 —2X/i+2/i a =|=0, there is only one distinct non-zero solution of (8) given by the matrix 
(10), and this solution is inconsistent with (9) We are therefore again led to the necessary 
condition (7), and when this is satisfied, we can determine equipotent transformations, not 
in Qi, which convert <f> into the standard form (3). 


Ex. viii. Modification of Theorem II when there are several variables x, y u y a , y 3 ,.... 
In this oase we can replaoe the equations (B) by 


ralRo] 


where 


m;- n*r m , 

r, 77V—T 

[ACCA'E-riW: 


m: m: 


„ r*. oY 
Lo, ol 


.( 11 ) 


i];,.(i2) 


the prefactors and postfaotors on the left in (11) being undegenerate square matrices whose 
elements are rational integral functions of all the variables, and whose determinants 
are independent of x, and F, F', Fi, F a bemg non-zero rational integral functions of 

— o Q iy- 

There still exist equations of these forms when Et means the produot of all those potent 
divisors of [a]™ of order i which actually contain x, E t being 1 or any assigned non-zero 
constant in Q when none of the potent divisors of order i oontain x. 


§ 220. Necessary and sufficient conditions for the equipotence of two 
rational integral x-matrices. 

Theorem. Any two rational integral x-matriaes A =[<z]^ and /?=[&]* are equipotent 
with one another when and only when there exists a relation of the form 

.(A) 

where the prefactors and postfaotors are undegenerate and impotent x-matrioes whose ranks 
are equal to their passivities. 
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This theorem remains true when we restrict u to be the larger of the two integers m and ft, 
and v to be the larger of the two integers n a/nd v. 

The theorem simply states that A and B are equipotent when and only when there 
exists a rational integral ^-matrix G= [c] ” such that both A and B oan be converted into C 
by equipotent transformations. 

First suppose that there exists a relation of the form (A), and let G=\o\ v be the common 
value of the two product matrices. Then by Theorem II of § 214 the matrices A and B 
are both equipotent with C, and are therefore equipotent with one another. 

Next suppose that A and B are equipotent with one another; let their common rank 
be r\ let their common potent factors be E x , E % ,... E r , and let 


~ E 1 0 ... 0 " 

_ 0 0 ... e t _ 



v-r 


u-r 


the second notation being employed only when u-^r and v <£ r. Then by the second of the 
formulae (B) in § 219 or by Ex. ii of § 218 we have 


w”=[<[<[<, m;-w;ra;ia:. 


where the prefactors and postfaotors on the right are undegenerate and impotent, 
and * n, v <): v, we deduce that 


If 



[<[*. 0 ] 


w, v-n 
a 


and this is a relation of the form (A). 


~P~ 

_ 0 _ 


li, U-fl 




v, v — v 




In the above theorem we can introduce the additional restriction that the prefactors and 
postfaotors on the two sides of (A) lie in any domain of rationality in which A and B 
both lie. 


Corollary 1 . Two similar rational integral x-matrices [a]” and [&]" both lying in the 
domain Q are equipotent with one another when and only when there exists an equipotent 
transformation in Q of the form 

[^] m l^ng undegenerate and impotent rational integral x-matrioes in Q. 

Corollary 2 If [&] p is an undegenerate square rational integral x-matrix lying in the 
domain Q, [a] w will be a rational integral x-matrix in Q equipotent with it when and only 
when there exists an equipotent transformation in Q of the form 

w r m ra:w:-w;, 

[/i] w and [£] p being undegenerate and impotent rational integral x-matrioes of rank r 
lying in Si. 


§ 221. Rational integral transformations of a rational Integral x-matrix. 

The circumstances under which one given rational integral ^-matrix can be converted 
into another by a rational integral transformation of minimum passivities are given in the 
following theorem. 



220, 221] 


RATIONAL INTEGRAL FUNCTIONAL MATRICES 


305 


Theorem. If A=\a\ n and i?=[6] v are two matrices whose elements are rational 
integral functions of the single variable x, there exists a relation of the form 

kCmIhU-ih; .w 

in which the elements cf [h]™ and [7]^ are also rational integral functions of x when and 
only when the following two conditions are satisfied. 

(1) The rank {or number of potent factors) of B does not exceed the rank (or number 

oj potent factors) of A. 

(2) The potent factor of each order i of B is divisible by the potent faator of the same 

order i of A. 

First suppose that there exists a relation of the form (A). Then by § 133 and Ex. vi 
of § 206 the conditions (1) and (2) are satisfied. 

Next suppose that the conditions (1) and (2) are satisfied. Let the ranks of A and B 
be r and s, where s ^ r; let the potent factors of A and B be respectively 25i, E%, ... E r 
and F lt F^ ... F t \ and let 

Ei=ij % Ei, (i=l, 2,. . a), 

where rj t is a rational integral function of x which does not vanish identically. AlsoTet 
~E x 0 .. 0 " ~F\ 0 ... 0 “ 0 ... 0 " 

[E] r r = , [F][ = 0 ^ 2 ;;; - ° - , wj = 0 , 

_0 0 ...E r _ _ 0 0 ...F t _ _00...1 7< _ 


. = P?, or--" VF, 

[ ^» = Lo, oJ r ■ Lo, 


Then by § 219 we have 

m .« 

where the prefactors and postfaotors on the right are undegenerate and impotent rational 
integral ^-matrices whose ranks are equal to their passivities. From the first of the 
equations (1) we deduce that 

m:=m: [<[*]*.,.<*> 

where the prefootor and postfactor on the right both have rank s. We also have 




(3) 


When we substitute for [A 1 ]* and \E~\ t their values given by (3) and (2), it follows from the 
second of the equations (1) that there exists a relation of the form (A) in which 




(4) 


both these matrices having rank b. 


0. in. 


20 











CHAPTER XXV 


RATIONAL INTEGRAL FUNCTIONS OF A SQUARE MATRIX 


[In § 222 we define the latent roots and also the characteristic matrix and the 
characteristic determinant of a given square matrix. In § 223 we define the rational 
integral function /(<£) of a Bquare matrix <£ which corresponds to a given rational intogral 
function/(#) of a scalar variable x , we show that the product of two such rational integral 
functions of <£ is always commutative; and we express the determinant and the latent roots 
of/(0) in terms of the latent rootB of 0. In § 224 we determine all those rational integral 
equations (including the rational integral equation of lowest degree) which are satisfied by 
a given square matrix Finally § 225 oontains Borne algebraic lemmas with the aid of 
which particular solutions of the matrix equation can bo found when <f> iB any given 

undegenerate square matrix.] 


§ 222. The latent roots and the characteristic matrix of a 
square matrix whose elements are constants. 

The latent roots of a square matrix = [a]™ whose elements are constants 
are quantities which occur when we attempt to solve the equation 


[ct] m co = A x , or {[a] m — Xfl]”*} as = 0, 

m ‘-'m 1 —'m 1 m L m 

where A is an unspecified scalar number. When we put 

[<=*. [i t=i, . 

the equation (1) can be written in the form 


( 1 ) 

( 2 ) 


®11 A, Ctjj , ... ^1 

(<£-AZ)V = ““ » Osss-A, ... Oam as* _ q. ^ 

L—J w . I 

l_ Urrm ~ A_ _ 

If we determine a scalar quantity A and scalar quantities as 1 , ... co m , not all 
zero, such that the equation (3) is satisfied, then A is called a latent root of 

the square matrix <£ = [a]”, and x is called a solution of the equation (3) 

or (1), or a pole of <f> corresponding to the latent root A. The poles of $ will 
be considered in greater detail in Exs. xi and xii of § 236, where the total 
number of unconnected poles is found. 
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Since the equation (3) admits of non-zero solutions for m when and 

1 — 'm 

only when the prefactor on the left is degenerate, we see that the latent roots 
of the square matrix <j) = [a]™ are the roots in X of the scalar equation 

&ii X, G&is , ... dim 

_ Chi > 22 X, d m 


det (0 - XI) = 


= 0 . 


.(4) 


dmi 


dms 


— X 


Again since the equation (4) has degree m in X, the square matrix <f> of 
order m has exactly m latent roots. These are all finite; but they are not 
necessarily all distinct, as some of them may be repeated roots of (4). 

When X is regarded as a scalar variable or an arbitrary parameter, the 
square matrix 

<t>(X) = <f>-Xl=[a]l = X[l]l, .(5) 

which occurs as the prefactor on the left in (3), is called the characteristic 
matrix of [a\ m , and its determinant in (4) is called the cha/racte7'istic deter¬ 
minant of [a]™. Clearly \ = a is a latent root of the square matrix <f> = [a]™ 

when and only when X — a is a linear divisor (or an irresoluble divisor) of its 
characteristic matrix (5), i.e. when and only when X — a is a factor of the 
characteristic determinant (5). Whenever we speak of the cha/ractei'istic 

linear divisors or the characteristic potent divisors of a square matrix = [a]™ 
whose elements are constants, we shall mean the linear divisors or the potent 
divisors of the characteristic matrix <f> (X) of <£. 

When we expand the determinant det (<£ — XI) in powers of X , the equa¬ 
tion (4) giving the latent roots of cf> assumes the form 

X m - q l X*-' + q a X™-* - ... +(-l) m ~ r q^X r + ... +(- 1 ) m q m - 0, .. .(6) 

where q < is the sum of the diagonal minor determinants (corranged or 
affected) of [a]” of order i, and where in particular q m = ( a ) m - To show 
this, let 


dix~ \l, C&1B j dim 

da j flja-Xaj ... flam 


-ra: 


dn \l> &ia » ■ • ■ dim 
da ) ^aa~"^aj dg/n 


_ dmi 


dma 


dmi 


dma 


.-w; 

, ... G&mjn - At* 


» • ■ ■ dmm Xm^ 

Then if [wjw a ...u,.], v 3 ... u m _r] are two complementary corranged minor 

sequences of [1 2...m], the coefficient of ... X^ in (&)” is the same 

20—2 
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as its coefficient in and is therefore (—l) r (a OT )™_^. Putting 

\ 1 = X 3 = ... = \ m = \, it follows that the coefficient of V in det ($ — \J) 

= (— l) r 2 ( a w) = (— l) r q m -r, 

V 

the summation extending over all distinct values of the corranged minor 
sequence [v^ « a ... Vm^\. Accordingly we have 

det (cf> - \I) = q m - q m ^\ + g^X 3 -... + (-1 Yq™-^ + ••■ + (- l) m \ m 

= (- l) m {X m - + g a X m - a 1 )™£V + ... 

+ (-l) m 2m}. Cl) 

We shall often for the sake of brevity write 


® =bd ;.( 8 ) 

■—'m 

and when this is done, the equations (1) assume the forms 

</mb = \a>, (</> — \ I ) oc = 0.(]/) 


Ex. i. If 


®n _ x 

“l2 

•• “lr 

“l,r + l • 

■■ “lm 

“31 

CL 22 —X 

.. a 2r 

“a,r+i • 

■■ “am 

A= “ri 


a • Cbfp “ X 

“r, r +1 ■ ■ 

“rm 1 

“r+1,1 

“r + 1,3 

.. a T+ i, r 

“r + l.r + 1 ■■ 

■■ “r+l.m 

“ml 

“m2 

.. a mr 

“m,r + l •• 

■■ “mm 

in powers of 

X by a 

method 

similar to 

that used 


expansion of the determinant det ($ - XZ), and we then obtain 


A=(-l)' {GoV-GiV-M &X'-»- ... +(-l)’-&}, .(70 

where Q { is the sum of those corranged diagonal minor determinants of Tal” of order 

L J m 

m-r+i which involve the last m-r horizontal and vertical rows of TaT and i additional 
horizontal and vertical rows belonging to [a]£. In particular we have 



&=(“)' 


Ex. ii. Any square matrix and its conjugate have the same latent roots. 

Ex. iii. The equation giving the latent roots of the square matrix [oJc] ^ is 

“ X bi 0 \ 

“a b% — \ Cj = 0 , 

“8 &8 C3 — X 

X a - (csi+6,+03) X a -I- {(6 o) m +( ca) 8i + (ab)^ \ - (afeo)^=0. 
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Ex. iv. If we use the notations of § 129, the equation giving the latent roots of the 
symmetric matrix 

~a h g u~ 

h l f v 
(b = J 

g f c io 

jjl v w d _ 

is X^ — (a+6 + o+c?) X®+(A i -|~ E\ +Ci+ A. 2 + "1“ ^ 2 ) X® — (.4 + E + C-\- E) X+A=0. 

Ex. v. The square matrix [a]™ has the latent root a repeated exactly k times when and 

only when its characteristic matrix [a]”-X[l]™ has the linear divisor X-a repeated 
exactly k times. 

By this we mean that X - a is a faotor of the characteristic determinant repeated exactly 
k times. It does not follow that X - a is a linear divisor of the characteristic matrix of any 
order less than m, nor that X - a is a repeated potent divisor. 

Ex vi. The square matrix [a]™ has a zero latent root when and only when it is 
degenerate. 

Ex vii. If the square matrix [a]™ is degenerate and has rank r, it has at least m-r 
zero latent roots. 

Ex. viii. Latent roots of the powers of a square matrix. 

The latent roots of the matrix 0 2 =[a] ^. [a] are the squares of the latent roots of the 
matrix 0 = [a]™. 

This follows from the identities 

(0 - X/) (0 + X/)=0 2 - X s J, det (0 - XT). det (0+ \I )=det (0 2 - X 2 /) 

More generally if his any positive integer, the latent roots of the matrix 

. i< 

are the kth powers of the latent roots of the matrix 0=[<*]”• 

For if 1, d>i, o> 3 ,... a*.! are the yfcth roots of 1, we have the identity 

(0 — XZ) (0 — 0*1 XZ) (0 — fflgXZ) ... (0 — 0)fc_iXZ) “0^ "■ X fc Z. 

These results are particular oases of the theorem proved in § 223. a. 

Ex. ix. -5^0“[a]™, Z=[l]™, and if 0'«=0-a/, where a is any scalar quantity , then the 
latent roots of yfr are the latent roots of 0 each diminished by a. 

For if det (0 - XT) = (-1)"* (X - X'j) (X - X a )... (X - X„0, 

then det(0--X/)=(-l) m (X+a-Xi)(X+a-X a )... (X+a-X^). 

Henoe 0 has the latent root a repeated k times when and only when 0 has the latent root 0 
repeated k times. 
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Again if a (X) is any minor determinant of order i of the characteristic matrix 0 — A/ 
of 0, then A (A+a) is the correspondingly formed minor determinant of order i of the 
characteristic matrix 0 - A/ of 0. 

Hence (A — a) 8 is a maximum or potent divisor of <p — A I of order i when and only when 
A® is a maximum or potent divisor ofyjr-XI of order i 

Ex. x. If 0=[a]™, J=[l]™, and ifyfr=p^)+ql, where p a/nd q are any scalar constants 
such that p 4= 0, then: 

(1) 0 has the latent root a repeated k times when and only when 0 has the latent root 

pa+q repeated h times. 

(2) (A-a)® is a maximum or potent divisor of 0—AJ of ordet' i when and only when 

{A — (pa + q)} e is a maximum or potent divisor of 0- - A/ of order i. 

For if A (A) is any minor determinant of 0-A I of order i, then p*A i® the 

correspondingly formed minor determinant of 0 - AJ of order i. 

Ex. xl If the square matrix 0=[a]™ has one and only one zet'O latent root , then 0 must 
have ramk m — \. 

For in the equation (6) we must have <^=0, g^-i+O. Thus 0 is degenerate, but has 
a non-vanishing diagonal minor determinant of order m- 1. 

Ex xii. If a is an unrepeated latent root of the square matrix 0=[a]” 1 , then the matrix 
(f) — al must have rank m — 1. 

This follows from Exs. ix and xi. 

Ex. xiii. When the elements of the square matrix 0=[a]^ are arbitrary parameters , its 
charaateristio determinant 

A(X)=det(0-X2)=det{[a]"-X[l]^} 
is an irresoluble function of A and the elements of 0. 

Clearly A (A) is a homogeneous rational integral function of degree m in A and the 
elements of 0, and is not divisible by A. If A (A) were not irresoluble, it would have 
a factor P (A) whioh is homogeneous of degree pinA and the elements of 0, where p is some 
non-zero positive integer less than m, and by putting A=0 it would follow that the 

determinant A (0)= (a) has the factor P(0) which is homogeneous of degree p in the 

elements of 0. This is impossible because the determinant (a)” is an irresoluble function 
of its elements. 

Ex. xiv. If 0= \a\ m is a compartite matrix of standard form whose parts are square 
matrices and whose elements are constants , then: 

(1) The latent roots of 0 are the latent roots of the severed parts of 0. 

(2) The potent divisors of the characteristic matrix of 0 are the potent divisors of the 

characteristic matrices of the several parts of 0. 

This follows from Theorem II b of § 207 when we observe that the characteristic matrix 
of 0 is a compartite matrix of standard form whose successive parts are the characteristic 
matrices of the successive ports of 0 
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§ 223. Rational integral functions of a square matrix. 

1. Definition of a rational integral function of a square matrix. 

Let p — [a]™ be any square matrix of any order m. Then if 1= [1]“ is 

the unit matrix of the same order m as <£, the positive integral powers of </> 
are the square matrices of order m defined by the equations 


p-*- ¥•= w:-w:-w:. 


and these are such that for all positive integral values of r and s 


<jf x (}>* = $* x <j> r = <f) r+a .(1) 

If f(x) = a^x 11 + o 1 a; M-1 4- ... + a n ^x -t- a^, .(2) 


is any rational integral function of the scalar variable x, then for all positive 
integral values of the order m of 0 and for all values of the elements of <j> we 
will write 

f (.4*) = a 0 4^ "1* 4* n 1 d* • • • “I” 1 4 * 1 ^4*° 

= Oo0" -f + ... + On-!# + Onl, .(2') 

and call f(4>) a rational integral function of the square matrix </>. Clearly 
f(4 3 ) is a square matrix of the same order m as </> whose elements are rational 
integral functions of the elements of p. We caliy‘(^>) a function of 4> because 
in using the notation (2') we can regard the matrix <f> as variable; in fact we 
can regard <j> as a square matrix of any given order m whose elements are 
arbitrary parameters; and we can also regard it as a perfectly arbitrary 
square matrix provided that I always means the unit matrix of the same 
order as <£. The coefficients a 0) a lt ... On^ lt On of the various powers of <p in 
(2') are finite scalar quantities which will usually be considered to be given 
numerical constants; but they may be arbitrary parameters. When the 
square matrix p is regarded as variable, we call /(</>) = 0 a rational integral 
equation in 4>, and any particular finite square matrix <f> will be said to satisfy 
this equation when its elements have such values that every element of the 
matrix /(<£) vanishes. 

There is a one-one correspondence between all rational integral functions 
of the square matrix (p and all rational integral functions of the scalar 
variable x, two such corresponding functions /(<£) and f(x) always having 
the forms (2') and (2). The matrix function f(4 >) 18 sa ^ to vanish identically, 
and the equation /(</>) = 0 to be an identity vn p, when the corresponding 
scalar function f(x) vanishes identically, i.e. when the coefficients a„, cq,... 
a n _ 1) an in (2') all vanish. This is the case when and only when the equation 
/($) = 0 is satisfied by every square matrix <£; for when a^, Oj, ... On- lt a*, 
do not all vanish, we can choose x so that f (x) =j= 0, and if we then put 
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we have /(</>) = /(a?). I =(= 0. When /($) and fix ) do not vanish 

identically, the degree of f(x) m x is also the degree of f(<$) in <£, and the 
degree of the equation f(<f>) = 0inf Accordingly a rational integral function 
of 0 of degree n can always be expressed in the form (2'), where 0. 

Two rational integral functions /(<£) and g (<£) of the square matrix <£ 
are identically equal, and the equation /(<£) = g ($) is an identity in <f>, when 
the difference f(<j>) — g (<£) vanishes identically, i.e. when the coefficients of 
corresponding powers of 0 in /(<£) and g(<j>) are equal, or when the corre¬ 
sponding scalar functions/(as) and g {x) are identically equal. 

If/(a?) and/($) are the corresponding rational integral functions of x and 
<j> given by (2) and (2'), and if oti, o 9 ,... o n are scalar numbers, the second of 


the equations 

f(x) = a 0 (x-a 1 )(x- <x 2 )...(x-an), . (3) 

/(*) = Oo (* - «i /) (<*> (<f> - Onl) .(8 # ) 


is an identity in <f> when and only when the first equation is an identity in x , 
and in both equations the order of arrangement of the factors on the right is 
immaterial. More generally if f(x), f(x), fix), ...f r (x) and /(<£), f (<£), 
/ a (<£), •■■/r(0) are corresponding rational integral functions of x and <f>, the 


second of the equations 

/(«) =A (®) /«(®) • ■ -/r («), . (4) 

(*)/.(*) ■■■.£(*) . (40 


is an identity in <^> when and only when the first equation is an identity in x ; 
and in both equations the order of arrangement of the factors on the right 
is immaterial. In particular if p is a positive integer, the second of the 
equations 

/(®) = [A f(4>) = {/i (<£)}* 

is an identity in $ when and only when the first equation is an identity in x. 
These considerations enable us to express any given rational integral function 
/(<£) of the square matrix as a product of irreducible or irresoluble (i.e. linear) 
factors. They also show that: 

The product of two rational integral functions of a square matrix <f> is 
always commutative. 

For if / (<£) and g (</>) are two such functions, we always have the equations 
fix) g(x)=g {x)fix\ f($) g{$) = g (<£)/(<£) 
which are identities in x and $ respectively. 
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Note 1. Simplest linear functions of a square matrix 0=[a]™. 

To the linear function x- A of x there corresponds the linear function 0—A/of 0, which 
by § 222 is degenerate or undegenerate according os \ is or is not a latent root of 0. 
From (3) and (3') we see that every rational integral function of 0 with numerical co¬ 
efficients can be expressed as the product of a constant scalar factor and linear factors of 
this simplest form in one and only one way. 

Note 2. Solutions of the equation f (0) x =0 where <j> is a given square matrix of 
order m 

It has been shown in $ 222 that the equation (0 — X/) x =0, which is the simplest 

1 —'m 

equation of this form, has non-zero solutions for x when and only when \ is a latent 

1 — ‘m 

root of 0. The non-zero solutions of the more general equation will be considered in § 235 

Note 3. Solutions of the rational integral equation f (0)= 0. 

Whenever the scalar function f (x), in which the coefficients have given numerical 
values, does not vanish identically and is not merely a constant, it is always possible 
to determine finite values of x which satisfy the equation / (x) = 0. Similarly, os will be 
shown in $}§ 224 and 228, whenever the matrix function f((f>) does not vanish identically 
and is not merely a constant, it is always possible to determine finite square matrices 

w bich satisfy the equation /(0)=O. There does not exist any one-one corre¬ 
spondence between the values of x whioh satisfy the equation f(x) =0 and the matrices 
</)=[«]* which satisfy the equation/(0)=0, but when the linear factors of f(x) and the 
corresponding linear factors of are known, it is possible (see Ex. iv of § 228) to 
determine all those matrices 0=[a]™ whioh satisfy the equation /(0)=0. 

Note 4. Cases in which the equation f (0) ■= 0 is an identity in the dementis of <f>. 

The coefficients of the funotion /(0) are usually considered to be given numerical 
constants. When however 0 is a square matrix of given order m with arbitrary elements, 
and the coefficients of /(0) are rational integral functions of the elements of 0, it may 
happen that the equation f (0)=o, though not an identity in 0, is true for all finite values 
of the elements of 0. In such oases the equation /(0) = O will be Baid to be an identity in 
the dements of 0. 

Note 6. Negative powers of an undegonerate square matrix. 

First let 0 ES [a]™ bo an undegenerate square matrix of order m whose elements are 

given numerical constants, let /=» [1]™, and 1st P be any positive integer. Then we define 
0 -1 to be the inverse matrix of 0, whioh is also an undegeuorate square matrix of order m, 
and is the unique solution of each of the equations 

0- 1 0=jT j 00 _1 e=/;.(5) 

and we define 0~ p to be (0~ 1 ) p , i.e. to be the £>th power of the square matrix 0 -1 . With 
these definitions the equations (1) are true for all positive and negative integral values of 
r and s so long as 0 is undegenerate; but the definitions become inadmissible when 0 is 
degenerate. 




314 


RATIONAL INTEGRAL FUNCTIONS OF A SQUARE MATRIX [CH. XXV 


Next let <f>=[ct] m be a square matrix of order to whose elements are arbitrary 
parameters, let A=(a)™, and let 'a be the conjugate reciprocal of [a]”. Then we define 
<P ' 1 to be the square matrix of order «i> 

1 r —\Wl 

..( 6 ) 

A '— 'm 


which is the inverse matrix of <p and is the unique solution of each of the equations (5); 
and we define (p~ p as before to be the joth power of 0 -1 With these definitions the 
equations (1) are true for all positive and negative integral values of r and a When 
particular values are ascribed to the elements of cp, we see from § 124.6 that 0 -1 is infinite 
when <p has rank to - 1, and indeterminate when (p has rank less than to - 1. Thus for 
particular values of the elements of (p the matrix <£ -1 defined by (6) has a uniquely deter¬ 
minate finite value when and only when cp is undegenerate, and the same is true of the 
matrix (p~ p , where p is a non-zero positive integer. 


Noth 6. Use of the notation ^ when <p and \p are square matrices of the same order m 

Let 0=[a]” and he two square matrices of the same order to whose elements 

are given numerical constants, and which are such that 

(1) the product (pip is oommutative, 

(2) the matrix ip is undegenerate. 

Then there exists a square matrix ^=[c]” which is the unique solution of each of 
the equations 

or .(7) 

r—1 w 

For if ip- 1 = B is the inverse matrix of ip, the two equations (7) have respectively the 

1 —‘m 

unique solutions x =y P~ 1( f > j X = 0' v ^~ 1 J since 

(ip~ l (p) ip=ip —1 . cpip=ip~ 1 , ip<p=(p=(p .ip~ 1 ip=((pip~ 1 ) ip f 
it follows that ip~ 1 cp<= <pip~ 1 . 

When x is the matrix thus determined, we write 

.( 8 ) 

and the matrix ^ which can be defined in this way when the conditions (1) and (2) are 
satisfied is such that 

*£“**"*.< 9 ) 

• • CO 

It corresponds to the algebraical fraction - which has a definite meaning when y#=0. 

When </>=[«]”, /=[1]™, the product Icp is always commutative Henoe we oan 
always write 

.w 








315 


223 ] RATIONAL INTEGRAL FUNCTIONS OF A SQUARE MATRIX 


both when 0 is an undegenerate square matrix with constant elements, and when the 
elements of 0 are arbitrary parameters; and we then have 


l L* r 


,(9') 


Noth 7. Rational functions of a square matrix 0. 

Let / ( 0 ) and g (</>) be given rational integral functions of a square matrix 0=[a] Since 
the product /(0)y (0) is always commutative, it follows from Note 6 that we can write 


(*rv») -m {.? «■»-■ ,.(io) 

where x is a square matrix of order m which is finite and uniquely determinate whenever 
the elements of 0 have such values that 

det 0 ( 0 ) = 1 = 0 , .( 11 ) 


it being then the unique solution of each of the equations 

0(0)-X“/(0)» X-0(0)=/(0)- 

We may regard the matrix aa a rational funotion of the square matrix 0 corre¬ 
sponding to the rational algebraic fraction It possesses the property 

9 W 


and is uniquely determinate and finite whenever the condition ( 11 ) is satisfied. 


2. Latent roots of any rational integral function of a square matrim. 

In the following theorem 0 = [a]™ is any square matrix of order m whose 

elements are given constants, F (0) is any rational integral function of the 
square matrix 0, and F(ai) is the corresponding rational integral function of 
the scalar variable on. 


Theorem. If a a , ... a™ are the m latent roots of the square matria 
0 = [a]”, and if F(<f>) is any rational integral funotion of 0, then: 

(1) Ffa)F(a a ).. . F{a m ) = det F (0). 

(2) The latent roots of F (0) cut's F(a 1 ), F(a a ),... F(a m ). 

To prove the first part of the theorem let I = [1]™, and let 

/(*) = det (0 - ml) = det {[a]*-® [1] *} 

= (- l) m (m - cti) (m - a B )... (m - o^); 
also let n be the degree of F(co) and F(<f>), and let 
F(m) = b 0 (m- A) (® - A) ■ • ■ - Bn), 

F ( 0 ) = 6„(0 - &/) (0 - A - 0...(0 - A > I ) = bo [<. 


so that 
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Then 

det F((f>) = b Q m . det (<f> - fill ). det (<£ — fi a I) • ■ • det ( <f> — fi n I) 

= i.”/(/9i)/(A)-/(/9») 

= (-1)”“ii„ m n-n), 0 = 1,2t = l,2,...m), 

= J 0 »n(ai-ft) 

= F(a,) F (oj) ...F (a,). 

To prove the second part of the theorem let X be any scalar constant, and let 
F'(x) = F(x)-\, F' (<£) = F{$) — X J. 

Then from the first part of the theorem we see that 

det F' (<f>) = F' (a,) F'(a,)... (<U 

i.e. det{^(0)-\7] = (-l) m {X-^(aO) {X-.F(a a )}...{X-.F(a m )). 

Since this equation is true for all values of X, it is an identity in X when we 
regard X as a scalar variable, and therefore F(a^, F (a a ),... F(a m ) are the 
latent roots of F ( <j >). 

Some special cases of the above theorem are contained in Exs. viii and ix 
of § 222. 


§ 224 Rational integral equations satisfied by a given square 
matrix. 


As before we will write <£ = [a]™, I = [1]”*, <f> being a square matrix of 
order m whose elements are constants. The characteristic matrix of <j> will 
be taken to be the undegenerate rational integral 0 -matrix 


<f>-xl=[a]”-x[l] 


m 
m 5 


(i) 


and the maximum and potent factors of this characteristic matrix will be 
denoted by D 1 ( 0 ), D 2 ( 0 ),.. ■ D m ( 0 ) and E x ( 0 ), E a ( 0 ),... E m ( 0 ), these being 
rational integral functions of the scalar variable 0 . It will always be con¬ 
sidered that D m ( 0 ) is the characteristic determinant of <f>, so that 

D m (cc) = det (<j> -xl) = det {[a]” - 0 [1]”}.(2) 


The conjugate reciprocal of the characteristic matrix <f> — xl will be 

i—i®* , ... 

denoted by A , this being a rational integral 0 -matrix of the degree m — 1; 

t — 1 771 

and the inverse of <j> — xl is then the matrix 




1 

D m (x) 


1— 


A , 


(3) 


whose elements are rational junctions of 0 . The matrix yfr has a determinate 
finite value for every finite value of 0 which is not a latent root of <f> } i.e. when¬ 
ever D m ( 0 ) 4= 0; and it is then the unique solution of each of the equations 


(<£ - xl) yjr = I, ty($ — xl) = l. ...(4) 
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Using Notes 6 and 7 of § 223, we can regard f as a rational function of <£, 
and use for it the notations 


= (cp — xl)~ l 


I 

— sol ‘ 


(5) 


For values of x sufficiently great to render the series on the right con¬ 
vergent, we have 


^ x a? x? a? 


( 6 ) 


where 0° = I ; for this value of ifr clearly satisfies the equations (4), and we 
can regard (6) as the expansion of (<j> — a/) -1 in descending powers of x. 


Noth 1. Gases in which the elements of <p a/re arbitrary paranneters. 

The elements of (p are usually to be regarded os given numerical constants. When 
some or all of them are arbitrary parameters (or are rational integral functions of oertain 
arbitrary parameters), the elements of the characteristic matrix <p—xl are rational integral 
functions of x and those arbitrary parameters. In such oases (x) is the product of all 
those common factors of the minor determinants of <p — xl of order i which are rational and 
integral both m x and the arbitrary parameters, those which do not contain x bemg non- 
essential. If all the elements of <p are arbitrary parameters, it follows from Ex. xui of 
§ 222 that 

i?i (x) = D% (x) <=. . (a’) = 1, E m (x) =D m (x). 

In the following lemmas and theorems wo speak of functions of the elements of <p only 
when all the elements of <p are to be regarded as arbitrary parameters. 

Lemma A. If -p is the inverse of the characteristic matrix <j>-xl of the square matrix 
<£=[£ 1 ]™, and if f(x) and f ((pi) are corresponding rational integral functions of x and <p, the 
product f (x)-p is rational and integral m x when and only when <p satisfies the equation 
/(<*>) = 0. 

Let f(x) and f(<p) have degree r in x and cp, so that we can write 
f(x)=tc 0 +c 1 x+cvX*+... + c r £ r } 
f (<p) “ Oo<p °+Ci <p l +fla <£ a + • • • + <V$ r > 

where Cq, o l} ... o r are finite scalar constants and c r =t=0, and whore <p l) =l. Thon from the 
equations (4) we can deduce the r+ 1 equations 

yp^-p, 
x\p=(pyp —1 } 

X a \fr=(p%-p — (p — xl t 

X a yp=(p B p — (p a — X (fi — afil, 

afi ip=(p* "p — cp B — x<p a —afi <p — a? I } 


a?yp= <p r -p - <p r ~ 1 - x<p r2 -... - if ~ 2 <p - xT- l L 

Here the seoond equation follows immediately from (4 ); and the equations after the seoond 
are formed in succession by a uniform rule, the ith equation bemg formed by multiplying 
the (i— l)th equation by x and then substituting for xyp the value given by the second 
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equation. If we multiply these equations by c 0 , c±, <%, Cg, <k, ■■■ respectively and then 


add, we obtain 

/(a’)0=/(0)0+{0o+^i+^02+--*+ff , ''' 1 0v-i}j .(7) 

where ^ t =-Ci + iI-c i+a (j> 1 -...--a r (l) r ~ i ~ 1 , 0y-i = -Crl^pO .(8) 


If /(<£)=0, we see from (7) that f(x) 0 is rational and integral in x. Conversely if 
/(a?)^ is rational and integral in x, we see from (7) that /(0) 0 must be rational and 
integral m x, and it follows from (6) that/(0)=O; for if 

/( 0 ) ^ + % + %+-‘-} a3 Xo+XiX+X2* 2 +---+Xi>ti p 

for all values of x whose absolute magmtudes exceed R, where R is real and positive, then 

* p /(0) {a0 o +3 a 0 1 +a 8 ^ 2 + ...} = s p xo+s p-1 Xi + iSP-a Xa+*--+X») 

for all values of z whose absolute magnitudes are less than ^, and this is only possible 

when the coefficients of all the powers of z on both sides vanish. 

Thus f(x) 0 is rational and integral in x when and only when/(0)=O, and is then the 
rational integral a--matnx given by 

/(#) 0=0o+tf0i+# 2 02+«"+# r-1 0i<-i.(9) 

Lemma B. If all the elements of 0 are arbitrary parameters, and if the coefficients of 
f(x) are rational integral functions of the dements of <j>, then f(x) 0 is rational and integral 
both in x and in the elements of 0 when and only when tlve equation f (0) =0 is an identity in 
the elements of 0. 

In this case Lemma A holds good for all particular finite values of the elements of 0. 
Hence when /(0) vanishes for all finite values of the elements, the equation (9) is true for 
all finite values of the elements, and therefore f(x) 0 is rational and integral m the 
elements of 0 as well as in x. Conversely when /(0) does not vanish for all finite values 
of the elements of 0, then f(x) 0 oannot be integral in x, for there are particular values 
of the elements for which it is not integral m x. 

Theorem la. If 0 = [a] ” is a square matrix whose elements are constants, 
and if JD m {x) = det {[a]^ — x [1]™} is its characteristic determinant, then 0 
satisfies the rational integral equation 

-Dm(0) = 0.(A) 

Further the equation (A) is an identity in the elements of 0 when those 
elements are all arbitrary. 

From (3) we see that 

r—i w 

An («) 0* = .(10) 

'—‘m 

Therefore D m (x) 0 is rational and integral in x, and it follows from Lemma A 
that D m (0) = 0. Since this is true for all finite values of the elements of <j>, 
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the equation (A) must be an identity in those elements when they are all 
arbitrary. The second part of the theorem could also be deduced directly 
from Lemma B. 

The equation (A) is known as Cayley’s Equation or as the Cayley- 
Hamiltonian Equation after the names of its discoverers. 

Theorem lb. If all the elements of the square matrix <p = [a]™ are 

arbitrary parmieters, and if f(<j>) is a rational integral function of <f> in which 
the coefficients are rational integral functions of the elements of <f>, then the 
rational integral equation f(<f>) = 0 is an identity in the elements of </> when and 
only when f{$) has the form 

/(*)-0 (*)£»(*),•.(A) 

where g (<f>) is a rational integral function of (f> in which the coefficients are 
rational integral functions of the elements of <j>. 

Consequently the equation (A) of Theorem la, is the rational integral 
equation of the lowest degree which is rational and integral in the elements of 
<f> and is an identity in the elements of <f>. 

First let the equation /(<£) = 0 be an identity in the elements of <j>. Then 
from Lemma B we see that there must exist a matrix which is rational 

and integral in w and the elements of <p and is such that f(oe) = [6]™; and 
it follows from (3) that 

f(x)A m = E m (x)[b]l .( 11 ) 

When in the identity (11) we equate the highest common factors (rational 
and integral in x and the elements of <f>) of the elements of the matrices on 
the two sides, we obtain 

f(w) = g(x)D m (x), .(A") 

where g(x) is the h.c.f. of the elements of [&]™; for by Ex. xin of § 222 the 

I—qWl 

H.C.F. of the elements of A is 1. From (A"), which is an identity in x and 

1 —'m 

the elements of <j> } we deduce the equation (A') which is an identity in (f> and 
the elements of <p. 

Next let /(4>) be expressible in the form (A'), so that (A') is an identity 
in <p and the elements of <j>. Then by Theorem I a the equation f(<j>) = 0 is 
an identity in the elements of <f>. 

The second part of Theorem 16 is now obviously true. 
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Ex. i. With the notation used in the equation (6) of § 222 we have 
E m (x) = (-1 )™ {*» - ft a* ■" 1 + q^~‘ »- ... + (- 1)» q m }, 

where ft is the sum of the (corranged or affected) diagonal minor determinants of 0 of 
order i ; and (A) can be written in the form 

0" - ft 0 m " 1 + ft 0 m " 2 -...+(-1 ) m ~ 1 ft„-i 0+(-1 ) m q m l-0 .(AO 

Ex li. If \i, X 2 , . X^ are the m latent roots of 0, we have 
(*)=(-1)” (*“Xi) (*-*a) (*-X»), 

and therefoie (A) can also be written in the form 

(0-Xi-O (<#>“X a 7)... (0-X w 7) =0.(A a ) 


Ex. iii. 



the square matrix 0 satisfies the equation 


0 2— (a x + 6 a ) 0 +(o 46 a —ft&O 7=0 . 


which is an identity in the elements of 0 . 


In this case 


<f>-xi= p** *> 
L <H > 



2 ) a (tf) = det ((f)—xl)=afl- (ai+6 a )a;+(a 1 6 a -a a 60, 
2) a (0) = 0 2 — ( 04 + 6 a ) 0 + ( 04.62 ~ ^ 961 ) 7 


r ai a +aa&i, 

0^+0362) 




6 j 


+ (0462 —a a 61) 



(fti) 


Again if X x and X s are «Ae latent roots of 0 , i.e. the roots of the equation Z > 3 (a;) = 0, Men 
0 satisfies the equation 

(0 - X! 7) (0 — X a 7)=0.(aa) 

In faot 

»-*,/) „*]-[$: g. 

where o 1 =a I a +a a 6i-(X x +X a ) 04 +XiX a , o a =«a (ft+6 a ) - (Xi+X a ) a a , 

d a =a a 6 1 + 6 a fl -(Xi+X a ) 6 a +X x X 3 , di=by (a x + 6 a ) - (X x +X a ) 61 . 

Since Xi+X 3 =ft+& a , XiX a =fl4^a — ^a^ij we see that < 4 , c %, di, da are all zoro. 


Theorem II a. 1/0= [a]™ is a square matrix whose elements are constants, 
and if E m (x) is the potent factor of order m of the characteristic matrix 
[a]™ — x [1]™ of 0, then 0 satisfies the rational integral equation 

■#m(0) = 0.(B) 

Let D m 0*0 &nd -Dm-i (a) be the potent factors of orders m and m — 1 of 
the characteristic matrix of 0, D m (x ) being chosen to be the characteristic 
determinant of 0. Then the equation (10) deduced from (3) can be written 
m the form 


D m (x)ty = Dm-i(cc)A} . .( 12 ) 




( 12 ) 
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i —im 

where A is a matrix whose elements are rational integral functions of x 

1 —'m 

having no common factor other than a non-zero constant. Since 

Dm if) = D m —\ (®) 

it follows from (12) that 

JP* .(13) 

l —'m 

Consequently E m (x)yfr must be rational and integral m x ; and it follows 
from Lemma A that <f> satisfies the equation/(<£) = 0. 

Theorem II b. If <f> = [d]^ is a square matrix whose elements are 

constants , and if f(<f>) is a rational integral function of <f>, then <f> satisfies the 
rational integral equation f((j>) = 0 when and only when /(<£) has the form 

f{4>)-gW)E n (4>) .(BO 

where g (<p) is a rational integral function of <f). 

Consequently the equation (B) of Theorem IIa is the rational integral 
equation of lowest degree which is satisfied by <j>. 

First let <j> satisfy the equation /(</>) = 0. Then from Lemma A we see 
that there exists a rational integral ^-matrix [6]™ such that f(x) -v/r = [b] ™; 
and it follows from (3) that 

f(x)A m = D m (x)[b-\2 .(14) 

When in the equation (14) we equate the highest common factors (rational 
and integral m x) of the elements of the matrices on the two sides, we obtam 

f(x) D n _! (a) * g (x) D m ( x) .(15) 

where g (x) is the h.c.f. of the elements of [6]”\ Since 

D m ( X ) = Dm -, (x) Em {x), 

it follows from (16) that 

f(x)=g(x)E m (x) .(B") 

From the equation (B"), which is an identity in x, we deduce tho equation (B') 
which is an identity in <f>. 

Next let /(<£) be expressible in the form (B') } so that (B') is an identity 
in <f>. Then by Theorem II a the matrix <f> satisfies the equation/(<£) = 0. 

The second part of Theorem II b is now obviously true 

Other proofs of Theorem II b (which includes Theorems la, 16 and II a) 
are given in Ex. xv of § 230 and Ex. xiii of § 235. 


o. 1IL 


21 
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Noth 2. Gases in which the elements of 0 involve arbitrary parameter's 

Iu proviug Theorems II a and II b it has been implicitly assumed that all the elements 
of 0 are given numerical constants. But the theorems remain true and the proofs remain 
valid when some or all the elements of 0 are arbitrary parameters, or are rational integral 
functions of certain arbitrary parameters, provided that a rational integral function of x 
or 0 means one whose coefficients are rational integral functions of those arbitrary 
parameters, and provided also that /><(a) and Et(x) are interpreted as in Noto 1 to be 
rational and integral in the arbitrary parameters as well as in x. 

In the particular case when all the elements of 0 are arbitrary, Theorems II a and 
II b become Theorems I a and I b. 

Ex. iv. The square matrix 0 = [tt] satisfies the rational integral equation f (0)= 0 when 
and only when the potent faator of order rn of its characteristic matrix 0 — xl is a factor of 
f(x), i-o. when and only when all the potent divisors of order m of (ji—xl are factors of /(a). 

This is an alternative form of Theorem II b which follows from the equation (B ). 

Hence all the latent roots of 0 must be roots of the equation / (a) = 0 . 

Ex. v. If x-a\, x-ai, ...x-ag are the distinct linear divisors of tho characteristic 
matrix 0 - xl, i e. if m, as ,... a 8 are the distinct or unequal latent roots of 0 , then in (B") 
and (B') we have 

E m (a)=(a- ajf' {x-ai) Ki ... (x- a*)**, 

E m (0) = (0 - a a /)*' (0 - a a /)“ ... (0 - a* /)“* .(^i) 

where k 2 , ... are the potent indices of order m of the linear divisors x — , x — ,. . a— a 8 


for the matrix 0- xl. 



Ex. vi. If 



“ 6 , 6 , 8 " 

“1, 0, 0" 

r 6 — x, 6 , 8 

0= 6 , 11,12 , 

/= 0, 1, 0 , 

0— a/= 6 , 11 — x, 12 

_ 8 , 12 , 18 _ 

_0, 0, 1 _ 

8 , 12 , 18 -a_ 


the r ational integral equation of lowest degree satisfied by <f> is 

E a ( 0)=(0 - 21) (0 - 31/) =0 S - 330 + 62/= 0 .(1 >) 

In this case, when non-zero constant factors are disregarded, we can write 
/)i(tf)=l, JD i (x)=x-2, JD a (x) = (x-2) i (x-'Al), 

E 1 (x)=l, E a (a)=a-2, E a (x) = (.v-2) (,i?-31). 

The latent roots of 0, being the roots of the equation JD a (x) = 0 , aro 2, 2, 31; aud tho 
distinct or unequal latent roots are 2, 31. 

The conjugate reciprocal of the characteristic matrix 0 — xl is 


"a® - 29a+B 4, 6a.* —12 , 

r 

CD 

H 

l 


r A— 27, 6,8" 

yT = 0a; —12 , x % — 24a 1 + 44, 

12a- 24 

= 

(a —2) 6 , a — 22, 12 

_ 8.r-16 , 12a--24 , 

a ,j -17a+30_ 

i 

8 , 12 , A — lfi 

and the inverse matrix of 0 —xl is 



“a — 27, 6,8" 

. 1 r T 3 

y (a»-2)*(*-31)C.8" 

1 


6 , a-22, 12 

(a -2) (a -31) 


8 , 12 , a-1B_ 
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§ 225 . Frobenlus’s solutions of the matrix equation 0 s =0. 

Tho solutions of the matrix equation 0 3 =0 in which 0 is any given undegenerate 
square matrix with constant elements are necessarily undegenerate square matrices of the 
same order as 0, and can he regarded as square roots of 0 This equation was first solved 
by Frobemus, his solutions being obtained by the use of the algebraic lemmas whioh follow. 
The original theorem proved by Frobemus will be given at tho end of this article. Other 
methods of solviug the equation will be desonbod. in later ohapters. 

Lemma. 1. Let a be a given non-zero constant ; let f{x ) be any given rational integral 
funotion of x which is not divisible by x-a; and let n be any given non-zero positive integer. 
Then it is possible to determine a rational integral funotion 0 ( x) of degtee less than % which 


is such that 

x (x) = {0 (x)f(x)} 2 - x is divisible by (x - a )’ 1 .(a) 

Further there arc two and only two such functions, these being 

0 (#)= ±*A 0 O).(b) 


whet'e 0 ( x ) is a uniquely determinate rational integral funotion of x of degree less than n 
whose coefficients are mtional functions of a and the coefficients off(x). 

Lot the ith derivatives of f{x), 0 (x), x (®) be denoted by f t (x), 0< (x), Xi (x) respectively, 


and let 

0 (x) = Ja jco+oi (*'- a)+(x - a )*+... + 0 *■~ 0 ) w_1 }.C 1 ) 

Then the lemma can bo proved by determining Buch finite values of tho constant 
ooeffioieuts Go, Ci, c-i ,... c n _i that 

x (a)= 0 , Xi( a ) = 0 > Xa(®) = °i X»-i(“) = 0 .( 2 ) 


Evaluating tho successive derivatives of tho produot 0 a ./ a by Leibnitz’s Theorem, wo 
see from (a) that 

Xi («)=200 t / a + 2 <pff x -1, 

Xa (a')= 2 {(00a+0i 2 )/ 2 +400 1 ^i + 0 a (ffi+fi*)}, 


and that when i> 1, 

+ + $i-‘iF i + ... + ^) ®2^i-2 + ^l-^i-l + 0 2 ^t).(3) 

where 4> J .=0 r 0+r0 r _i0 1 +^2^ 0r- 2 ^ 2 + ■ + (^j 0 a ( / , r- 2 + J ’ 0 i 0 r-i + 00r J 

and Fr=frf+rfr-lfl + (^fr-‘Afl + --- + + 

The first two of the conditions (2) are satisfied iu succession when and ouly when 

1 o 1 _f(a)-'2af 1 (a) ^ 

^ fix) ’ I,". 2 of (a) . 

When Co and Oi ore ohosen iu aooordance with (4), the remaining n— 2 of the equations (2) 

determine in succession unique finite values of the ratios 7 , —,... ^ 7 ^; and this establishes 

Oo Co °o 

the lemma. 


21—2 
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The actual evaluation of the successive coeflioients of e/> (x) is more easily effected 
by putting 

and replacing (1) by 

■*£(*') = §{i + a x y +g* y* +... .(!') 

where <2 = '/a.c u =|=0, 0 *=!;*—; sothut c/> i (o)=\/a.o i =^. 

t'u K 

The first two of the conditions (2) are satisfied in succession when and only when 

Q = ± , ai =/(a) - 2a/! (a).(4') 

Suppose that Q f ai, ay,... af_! are finite quantities which have been so determined that 
the first i of the conditions (2) are satisfied, where i 2, and for the sako of brovity lot 

/o>/i> A > — now stand for /(a), f x (a), .../i(a),.(5) 

Then from (3) we see that 

#*(<*)-<2 s Q^_ a W + ... 

+ fyA i F i . i V-*+iA 1 F i - 1 V-i+F i v},. ..(3') 

where ^l 7 =a r + ra r _ia 1 + ^ a r _ 2 a 2 +... + 03a^a+raxar-x + a,., 

and ^r=/r/o + J /r-l/l+ ^ 2 ^/r-a/ 2 +-- + (^j f%fr- 2 + r fifr-l + f\ fr¬ 

it follows that the (i + l)th of the conditions (2) will also be satisfied when and only whon 
ai has the unique finite value given by 

2a</o a = - AtfJ-iAi^Fik- -iAiFi-ifr-i-Fttf .(3") 

where At “loi—xax + ^g^ 04-^02 + .., + (^j a 2 a(_ 2 + 2 axn*_x. 

If we put A=2a/, in (3"), and observe that f'x=2/ 0 / 1 and that Al is divisible by 2, we can 
oancol 2/ 0 a on both sides. Therefore at is a rational integral function of a l} ay, ... a<_x, 
/ui /ij • ••/< and a m which the coefficients are integers. Moreover it is easily hcoh by 
induction that at has the following properties: 

(1) It is a rational integral function of / 0 , f 1} ...ft and a which is homogeneous of 

degree i in/ 0 ,/ l5 . . f it and also has degree 1 in a. 

(2) It etui bo expressed in the form 

at^Po+PiaA-Pi^Ar ... A-Pt^t 

whore P r iB a homogeneous rational integral function of degree i of/ 0 , f u ... j\ 
which is isobaric of weight r in the suffixes of /o, / 1 , ... /<• 

For if we assume that the properties (1) and (2) are truo for a } , 03, ... a*.!, then thoy 
must also be true for every term on the right m (3") after the factor 2/„ a has boon removed. 

Ex. i. With the notation (5) the values of a 2 and a 3 in (3") are 
as= -/o a - 4a/ 0 /i +4a a (/ 0 / a - 2/^), 

«■- 3/o 3 +fla/o 1 2 /i" 12aVo (/ 0/2 - 2/, 3 ) - 8a a (/ 0 a / 3 - + 6£■). 


L t 
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Ex. 11 . The expressions for the coefficients of (x) which occur in (1) and (1') are 
always the same no matter what the value of n may be. 

Ex. in. Special case when f(x)=x—b and 2 

If a4 = 0 and a - 64= 0, there are two and only two functions $ (x) which have degree less 
than 2 and are such that {<£ (x) (x-b)} 2 -x is divisible by (x - a) 2 From (1') and (4') we 
see that they are given by 

*(.*)=« where « =± i“6> 

i.6. by 0 (*) = ±% a J_ if ((«+i) ® - « O - i>)}. 

For these two values of <p (x) we have 

{</> (x). (x - Z>)} 2 - ,r= 4 ^“ {(a + - 2 (a + J) (2a 2 -ab + b*)x + Z> 2 (3a - 6) 2 }. 

Ex iv. Those functions <f> (x) whiah have degree less than 2 and are such that 
{<fi (x ). (.r+3)} 2 — x is divisible by (x - 3) 2 are the constants 

This is the particular case of Ex. in in which a=3, 6= - 3 

Lemma 2. Let F(x) be any given rational integral function of x of degree n which is 
not divisible by x. Then it is possible to determine rational integral functions f ( x) of degree 
less than n which are such that 

X (x) = {f(x)} 2 -x is divisible by F(x) . (a 7 ) 

Farther if F (x) has exactly a unequal roots a, b, c . every such function f (x) must 

satisfy the conditions _ 

/(«)= ±Vo, f(fi)=±Jb, f(o)=±Jc, , .(6) 

and it is uniquely determinate when f (a), / (b), f (c), ... have any assigned values consistent 
with these s necessary conditions; consequently there are exactly 2" such functions f (x); 
moreover these are given by 

f(x)= + >/afa (x) + Jbfa (x)+Jofa (x)i ..., .(b) 

where fa (x), fa (x), fa (x ),... are uniquely determinate rational integral functions of x each 
of which has degree less than n. 

Wo can suppose that 

F(x)=k(x-a) a (x-'b)^ ( x-o) y ..., .(7) 

where h is a known non-zero constant; a, b, o ,... are known non-zero constants "no two 
of which are equal; and a, j9, y, ... are known non-zero positive integers Buch that 
a+fi+y+ ...=n-, and wo will further suppose that Jo, Jb, Jo ,... are definitely selected 
square roots of a, b, o ,... respectively. 

In the first place let the ith derivatives of f(x) and x 0*0 be denoted by f(x) and Xi( x ) 
respectively. Then if f(x) is any function having the properties mentioned m the lemma, 
the necessary equations x(a)=0, x (6)=0, x ( c )=°) • show that the conditions (6) must 
be satisfied. When the value of /(a) has been fixed, the necessary equations X i( a )=°> 
X 2 (a)=0,... xa-i (a)-0 show that the values of f (a),/ g (a), .../ a -i (a) are uniquely deter¬ 
minate. Similarly when the value of f(b) is fixed, the values of /j (b), fa(b ),... fp-i(b) are 
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uniquely determinate; when the value of /(c) ib fixed, the values of / (o), / 2 (c), . / v _j (c) 
are uniquely determinate; and so on. Hence if there are two functions / (x) —p (x), 
f(x)=q (x) for which the signs in ( 6 ) are the same, then 

P ( x ) ~ S' ( ,r ) ftn d its first a — 1 derivatives muBt vanish when x=a, 

P ( x )~2 ( ,r ) an d its first j3 — 1 derivatives must vanish when x=b, 
p(x) — q (x) and its firat y —1 derivatives must vanish when x<=c, 

and so on. Therefore p (x) - q (x) must be divisible by F(x) Since p (x) — q (x) has degree 
less than n m x , this is only possible when p(x) — q (x) vanishes identically, i e. when 
q (x)=p (x). Consequently there aannot be two different functions f(x) satisfying the 
conditions of the lemma for which the signs in ( 6 ) are the same. 

It remains to show that we can determine a function f(x) having the properties 
mentioned in the lemma when the signB in ( 6 ) are arbitrarily assigned. 

Changing the meaning of the suffixes, let Fi(x), F 2 (x), F a (x), ... ho the functions 
obtained by dividing F(x) by (x- a) a , (x-b) p , (x-c) y , ... respectively, i.o. by omitting 
these respective factors in (7); let 

fa (x) = s/a |^o+ A l ( x ~ a) + ~ «) a +... + ~ a T ~ *} . 

fa(x) = s!b + + . .+ ^~ 1 ^ ! (.g-?j) p ~ 1 |, 

fa (») = {Co + Cx (x - c) + ^ (x - of + ... + j (x - c) Y_1 j , 

where J 0) -^ij -da, •••) -B (t , B u B 2 . C 0 , C u C 2 , . ., .. are constants to bo determined; 

and let 

/ ( x ) = fa( x )F 1 (x) + fa(x)F 2 (x) + fa(x)F a (x) + .( 8 ) 

where each term is a rational integral function of x having degree loss than n. Then since 
F 2 (x), F n (x), ... are all divisible by (x —a) a , the function x ( x ) doftneil in (a') will lie 
divisible by (a?-a)“ if and only if {fa (x) F x (x)}*-x is divisible by (x-ct) a . By Lemma 1 
the a constants in fa (x) can be ohosen so that this condition is satisfiod. Similarly tho 
/9 constants in fa (x) can be so choBen that x ( x ) is divisible by (x - &) 3 , the y constants in 
fa(x) can be so ohoBen that x(x) is divisible by (x-o) y , and bo on. Tho function/(a*) 
defined in ( 8 ) will be Biioh that x (#) is divisible by F(x) when and only when tho constants 
An, Ai, ... B 0 , Bi, ... Co, Oj, ..., ... are obtained m this way. By Lemma 1 the ratios 
A 0 : Ai : A 2 :...: A^_ v B 0 \ B\\ B 2 :... : B p _ v C 0 :C 1 : C 2 :...: C y _ v ... are then uniquely 


determinate, and the constants A 0 , B 0 , C 0} ... must bo so ohosen thut 

AqF-l( a )— ±1> (&)= ±lj CoF 3 (c)*= ±1, ..., .(9) 

the corresponding values of f{a),f(b), /(o), ... being 

/(a)=±Va, f(b)=±*Jb, /(o)=±\^ .(9') 


The Bigns in (9) can be chosen arbitrarily, and the Bigns in (9') are the same as in (9). 
Thus corresponding to each choice of the signB m ( 6 ) we can determine ono (and only one) 
function f(x) having the properties mentioned in the lemma. 

Ex. v. Determination of all those rational integral functions f (x) of x whose degrees are 
less than 3 and which are such that 

{f{x)) 3 —x is divisible by the function F(x)=(x- a) 3 ( x-b ) 
when «4=0, 6=1=0, a-6=f= 0. 
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In this case / ( x) = fa (x) F^ (x) + fa (x) F % (a?), 

where F l (x)=x-b } fa(x)= J^{A 0 +A, {x - a)}, 

FJx) = (x-af, fa(x) = Jb{B a }. 

Determining the constants A n and A l so that {fa (x) F 1 (v)}*-x ib divisible by (x-a ) 2 
as in Ex ni, and determining the constant B 0 so that {fa (x) F s (x)} 2 -x is divisible by 
x — b, we hud that 

, _ . 1 A x _ a + b u _ _ 1 _ 

" “ a-b ’ A n ~ sJ« (a - b) ’ 0 ~{a-bf' 

and we have thorofoie 


((“ + ^“ ( 3 ““ {x-fy+s/b.Za (x-a)% ( 10 ) 


where Ja and Jb are respectively either one of the two square roots of a and either one 
of the two Bquare roots of h. 

For all four of these functions /( x ) we have 


(/W) J -= ( to“a-V i>{P+7i,/5 ®’ ' 

whore P =(a 2 + Qab + b 2 )x- (4a 3 + 9a 2 b - 6 ah 2 + b s ), 

Q=i{{a + b)x-a (3a — 6 )}, 

Ja and Jb being the same square roots of a and b m ( 11 ) as in ( 10 ). 


.( 11 ) 


Ex. vi. Determination of all those rational integral functions f(x) of x whose degrees 
are less than 2 and which are such that 

{f{x)} 2 -x is divisible by the function F(x)={x-a) (x-b) 

when a 4=0, ft 4=0, a — 6 =f= 0. 

In this cose f ( a? ) l=, ~ 7 ^{*/& {x — b) + Jb (x — a)}; 

and then {/ (tf )} 2 - ®™^ ^-bj 2 ^ {( a+ tyA-% Ju Jb). 

Hero Ja and Jb are the Bame square roots of a and b in both equations. 

Theorem. If 0 =[a] ^ is an undegenerate square matrix of order m whose elements 
are given oonstants, it is possible to determine a rational integral junction f {fa of 0 whose 
degree in 0 is less than tn, and which is such that {/ ( 0 )} 2 = 0 . The matrix 0= ! /(0) *=[&]„, 
is then a particular solution of the matrix equation fa 3 ** fa 

If 0 has exactly s unequal roots , there are exactly 2 * particular solutions of the equation 
fanm(f> which can be determined in this way. 

Let /=[1]™; lot x be a scalar variable; lot o 0 , c u ... c m _j be finite scalar constants; 
and let „ ^ . 

/(tf)=Co + Citf + C a ^+. .+c, 
y (0) = Co/+Oi0 + C 2 0 B +... + On,_ 1 

Then we have to show that it is poBBible to determine the finite constants cq, Ci, c a ,... c m -i 
so that the given undegenerate square matrix 0*=[®]” satisfies the equation 

{A0)}*-0=O. 


.(12) 
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Let Xj, X a , . \ a be the distinct or unequal latent rootB of [*] m > which are all different 
from 0 because (a)” l =j= 0 : and let 

'm 

D m (x)^(-l) m (x-\) il (x-^...(x-\ a ) ,1 >, 
and ^(^(tf-X^ (tf-X a ) fl2 . (a-X a )\ 

where g ? 1 + o ? 2 + . +d a =m, fl 1 + e 2 +. + e a =nipm, 

be respectively the determinant and the potent factor of order in of tlio characteristic 
matrix [a ]'”—x [1]™. By Theorem IIZ> of § 224 the given matrix 0 = [<*]™ satisfies the 
equation ( 12 ) when and only when there exist identities in 0 and x respectively of 
the forms 

{/m 2 -<i>= 9 ( 0 )^( 0 ), {/{•)%>{*), . 

where g ( 0 ) and g {x) are corresponding rational integral functions of 0 and .r, i.e. whou 
and only when {/(a ?)} 2 — x is divisible by E m (x). 

Now let F(x) be any rational integral function of x of degreo r, where r m, which is 
not divisible by x and whioh contains E m (x) as a factor. By Lemma 2 wo can dotormiuo 
a rational integral function f(x) of degree less than r whioh iB such that {/(#)} 2 —x is 
divisible by F(x), and therefore by E m (x). There then exist identities in x and 0 of the 
forms (13); and Bince the given matrix 0=[a]™ satisfies the equation f? m (0)>=O, it also 
satisfies the equation ( 12 ). Thus in the above theorem /(0) may be the matrix function 
which corresponds to the scalar function f(x). A solution obtained in this way will not be 
in its simplest form when its degree exceeds n — 1 ; for it can then be reduced m degreo by 
the equation E m (0)=O. 

Again by Lemma 2 there are exactly 2 s functions f(x ) having degrees less than n which 
are such that {/(a ’)} 3 — # is divisible by E m (x). Therefore there are exactly 2" functions 
/( 0 ) having degrees less than n which satisfy the equation ( 12 ). Wo obtain them by 
taking F(x) to be E m (x) in Lemma 2 ; and when bo obtained, they are in their simplest 
forms, and are all independent Sinoe every rational integral function of 0 can bo roduced 
to one whose degree is less than n by the equation E m (0) = 0, it follows that ovary function 
/( 0 ) satisfying the equation ( 12 ) must be identical (when its dogroo is made loss than n) 
with one of the above 2* independent functions. 

Supposing then that the latent roots of 0 have been found, we can determine particular 
solutions of the equation 0 2 =0 in either of the following two ways, of which tlio first is 
the simpler. 

First igay of determining solutions of yf^=(f>. Taking F(x) to bo E m (x) in Lemma 2 
we obtain 2 ■ independent solutions of the forms 

0 =9 (#= ± [ 9i (0) ± n/X^z (0 ) ±... ± J\ t g a (0).(14) 

where gi(x) } g%(x), ...g a (x) are uniquely determinate rational integral functions of x of 
degrees less than n whose coefficients are rational functions of X 1( X 9 ,... X,. Tlio functions 
9u 9%-> 9* ^ 9 are the same for all matrices 0 =[a]” whose oharaoteristic nmtrloos 

have the same potent diviBors of order m, i.e. for which X„ X 2 ,... \ and e u ... e s aro tlio 
same. The function g x (x) is divisible by (#-X 2 )«i (a-X 8 )«a... (x-\ a )»s; it is such that 
{ 9i (z)} 2 ~ * ™ divisible by (* - X^; and such that g t (Xj)= 1 . Consequently g x ( 0 ) has the 
latent root 1 repeated d x times, and all its other latent roots are 0 . 

Second way of determining solutions of 0 *= 0 . Taking F{x) to be J) m (x) in Lemma 2 
we obtain 2 ■ independent solutions of the forms 

0=/ (0) = ± A (0) ± VVa (0) ± ••• ± s/T a f a (0), 


■( 18 ) 
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whoro (,'«), / a (a 1 ), . f s (x) nre uniquely determinate rational integral functions of x of 
degrees less than m, whose coefficients are rational functions of \ lt X 2 , X a . The functions 
/i j /a, / 8 and / are the same for all matrices 0 =[a]’* which have the same latent roots, 

i.e. for which \ lt X 2 , ••• K and e^,.. d a are the same. The function fi (x) ib divisible 
by (A’-Xa)^ (.v - X 3 ) ( h . . (x-X 8 ) d a , it is such that {fi (a?)} 2 -a? is divisible by (x — X^i, and 
such that fi (Xj)= 1 Consequently fi (0) has the latent root 1 repeated times, and all 
its other latent roots are 0. When the solutions (15) are reduced m degree by the equation 
E m (0)=O, they become the solutions (14). 

Ex. vn. If 0=[a]jj is an undogenerate square matrix of order 3, and if the determinant 
and the potent factor of order 3 of its characteristic matrix 0— #7= [a]®- #[1]® are 
respectively 

(■*) = - (a?—X ) 2 (x—fi), E 3 (x)=(x—X) ( x—fi ), 

whore X[i =(= 0, X=t=/x, then the particulai’ solutions of the equation 0 2 =0 obtained by taking 
F ( x) to bo 

(x-\)(x~n), (a—X ) 2 (x—fi), (x-X)(x-fj.)(x-v) 

in Lemma 2, where X/iv = 1=0, (jx-v) (v-X) (X -are respectively 

(!) ^=^r^{±\/X. (0-/x/) + -s//i. (0-X7)}; 

(2) 1 ^ == 2X (X^—/i) 2 ^ • [(X+/J.) 0-X (3X -/x)/] (0- /i/)±/s//i 2X (0-XJ) 2 } 

= 2XTxW 2 {T ^ C(X+/i) (3X _/i) /] 

2X (0 2 — 2X0+X 2 /)}; 

* (*■- xf(v - n) ~ X7) to -| *** 

The solutions ( 2 ) and (3) become the solutions (1) when their degrees are reduced by 
the equation 

^ 3 (0)b=(0_x/) (0-/i/)=O, or 0 B =(X+/i) 0-X/i7 

Ex. viii. If 0 is the square matrix considered in Ex. vi of § 224, we obtain particular 
solutions of the equation 0 2 =0 by putting X=2, p =31 and v = 7 in Ex. vu above, these 
solutions being 

(1) *»1{ + V2. (0 — 317)1^31. (0-2/)}; 

(2) f= 4^95 {? fi • (330 + 50/) (0 - 31 J)± ^31.4 (0-2/) 2 }; 

(3) ^»±^(0-31/)(0-7/)±^(0-7/)(0-2/)q:^(0-2/)(0-31/). 

The solutions ( 2 ) and ( 3 ) become the solutions ( 1 ) when their degrees are reduced by 
the equation 

E B (0)™(0 —2/) (0 —31/)=0, or 0 2 = 330 - 62/. 

Noth. When 0 iB Bymmetrio, the solutions of tbe equation ip=0 obtained in thiB way 
are all symmetrio A simple equation of this form was solved in § 162, i. (e). 



CHAPTER XXVI 


EQUIMUTANT TRANSFORMATIONS OF A SQUARE MATRIX WHOSE 
ELEMENTS ARE CONSTANTS 


[In §§ 226—7 we define equimutant transformations, point out their importance in the 
Theory of Substitutions, and find conditions for the existence of an equimutant trans¬ 
formation between two given square matrices In §§ 228—9 we describe the canonical 
form n to which a Bquare matrix 0 oan be reduced by equimutant transformations and the 
construction of its parts and super-parts; we define umpotent and unilatent Bquare matrices; 
and we consider some of the properties of a simple canonical Bquare matrix. In §§ 230—1 
we determine the rank of any given rational integral funotion of a given square matrix, and 
find conditions that suoh a funotion shall be non-extravagant In §§ 232—4 we define the 
transmutes of a Bquare matrix, and Bhow that there exists an equimutant transformation 
between two given square matrices when and only when they have the same transmutes. 
In § 235 we show how to determine complete sets of unconnected BolutionB of any equation 

I—I 

of the form /(0) % =0 when 0 is a given Bquare matrix of order m; m particular wo 

1 —'hi 

determine the total number of unconnected poles of 0 Finally in § 236 we show that the 
conjugate reciprocal of the characteristic matrix 0 —X/ of a given square matrix 0 is 
a rational integral function of 0; also we obtain expansions for the inverse matrix (0 - XT) - 
and give the equimutant transformations derived from them by Frobenius which convert 
0 into a compartite matrix whose parts are all unilatent square matrices.] 


§ 226. Definition of an equimutant transformation. 

If A = [a] r r and R = [6]™ are square matrices of orders r and m, and if 
r ^ m, a relation of the form 

.w 


T l““l 

in which [/i] m and H are two mutually inverse undegenerate matrices of 
rank r with constant elements, so that 

m: .W 

will be called an equimutant transformation converting the square matrix A 
into the square matrix B 

In particular if A = [a]“ and B = [&]“ are two square matrices of the 
same order m, a relation of the form 


MlMlS 1 = [6]” 


■(B) 
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■ ■ 7th I 1 

in which \Ji\ m and H are two mutually inverse undegenerate square 
matrices with constant elements, so that 


H M“-[A]*£r =[]]’ 


.(b) 


will be called an equimutant transformation converting the square matrix A 
into the similar square matrix B, and may be distinguished from the more 
general transformation (A) as being an isomorphic transformation. Since all 
the matrices which occur in (B) are square matrices of the same order m, and 

[h] m is undegenerate, we can m this case write h = [&] m , h* 1 — H , and 
replace (B) by 

hAh-' = B. 


When there exists an equimutant transformation of tlio form (A), we can 
(see Note 7 of § 141) deduce from it another transformation of the form 



a, 0 
0 , 0 


r, m—i 


r, m—r 


i— 

H 


1 — 


= [&] 


7/1 

m 


(C) 


in which [/i] m and H are two mutually inverse undegenerate square 


matrices with constant elements formed respectively by adding m-r final 

r 1 —I** 

vertical rows to [/i] m and m — r final horizontal rows to H ; and (0) is also 

an equimutant transformation. Conversely the equimutant transformation 
(C) leads at once to the equimutant transformation (A). Thus every 
equimutant transformation such as (A) can be replaced by an equivalent 
equimutant transformation of the special form (B). 


The inverse of (B) is the equimutant transformation 


H [&]“ [A]*-[a]®. 


(BO 


converting [&]™ into [a]”; and similarly the inverse of (C) is an equimutant 
transformation converting the square matrix [b] 1>t into the similar square 


matrix 


. f a. 0 " 

lx L°. °- 


r,m—r 


; but the inverse of (A), viz. the transformation 


r, m—r 


3 Pi: Wl-[«]!. 


.(A') 


is not an equimutant transformation except when r = m. 

Since equimutant transformations are a special class of equigradent trans¬ 
formations, two square matrices such as [a]^ and [&]” in (A) between which 
an equimutant transformation exists must have the same Tank. 
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Equimutant transformations play a large part m the Theory of Substitu¬ 
tions. It will be seen from Note 5 that in finding the simplest form to which 
a given square matrix can be reduced by an equimutant transformation, we 
are at the same time finding the simplest form to which the scalar equations 
of a given homogeneous linear substitution can be reduced by a change ot 
variables. 


Note 1 . Appropriateness of the designation 1 equimutant. 3 

It is convenient to give a name to transformations of the form (A). The appropriateness 
of the name ‘ equimutant 3 will become clear in the following articles of the present chapter. 
In §§ 233 and 234 the successive transmutes of a square matrix whose elements are 
constants are defined, and in § 235 it is shown that two square matrices with constant 
elements are Buch that one of them can be converted into the other by an equimutant 
transformation when and only when the two matrices have the Bame successive transmutes 
of all orders starting from the first. 


Note 2. Symmetric equimutant transformations. , 

f i —n 7N 

The equimutant transformation (A) is symmetric when [A] (ft and H are mutually con¬ 
jugate. Thus the most general symmetric equimutant transformation has the form 


i [ a y m =i?] ro , 

I_I m *- J r L J r *- J m 

where [Z]™ iB a semi-unit matrix of rank r, bo that 

it- 


.(D) 


In particular a symmetric equimutant transformation converting one square matrix into 
another similar Bquare matrix has the form 


l [«]"[*] -[&] , . 

i_i OT LJ m LJ m LJ m’ 

where [Z]’.” is a square semi-unit matrix, so that 

[Z] m 7 W =7 W [Z] m =[l] m . 

L J *» i_i m i_i m L L j mi 

We shall also call (D) and (E) symmetric semi-wnt transformations. 


.(E) 


Note 3. Composition of equimutant transformations. 

Any number of equimutant transformations applied in suooession to a square matrix 
are clearly together equivalent to a single resultant equimutant transformation ; and if the 
component transformations are all symmetric, then the resultant transformation ih also 
symmetric. 

The resultant transformation is formed in the same manner as the resultant of a 
number of successive equigradent transformations in Note 2 of § 141. 


Note 4 Equimutant transfovmotions of a compartite matrix. 

PiQi r _ __ p,q, .. Jl 


Let 


a, 0, ... O' 

0 , 6 , ... 0 


'a, 0, . . O' 
0, ft ... 0 


|_0, 0, ... c_ 


P.fl. r 


■ y_ 


p, q , . 11 







226 ] 


WHOSE ELEMENTS ABE CONSTANTS 


333 


where P <j 'p, Q <jr g ,. . R <£ r, be two compartite matrices of standard forms having the 
same number of parts, all the parts being square matnoes. Then if 



m r R n 



[y] 


R 

R ■ ' 


...( 1 ) 


are equimutaut transformations converting the successive parts of 0 into the corresponding 
parts of 0, 

,_ P. Q, R 

“A, 0, ...0 ~ lhq ' T ff, 0, . o' 

0, IP, . 0 


0 , h\ . . 0 

0, 0, . . h" 


</> 


= t 


.( 2 ) 


- r.Q, it 


0, 0 , . . H" 


P, 7. 1 


is an equimutant transformation converting 0 into 0 Conversely if (2) is an equunutaut 
transformation converting 0 into 0, then all the transformations (l) are equimutant. 


Note 5 Substitutions whose matrices are equimutant. 


If 




m 

iu, 


is an equimutant transformation, the two ordinary homogeneous linear substitutions (or 
transformations) 



at = [&]” as 


( 3 ) 


are often called ‘ similar 1 substitutions (or transformations), because if the two equivalent 
equations * 


so ■■ 
'—•m 


OL y. 


i—i i—i i—i 

y <=R x 

1 —'—'m 1 —'in 


( 4 ) 


define a transformation of independent variables, then the substitution defined by the first 
of the equations (3) when a,\, ,v 2 , . . x, n are independent variables is the same as the 
substitution defined by the aquation 




when y u y 3 , ... y m are indopendeut variables. To give a more precise form to this 
statement, let f x , / a , / 3 , ... and g \, g 2 , g 3 , .. be corresponding rational integral fimotions of 
the ata and if s defined by the transformations (4) iu the way described in § 187. l, so that 

9i (yii ys. ■ ■ y«) -/* (Aiij/i +k n yi +... +h Un y m .), 

%m) = fl'i ( #il«l "t" R'il ’^2 + ■ 


Then/i (x^, x{, ... #„/) =fi (#i, x 2 , ... x m ) is an identity in the ata when 

r ~7 r n n 1 1 

of <=|al x ... 

'—>m m '—‘n 

if and only if g x {y{, y{, ... ym)=lh (2/1, 2/2, Vm) is ftn identity in the y'a when 


( 5 ) 


y 



(5') 


x, n ) is an identity in the ata when 7 =[a1 m Hv , the 
‘ 1 — l m m LJ m 

funotiou /] is called an invariant of the substitution (5). This is the oase if and only if 

9i {y i'i 2/a', ... y» (3/11 3/s, y m ) W an identity m the y'a when 7 =[6] m 7 , iu if 

■—’m m —'m 
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and only if g x is an invariant of the substitution (5'). Thus the transformations (4) convert 
every invariant of the substitution (5) into an invariant of the substitution (5') and every 
invariant of the substitution (5') into an invariant of the substitution (5) 

Ex. i. Every symmetric derangement of a square matrix is an equimutant trans¬ 
formation. 

Ex. ii. The equimutant transformation (B) can always be replaced by or derived from 
the equivalent relation 

[Cw:=LCtc.( b "> 

Thus [A] m must l>e a commutant (see Chapter XXVII) of B and A. 

Ex. iii. Whenever there exists an equimutant transformation of the form (B), the square 
matrices [a]** and [6] m , if their elements are constants, must have the same latent roots. 


For then t^-X [1]>M: {[< -X £.(6) 

this equatiou being an identity in X ; and when we equate the determinants of both sides, 

Urn rtKf.ftin 


we obtain 




Moreover the characteristic matrices [a]’ n —X [l] w and [&] m —X [l] m are equipotent and 
have the same potent divisors 

This follows from Theorem II of § 214; for (6) is an equi grad ent transformation, arid 
therefore au eqmpotent transformation 

Further if x is a pole of [a]”* corresponding to the latent root p, then y =[/i ] m x 

1 — ‘m n i—i M 

is a pole of [6]^ corresponding to the same latent root p. 

For if [«]!!•'^ , , then [&] w . [A] n ‘T =p[A] m T . 

Ex. iv. Whenever there exists an equimutant transformation of the form (A), the square 
matrices [a] r and [fe] m , if their elements are constants , have the same non-s&ro latent roots. 
Replacing (A) by (0), we have the identity in X, 

. )r„ .<„ 

*- 7 J r, w-i* w * 

and when we equate the determinants of both sides we obtain 


det W ”-X[lO-(-X)”-’-d e t fW ;-X [ 1 ]> 

Thus [b] w has certainly m — r zero latent roots, and its remaining latent roots (each of 
which may or may not be zero) are the r latent roots of [a]^ 

Moreover the potent divisors of the characteristic matrix [&]™-X[l]* are the potent 

divisors of the characteristic matrix [a] r —X [1] r together with m — r additional potent divisors 
all equal to X. 
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For (6') is nil eqiupotent transformation, and the middle factor matrix oil the light is 
a compartito matrix whose parts are [a]^ — X [1] } and — X[l]™ Therefore the potent 
divisors of [6]’”- X [1]™ aro the potent divisors of [a]^ — X [1]’ and X [1]™”^- 


Ex v. Let </» and fa be two square matrices of the same order m, and let f{fa) and f (fa) 
be corresponding rational integral functions of fa and fa. Then if an equimutant transforma¬ 
tion converts fa into fa, the same equimutant transformation converts f(fa) into f (fa). 


Let 


A-wi h=h , /-[i]- 


and let hfaff=fa , (whero hII=Hh=l), .(7j 

be an equimutant transformation converting fa into fa. Tlion 
fa°=l=hH=hI7I=hfa 0 ZT, fa'=hfa l ff, 
fa 2 ‘=/lfaffhfaff=/lfa'‘ a B', fa 3 = hfa 3 H, fa 4 = A fa 1 II, ... 

If wo multiply those equations by scalar constants and add, wo see that 

m=hmH, i.e. v<*)ff-/wr).cn 

Since h is an undegeuerate square matrix, we can put H=k~ 1 and replace (7') by 

f(hfah-')=hf(fa)k -1.(7") 


Ex. vi. Let a given equimutant transformation oonv&i't two square matrices fa and fa 
of orderm into two other square matnees $ and SP of the same order m. Then if fa is a 
rational integral function of fa, the matrix ¥ must be the same rational integral function 
of*. 

Lot h he an undogonorate square matrix of order m with constant elements, and loL 

hfah~ 1 =*, hfah~ 1 ='f'. 

Then if fa= f(fa), it follows from Ex. v that hyjrh -1 =/(*), i.e. * =/($). We conclude that: 

The matrix < Sr is a rational integral function of 4> when and only when the matrix fa is a 
rational integral function of fa 


Ex. vii. If [a] ^ is any square matrix of order m with constant elements, it is possible to 
determine equimutant transfoi'mations of the form 


[A] m [a] m z? m = r 1 

L L 1_| 10, 0 I 


.(S) 


Then a is one of the latent roots of [a]’ ft , and the latent roots of [6]^_ x are the remaining 
m-1 latent roots of[a\ v \ 

Lot p bo any latent root of ral”‘: let V bo any non-zero solution of tho oquatiou 

* ‘-•m 

r Tin r— ’ 1 1 

|«1 x «= p x ; 

n1, 1 'HI 1 —'))» 

let he any undegeuerate matrix of rank »i- 1 satisfying the equation 
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an undegenerate square matrix formed by adding an initial horizontal row to ; let 

n m 

be the inverse of [A] ; and let 

L J ,« 


[ 6 ] 


m 




n; 

m 


.(9) 


Then because [A]™ is undegenerate, we have 




x = * where k 4= 0, 


and because by Ex. lii 


PC-cO. * ■ 


therefore 




l 


The last equation shows that bn<=p, b 2l =b 31 =. = b ml =0; therefore after a ohange in the 
notation the equation (9) becomes (8), where a=p. 

The latent roots of [a]’* are the latent roots of the matrix on the right in (6), i.e. they 
are a and the latent roots of [7)1 m 1 . 

L J m-l 

Ex. viii. If [a]™ is any square matrix of order m with constant elements, it is possible 
to determine equimutamt transfoimations of the form 


[A] m [a] 711 H 


in 

iia 

&1S .. 

1 • iii 7 i 

0 

&22 

&23 

.. 62711 

0 

0 

633 

■ • 63711 

0 

0 

0 .. 

• 6 nnn_ 


( 10 ) 


Then b n , b&, ... b mm are the m latent roots of [a]™. 

After obtaining the transformation (8) of Ex. vu, wo can treat [6]™^J 111 08,1116 wa y> 

and so obtain an equimutant transformation of the form 


[*] 


m-l 

m-l 


[ 6 ] 


771—1 

711-1 



1, 771-2 


I, tn-2 


from which we can deduce an equimutant transformation of the form 

1, 1, 171-2 

v!'~ 

i/ 

o 

~ 1,1,171-2 

We can now treat [c]*_* in the same way; and so on. Thus by a succession of equimutant 
transformations we can convert [a]” into a square matrix having the form shown on the 
right in (10); and the matrix on the right has the same latent roots as [a] m . 

m 


t l 1, m — 1 r— —- 1| . * 

1, 0 To, a 1,0 

0 , k Lo, b 0, K 

’ " J l, m-l *- ’ - 1, tn-1 , ’_ 


i - a, u . 

= 0 , 0 , 
1 1.m—l 0) 0, 
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226, 227] 


§ 227. First form of the necessary and sufficient conditions 
for the existence of an equimutant transformation between 
two given square matrices. 

Before stating these conditions we will prove an important lemma which 
will be extensively used in later articles. It is a particular case of a more 
general theorem given in the chapter on matrices which are homogeneous 
and linear in two scalar variables. 


Lemma. Let + be two square matrices 

of the same order m whose elements are linear functions of the single variable x, the coefficients 
of x in both of them, i.e. the matrices [a]™ and [&]”*, being undegenerate 


Then rj> and are equipotent when and only when there exists an equigradcnt trans¬ 
formation of the form 

.w 

where [/i] W and [A] m are undegenerato square matrices with constant elements. 


For the sako of brevity we will write /=[l] m and 

p-[fC ff-bC. A-Mi 

*-m:, *-m:, *-m:, 

each of those letters denoting a square matrix of order m. 
jFiist suppose that </> and ifr are equipotent. 

Then by § 220 there exists an equipotent transformation of the form 

p<j>q=yfr, .(B) 

whore p and q are undegenerato square matrices of order ni whose elements are rational 
iutogral functions of x, and whose determinants are constants independent of x. Lot P 
and Q be tho inverses of p and q, these being matrices having the same properties as p and q 
and satisfying the equations 

pP=>Pp = I, qQ=*Qq=I. .(1) 


By Ex. v of § 201 wo can write 

ptsyjrU+h, q =*Vyfr + k, .(2) 

P^^u'+JS, Q=d<j> + K, ...(3) 


whore u, v, u\ v' are square matrioes of order m whose elomonts are rational integral 
functions of x; and where h, 1c, H\ Ii are square matrioes of order m whose elements 
are oonstants. 

Now from (B) and (1) we deduce the equation 

P\Js = <fig 

which in an identity in x ; and when we substitute in this identity the values of P and q 
given by (2) and (3), we obtain 

<f) (v! — v) H-^r. 


a. m. 


22 
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Here the degree in x of the matrix on the right cannot exceed 1, and therefore the degree 
m x of <f) (v! — v) ifs cannot exceed 1. But if u'—v does not vanish identically, we see by 
successive applications of Ex. iii of § 201 that the degree in x of <f) (v! — v) cannot he less 
than 1, and that the degree in a; of <j> (U 1 — v) yjr cannot be leBS than 2, We conclude that 


u'—v must vanish identically, and that we must have 

u' = v, ffyff=(f)k. 

Similarly from the identity ^Q=p4> we deduce that 

v'=u y yjrE=h<j>. 

Hence we can replace (2) and (3) by the equations 

p=i]fU + k, q = vyfr+k, P=<j>v+H, Q=u(f> + E, .(4) 

in whioh ffyfr=-(fjk, ^E=h<p .(5) 

Again from (4) and (5) we see that 


Pp=I=((fjv + S)p=(f)vp+ff (yjru+h) = <f) ('ii p+ku)+Eh, 
or I-ffk=<j) (vp+ku). 

Since I — Eh is independent of x, and <f) has degree 1 m x, it follows from Ex. iv of § 201 
that 1— Hh=0 , i.e. 

hH<= Ek=I, vp+ku=0 ; .(6) 

and from a consideration of the product qQ we can show in a similar way that 

Ek = kE*=I, qu+vh =0 .(7) 

Thus h, H and h, K are two pairs of mutually inverse undegenerate square matrices. 

By prefixing the undegenerate matrix h in the first of the equations (5), or by postfixing 
the undegenerate matrix k m the second of them, we now obtain the equation 

h^)k=-^ .(B') 

which is an equigradent transformation of the form (A). 

Next suppose that there exists an equigradent transformation of the form (A). 

Then by Theorem II of § 214 the matrices (j> and ^ are necessarily equipotont; and 
this completes the proof of the lemma 

Note If $ and \fr both lie in a restricted domain of rationality A and are equipotont , 
then the matrices [A] m and [£] m in (A) can be so chosen as to he in G. 

For we can then choose p and q in (B) and u, v, u\ v\ h, k, H, E in (2) and (3) so that 
they all he m A. 

Ex. i. The square matrices u and v are equipotent. 

For from (6) and (7) we obtain the equipotent transformations 

kuP= —v, quH= —v. 

Ex. ii. When 0 and i/r have any degrees r and s in x , and the coefficient of the highest 
power of x in each of them is undegenerate, we still have the equations (B), (4) and (5) 
holding good whenever <j) and ifs are equipotent, the degrees of h and k m x being now less 
than s , and the degrees of H and E in x being now less t.Vmn r . 

We "will now use the foregoing lemma in proving the two theorems whioh 
follow. 
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Theorem I. Let <f> = [a]™ and ^ = [6]™ be two square matrices of the 
same order m whose elements are constants lying in any domain of rationality O. 
Then there exists an equimutant transformation of the form 


[h] m [a] m H n =[b] m , (whei'e [A] m S m = 5 m [/ t ] m = [l] m \ ...(0) 

L J m L L _ lm L J »n, \ L ,_, m i_i„, L J «» L J »/’ v / 


iuhen and only when the characteristic matrices 




m 

m 


and 


f(x) = [C-x[i] 


m 

m 


of (f) and yfr have the same potent divisors, i.e. when and only when <f> (X) and 
^ (X) are equipotent; and when this condition is satisfied, there exists an 
equimutant transformation in O of the form (0). 


Corollary. In the particular' case when <j> and ^ in Theorem I are 
square matrices whose characteristic matrices have only linear potent divisors, 
ther'e exists an equimutant transformation of the form (C) when and only when 
<j> and have the same latent roots, i e. when and only when 

det {[a] m - X[l] m } = det {[b] m - X [l]” 8 }. 

lL J tn L J m J lL J ?re L J m J 

Since (X) and yfr (X) are undegenerate square matrices having the same 
rank m, they axe equipotent when and only when they have the same potent 
divisors. 


First suppose that there exists an equimutant transformation of the 
form (C). Then as shown in Ex. iii of § 226 the characteristic matrices <f> (X) 
and \fr (X) are equipotent, and have the same potent divisors. 

Next suppose that <f> (X) and yfr (X) are equipotent. Then by the lemma 
just proved and the Note which follows it there exist undegenerate square 

matrices \K\ m and IT ]™ in fl with constant elements such that 

L J m L J m 

[X]* {[a] m - X [if 8 } [ft]” 8 = [if 8 - X [1]*; 

L IL J m L L L L J m > 


and because this equation is an identity in X, we have 

[ftf 8 [a]* [ft]” 8 = [if 8 , [ft]” 8 [ft]” 8 = [1]*. 

u J m L L J m L j mi L J m L L 

Thus [ft]™ and [ft]™ are two mutually inverse undegenerate square matrices 

lying in O; and when we write [ft] = E , we obtain the equation (C), 

m 1 — 

which is an equimutant transformation in 

To deduce the Corollary, we observe that when the potent divisors of each 
of the characteristic matrices <f> (X) and ^ (X) are all linear (but not neces¬ 
sarily all different), they are X — a 2 , X-a B , ... X — a m and X — ft, X —ft, ... 

22—2 
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\ — /3 m respectively, where a lt a B , are the m latent roots of and 

$ , fa, ... are the m latent roots of i/r. Consequently <f>(X) and yjr(\) 
have the same potent divisors when and only when $ and ^ have the same 
latent roots 


Theorem II. Let <f> = [a]^ and = [&]“ be two square matrices of orders 
r and m whose elements are constants lying in any domain of rationality n, 
r being not greater than m. Also let 

<j>(\) = [af T -'K[lY r and f (X) = [&]“ - \ [1]“ 

be the characteristic matrices of <j> and 

Then there exists an equimutant transformation of the form 

w: w: pc =[i];).a>> 

when and only when the potent divisors of yjr (X) are the potent divisors of $ (X) 
together with m — r additional potent divisors all equal to X and when this con¬ 
dition is satisfied , there exists an equimutant transformation in £1 of thefomi (D). 

Corollary. In the particular case when cf> and yfr in Theorem II are 
square matrices whose characteristic matrices have only linear potent divisors, 
there exists an equimutant transformation of the form (D) when and only when 
the latent roots of t]t are those of <j> with the addition of m — r zero latent roots. 

Since <j> (X) and yjr (X) are undegenerate square matrices having ranks r 
and m respectively, it is only possible for them to bo cquipotent in the special 
case when m—r. 

First suppose that there exists an equimutant transformation of the 
form (D). Then as shown m Ex. iv of § 226 the potent divisors of yjr(\) 
are those mentioned m the enunciation of the theorem. 


Next let the potent divisors of ^ (X) be those montionod in the enuncia¬ 
tion, and let 


<E> 


_ 'a, 0" 

“ [o, 0. 


r, m—r 


, <&(X) = 


r, nt—r 


r n-i r » " l ~ r i—< m 

ft, 0 _ 1, 0 

0 , 0 0 , 1 

-* r, m-r 


r, m-r 


r, m-r 


so that $ is a square matrix of order m lying in O, and <3> (X) is itw charac¬ 
teristic matrix. Then i/r (X) has the same rank and the same potent divisors 
as the compartite matrix <S> (X), and is equipotent with $ (X.). Therefore by 
Theorem I there exists an equimutant transformation in H of the form 


[A]“ „"T S'“=[6] m , fwhere!ff'”[/i] m =[l]”'),...(D') 

L [_0, oj .—. m v >-^ m L L J »/’ v ' 


‘r, m-r 


and from (D') we deduce the equation (D), which is an equimutant transforma¬ 
tion m O. 
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To deduce the Corollary let a lt a 2 , ... a r and ft, ft,... ft„ be respectively 
the r latent roots of <j> and the m latent roots of i/r. Then in the particular 
case when the potent divisors of each of the matrices $ (X) and yjr (X) are all 
linear, those potent divisors are respectively X — a lt X— a 2 , ... X — a,. and 
X — ft, X — ft,. . X — Hence by the theorem there exists an equimutant 
transformation of the form (D) when and only when r of the latent roots 
ft, ft,... ft rt are the same as « n eta,... cr r , and the remaining m — r of the fts 
are 0’s. 

A way of proving Theorems I and II without using the lemma of this 
article is indicated in Notes 2 and 3 of § 230. 


Ex. in. There exists an equimutant transformation of the form (D'), which may be a 
transformation in O, when and only when the characteristic matrices of * and ifs are 
equipotent In the particular case of the Corollary to Theorem II this condition is satisfied 
when and only when $ and ift have the same latent roots. 


Ex. iv. If [a]™ and a are any two mutually conjugate square matrices with constant 

dements, each of them can be converted into the other by an equimutant transformation. 

For their characteristic matrices clearly have the same maximum factors of all orders, 
and are therefore equipotent. 


Ex. v. If $=\a\^is a square matrix whose characteristic matrix </> (X) has only linear 

potent divisors , and if cj, c 2 , ... c,„ are the m latent roots of </>, there always exists an 
equimutant transformation of the form 


m“ s;*= ‘h . («h» [*]* ra!-[i]’J). 


.(E) 


For the characteristic matrix I [o] — X[l]™ of the quasi-scalar matrix 1 [o]has the 
same potent divisors X- c l5 X- o a , ■ X — a, n as </> (X) 


Ex. vi. If = w a square matrix, of rank r whose characteristic matrix cj> (X) has 
only linear potent divisors, then it has exactly r non-zero latent roots c l3 c a ,... c r , and there 
exists an equimutant transformation of the form 

(»a« .<u') 

For $ must have m—r zero latent roots, and if its remaining latont roots are c u c-j, ...c ri 
there exists an equimutant transformation of the form (E) in whioh the last m-r diagonal 
elements of 1 [o] are 0’s. Since [c] must have rank r, therefore ci, 0a,... must all be 
different from 0 ; and from (E) we deduoe (E'). 


§ 228. Reduction of a square matrix to a canonical square 
matrix of the same order by equimutant transformations. 

Since the determinant of the characteristic matrix <f> (X) =* [a]“ — X [1]“ 
of a square matrix <£> = [a]™ has degree m in X, the product of all the potent 
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divisors of $ (A), which differs only by a non-zero constant factor from (let <£ (X), 
must have degree m in X. The next theorems show that when the elements 
of <f> are constants which can be chosen arbitrarily, the linear divisors and 
corresponding potent divisors of can have any assigned values consistent 
with this necessary condition. 


Theorem I a. We can construct a square matrix <f> of order m whose 
characteristic matrix <fi (X) has an arbitrarily assigned complete set of potent 
divisors 


(X - cf', (X-Caf, ... (X — c«)°*.(1) 


provided only that e 1} e S} ... e„ are non-zero positive integers such that 

6i + e 2 + .'. + e s = m .( 2 ) 

In fact these conditions are satisfied by any compartite matrix II = [II]™ 

of standard form which has exactly s parts to lt Go a , ... eo 8 obtained from the 
square matrix of order e 


c 1 0 0 ... 0 0 

0 c 1 0 ... 0 0 

0 0 0 1 ... 0 0 

0 0 0 0 ... c 1 

0 0 0 0 ... 0 c 


(A) 


by giving to (e, c) the values (e 1 , Cj), (e a> Ca),... ( e 8 , c g ) respectively. 


Theorem I b. The characteristic matrix [a]™ — X [] of a square matrix 
[a]™ has (1) as its complete system of potent divisors when and only when there 
exist equimutant transformations of the form 


w: = [C[nra-. , a Mice = [(!]“ 


•(B) 


where [11]^ is any one of the compartite matrices constructed as in Theorem la, 

ffi I-IW 

and where [A] and S are mutually inverse undegenerate square matrices 
of order m with constant elements. 


Noth 1 . In these theorems oj, 02, ... c, are any soalar constants and need not bo all 
different. If there are three potent divisors (X-o) a , (X — of, (X — dp corresponding to a 
given linear divisor X-c, the integers a, f}, y being not necessarily all different, then these 
three potent divisors are three terms of the senes (1), and [n] ™ has throe parts corresponding 
to them. 
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Note 2 If there ib a linear potent divisor \-o or (X - a) 1 in the series (1), the 
corresponding part of n in Theorem II a is the matrix with one element 

—wj-w- 


To prove Theorem la let II be any one of the compartite matrices 
constructed as in the enunciation. Then the characteristic matrix 


n(A.) = [ti]“-\[i]“ 

of II is a compartite matrix in standard form whose parts are the characteristic 
matrices tu^X), w a (X),... eo B (X) of the parts o) lt co a , ... tu fl of II, and as in 
Ex. xiv of § 222 the potent divisors of II (X) are the potent divisors of eo^X), 

tu a (X), ... cog (X). Now the characteristic matiix of the typical part co = [tw]^ of 
II is the matrix 


(X) = [«]!-X[l]> 


c — X, 

1 , 

0 

, 0,.. 

. 0 , 

0 

0 , 

c — X, 

1 

, 0,.. 

.. 0 , 

0 

0 , 

0 , 

c — X, 1, .. 

. 0 , 

0 

0 , 

0 , 

0 

, 0,.. 

,. C — ?v, 

1 

0 , 

0 , 

0 

, 0,., 

.. 0 , 

c - X 


which by Ex. viii of § 205 has only the one potent divisor (X — c) e . Hence by 
giving to (e, c) the values (fii, c,), (e a , Cu), .. (e 8 , c g ) in turn we see that II (X) 
has (1) as its complete system of potent divisors, i.e. II is such a matrix as it 
was required to construct. 

Theorem 16 now follows immediately from Theorem I of §'227; for it 
simply states the necessary and sufficient conditions that <f> (X) and II (X) 

shall be equipotent. When [/i]“ is arbitrary and [II]” is fixed, the first of 
the equations (B) is a formula giving every square matrix $ = [a.]” whose 
characteristic matrix <£ (X) has (1) as its complete system of potent divisors. 
When [II] m is given and <£ = [a]™ is a given square matrix whose charac¬ 
teristic matrix has (1) as its complete system of potent divisors, the 
second of the equations (B) is an equimutant transformation reducing <£ to 

the form [11]”. 

L J m 

A compartite matrix in standard form constructed in the manner described 
in Theorem I a, ((h, o a , ... o 8 being any scalar quantities, and e a ,... e„ being 
any non-zero positive integers), will be called a ccbnoniccil 8cjuct/r& mcitrix when 
we are concerned with equimutant transformations; and if = [°0 m is Any 
square matrix of order m with constant elements, a canonical square matrix 
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of order m into which can be converted (or from which (f> can be derived) 
by. equimutant transformations will be called the canonical form or the 
canonical reduced form of <f> for equimutant transformations. 

When the potent divisors (1) are given, the order m which they are 
arranged being immaterial, the canonical square matrices II which we can 
construct in Theorem la differ from one another only m the orders of 
arrangement of their parts, the partB themselves being completely and 
uniquely determinate; and any alteration of the potent divisors (1) leads 
to a corresponding alteration of the parts of the matrices II. Accordingly if 
we consider two canonical square matrices whose parts are the same but are 
differently arranged to be not distinct from one another, then Theorems I a 
and I b lead to the following two theorems: 

Theorem II a. There is one and only one distinct canonical square matnx 
whose characteristic matrix has a given complete set of potent divisors. 

Theorem II b. If <f> = [a]™ is a given square matrix of order m with 
constant elements , there is one and only one distinct canonical square matrix 
II = [H]” of order m into which <fr cam, be converted (or from which <f> can be 

derived) by equimutant transformations, II being the canonical square matrix 
whose characteristic matrix has the same potent divisors as the characteristic 
matrix of <Jj. Further II is the same for all square matrices of order m with 
constant elements whose characteristic matrices have the same potent divisors 
(or are eqmpotent with ) the characteristic matrix of <j>. 

More direct methods of reducing a given square matrix to its canonical 
form will be described in Chapters XXYII and XXIX. The canonical reduced 
form itself can be found by the use of Theorem IY b of § 233, which enables 
us to find all the potent divisors of the characteristic matrix. 

We shall sometimes speak of equi-canonical square matrices, thereby 
meaning square matrices (necessarily of the same order) which have the 
same canonical reduced form. Thus two square matrices are equi-canonical 
when and only when their characteristic matrices are equipotent with one 
another or have the same potent divisors, or again they are equi-canonical 
when and only when they have equal orders and are convertible into one 
another by equimutant transformations. Two square matrices A and B (not 
necessarily of equal orders) will be said to be equimutant with one another 
under any one of the following equivalent sets of circumstances: 

(1) when one of them (the one of smaller order) can be converted into 

the other by an equimutant transformation; 

(2) when they have the same successive transmutes, or have any one 

first transmute in common (see Theorem II of § 234); 
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(3) when the potent divisors of their characteristic matrices A (X) and 

B(X) differ only by potent divisors which are equal to X (see 

Theorem II of § 227); 

(4) when their canonical reduced forma have the same non-zero parts, 

and differ (if at all) only by zero parts. 

A square matrix with constant elements whose characteristic matrix has 
only one potent divisor (which is a power of a linear divisor) will be called 
a unipotent square matrix with respect to equimutant transformations. A (uni- 
potent) square matrix constructed in the same manner as each of the simple 
parts of IT in Theorem I a will be called a simple canonical square matrix ; the 
formula (A) of Theorem la, in which c can be any scalar constant, gives all 
simple canonical square matrices of order e. The canonical reduced form of any 
umpotent square matrix is a simple canonical Bquare matrix of the same order. 

A square matrix with constant elements which has only one distinct 
latent root, i.e. one whose characteristic matrix has only one linear divisor, 
will be called a unilatent square matrix. The matrix <f> of Theorem I a is a 
unilatent square matrix when Cj = c a = ... = c s . 

Note 3. Domain of rationality of the transformations of Theorem lb. 

When a given square matrix is reduced to its canonical form n=[n]™ as m 

Theorem 16, it follows from Theorem I of § 227 that the equimutant transformations (B) 
may he in any domain of rationality which contains both tp and n, i.e. whioh contains cj> 
and all the latent roots c 1} 02 ,... 0 , of <j>. Henoe if fl is any domain in which <p lies, and 
if Q' is the domain formed from Q by the adjunction of the latent roots of <£, then <p can 
be reduced to its canonical form, i.e. to a canonical square matrix of order m, by an equi- 
mutant transformation in Q'. The domain O' is either O or a domain immediately over O. 

Note 4. Square matrices whose oanonioal reduced forms are quasi-scalar matrices. 

Every quasi-scalar matrix is a canonical square matrix whose characteristic matrix has 
only linear potent divisors; and conversely every canonical square matrix whose character¬ 
istic matrix has only linear potent divisors is a quasi-scalar matrix. Accordingly from 
Theorem II b we see that: 

A given square matrix </>»[a]” whose elements are constants can be reduced to a quasi- 
soalar matrix 1 [ 0 ] m of the same order by an equimutant transformation when and only when 
the potent divisors of its characteristic matrix <f> (X)=[a]™-\ [1]™ are all linear, i.e. when 
and only when the potent factor of <f> (X) of order m is a product of unrepeated linear factors. 

In fact this reduction is possible when and only when the complete system of potent 
divisors of <p (X) is X- 01 , X-oj,.. X-o^j and then 01 , ... 0 ,,, (whioh are not necessarily 

all unequal) are the m latent roots of </>. We see also that: 

A given square matrix of order m whose elements are constants can be derived from 
a quasi-scalar matrix ( 1 of the same or lower order) by an equimutant transformation when 
and only when the potent divisors of its characteristic matrix are all linear. 

For if r^-rn, a square matrix <£=[«]” can be derived from a quasi-scalar matrix 
[o] r of order r by an equimutant transformation when and only when it can by equimutant 

transformations be derived from and converted into the quasi-scalar matrix [o] m whose 
lost m-r diagonal elements are 0’s. 
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Noth 5 The characteristic numbers and the chcvractcristw symbol of a square matrix 
with constant elements 

Let 0=[a]™ be any square matrix whose elements are constants; let 0 (X)=[«]™—X [1]’” 
be the characteristic matrix of 0, and let A - a x , A — c 2 , . X — Ot , .. X — On be all the distinct 

linear divisors of 0 (X), these being n in number. Further let the indices of those powers 
of X — C{ which are potent divisors of 0 (X) be e a , e#, e^, ..., this notation to hold good for 
all the values 1, 2, ... n of i. Then the integers composing the to groups in the symbol 

{( e n> fl ia> 0ia> )> (6ai» e 22 j Hst ■•■)> ( fl «i> ®«aj °nS) ■•■)} .(^) 

will be called the characteristic numbers of the square matrix 0. The sum of all of them is 
equal to m, the order of 0. When 0 is given, the number of groups and the integers 
composing each group are perfectly determinate, but the order of arrangement of the 
groups, and the order of arrangement of the integers in each group are arbitrary. We may 
call the expression (G) the characteristic symbol of the square matrix 0 when this arbitrari¬ 
ness has been removed in any specified way. Usually the integers composing each group are 
arranged in ascending (or descending) order of magnitude, and if i >j, a group containing i 
integers always comes before (or always comes after) one containing j integers. 

Two square matrices 0 and 0 are equi-oharacteristio or have tlie same characteristic 
numbel’s when the symbol (0) is the same for both. This is the case when and only when 
then* characteristic matrices 0 (X) and 0 (X) have the same number of distinct linear 
divisors, and the two sets of linear divisors can be so arranged that the successive potent 
divisors of 0(\) corresponding to its ztb linear divisor have the same indices as the 
successive potent divisors of 0 (X) corresponding to its ith linear divisor. The canonical 
reduced forms of 0 and 0 constructed as in Theorem I a then differ only in the particular 
values assumed by tbe unequal arbitrary constants c a > c 3 ) occurring iu them. It will 
be clear that equi-characteristic matrices are not neoessorily equi-canomcal. 

Note 8. The super-parts of a canonical square matrix. 

Let n=[H]™ be a oauomoal square matrix which has exactly n distinct or unequal latent 
roots Cjj,... a^, and let (0) be its characteristic symbol as defined in Note 5. Also lot 

fl<i + + -• -=» (i=l, 2,... w), 

and let to fl , <og, ... be the parts of n which correspond to those potent divisors 
(X-o t )‘“, (X-cO^, (X-c^, ... 

of the characteristic matrix n (X) which are powers of X - c ( . Then when the arrangement 
of the parts of n is that corresponding to the arrangement of the characteristic numbers in 
(C), we oan regard n as a oompartite matrix in standard form which has exactly n successive 
ports ti»i, © 2 , ... ar n , where ■at i for each of the values 1, 2,... to of i is a square matrix of 
order e t and is the compartite matrix in standard form whose successive parts are 
“in .... This can be shown by the symbolical notations 



"«i> 0, . 

.. 0 ~ 

Hi Hi • e n 

n = [n r= 

0 , ar 2 , . 

.. 0 

J 


O 

o 

i 

•• ®Tn_ 

Hi Hi Ht 


0 , 

0, ... 

- HiiHi.eto, 


0 , o> 12 , 
0, 0, 

0, .. 

“i3 j ■■■ 



" Hi, Hi, Hi, - 
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When the characteristic symbol (G) is given, we shall usually suppose EE to have this 
form; and we will call i3 U ar a ,... ar n the super-parts of n corresponding respectively to the 
distinct latent roots c l} Ca,... e n of n, or to the distinct linear divisors A — Ci, X — c a ,... X- c,, 
of n (X). Each of the super-parts of n is a unilatent canonical square matrix ; for the 
super-part ra* has only the one distinct latent root c t , and its characteristic matrix ur* (\) 
has only the ono distinct linear divisor X — a* When the parts of EE are arranged as in (D), 
we shall call n a canonical square matrix of standard form or simply a standard canonical 
square matrix. 

Ex. i. The canonical reduced form of a square matrix </>=[«]” of order 9 whose 
characteristic matrix <£(X)=[a]jj—X[l]jj has 

X s , A-2, (X-3) 3 , (X — 2) 2 .(3) 

as its complete Hystem of potent divisors can bo taken to be eithor ono of the square 
matrices EE = [13]” given by 


0 1 0 i 

i o ; 

! o o o 

;oo~ 

~0 1 0 , 

,000 

0 

0 0 

0 0 1 j 

1 0 1 

1 0 0 0 

1 0 0 

0 0 1 

0 0 0 

0 

0 0 

0 0 0 

0 

0 0 0 

0 0 

0 0 0 

0 0 0 

0 

0 0 

0 0 0 

2 ' 

j 

0 0 0 

1 

' 0 0 

1 

0 0 0 

3 10 

0 

0 0 

i 

I 

i - 

j 

n= 000 

0 3 1 

0 

0 0 

0 0 0 

0 

3 10 

! 0 0 » 






0 0 0 

0 0 3 

o 

0 0 

0 0 0 1 


,031 

j 0 0 



0 0 0 


1 0 0 3 

1 0 0 

1 

0 0 0 

0 0 0 

2 

0 0 

0 0 0 

0 ' 

o 

o 

o 

1 2 1 

0 0 0 

0 0 0 

0 ! 

2 1 

0 0 0 

0 

I 0 0 0 

1 0 2 

_0 0 0 

0 0 0 

0 

0 2 


0 0 

Here the characteristic matrix EE (X) = [n] 0 -X[l] 0 has (3) os its oomplete system of 
potent divisors; and every square matrix of order 9 whose characteristic matrix has (3) as 
its complete system of poteut divisors can be derived from (and- converted into) EE by 
equimutant transformations. The characteristic symbol of every such matrix corresponding 
to the standard arrangement X 3 , (X - 3) 3 , X -2, (X - 2) 8 of the potent divisors (3) is 

{(3), (3), (1, 2)}. 

The second of the two matrices given above is the corresponding standard canonical reduced 
form of EE. It has 4 simple ports and 3 super-parts. 

Ex. ii. Properties of a canonical square matrix defined by the potent divisors of its 
characteristic matrix. 

If EE=[EE]™ is the oauonioal reduced form of the square jnatrix <£=[«]”, and if 
$ (X)=a[a]"*-X[l]”, EE(X)=[EE]”-X[1]” are the characteristic matrices of <£ and EE, we 
may notioe the following facts: 

(1) To each potent divisor of <f> (X) or n (X) which has the value X there corresponds 
a part [0]| of EE having degeneracy 1. 


f 
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(2) To each potent divisor of 0 (X) or 11 (X) which has the value X p , where p > 1, there 
corresponds a part 


of n having degeneracy 1. 


P _ro, n 1,3 ’" 1 

Lao 

p-1.1 


(3) To each potent divisor (X - c) e of 0 (X) or n (X) which is not merely a power of X, 

i.e. in which c=t=0, there corresponds a part [a]* of EE which is an undegonerato 
square matrix. 

(4) The degeneracy of n is equal to the number of potent divisors of 0 (X) or n (X) 

which are powers of X, i e. which are divisible by X; consequently n ih 
undegenorate when and only when X is not a linear divisor of 0 (X) or n (X), 
i.e. when and only when no potent divisor of 0 (X) or II (X) is a power of X. 


(5) If 0 (X) or EE (X) has exactly r potent divisors equal to X, then we can write 

n -C: 10 ■ 

u 1 J m-r, r 

where [n-] m_r is the canonical square matrix of order m — r the potent divisors 
gf whose characteristic matrix are the remaining potent divisors of 0 (X) 
or n (X). 


If we omit all reference to 0 and 0 (X), these are properties of a canonical square 
matrix of order m which is defined by the potent divisors of its characteristic matrix. 


Ex. in. The degeneracy of a square matrix 0=[a] m w equal to the total number of those 
potent divisors of its characteristic matrix 0 (X) = 0 — X/=[«]™ — X [1]” whioh are divisible 
by X, i.e. whioh are powers of X. 

This follows from Ex. ii, because the rank and degeneracy of 0 are equal respectively 
to the rank and degeneracy of the standard reduoed matrix II. 

In particular 0 is undegenerate when and only when X is not a linear divisor of its 
characteristic matrix 0 (X), i.e when and only when 0 has no zero latent root. 

Henoe if a is a scalar quantity, the total number of those potent divisors of 0 (X) which 
are powers of X - a is equal to the degeneraoy of the square matrix 0=0 - a/= [a]™- a [1]’™. 

For it was shown in Ex. x of § 222 that (X - a) p is a potent divisor of 0 (X) of order i 
when and only when X p is a potent divisor of order i of the characteristic matrix 
0 (X)=0— X/ of 0. Therefore the total number of those potent divisors of 0 (X) whioh are 
powers of X-a is equal to the total number of those potent divisors of 0 (X) whioh are 
powers of X, and by the first theorem above this number is equal to the degeneracy of 0. 

In particular X — a is a linear divisor of 0 (X), i.e. a is a latent root of 0, when and only 
when the matrix 0=0 - a/ is degenerate 


Ex. iv. Construction of aU square matrices 0 = [a]“ which satisfy a given rational 
integral equation /(0)=0. 

Let let x be a scalar variable, and let 

/(*)-««•-(♦-«'-, /(*)-«(*-«)*(*-»*(*-r) r .... 

where o is a non-zero scalar constant, and where a, /9, y, ... are all different. 
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By Theorem II6 or Ex. iv of § 224 tile matrix c/>=[a]"* satisfies the equation /(c/>)= 0 
when and only wliou every potent divisor of order m of its characteristic matrix </> - xl is 
a factor of /(*)• This is the oase when and only when every potent divisor of <f)-xl is 
a power of one of the linear factors x — a, x—ft, x—y,... of f(x) having an index not greater 
than the index of that factor in f(x). Consequently the matrices <£=[a]™ which satisfy 
,the equation /(<£)=0 are those given by equimutant transformations of the form 


[«]>[*]! M! 5 ’* 


whero [n]™ is a canonical square matrix constructed as in Theorem II a in which each part 
corresponds to one of the linear divisors x—a, so — §,x-y,. .of H - xI, parts corresponding 
to the linear divisors a, x- ft, x-y, . . have ordeie not greater than p, q, r, . . respectively; 
and the sum of the orders of all tlio parts is equal to m. 


Ex. v. If 7=[l]g) then matrices </)=[«] j! satisfying the rational integral equation 

/(4>M4>-a/) 4 (</>-£/)’ 


are givon by the equimutant transformation 


<M«] -M 


a 1 0 0 O' 
0 a 1 0 0 
0 0 a 0 0 
0 0 0 a 0 

0 0 0 0)3 




For the potent factors of orders 1, 2, 3, 4, 5 of the characteristic matrix <f>-xl of every 
such matrix are respectively 

1, 1, 1, x-a, (x-af(x-ft), 

and the potent factor of order ft ih a factor of the function f (x)=(x—af (x-ftf. 


§ 229. Some properties of a simple canonioal square matrix. 

In the following examples it will be understood that /=[1]^, and that 

~o 1 0 ... 0 0 ~ 


(/)=[»]' 


0 c 1 ... 0 0 

0 0 0 ... o 1 
0 0 0 ... 0 o 


•( 1 ) 


is the simple canonical square matrix of order m whose characteristic matrix (X)=</> -X/ 
has only the one potent divisor (X-o) m . Further k will denote any non-zero positive 
integer, and when Hoiwe shall writo 

m**8k+q 

whero a and q are positive integers, and where q'jpk — l. Tlie characteristic symbol of is 
{m}; and by $ 224 the rational integral equation of lowest degree satisfied by <£ is 

(<£-of) m =»0 

Ex. i. Degeneracy of <£*. 

Case I. If o4=0, <j) is undegenerate, and therefore <£* is undegenerate. 

In this case the single potent diviBor of (X) is not divisible by X 


. J 4 
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Case II. 


ro j - ! 1 ' 

If c=0, we have </>= , and from the identity 


0, 1 
0, 0 

we see that 

0*= 0 * © or according as k'jpm or k <£ on. 

*- ’ U -Sn-A,fc m 

Therefore <jf>* has degeneracy k when k m, and degeneracy on when k m. 

In this oase the single potent divisor of <f> (X) is \ m . 

In both oases tho degeneracy of 4> k w P 1 +P 2 + .. +pjfe, where p { is the nuiriber of potent 
divisors of <jb (X) which are divisible by X*. 

Form Case I we have p 1 =p a s=...=p fc =0j and in Case II we have pi=pa“-“=Pni=l> 
and p*=0 when i>m. 


] 1, m-1 — m —in 

X\ a 

a\ “0 

m-l, 1 — 1 1,tn-l u - J m— l.l 


Ex. ii. Degeneracy of (<f) — al) k , where a is any scalar constant. 

Case I. If a=|=c, </> - al is undegenerate, and therefore (4 — al) k is undegeneratc. 

In this case the single potent divisor of $ (X) is not divisible by X —a. 

TO n 1 '" 1 ” 1 

Oase II If a= 0 , we have (j>-al=(f>—cl=\ ’ ^ ; and thorefore (</> — al) h has 

degeneracy k when k 'jp m, and degeneracy on when &<£m. 

In both cases the degeneracy of (cfo — alf is pi+pa + .-.+pjt, where pi is the number of 
potent divisors of 4 (X) which are divisible by (X — af. 

We can also obtain the last result by applying Ex. i to the matrix — af which is 
the canonical square matrix of order m whose characteristic matrix (X)=yjr — X/lios only 
the one potent divisor (X + a — o) m , for the single potent divisor (X + a— c) m of yfr (X) becomes 
X m when and only when the single potent divisor (X - c) m of </i (X) becomes (X - a) m . 


Ex. iii. Degeneracy of any rational integral function f ( 4 ) of 4 . 

Let (0-0,7)**.. (tf-a*/)*", 

where a is a non-zero scalar constant, and where ai, a 2 , . . are scalar constants which aro 
all different. Since only one of the quantities ai, a a ,. . can be equal to c, not more than 
one of the n factors of /(<£) can be degenerate; and it follows that: 

The degeneracy of f(cj>) is equal to the sum of the degeneracies of its n factors. 

The degeneracy of eaoh faotor is given by Ex. ii. 


Ex iv. 
Let 

so that 

Then if 
we have 


Value of 4> k . 

(l+x) k =l+p 1 x+p 2 x a +...+p i st t +... f 
Pi= (i) " (k-i)~ p *- i wben *^*1 and Pi =0 when i>k. 

a: 


ii. m-l 


, so that <j> = cI+ Xi 


<l> lc =d l I+p l (*- 1 x +p i d‘- a x a +...+p i d‘- i x i + . .+ x k . 
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Since, aa was shown m Ex. i, 

TO 

X l =| ’ q when i m, and ^=0 when i <£ m, 

it follows that (j) k is the square matrix of order «i formed with the first m horizontal rows 
and the first m vertical rows of the indefinite square matrix 

"c* pi<P-\ ^ac 6-3 , Ps^~\ ... 1 , 0 , 0,0..“ 

0 , c k , Pi*- 1 , pvcfi--*, ... piC , 1 , 0 , 0 . 

M k (c)= o, 0,6* , pi#- 1 , ...p 3 ti\ pi_c, 1,0.. 

0, 0 , 0 , e* , ...p 3 o 3 , P 20 1 , PiC, 1 ... 


which we can regal’d as the l j th power of the indefinite square matrix 

fl, 1, 0, 0, . . 

0, a, 1, 0, ... 

M ( c ) = 0, 0, c, 1, . ■ 

0 , 0 , 0 , c , . 


Ex. v. Inverse of <f) when <f> is undegenerate. 

When c=t=0, it can be at once vorifiod by evaluating the product </>(/>“ 1 that the inverse 
of (/> is the square matrix of order m 



-o-», 

c-’,. 


0 , 

* -1 , 

-o“ M , . 

( _ l)m-2 0 —9>i + l 

0, 

0 , 

C- 1 

( _ l)wi-3 0 —m+2 

_0, 

0 , 

0 

c- 1 


Ex. vi Value of <j>~ k when <f> is widegenerate. 

When k is a positive integer let the expansion of (1 +x)~ k in asoending powers of a; be 
(1 +aj)~ fc =1 + + ., 


so that 


<li' 




Then when c4=0, it can bo verified by evaluating the product *■ that <f>~ k is the square 
matrix of order m formed with the first m horizontal rows and the first m vertical rows of 
the indefinite square matrix 



-gio-*- 1 , 

1 qiO- k ~* , 

-? 8 C -fc-8 , ...~ 

o, 

o~ k , 

, -?i 

32 0“ fc ~ 2 , - 

0, 

0 , 

, o~ h * 

-<]i0~ k ~ l , ... 

0, 

o 

. o , 



which we can regard aa the - £th power of the matrix M (a) of Ex. iv. 

In fact if we define <f>~ k in this way, and put it will be seen that Oy<=0 

when %>j y and that where a, is the coefficient of x 1 in the expansion of 

(1 +x) k (l+x)~ k in ascending powers of x. Accordingly we have a«e=» 1, <7^=0 when i 
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Ex vii. Values of (<f> - a/)*, (</> - al )~ k . 

We obtain the value of (tj> — al) k from the value of <f) k m Ex. iv by substituting 
c — a for o. 

Similarly when a- t=o, le when - al is undegenerate, we obtain the value of (<f) — al)~ k 
from the value of (f>~ k in Ex. vi by substituting c-a for c. 

Ex. viii. Potent divisors of the charaotmstio matrix of <f> k . 

Case I. If o=(=0, is an undegenerate square matrix of order m whose charactonatio 
matrix (\) = <f> k -\l has only the one potent divisor (X-e*)” 1 , which is of 
order m; for from Ex. iv we see that the minor determinant of <f) 1 (X) of order 
m- 1 formed with its first m -1 horizontal rows and its last m — 1 vertical rows 
does not vanish when X=c*, and is therefore not divisible by X—c*. 

Case II. If o=0, we must distinguish between two sub-oases. 

Sub-case 1. When /;<£ we have <£*=0; and therefore <f) k (X) has m potent 
divisors of orders 1, 2,... m, each of them having the value X 

Sub-case 2 When k ;j> m, we have 

TO 

<£*= o’ o ; m^sk+q, where q^k—l. 

Therefore by Ex. vii of § 210 the matrix <f) k (X) has k potent divisors, of which 
k — q are equal to X 8 , and q are equal to X ,+1 . 

in all cases the degeneraoy of (f> k is equal to the number of potent divisors of (X) 
which are divisible by X. 

Ex. ix. Potent divisors of the characteristic matrix of - al) k . 

Since -^r=(f} — al is a canonical square matrix of order m whoso characteristic matrix 
yfr (X) has only the one potent divisor X- (c- a), we can deduce the potent divisors of tho 
characteristic matrix ^ (X) of (<fi—al) k from Ex viii. 

Case I. If a=t=o, then (</> — af) fc is undegenerate, and its oharaotoristio matrix has only 
the one potent divisor {X — (a - a)*}" 1 , which is of order m. 

Case II. If a=o y we must distinguish between two sub-oases. 

Sub-case 1. When k<£m, we have (<£ - oJ) fc =0, and the oharaoteriHtio matrix 
of ( [(fi-aiy 1 has m potent divisors of orders 1, 2,... m, each of thorn having the 
value X. 

Svh-case 2. When k m } we have 

rex 

($—a/) fc <= q q ; m=sk+q , where 

Therefore the characteristic matrix of (<£—a/)* has k potent divisors, of which 
k— q are equal to X* and q are equal to X ,+1 . 

In all cases the degeneracy of (0-o/) fc is equal to the number of potent divisors of its 
characteristic matrix whioh are divisible by X. 
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Ex. x. Potent divisors of the characteristic matrices of<f>~ k and (0 — aJ)~ k 

When 0 is uudegenerate, i.o. when c=f=0, then as in Oase I of Ex. viii the characteristic 
matrix of 0“ fc has only the one potent divisor (X— which is of order m. 

It follows that when 0 — al is undogonerate, i.e. when a=t=c, the potent divisor of the 
characteristic matrix of (0- al)~ k lias only the one potont divisor {X — (c — a) ~ fc } m , which is 
of order m. 

Ex. xi. Canonical reduced fonns of 0*, (0 - a/) fc , 0~* (0 - al) ~ K 

These are given by Exs. viii—x; for they are known when the potent divisors of the 
characteristic matrices are known. 

Note. Potent divisors of the characteristic matrix of any power of 0> when $=[a]™ is 
any given square matrix whose elements are constants. 

Lot n=[n]’" be the oanomoal reduced form of $; let $ (X) and n(X) be the charac¬ 
teristic matrices of $ and n j and let the parts of n corresponding to the various common 
potent divisors of <I> (X) and EE (X) be the canonical square matrices <o 2 , Also let 

hTLh- l = $ .(2) 

be an oquimutant transformation converting II into where A=[/i]™ is an uudegenerate 
square matrix with constant elements Then if k is any positive integer, we deduce from 
(2) the equimutant transformation 

hn*h- 1 = &, .(3) 

which shows that the characteristic matrices 4> fc (X) and n* (X) of and n fc have the same 
potent divisors, further if 4> is undegenorate, then by equating the inverses of both sides 
of (3) wo obtain the equimutant transformation 

An-^- 1 =»$-*, .(4) 

which shows that the characteristic matrices <b~ h (X) and n -fc (X) of and n~ fc have the 
same potont divisors. If k*=0, we have 

*o( X )=(l - X). [1]™, 

and $°(X) has m potent divisors all equal to X-l. Dismissing this trivial oase, we have 
two principal oases to considor. 

Oase I. Potent divisors of (X) and canonical reduced form of when k > 0. 

Lot Q = [Q]” be the canonical reduced form of **. Since n fc is a oompartite matrix of 
order m m standard form whoso parts are o>i fc , « a fc , ... therefore (see Ex. xiv of § 222) 
the potent divisors of n fc (X), and therefore also the potont divisors of 4> fc (X), are the potent 

divisors of the oharaotoristic matrices t» 1 * : (X), (X), af (X),... of o>i fc , af .whioh 

are known by Ex. viii, and are found as follows: 

First lot tube a part of n corresponding to a potent divisor (X - c) a of 4> (X) whioh ts not 
a power o/X, so that c=t=0. 

Then a> k (X) has only the one potent divisor (X - o*) 4 . The canonical square matrix Q 
has one corresponding part, this being the simple canonical square matrix of order e whose 
diagonal elements are equal to o*. 

Next let a be a part of n corresponding to a potent divisor X* of (X), where e^k. 

Then a* (X) has exactly e potent divisors all equal to X. The canonical square matrix 
Q, has e corresponding parts all equal to [0] 1 . 


o. m. 
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Lastly let a be a part ofU corresponding to a potent divisor X fl of 4»(X), where e 

We write e=sk+q, where s and q are positive integers, and q'jpk- 1, and then a> fc (X) 
has exaotly k potent divisors, these being 

(1) 1c—q equal to X 8 and q equal to X s+1 when j+0, 

(2) k equal to X 8 whou q=Q. 


In sub-oase (1) the canonical square matrix. £2 lias k corresponding parts, those being 


k-q equal to 


ro, n 1,s_1 

L°> °L U 


and q equal to 


ro, n 1 '' 

L°. °J.,, 


In sub-case (2) the corresponding parts of £2 aro 


k equal to 



l, *-i 


*-i, i 


Case II. Potent divisors of and canonical reduced form of «i *~ k when 4» u 

undegenerate and-k > 0. 

Let £2 = [£2] ” be the canonical reduced form of This case is simpler ltceauso <I> (X) 

has no potent divisor which is a power of X Since n -fc is a com partite matrix of order m 
in standard form whose parts are tuj -fc , <o 2 “ fc j <o 8 -fc ,..., the potont divisors of n -l (X), and 
therefore also tHe potent divisors of 4> -fc (X), ore the potont divisors of tlio clinrautoristie 
matnees fi) 1 - *(X), <a 2 -fc (X), a 3 ~ k (K ),.. , which are known by Ex. x. 

In fact if oa is a part of n corresponding to a potent divisor (X - <•)" °f $ (X), wliero o 
oannot be 0, then tn~ fc (X) has only the one potent divisor (X-e“ fr ) r . The cnnonical squoro 
matrix £2 has‘one corresponding part, this being the simple canonical square matrix of 
Older e whose diagonal elements are equal to c~K 


Ex xu. Potent divisors of the characteristic matrix of any power of when <&=a[«] , “ is 
any given undegenerate! square matrix 

In the special oase when $ is an undegenerato squaro matrix, lot 

(X-cO 81 , (X - c 2 )\ ... (X-0 8a 

be the potent divisors of eaoh of the characteristic matrioos <J? (X) and II (X). Then if /• is 
any non-zero integer (positive or negative), the potent divisors of the characteristic 
matrices n* (X) and 4>*(X) of n fc and are 

. . . (X-c/) 62 , ... (X — c a fc )° 8 . 

In particular if and ET 1 are the inverses of $ and n, tho potent divisors of tlm 
characteristic matrices n _1 (X) and 4> -1 (X) are 

(X-aT 1 )* 1 , (X-^-i)^, ... (X —Cg -1 )" 8 ; 
and the standard reduced form of n -1 and $ -1 is known. 

Ex. nu If 0 and $ are two mutually inverse undogenorate square matrices, tlio 
latent roots of « are the reciprocals of the latent roots of 0; also the potont divisors of 
the characteristic matnees 0 (X), <fr(X) of 0, 4 > can be assooiated together in pairs of tho 
form (X - c)*, (x-lj. 
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229, 230] 

§ 230. Rank of any rational integral function of a given square 
matrix. 

1. Rank of a function which is expressed as a product of linear factors. 
We shall uso the notations </> = [a]™, I = <£° — [1]”, </> being a given square 

matrix whose elements are numerical constants. The characteristic matrix 
of will be taken to be 

<f> (x) = <£ — xl = — x<f>°, 

cc being a scalar variable. More generally if is any square matrix with 
constant elements, we shall uso the notations 

yfr (X) = yjr — Xx/r 0 , \fr k (X.) = xjr fc — Xxjr 0 , 

where X is any scalar quantity and x|r° is the unit matrix of the same order 
as x/r, so that yfr (x) and -x/r* (x) are the characteristic matrices of x/r and xp. 
Further II = [II] m will denote the canonical reduced form of (f> for equimutant 
transformations constructed as in Theorem la- of § 228, and f(x) and f(<f>) 
will denote corresponding rational integral functions of the scalar variable x 
and the square matrix <f> whose coefficients are numerical constants. 

Theorem I. If a lt a^ ... a r are distinct scalar constants, and if a rational 
integral function of <f> is expressed in the form 

= nJ)*‘ (<#> - «,!)*• ,/)*', .(A) 

where A is a non-zero scalar constant , then the degeneracy of the square matiix 
f(<f>) is equal to the sum of the degeneracies of its r matrix factors in (A). 

Here k it k i} ... k? may be any positive integers, but we will suppose that 
they are all different from 0. This involves no loss of generality because 
(<£ — al)° is the undogcncrate unit matrix I, and the factors m (A) are 
commutative. 

Let h<f)H = II, where hH = Hh = I, , 

be an equimutant transformation which converts </> into II. By Ex. v of 
§ 226 the same equimutant transformation converts f (<f>) into /(II), and 
(</> - alf into (II - al f. Consequently we have 

f(ji) =A( n- ajf (n- aJt ...(n-«,/)* .(A') 

Since/(II) and its r successive matrix factors in (A') have the same ranks 
as /((/>) and its r successive matrix factors in (A), the above theorem will be 
true if and only if it is truo for the function/(II) in (A ). 

Special Case. When the characteristic matrix </> ( x ) has only one potent 
divisor (x — X) w . 

In this case II is the simple canonical square matrix of order m whose 
characteristic matrix has the single potent divisor (x — X) . 


23—2 
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If no one of the constants a 1; a B , .. a r is equal to \, all the factors of/(II) 
in (A') are undegenerate, and/(II) is undegenerate. 

If a ui one of the constants a 1} a 2 ,... off, is equal to then (II — a u I) iu is 
the only factor of/(II) which is degenerate, and all the other factors of/(II) 
are undegenerate square matrices. Since the factors of /(II) are commuta¬ 
tive, it follows that /(II) has the same rank and the same degeneracy as 

(n -a u iy*. 

Thus the theorem is always true in this special case. 

General Case. When the complete system of potent divisors of <f>(%) is 

(/E-X,)* 1 , ... (a-*,)*, ... .(1) 

Here it is to be understood that the potent divisors of <p (%) are those 
corresponding to its linear divisors, that Xa, ... \ g are not necessarily all 
different; and that 6i, e 2 , ... e 8 are any s given non-zero positive integers 
satisfying the condition ej + e^ + ... + e s = m. We shall suppose u to beany 
one of the integers 1, 2,... r, and v to be any one of the integers 1, 2,... s. 

Let the parts of II corresponding to the successive potent divisors (1) be 
©u co a, ... a> v , ... cog, so that co v is the simple canonical square matrix of 
order e v whose characteristic matrix (%) has the single potent divisor 
(® —At,)V Then /(II) is the compartite matrix similar to n whose succes¬ 
sive parts are the matrices f{co 1 ),f{a > a ), .../(«„), .../( to 8 ) similar to co 1} o) a , ... 
co v , ... <a B respectively, and we can write 

/(II) = a {n Ml* 1 in («,))*... {H «>]*»... {n .(2) 

f(<o v ) = A {( 0 V (a,)}* 1 {o) 0 (aj)} 6 * ...{«„ (a tt )} fc « (a,.)}^.(3) 

By § 100 the degeneracy of /(II) is the sum of the degeneracies of its parts 
such as /(*)„); and by the special case the degeneracy of f(<o v ) is the sum of 
the degeneracies of its r matrix factors in (3). Consequently the degeneracy 
of/(II) is the sum of the degeneracies of the rs matrices such as {<»„ (<*«)}*“• 

Again (II (a u )}* u or (n - a u /)* u is the compartite matrix similar to II 
whose successive parts are the matrices {«i(««)}*■, {a) 2 («„)}*’*, ... (eo B (a,,)}*«, ... 
(®g (««)} fc “ similar to co u a> i} co g respectively, By § 100 the degeneracy 

of (II (or«)} fcw is the sum of the degeneracies of its parts such as {G) 0 (a tt )}V 
Therefore the sum of the degeneracies of all the r matrix factors in (2) or 
in (A') is equal to the sum of the degeneracies of the rs matrices such as 

K (««)}*“• 

From these two results we see that the degeneracy of /(II) is equal to 
the sum of the degeneracies of its r matrix factors m (A'), and this establishes 
the theorem in the most general case. 
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Note 1 Another proof of Theorem I ia given in Note 2 of § 236. 

From Theorem I it follows that the degeneracy (or rank) of /(0) will 
he known when the degeneracies of its successive matrix factors in (A) 
are known. The next two theorems show what the degeneracies of those 
factors are 

Theorem II a. If k is any wcm-zero positive integei', the degeneracy 
of <j> k is 

r k = Pi + Pi + ■■■ + Pi +■ ■ + Pkt .(B) 

luhere pi is the number of those potent divisors of the charactei'istic matrix 
0 — xl which are divisible by x 1 . 

If af is the highest power of x which is a potent divisor of <f>—xl, then 
when k-^xthe degeneracy given by (B) is the mm of the indices of all potent 
divisors <f>—xl which are powers of x, and when k ^ k it is the sum of the 
same indices when every index greater than k has been replaced by k. 

Let the complete system of potent divisors of each of the characteristic 
matrices <j> — wl and II — xl be 

(«->*)% («>-*»)"'. .(4) 

where ^ ^ + e 3 + ... = m, and where Xj, Xa, X, J} ... are not necessarily all 

different; so that 

det (0 - xl) = det (II - xl ) = (- l) w (x - \) e ' (® - X^' (x - X,) 9 ’. .. .(5) 

.Also let the parts of II corresponding to the successive potent divisors (4) be 
©i, © B , ©a,..., so that II* is a compartite matrix in standard form similar to 
II whose successive parts are the square matrices a)*, © B *, © 8 fc , ... similar 

respectively to © : , © a , .. The degeneracies of © x * © a fc , © 8 fc ,... have been 

determined in Ex. i of § 229, and, utilising those results we see that the 
degeneracy of 0*, which is equal to the degeneracy of EL*, i.e. to the sum of 
the degeneracies of ©^ © B fc , © 3 fc ,..., must have the value (B), where pi = total 
number of potent divisors of © 1 ( 0 ), © a (x), © 8 («), ... divisible by ©^number 
of potent divisors of II ( x ) or <f> (x) divisible by x 1 . 

Ex. i. If 0 has no zero latent root, i.e. if no one of the potent divisors (4) is a power 
of x, then 0* is undegenerate; in fact 0 is undegenerate. 

Ex. ii. If 0 has one or more zero latent roots, and if a?* is the highost power of x which 
is a potent divisor of the characteristic matrix 0-«J, then p i} p^, ... p n are & series 
of never increasing non-zero positive integers; and p K + i=p K+ 2 =p*+ 3 = ■ -“0. Also 
r K =pi+p 2 + ...+p K is the index of the highest power of x whioh is a factor of the 
oharaoteristio determinant det (0 - xl), i.e. the total number of zero latont roots of 0. 

If fi> ’'si r 3 i we as in the text the degeneracies of 0 1 , 0 a , 0 8 ,..., then r 1} r a , r s ,... r K 
are a senes of positive integers whioh constantly increase by amounts whioh never 
hiorease; and r K =r K+1 s=r K+a =>.... Infactwehave 

? V=Pii 7 '2-?'i=P2, r 3 -ri=p s , .-., 1 =/>*J ^ +1 -r«=p K+1 =0, .... 




u tf 
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Thus the ranks m, m—rj, m — r 2) m—ra, .. of the successive ‘powers 0°, <^> 1 ) 0 2 , 0 s , ... 0 / 
0 constantly diminish hy amounts which never increase till we reach the power 0* whose rank 
is m—r K , where r K is the total number of zero latent roots of 0/ and all higher powers of 0 
have the same rank as 0*. 

The numbers r K and k are the maximum and potent indices of ordor m of the linear 
divisor sc of the characteristic matrix cfj—xl. 

Ex. lii The numbers of the potent divisors of the characteristic matrix 0 - xl wliioh 
are equal to 

x, sc 3 , oP, ... a/' -1 , a? 

are respectively pi~ps> P 2 ~Psi Pn~Pi> p #—1 — p«» P«* 

Ex. iv. There is some power of 0 which is equal to 0 whon and only wlion r K =m, 
i.e. when and only when all the ni latent roots of 0 are 0. In this cose the lowest powor 
of 0 which vanishes is 0“, where of is the potent divisor of 0 —a?/ of ordor m. 

Ex. v. The matrix 0 has a zero latent root, i.e. (f>-xl has the linear divisor x, when 
and only when 0 is degenerate In this ease all the potent divisors of 0 - xl corresponding 
to the hnear divisor x are linear (i.e. they are all equal to x) when and only whon any one 
of the following equivalent conditions is satisfied: 

(1) * = 1. 

(2) The degeneracy of 0 is equal to the total number of zero latent roots of 0. 

(3) 0 s has the same rank as 0. 

Ex. vi. The matrix 0 has an unrepeated zero latent root whoa and only whon pi = 1 
and p 2 = 0 , i.e. when and only when 0 has rank m—1, and 0 2 has the same rank as 0. 

Ex. vu Potent divisors of the characteristic matrix of 0*. 

It has been shown in the Note of § 220 that, when £ is a non-zoro iiositivo integer, the 
potent divisors of 0 fc (x) correspond to the potent divisors of 0 ( x ) in the following way: 

(1) To each potent divisor (x — A) 4 of 0 (x) which is not a power of x there corresponds 

a single potent divisor (a? — A*) 4 of 0* ( x ) which is not a power of x. 

(2) To each potent divisor afi of 0 (a?) in which e^k there correspond exactly e potent 

divisors of 0* (a?) all of which are equal to x. 

(3) To each potent divisor afi of 0 (a?) in which e^.k there correspond exactly k potent 

divisors of 0* (x). If we put e=sk+q , where a and q are positive integers and 

q^pk- 1, these are 

k—q equal to x? and q equal to a<' s+1 when ^=£0; 

k equal to a? 4 whon q=* 0. 

Theorem II b. If a. is a given scalar constant, and k a non-zero positive 
integer, the degeneracy of(<f> — aI) k is 

r k — Pi + pz + ... + pi 4- ... + pb, .(B 7 ) 

where pt is the number of those potent divisors of the characteristic matrix 
0 — ocl which are divisible by (x — af. 
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If {x — a) K is the highest poiuei' of x — a which is a potent divisor of <f> — xl, 
then when k the degeneracy r k given by (B') is the sum of the indices of all 
potent divisors of <j> — xl which are poiuers of x — a, and when k^ k it is the 
sum of the same indices when every index greater than Ic has been replaced by k. 

Let yjr = <f> — al, so that i/r is a square matrix of ordeT m the potent divisors 
of whose characteristic matrix yfr — xl are 

(x + a- (x + a - Xf*, (a: 4-a - Xj)® 3 , .(4') 

corresponding respectively to the potent divisors (4) of <j> — xl. Since each 
potent divisor of — xl is a power of x when and only when the corresponding 
potent divisor of - xl is a power of x - a, and each potent divisor of yjr — xl 
is divisible by x l when and only when the corresponding potent divisor of 
0 — xl is divisible by (x — a) 1 , we can obtain Theorem II b by applying 
Theorem II a to determine the degeneracy of ^. 

We can also prove Theorem II b directly with the aid of Ex. ii of § 229. 

Exs. viii—xiv which follow correspond exactly to Exs. i—vii. 

Ex. viii. If a is not a latent root of 0, i.e. if x—a is not a linear divisor of the 
characteristic matrix 0 — xl, ho that no one of the potent divisors (4) is a power of x- a, 
then (0 - a/) fc is undogenerato, in fact 0-a/ is undogenerate 

Ex. ix. If 0 has one or more latent roots equal to a, i e. if x— a is a linear divisor of 
c p—xl , and if ( x- a) K is the highest power of x—a which is a potent divisor of 0- xl, then 
pi, p 2 , Pk or 0 a series of never increasing non-zero positive iutogors; and 

P* + 1 = Pk + 2 = P/c + 8 =1 ■ -=0. 

Also r K =pi+p 2 + ... +p K ih the index of the highest power of x -a which is a factor of the 
characteristic determinant dot (0 - xl), i.e. the total number of latent roots of 0 which lire 
equal to a. 

If r u r 2 , 7*3,... are oh in the text the degeneracies of (0-a/) 1 , (0-n/) a , (0 - a/) 3 ,..., 
then fi, r.i ,... r K are n Hories of positive integers which constantly increase by amounts 
which never increase; and r K = r K + 1 = r K+3 =».... In foot we have 

»*i=pi, ^-^“Pbi r K -r K ^i^p Ki r K+ i-r K =p K+ i=>0 . 

Thus the ranks in, m — i\, m-i\,m-r^, ...of the successive powers ( 0-a/)°, (0-a/) 1 , 
(0-a/) 2 , (0— a/) 8 , ... of (fi-aleonstmtly diminish by amounts which never increase till we 
reach the power (0 — aPf whose rank is m—r K , where r K is the total number of latent roots of 
0 which are equal tQ a; and all higher powers of <p—al have the same rank as (<p — al) K . 

The numbers r K and k ore the indices of the maximum and potent divisors of order m 
of the characteristic matrix 0 —xl which correspond to (i.o. are ]. lowers of) the linear 
divisor x — a. 

Ex. x. The numbers of the potent divisors of the characteristic matrix 0— xl which 
are equal to 

X-a, (x - a) 2 , (X — a) 3 , ... (tf-a)* -1 , (x-q) K 
are respectively Pi-pai pa-pai p»-p 4, ■■■ Pk-i-P«» Pk< ' . 
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Ex. xi. There is some power of 0 —al which is equal to 0 when and only when r K -=m, 
i.e. when and only when all the m latent roots of 0 are equal to a. In this oase the lowest 
power of (f) — al which vanishes is (0— aI) K , where {x—a) K is the potent divisor of 0 —al of 
order m. 

Ex. xii. The matrix 0 has a latent root equal to a, i e. 0 — xl has the linear divisor 
x — a when and only when 0 — al is degenerate. In this oase all the potent divisors of 
(fi — .vl corresponding to the linear divisor x — a are linear (i.e they are all equal to x — a) 
when and only when any one of the following equivalent conditions is satisfied: 

(1) K = l. 

(2) The degeneracy of 0 — al is equal to the total number of latent roots of 0 whioh 

are equal to a. 

(3) (0 - a/) 2 has the same rank as 0 - a/. 

Ex xiii. The matrix 0 has an unrepeated latent root a when and ouly when pi=1 and 
p 3 =0, le when and only when 0 - ai has rank m—1 aud (0 —n/) a has the same rank 
as 0 - al. 

Ex. xiv. Potent divisors of the characteristic matrix of the power (0 - al) k of the square 
matrix -0 = 0 — al when his a positive integer. 

If £=0, the characteristic matrix 0* (x) =0° (x) has exactly m potent divisors all equal 
to 1. We shall dismiss this case, and suppose h to he a non-zero positive integor. 

There is a one-one correspondence between the potent divisors of 0 ( x) and the potent 
divisors of 0 (x) f any two corresponding potent divisors having the same degreo and tho 
same order. To a potent divisor ( x-X )* of 0 (x) there corresponds the potent divisor 
(tf+a-X) 4 of 0 (x), and conversely to a potent divisor (x —X) a of 0 (x) there corresponds 
the potent divisor (x-a-X) e of 0 (x). Hence by applying Ex. vii to determine the potont 
divisors of 0* (x) we see that the potent divisors of 0* (x) correspond to the potont divisors 
of 0 ( x) in the following way: 

(1) To each potent divisor (x —X) 4 of 0 (x) which is not a power of x—a there corresponds 

a single potent divisor {#- (X—a)*} 4 of 0* (x) which is not a power of x. 

(2) To each potent divisor (a?-a) 4 of 0 (x) in which dpk there correspond exactly 

e potent divisors of 0* ( x ) all having the value x. 

(3) To each potent divisor (x - a) 4 of 0 (x) in which e^k there correspond exactly k potent 

divisors of 0* ( x ). If we put e=sk+q, where s and q are positive integers and 

q^k — 1, these are: 

k—q equal to ot? and q equal to A' s+1 when g=t=0; 

h equal to & when q =0. 

We can obtain the same results directly by observing that (0 —aTf and (II- a/)* have 
equipotent characteristic matrices, and that (n — aTf is the oompartite matrix whose parts 
are the hth. powers of the simple canonical square matrices «! — aa^ 0 , a> s - aag 0 , <u 3 — a<u a 0 , .... 

Ex. xv. Theorem. If /(0)=[&]” is a rational integral function of the square 
matrix 0 = [a] m whose dements are given constants, f (0) will have rank 0, i.e. will he equal 
to 0, when and only when it contains as a factor the rational integral function E m (0) which 
corresponds to the potent factor E m (x) of order »i of the characteristic matrix <fi—xl of 0. 
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Consequently the rational integral equation of lowest degree satisfied by $ is 

Theorems I and II b , which enable us to determine the rank of any given rational 
integral function of a given square matrix, will enable us to prove the above theorem, which 
is Theorem II6 of § 224. 

Lot Xi, X a ,... X^ be the distinct or unequal latent roots of 0, and let 

An(^) = (-l) wl (^-Xir i (a'-X/*...( a ;-X B )^ E m (a)=(a-X,)*' (s-X 2 )“XJ* 

be respectively the determinant of 0 - sol and the potent factor of order mof <fi - sal. When 
/ (0) does not vanish identically, we can always write 

/(0)=i?’(0)( ? (0), 

where ^(0)=(0-X!.O ft '(0-.X 2 /)*»... (0-X n /)*« 

and 0 (0)=/t (0-*/)*> (0-/1, /)*“... Q-iirlfr, 

the scalar constants Xi, X a ,.. X„, /n, /iy,... p T being all different; the indices h u k 2i ... k n) 
li u h 2 , ... h r being positive integers, eaoh of which may be 0 j and A being a non-zero scalar 
constant. Because the factors of 0 (0) are all undegenerate, therefore Q (0) is undegenerate, 
and f (0) has the same rank as F{(p). The degeneracy of F(<f>) is the sum of the 
degeneracies of its n factors; and by Theorem II b the degeneracy of the factor (0— \I) ki 
can never exceed s t , and is equal to when and only when K t . 

Since the degeneracies of the suooessivo factors of F($) cannot exceed Si, s 2 , ... 8 n 
respectively, and since s 1 +3y + ...+s,i=ffi, it follows that the degeneracy of F((j>) is equal 
to ?7i, i.o F (0) has rank 0, when and only when the degeneracies of the successive factors 
of F (0) arc s lt s a , ... s n respectively, i.e. when and only when 

^l - ^ K l> ^*£*2) K n . . .(6) 

Thus/(0) has rank 0 whon and only when the conditions (6) are satisfied, i e. when and 
only when JS m (0) is a factor of /(0). * 

2. Rank of a function which is expressed as a product of irreducible 
factors. 

When 0 and f(<f>) lie in a restricted domain of rationality A, the elements 
of the matrix 0 = [a]” and the coefficients of the function /(0) being given 
numerical constants in A, we can express the maximum and potent factors of 
order m of the characteristic matrix 0 - xi in the forms 

ft(«)pft(«)p... f E n {x) = {t l {xT ft OOP ft(*)P-. 

where t x (x), t 2 ( x ), t s (x),... are distinot irreducible rational integral functions 
of a: in A having degrees p u p i} p a ,... such that 

+ p 3 s a + ... = m; 

and tj. (x), U («), k ( 0 ),... are then the irreducible divisors of 0 - xi in A. 

If in this case we consider the potent divisors of 0 — xI to be those 
corresponding to its irreducible divisors, so that they are powers of ti(x), 
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U (cc ), ts (®),..., and if we suppose t (x) and t (0) to be any two corresponding 
irreducible functions in £1 of degree p of the scalar variable a and the square 
matrix 0, then we have the following two theorems: 

Theorem III. If T x (x) } T a (x),... T r (x) are distinct irreducible functions 
of x in £1, and if is expressed in the form 

/(*>«W Wl*(5W)}*--{2V(*)}\ .(C) 

then the degeneracy of f(<j>) is equal to the sum of the degeneracies of its 
r factors in (C). 

Theorem IV. If t (x) is any irreducible function of x of degree p and 
ifk is a positive integei', then the degeneracy of {t (0)} fc is 

rk = p(pi + pz + ■••+Pi + +Pi), .(D) 

where pt is the number of those potent divisors of the characteiistic matiix 
0 — xl which are divisible by {< (a;)}\ 

In particular if t (x ) is not one of the irreducible divisors of <f> — xl, i.e. not 
one of the factors of D m (x), then t(<j>) and all its powers are undegenerate. 

These two theorems follow immediately from Theorems I and II b when 
we use the fact that no two distinct irreducible functions of x can have a 
linear factor in common, and they enable us to determine the rank of /(</>) 
when it is expressed in the form (C). 

Ex. xvi. If {t (#)} 8 and {£ (a?)}* are the maximum and potent divisors of <f>—xl of order 
m corresponding to an irreducible divisor t (x) whose degree in x is p, the degeneracies of 
the Bucoessive powers of t (0) constantly increase by never increasing amounts until we 
reach the power { t (0)}* whose degeneracy is pa ; and all the higher powers of t (0) have the 
same degeneracy as {t (0)}*. 

By an argument similar to that used m Note 1 it follows that/(0) has rank 0 when and 
only when it has E m (0) as a factor. 

Noth 2. Validity of Theorems III and IV when 0 andf (0) involve arbitrary parameters. 

In the general case when the elements of the matrix 0 and the coefficients of the 
function f (0) are rational integral functions in of certain arbitrary parameters ai, n a , n a ,., 
Q being any domain of rationality, the elements of the characteristic matrix 0-.rJ are 

rational integral functions m Q, of x, aj, a a , a 3 . Theorems III and IV and the theorem 

of Ex. xv will remain true in this cose provided that. 

(1) we take D m (x) and E m (x) to be the maximum and potent factors of order m of 

0—#/ when x , ai, a a , a a ,... are all regarded os independent variables; 

(2) we consider t ( x ), (x), t% (x), ... Tj ( x ), T 2 ( x ),... to be irreducible rational integral 

functions m Q of x, ai, a a , a 3 ,... whioh actually contain x\ 

(3) we oancel or leave out of account in each equation a soalar factor common to both 

sides which is a rational integral function of ai, nai a 3 , . only. 
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This follows from the fact that if t (x), (,r), t a (x), t a (x), .. are distinct irreducible 

functions in Q of x, ai, n a , a 3 ,then for all ordinary particular values of a x , a a , a 3 ,. . in Q 
they are distinct irreducible functions of x in Q. Thus when the above interpretations are 
adopted, Theorems III and IV are true for all ordinary particular values of a x , a 2 , a 3 ,. . 
in SI, and are therefore true when a x , a a , a 3 , ... are arbitrary We can also deduce 
Theorems III and IV in this case from Theorems I and II b, using the fact that if 
t (x), t x (x), t., (x), t a (x), ... are distinot irreducible functions in Q of x, a lt aa, a 3 , , then 

for all ordinary particular values of ai, a a , a 3 , ..., they are functions of x whose linear 
factors are all unrepeated and all distinct. 

In the particular case when all the elements of are arbitrary D m (x) is nTeducible and 
is the same as E m (x). Consequently the rational integral of lowest degree which is satisfied 
by (f) and iH an identity 111 the elements of </> is 

Ai ( '(</>) = 0 . 


§ 231. Non-extravagant rational integral functions of a given square 
matrix. 

fH l 'I ^ 

Lot <£=[<*]„, be any given square matrix with constant elements; also let <£'= a be 

the conjugate of and let 7=[1]™. Sinoe the characteristic matrices <j>-xl and <$>' -xl 
of (f) and tf)' are equipotent, we may suppose their oommon potent factor of order m to be 

E m (x) = {x-X x ) K] (x- Xa)^ ... (x- X,,)*’ 1 , 

whore X x , X a , ... X„ are the distinct latent roots of both and <£', and write 

(^,-x./)"”.a) 

w-hi )-... <f-x./)*.(V) 

By Ex. xxi of § 1GB any matrix [6]"^ is horizontally (or vertically) non-extravagant when 

n ft ji 

and only when [6] b (or b [6] ) has the same rank as [6] . Henoe if /(rf>) is any 

" m 1—1_i„ m ill ' vrl “ 

rational integral funotion of <£, we have the following results: 

(1) The aguare mutrix /(<£) is horizontally non-extravagant when and only when 

/({£)/(<£') has the same rank aa /(<£)■ 

(2) The aquare matrix f (</>) ia vertically non-extravagant when and only when /(<£')/ (<j>) 

haa the aame rank as f (<£). 

When /(<£) is real, both these conditions are necessarily satis fed. 

In applying these tests we can strike out from f(4>) and/($') all those of their linear 
factors which are not factors of E m ($) and ') respectively; for all such factors are 
undegonerate. Hence we oan always suppose / (<j>) and / ($') to be reduced to the forms 


/«,) -W-X,!)*- (^-XjJ)*- ... .(2) 

/(M-W'-XiO* 1 W'-Xj/)**... w-Kip .W 


where X x , Xjj, ... \ are any r of the latent roots X x , X a , ... X„, and where £ x , k %,... k T are 
non-zero positive integers. We will ogrlsider three important special oases. 
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Case I. When the square matrix 0 is symmetric. 

hi this case /(0) is horizontally (and vertically) non-extravagant when and only when 
every linear factor common to f(<f>) and E m (<f>) has at least as great an index 101 f(<j>) 
as in E m (cj>) . (A) 

Since/(<£') =/(0), the condition for the non-extravagance of/(</>) is : 

{/W>)} 2 has the same rank , i.e. the same degeneracy , as f (0) . (a) 

Now when / ((f)) ib reduced to the form (2), no factor (cj)-\ { I) )lIei of {/(0)} a can have 
a smaller degeneracy than the corresponding factor of /(</>). Therefore by 

Theorem I of § 231 the condition (a) is satisfied when and only when every factor of {/(0)} a 
has the same rank as the corresponding factor of /(0), and by Ex. ix of § 231 this is the 
ease when and only when 

«2, Kr- 

Hence when the 'potent divisors of the characteristic matrix of 0 are all linear , emy 
rational integral function of 0 is non-extravagant . (A') 

The results (A) and (A') clearly remain true whenever /(0') = ±/(0), i.o whenever /(0) 
is symmetric or skew-symmetric 

Case II. When the square matrix 0 is skew-symmetric 

In this case f (<f>) is horizontally (and vertically) non-extravagant when and only when the 
following two conditions are satisfied: 

(1) All linear factors other than 0 common to /(0) and E m (tf>) occur in pairs of the 

fomn 0—Xi", 0+\/. 

(2) Every linear factor common to f(<f>) and E m ((ft) has at least as great an index in 

/(0) as in E m (0).(B) 

We assume the result proved in Chapter xxxii that if 0-X/ in a linear factor of 
E m (0), then 0+X/ is also a linear factor of E m (0); and in proving the theorem (B) wo 
assume that /(0) has been reduced to the form (2). Then if 

yWO^+X,/)*’ W+Xa/)*"... »+X r l) s '.(3) 

all linear factors of g (0) being linear iaotors of E m (0), we have /(0')= ±g (0), aud there¬ 
fore the condition for the horizontal (or vertical) extravaganco of f(<f>) iH 

f (0) g (0) has the same rank as /(0).(b) 

First suppose that the condition (b) is satisfied. Then if g (0) hivd any linear factor not 
occurring in/(0), it would follow from Theorem I of § 231 that /(0) g (0) has a smaller 
rank than /(0); and if /(0) had any linear faotor not occurring in g (0), it would follow 
in the same way that /(0)#(0) has a smaller rank than #(0), aud therefore a smaller 
rank than/(0'), i a than f (0). Consequently the linear factors of g (0) are identical with 
the linear factors of/(0), which shows that the condition (1) of the thoorom (B) is satisfied. 
Further it now follows by reasoning similar to that used in Caso I that tho condition 
(2) of the theorem is also satisfied. 

Next suppose that the conditions (1) and (2) of the theorem are satisfied. Then tho 
condition (b) is obviously satisfied; and tbis proves tbe theorem (B). 

In particular when the potent divisors of the characteristic matrix of 0 are all linear, 
every rational integral function of 0 satisfying the condition (1) of the theorem (B) is non- 
extravagant .(B') 
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Cask III. When tha square matrix (f> is a semi-unit matrix. 

hi this case f ((f)) is horizontally (and vertically) non-extravagani when and only when the 
following two conditions arc satisfied: 

(1) All linear factors other than <fc — 1 and <f>+I common to f($) and E m ((f)) occur in 

pairs of tha form <f>-\I } <f>-\ I. 

A 

(2) Every linear factor common to /(</>) and E m (<f)) has at least as gi-eat an index vn 

f ((f)) as in E m ((f)) .(0) 

Wo lUJHurao tho result proved iu Chapter xxxn that if <£-A/ is a linear factor of 

E m ((f)), thou (f) — jj -1 is also a linear factor of E m ((f)) ; and in proving the theorem (C) we 

assume that f((f)) has been reduced to the form (2), where A x , X 2 , . . X r are all different from 
0, beoauso (f> is uudegonerato. Then if 

. (4) 

all linoar factors of g ((f)) being linear factors of E m ($), and if i=^ 1 +^2 + - • +*,., we see 
from the equations (f)(f)'=(f> l (j)=I that wo can convert f((f)') into g ((f)) both by prefixing and 
by postfixing tho undogenerato square matrix (f> k multiplied by a scalar constant, and there¬ 
fore the condition for the horizontal (or vertical) non-extravagance off ((f)) is 

f(<f>)g(<f>) has the same rank as f((f)) .(o) 

First suppose that the condition (c) is satisfied. Then as in Case II the linear faotors 
of g ((f)) must bo identical with the linear faotors of /((f)), and therefore the condition (1) 
of tho theorem (C) is satisfied Further it follows by reasoning similar to that used in 
Case I that the condition (2) of the theorem iB satisfied. 

Next suppoNO that tho conditions (1) and (2) of the theorem are satisfied. Then the 
condition (o) ih obviously satisfied; and this proves the theorem (C). 

In particular when the potent diviso-rs of the characteristic matrix of </> are all linear , 
every rational integral function of (f> satisfying the condition (1) of the theorem (C) is non- 
extravagant .(O') 

§ 232. The first transmutes of a square matrix. 

Lei <f> be any square matrix of order m and rank r whose elements are 
numerical constants. If as in § 154 it is expressed in the form 

*-[<[*£.( A > 

where tho factor matrices on the right have rank r, then the matrix 

*-[«>]! .( fi ) 

will be called a first transmute or simply a transmute of (j>. 

Ex. i. Tho degeneracy of a first transmute of the square matrix (f) cannot exceed the 
degeneracy of (f). 

For if s is the rank of it follows from § 133 that 

fl+m<£2r, i.e. r-s^m-r. 
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The square matrix <fj has an infinite number of first transmutes, and the 
following theorem shows how these are related to one another. 


Theorem I. If $ is a square matrix of rank r, the various first tra/nsmutes 
of (f> are square matrices of order r which are conv&i'Uble into one another by 
equimutant transformations (i.e. which have equipotent characteristic matrices). 

If fa is any one of the first transmutes of <f>, then fa is a first transmute 
of (f) when and only when it is a square matrix of the same order as fa which 
can be derived from fa by an equimutant transformation. 


First let 


+-[<[«:• 


f=[£CM 


r 

m 


be respectively any second representation of <f> in the form (A) and the 
corresponding first transmute of fa Then 


and by § 162 we have 


MlraC-Mlra:.a) 

.( 2 ) 


. 

where s ,r ra;>m;s , '=[i];. 

i—i r r r i— i r r 

Therefore f = [/S]“ [«]' = [fc]' [6]* [a]' S?'- [A]' & "S' .(3) 


Thus fa is derivable from fa by an equimutant transformation, and fa and fa 
have equipotent characteristic matrices. 


Next let fa = [/i] r fa's , (where [h] r H = [l] r ), 

r i—i r r i —, r r 

be any square matrix of the same order r as fa derived from fa by an 
equimutant transformation. Then the matrices [a]^, [/?] defined by (2) 
are'matrices of rank r such that 


mrwl s ’ , -ij8]r wl; 


and this shows that fa is a first transmute of fa 


Ex. ii. The various first transmutes of a given square matrix all have the same rank 
as well as the same order. 


Ex. lii. If two square matrices have any one first transmute in common, then every 
first transmute of either matrix is also a first transmute of the other matrix, i.e. the two 
matrices have the same first transmutes. 
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Ex. iv. An wndegenerate square matrix is itself one of its first transmutes. 

For if <£=[«]’* is undegeuorate, and if we express it in the form </>=[«]"* [1]™> we soe 
that one of its first transmutes is 

^=[C [<=[«]>*• 

It follows that all first transmutes of an uudegenerato square matrix of order m are 
undegenerate square matrices of order m. 

[ Q 

o' 0 

’ -'m-l, 1 

r— i ■—i Wt™l 

wnung to, i],»rr'> 

we obtain the first transmute 


1, m—a, 1 


1, 0 


_ 1, 1U-2 


. i, ii»-a 


^tr[g -ctia'.* -R 3 ' 

1 —'m-i.i ^ * ’ J m-a, i q q *- ’ J »-a,i 

”1, m-n, l 

The various first transmutes of <f> are those square matrices of the same order m- ] as 
fa which oan be derived from fa by oquimutant transformations 

t O q —? 
’ 

is obtained by striking out the first p horizontal and vertical rows of $ 

For we oan write 

*-[;]' t°' y" yr[S]' • 

— '<l,p —p 

When p <}: q, we have | , 

If m «havo «i=[ 0 ; 0 ] or^=[0]; 

L J S,P “'Cf-P.P 

according as p q or p q. 

w> no 

Ex. vii. First transmutes of the square matrix </>=■[<*],„ = q q mi which pAfi 1 

. 1 * -‘m-p, p 

and p ;j> m. 

If we put m=?ip+g', whei[o n and q aro positive integers satisfying the conditions 
?i<t 1, so that J 1 1 

, I 

Ho, ol ■ 1 

we seo from Ex. vi that a first trausmute fa of <f> is given by 

rn n*’-"*- 2 *’ rn n* (*-*)?+« 

J] 1 -KJ], when n — l^aO, 


J m-S p,p 


fc-P> ]! 


when «-l=0. 


The*various first transmutes of <f> are those square matrices of the same order m—p a a 
fa which can be obtained from fa by equimutant transformations 
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Ex viii The square matrices $= 
Let <fi have rank r, and let 
Then sinoe «S = f"®l [6, 0] ^ 

'/ft, fl 


in, s 

have the same first transmutes . 

m, 8 

we see that a first transmute of $ is 


\<P> o 
Lo, o 


*i=[ft 0V 


-mrwl-w: 


Thus <I> and have the common first transmute [c]^, and therefore they have the same 
first transmutes. 


Ex. ix. First transmutes of a compartite matrix in standard form whose parts are 
all square 


Theorem. If § is a compartite matrix in standard form whose successive parts are 
(■>!, 032, o>g ,these being all square matrices , then any compartite matrix \fr in standard 
form whose successive pa/rts+are first transmutes of a lt ag, a> 3 , ... is itself a first tram- 
mute of <fi. 

Let <fi be a compartite matrix in standard form whose successive parts aro 
A=[a]\, 2J=[C 

having ranks X, ju, v respectively, and let 


1 

l = 

H 

IK* 

[b] m 

L J w 


in 

cl = 
J n 

= [y] 

V r ;-l >1 


. 0, 

. - l, m. 

n 


_ - 11 , V 


o, 

_ — 1, m, 

'a, 

0 


“a, 0, 

0 

~ 0 !, 

0 

0, 

6, 

0 

= 

0, ft 

0 

o, 

ft, 

0 

_o, 

■ 0, 

a 

~ l, m, 

11 

cf 

o' 

1 

y 

~ 1, m, n 

_0, 

0, 



Then wt-MlMf. [»];-[ 


are first transmutes of A, JJ, G\ and since <f> has rank \+fi+v } tho matrix 

— 1 n _ l, hi, n _ _ A, (l, v _ . - A, ju., v 

a, 0, 0 a, 0, 0 a, 0, 0 

* - 0 , ft , 0 0 ,| 8,0 - 0 , 0 

0, 0, y 0, 0, y 0, 0, o' 

v-i v l. Hi, n - - 

is a first transmute of d>. 




It has been implicitly assumed that X, p, v are all different from zero. If howovcr any 
part of </> is a zero matrix, or has rank 0, then by Ex. viii we simply omit that part in the 
formation of 

The next theorem shows that the potent divisors of the characteristic 
matrices of the first transmutes of a square matrix <f> are known when the 
potent divisors of the characteristic matrix of <f> are known. 
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Theorem II. If $ and fa are two square matrices of the same ordei'm 
which have equipotent characteristic matrices (i.e. are convertible into one 
another by equimutant transformations), then any two first transmutes of $ and 
fa are square matrices of the same order which have equipotent charactei'istio 
matinees (i e. are convertible into one another by equimutant transformations). 
Consequently § and fa have the same first transmutes. 

As before let <f> have rank r t and let 


*-MIX'- *■“[<[<.w 

Further let fa be a square matrix of order m derived from <f> by the equi¬ 
mutant transformation 

i—i ni m 

<nh] , 

'—'w* M 

m ,— 

where [/a] and H are mutually inverse undegenerate square matrices. 

1,1 1 — 1 m 

Then fa must have the same rank r as <f>, and if we write 

+ ^-L8] r "[<. W 


we have [a? [fif = ll [af . [b] m [h] m . 

L J m L J r i_i L J m L J i L J wt 

From the last equation it follows by § 152 that 

[af = Tt' [of , [/3f = [if [6]” [A]”.(6) 

L J vi i_i u L J m i_. LJ r UJ r l - J > UJ w 

7" i* j 7" 

where [&] and K aro two mutually inverse undegenerate square matrices; 
and from (5) it follows that 

*=K Ml=w' r [»].“ wl K * K- 


Hence by § 227 the first transmutes fa and faj, of and fa havo equipotent 
characteristic matrices, and it follows from Theorem I that </> and fa have the 
same first transmutes. 


Ex. x The first transmutes of a square matrix $=[a]™ are the same as the first 
transmutes of its standard reduced form n=[n]™ constructed as in Theorem I a of § 228. 

Ex. xi. Cunomacd reduced form of the first transmutes of a square matrix 

Let <£ = [a]’* bo a square matrix whose characteristic matrix is 4> (X) = [ct]^-X [1]™, let 
n=[n]” he the canonical reduced form of <£ constructed as in Thoovom la of § 228, and 
let rti be the canonical reduced form of the first transmutes of fa Thou we oan obtain Hi 
from n by 

(1) omitting every part of the form [0] J corresponding to a potent divisor X of <£ (X); 

24 


a. m. 
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c ro in Ai v ~ l 

(2) replacing every part of the form [«]* = q* q I ooiTosponding to a potont 

’ -* o-l, 1 

divisor X s of <£ (X) m which e> 1 by its first transmute 



(3) leaving all other parts of n unaltered. 

For if $ (X) has exaotly p potent divisors equal to X, wo havo 


[n] 


m 

m 



m- p, p 


m~p, p 


where [«■]”_£ is a oompartito matrix in standard form whoso parts are those parts of n 
which correspond to all potent divisors of <p (X) except those which are equal to X. Tho 
matrix n x formed in the manner just described is by Ex. ix a first transmute of [n-l w-p ; 

^ L J JJ»—p 1 

therefore by Ex. viu it is a first transmute of n ; and by Theorem II it is a first transmute 
of fa Moreover it is a canonical square matrix. 


Conversely wo can obtain n from n x when p is known. 


The next theorem gives the actual values of the potent divisors of tho 
characteristic matrices of the first transmutes of a square matrix 'when the 
potent divisors of the characteristic matrix of <f> are known. 


Theorem III. Let $ = [a]™ be any square matrix of order m whose 
elements are constants j let the potent divisors of its characteristic matnx 
(f> (X) = [a] m — X corresponding to the linear divisor X be 

°"i oqual to X, <r a equal to X 3 , ... cr K equal to X* ;.(6) 

and let the remaining potent divisors of its characteristic matrix fa (X) be 

... (x-c a y a , . (7) 

where Ci, C 2 , o # are not necessa,rily all unequal, but are all different from 0. 

Then if fa is any first transmute of fa, the potent divisors of its characteristic 
matrix fa (A.) corresponding to the linear divisor X are 

<r 3 equal to X, cr^ equal to X 3 , ... o- K equal to X K ~\ .((f) 

and (7) are the remaining potent divisors of fa (X). 

Here <r Xj er B ,... a K , e 1 , e^, ... e 8 are Don-zero positive integers such that 
°i + 2cr a 4-... + k<t k + e x + e a + ... + e a = m. 

To prove Theorem III let II and II X be the canonical forms to which fa 
and fa can be reduced by equimutant transformations. Then tho characteristic 
matrix of fa has the same potent divisors as the characteristic matrix of II X , 
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and those arc the potent divisors of the various parts of Ili Referring to 
Ex. xi wo see that n : 1ms no part corresponding to a potent divisor A, of 
<jb (A), and that its parts correspond to the other potent divisors of <j> (A) in 
the following Way: 

(1) To a potent divisor A*' of <f> (A), where p > 1, there corresponds a part 

i-i TO 

[oil = ’ _ of 11, whose characteristic matrix has the 

1 0 , 0 

L ’ p —2,1 

single potent divisor A^ -1 . 

(2) To a potent divisor (A — cf of <£ (A) in which c =j= 0 there corresponds 

a part of Eh which is the same as the corresponding part of 

[«]“ of IT, i.e. a part whose characteristic matrix has the single 

potent divisor (A — cf. 

Corollary 1. If the potent divisors of fa (A) and the degeneracy of <f> are 
known, then the potent divisors of $ (A) are known. 

For cr x + <r a + .., + <r K is equal to the degeneracy of </> (see Ex. lii of § 228), 
and theroforo is known. 

Corollary 2. If we know any first transmute fa of <f> and the order m 
of <jf>, then the potent divisors of <f> (A) are uniquely 'determinate 

For tho order of fa is the rank of <f>, and therefore the degeneracy of <£ is 
known. 

Ex. xii. If p > 1, tho nmiihor of potout divisors of <£ (A) divisible by X p is equal to the 
number of potent divisors of fa (A) divisible by X p-1 

Ex. xiii. If p i and pi are the degonerattios of tf> and fa, then <f) (A) has exactly pi potent 
divisors divisible by A, and exactly p a potent divisors divisible by A 2 . Consequently it has 
exactly pi - pi potent divisors equal to A. 

This follows from Exs. ii and iii of § 228 and Ex. xii above. 

Ex. xiv. If <f> has the latent root 0, i.e. if (f> is degenerate, then the potent divisors of <f> (A) 
corresponding to the linear divisor A are all linear, i.e. are all equal to A, when and only when 
fa, the first transmute of fa is undegeneraie. 

This oaso occurs wlion and only when the number of zero latent roots of <£ is equal to 
the degeneracy of fa or whon and only when the number of potent divisors of <£ (A) which 
are divisible by A (i.o. are powers of A) is equal to the degeneracy of <j> A proof independent 
of Theorem III is givon in Ex. xxiii. 

Ex. xv. The matrix <£ has an unrepeated zero latent root when and only when tf> has rank 
m~l and fa is undegenei'ate. 

With the notation of Ex. xiii this oase occurs when and only when pi=l and pa=0 

24—2 



372 


EQUIMUTANT TRANSFORMATIONS OF A SQUARE MATRIX [CH XXVI 


Esc. xvi. The first transmutes of a real symmetric matrix are undegenarate. 

If = is a real symmetric matrix of rank r } we know from § 147 that wo can 
express it in the form 

~ ei 0 . 0 - cj 0 .. 0 “ 

0=[ a ] m = T r 0 e 2 ■ 0 0 0 [q®, 

m 1 -'to . . r 

_ 0 0 . e r _ _ 0 0 ... fl, _ 

where [Z]™ is real, and e 1} e 2 , ... a,, are non-zero quantities A inut transmute of <p is 


<f>i = 


ei 0 .. 0 

0 flj ■ ■ ■ o 


c€ * 


0 0 ... e r 


0 .. 0 

0 e-i . 0 

0 0 ... o r 


Since [Z] r is real, we kuow by § 72 that the middle factor on the right has rank r; and 
therefore is undogenerate 

Now let (f> = [a]^ be any square matrix of order m whose elements arc 

constants, let / = [ 1]™, and let <f> (\) — <p - XI be the characteristic matrix 
of X being a scalar variable. Also let a be any scalar quantity, let 

— <f> — a I = <j> (a), ^ (X) = — XI = <f> (X + a), 

so that ifr (X) is the characteristic matrix of let fa be any first transmute 
of fa and let fa (X) be the characteristic matrix of fa . 

By Ex. x of § 222 there is a one-one correspondence between the linear 
and potent divisors of <j>(X) and the linear and potent divisors of 
such that 

(X — cf is a potent divisor of of order i when and only when 
(X + a — cf is a potent divisor of \j/ ( X ) of order i, 

or (X — cf is a potent divisor of -\Jr (X) of order i when and only when 
(X — a — cf is a potent divisor of (X) of order i. 

In particular X — a is a linear divisor of $ (A), i.e. a is a latont root of <£>, when 
and only when X is a linear divisor of 'yfr(X), i e 0 is a latont root of fa or 
is degenerate. Thus the investigation of the potent divisora of (X) corre¬ 
sponding to the linear divisor X — a of <£> (X) can be reduced to the investigation 
of the potent divisors of (X) corresponding to the linear diviHor X; and in 
this way we can obtain the following generalisation of Theorem Ill: 


Theorem IV. Let a be my latent root of the square matrix <p = [a] 7Jb , let 
<jj (X) be the characteristic matrix of <£, let the potent divisors of <j> (X) corre¬ 
sponding to the linear divisor X-a.be 

<r a equal to X — a, o- fl equal to (X — af, ... <r K equal to (X —a)*, ...(8) 
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and let the remaining potent divisors of fa (X) he 

(\- Cl ) c ‘, (k-cf*, ... (X,-c 8 ) fl ‘.(9) 


where c 1} c flI . . c„ are not necessarily all unequal, hut are all different from a 
, Then if fa i = fa — al, and if faik) is the charactei'istic matrix of fa the 


■potent divisors of fa fa) corresponding to the linear divisor k are 

o-j equal to k, cr.^ equal to X, ... cr K equal to k K , .(8') 

and the remaining potent divisors of fa fa) are 

fa + a- c,)' 1 ', (X, + a — cff\ ... (X, + a - off* . (9') 

Therefore if y}r x is any first transmute of fa, and if fai fa) is the charactei'istic 
matrix of fai , then the potent divisors of fa : (X) corresponding to the linear 
divisor k are 

a g equal to k, o-j equal to X 2 , ... cr K equal, to X* -1 ,.(8") 

and (9') are the remaining potent divisors of fai (k). 


The first part of this theorem follows from the correspondences mentioned 
above; and we doduce the second part by applying Theorem III to the 
matrix fa 

Ex xvii. If pi and p a are the degenerueies of fa and fa, then fa (X) has exactly p i potent 
divisors divisible by X — a, and exactly p^ potent divisors divisible by (X-n) a . Consequently 
it has exactly pi-pa potent divisors equal to X — a. 

Tina foliowa from Ek. xiii. 

Ex. xviii. If a is a latent root of fa, i e. if the matrix fa = fa — al is degenerate, then tho 
potent divisors of fa (X) corresponding to the linear divisor X — a are all linear, i.e. are all 
equal to X — a, when and only when the first transmutes of fa are undegenerate. 

ThiB wish occurs when and only when the numlier of latent rootB of fa having tho valuo 
a ih equal to tho degeneracy of fa or when and only when the number of potent divisors of 
fa (X) corresponding to tho linear diviaor X - a is equal to the degeneracy of fa 

Ex. xix. Tho matrix fa has an unrepeated latent root a when and only when the matrix 
fa=fa — al has rank m — 1 and fa is undegenerate. 

With the notation of Ex. xvii thia case occurs when and only when pi=l and p a =0. 

Ex. xx. Square matrices having only linear potent divisors. 

All the potent divisors of the square matrix fa are linear when and only when the first 
transmutes of tho matrix fa=fa — al are undogenerate for all latent roots a of fa, and there¬ 
fore for all values of a. 

Ex. xxi Square matinees having only unrepeated latent roots. 

All the latent roots of the Bquare matrix fa are unrepeated whon and only when tho 
matrix fa=fa — al has degeneracy 1 for all latent roots a of fa and the first transmutes of fa 
are undegenerate for all latent roots a of fa i.e. for all values of a 
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Ex xxii. Properties of any two square matrices (p and yp which arc expressed in 
the foims 

The following properties are tnie both when (p has rank r, so that y/s ih a first transmute 
of t£, and when cp has rank less than r. 

(1) If s is any non-zero positive integet' such that s |>m and s the mm of the 

coi'ranged (or affected) diagonal minor determinants of (j> of order s is equal to 
the sum of the corranged (or affected) diagonal minor determinants of yp oJ 
order s 

For if /„ and «/„ are the sums of the corraugod diagonal minor determinants of tp 
and yp of order s , we have 

I„=2 det [a P i] [^ljJ =22 (a, M] ) (& U ji) j 

p 8 1 jiij " 

J t = 2 dot [6 0l ] [«ij =22 (h m ) (a lia ) > 

q 8 n * V a 

whore [^i] aud [y] are corranged minors of the scqucncoH [12. . m] and [12.. r], 
and where 2 and 2 denote summations for all distinct valuoB of [p\ s end [<?] 

p <i ‘ 

respectively. 

(2) The matrices cp and yp have the same non-zero latent roots. 

Suppose that r jpm, and let 

K - x Ml + ( X )=[C [<“ x Ml- 

Thou det 0 (X) = ( - 1) H ' +. . + (- 1 )•■/,.X’ 1 *-’'} 

’and det^ (X) = ( — l) 7, {X r - /i X r_1 +. . + (-l) r 4}; 

aud therefore det cp (X) = (— \) m ~ r det yp (X). 

Thus (p has certainly m — r zero latent roots, and its remaining r latont roots 
are identical with the r latent roots of yp, each of which may or may not ho zero 


Ex xxiii. If(p = [d] is a square matrix ofordei'm and rank r, and iftp (X)=[a]™-X[l]™, 
then X is not a common factor of all minor determinants of <p (X) of any one of the orders 
l,2,...r; butifr<m, then dll minor determinants of <p (X) of orders r -i ],r+2, ...a, ... m 
are divisible respectively by X, X 2 , ... \ B ~\ . . \ m ~ r . 


ThiB follows from Ex, lii of § 228. We can provo it in a incro olomontavy way by 
means of tho expansion given m Ex i of § 222. 


Let E B he any corranged minor determinant of (p (X) of order a, and lot it contain 
exactly tr of the diagonal elements of <p (X) Then E a is a derangement of a determinant 
of the form 


A„=det 



®uuj 


a, 8—a 

a, 8—a 


-X 


go 


where [r, u, g _ 8 _ v is a minor of the sequence [12. . m], and tr oan have any value 
consistent with tho conditions tr <£ 0, tr a, m+ tr <£ 2a 
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Expanding A„ m powoira of X, wo havo 






where 


<r, ft-<r 

J =(a / A fe rr» rt rr\ 

S-ff ' t£|*' ft — tf * J S =( ) ' 

\ a «T> “nil/ 


and where 7 fl . is tho Hiun of those oorranged diagonal minor determinants of 7, of oi*der 
s—tr+i which contain I N _ a , all of which are minor determinants of 0 We observe that 
7„ may bo any minor dotonninant of 0 of order a 


If s=r, we can have 7„+0, and then A„ is not divisible by X 

If a>r, tlion 7 fl „ 1) ... 7,. + 1 all vanish, and therefore A„ is always divisible by X‘~ r . 

From Ex. xxn wo see that A” 1- ’' is the highest power of X winch is a factor of det (f> (X) 
when and only when tho first transmutes of 0 are undegenorate. This shows independently 
of Theorem III that tho potont divisors of <fi (X) corresponding to its linear divisor X are 
all linear, i.o. all havo the valuo X, when and only when the first transmutes of $ are 
undegonorato. 


§ 233. The successive transmutes of a square matrix. 

Let <jf> lx. 1 any square matrix whose elements are constants, and let fa be a 
first transmute of $, <jE> a a first transmute of fa, fa a first transmute of fa, and 
so on, so that m the series of square matrices 

$) fa j fay $ Jj $»—1) fa) $l+l) 

each matrix after the first is a first transmute of the preceding matrix. Then 
fa) fa) $.D will be called successive transmutes of $, and fa will be 

called an ith transmute of $ or a transmute of the ith order An ith trans¬ 
mute of $ can be formed in a great variety of ways, but from § 232 we see 
that the two following theorems are true 

Theorem I. All the ith transmutes of a given square matrix <j> are square 
matrices of the same ordei' and the same rank which have equipotent charac¬ 
teristic matrices, i.e. which are convertible into one another by equimutant 
‘transfomiations. Further if fa is any one ith transmute of fa then every 
square matrix of the sarnie order as fa derived from fa by an equimutant 
transformation is an ith transmute of fa 

Thus all the ith transmutes of <£ have the same standard reduced form for 
equimutant transformations. 

Theorem II. If <J> and fa are two square matrices of the same order 
which have equipotent characteristic matrices, then the ith transmutes of </> and 
the ith transmutes of fa have the same common ordei- and the same common 
rank, and have equipotent characteristic matrices. Consequently $ and fa have 
the same ith transmutes, where % is any non-zero positive integer, i.e. they have 
the same successive transmutes of all orders starting from the first. 



376 


EQUIMUTATST TRANSFORMATIONS OF A SQUARE MATRIX [CH. XXYI 


Cleoi’ly if two square matrices of the same order have any one set of 
successive transmutes in common, then every set of successive transmutes 
of either matrix is also a set of successive transmutes of the other matrix. 
Further if any two square matrices have an fth transmute in common, then 
they have the same ith, (i + l)th, (i+- 2)th,... transmutes, and if they have 
a first transmute in common, then they have the same successive transmutes 
of all orders starting from the first. 


Noth The Qth transmutes of a square matrix 0 

Por ilia sake of generality we will regard itself as a Oth tr.ui.siuuto of </>. Than every 
Bquare matrix of the biiuiq order as qE> whose characteristic matrix is equi]intent with the 
characteristic matrix of <p must be regarded as a Oth transmute of </>, and may bo denoted 
by tf) Q . We shall generally assume that 0 u =(/> 

Let the order of the square matrix <j> be ?a = 7/? 0 ; and lot the square 
matrices <£, <j) 1) ... havo ranks ??t a , m J: vi it .. and degeneracies 

P\> p&> Ps> Pi j so that 

(pi has order m lt rank and dcgcncmcy p f+ ,. 


Then we can wnte 


*-k = m;>i: 

w: =[«;:; w 

= m: 


JHj 


mi;. 


:m: - [sir m 




in w i 


Mi 


■( 1 ) 


and so on, where <£ = <£>„ and m = in 0 . Since the rank of cannot 
exceed its order and since by Ex. i of § 232 the degeneracy of <f>i cannot 
exceed the degeneracy of we have 

and p i +i^p l) i.e. - m i+l m<.(2) 


If <j> is undegenerate, then all its successive transmutes are undugunorato, 
and have the same order and rank as <f>. If <f> is degenerate, then in forming 
the successive transmutes (f> 1} <f> a , </> 3 , ... we must ultimately arrive cither at 
one which is undegenerate (in which caso all the succeeding transmutes arc 
nndegenerato) or at one which vanishes and has zero rank ; and if we regard 
the first transmute of a square matrix of zero rank os an uiidegonerate square 
matrix of order 0 and rarik 0, we may say that wo must ultimately arrive at 
a transmute which is undegenerate. If then </>* is the first of the matrices 
</>, </>i» <£si ■ which is undegenerate (or if </»*_! is the last, of them which iH 
degenerate), we have 


.(3) 


i.e. 


mi<m, ... m h = m hu = vt k ^ a = 

pi > 0, p 2 > 0, ... p k > 0; p k+1 = p k . Vi = ... = 0. 
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From these results and (2) we see that the ranks of the successive matrices 
0, fa, fa, . . <f>k- 1 . fa, fa+i, ■ constantly diminish by never increasing amounts 
until we reach fa ^, and that all of these matrices which come after fa^ are 
undegenerato square matrices of the same order, their common order and 
rank being equal to the rank m& of . 

Now let (A), fa (A), </> a (X), ... denote the characteristic matrices of 
(j>, fa, fa i} ...; let the potent divisors of <£(A) corresponding to the linear 


clivisor A be 

o-j equal to A, <r 3 equal to A, 3 , ... <r K equal to A K , .(a) 

and let the remaining potent divisors of </> (A) he 

(\- Cl y\ .. (A-— Cgf 8 , . (b) 


where c lt c 2 , ... c s arc all different from 0. Then by successive applications of 
Theorem III of § 232 we obtain the following results • 

If k > I, the potent divisors of fa (A.) corresponding to the linear divisor 
A are 

o\, equal to A, o 3 equal to A 9 , ... o K equal to A* -1 .(aj) 

If k> 2, the potent divisors of fa (A) corresponding to the linear divisor 
A are 

<r n equal to A, o i equal to A 9 , ... o\ equal to A* -9 .(a*) 

If K>i, the potent divisors of fa(\) corresponding to die linear divisor 
A are 

cr t !„! equal to A, <ri +a equal to A 9 , ... o K equal to A" - ^ .(Oj) 

If k> 0, the potent divisors of fa- 1 (A) corresponding to the linear divisor 
A are 

<t k equal to A.(a K _i) 

The matrices fa( A), fa+j( A), ... have no potent divisors which are powers 
of A. 

The potent divisors of all the matinees fa (A), fa (A), ... fa-i (A), fa (A), 
fa+i (A),... corresponding to linear divisors other than A are the same, viz. those 
given in (b). * 

Henco if wo write Cj + % I-.. .„+ e s = e, we have 

<r L + 2<r B + 3o- u + ... + tco- K + e = m ; o-j + <r 2 + Qa + ... + o K = pi ; 
o 'a + 2cr 0 + ... + (/c — 1) c K + e = Wi; o- 2 + o B + ... + o- K = p 2 ', 

0 ’s +...+(« — 2) o K + e = m^\ c B + ... + o- K — p 3 ] 

<r K + e = m K -!; o- K = p K ] 

m K = w K+1 = m K+a = ... = e; p K +1 = p K +a = />*+8 = ... = 0.(4) 
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The equations on the left follow from the fact that the product of all the 
potent divisors of 0 t (A) must have degree m* in A., and the equations on the 
right follow from those on the left, or can be deducod independently from 
Ex ni of § 228. From the equations (4) we see that 

°'i = Pi — Pit °"a = Pi ~ P&> &i = Pt~ Pi+u °'k = pK> .(h) 

and that 0 K is the first of the matrices 0 , 0 X , 0 fl , ... which is undcgenoratc 
(or 0 (t _ 1 is the last which is degenerate). Accordingly the number k in 
(3) is k. 

We are thus led to the first three of the following four theorems in which 
0 i. 02 j 03 ,... are any set of successive transmutes of the square matrix 0 , and 
m which 0 (A,), 0 X (A), 0a (A), ... are the characteristic matrices of 0, 0 1} 0 U ,.... 

Theorem Ilia. If 0 = [a]™ is any square matrix whose elements are 
numerical constants, and if 0 K is the first of the matrices 0, 0 1; 0 a , 0 8 , .. 
which is undegenei'ate (or 0 K _ 1 the last which is degenerate), then A K is the 
highest power of A which is a potent divisor of 0 (A). 

Theorem Illb. Moreover if pi, p 2 , p a , •• p< are the degeneracies of 0, 0 j, 
0 a ,... 0*_i, then the potent divisors of 0(A) corresponding to the linear divism ’ 
A are 

p, divisible by A ' ' pi — p a equal to A 

p g divisible by A a p 3 — p a equal to A a 

^ OJ’ ' 

p 4 divisible by A < Pi — p t+ i eryutii So A i 


p K divisible by A* , , p K egwaZ io A\ 


Theorem III c. Further the potent divisors of 0 (A) corresponding to all 
linear divisors other than A are identical with the potent divisors of 0* (A), 
which are also the potent divisors of each of the matinees 0*+, (A), 0 K+U (A), .... 


Theorem III d. If k is any non-zero positive integer, then <j> k has the same 
rank in k as 4>k-i, and more generally 0 t - fc has the same rank m^ as 0 i + k_ 1 . 
Consequently if r k is the degeneracy of 0 h , we have 


n = m-m k = p 1 + p 2 +... + p k . 

To prove the fourth theorem, we observe that with the notation (1) we havo 
Therefore by Theorem II of § 131 the matrices 

L fc-i 




<j) k , 00 fl fc , ... 0 ^ have the same ranks as 0 " 
and by repeated applications of this result we see that 


j ft - 'l 
02 > 


. ft—1 ,k-l 

0 a > 0 / 


'/+i 


0 ^ has the same rank as 0 i+1 , 0 ‘ 


fc -1 jft -2 

i+a» 


0 


fc-r 
i+r ’ 


0! 


ri+A-i 1 
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Theorems Ilia—IIIc show that if two square matrices <p and 0' of the 
same order have the same successive transmutes, then their characteristic 
matrices are equipotent, i.e. 0 and <jf are convertible into one another by 
equimutant transformations, and conversely if they have equipotent charac¬ 
teristic matrices, then by Theorems I and II they have the same successive 
transmutos More particularly if 0 and 0' have the same rank, if their 
successive transmutes have the same ranks, and if they have a transmute of 
any order in common, then they have equipotent characteristic matrices and 
are convertible into one another by equimutant transformations. 

Fm tlier these theorems show that wo can determine those potent divisors 
of the characteristic matrix 0 (X.) of a square matrix 0 which correspond to 
the linear divisor X (i.e. which correspond to the zero latent roots of 0) by 
determining the ranks of any set of successive transmutes of 0, and also by 
determining the ranks of the successive powers of 0. 

Theorem Illrf shows that p lt p a , p 3> ■■■ r a , r s, ■ have the same meanings 
in the above theorems as in Theorom Ila of § 230; and we see (as in Ex. ii 
of § 230) that m, = m — r K is tho lowest rank which a power of 0 can have, 
and that 0 K is the lowest power of 0 which has rank m K . 

Ex. i If 0 is undogenorato, then pi=0, k= 0, and X is not a linoar divisor of 0 (X), 
i.o. 0 has no zero latent root. 

Ex. ii. When 0 is degenerate the potent divisor and the maximum divisor of 0 (X) of 
order m coircs^mv ding to the linear divisor X are respectively \ K and X*, where 

s=p x +p i + ...-\-p K =m-m K =r K . 


Ex iii. If s is tho total number of zero latent roots of 0, so that s=m-m K =r K , 
m K =m— a, then: 

The ranks ofcf), 0 1} 0 a , 0 a , ... continually diminish by never mci’easing amounts till we 
reach the transmute 0 K-1 which has rank m —s, and all the following transmutes are 
undegenerate square matrices of order and rank m—s. 

This result corresponds exactly to that given in Ex. ii of § 230. 

Ex. iv. By repeated applications of Ex. xxii of § 232 we see that 

dot 0 (X)=(- \y n ~ m i dot 0t (X)=(- A)® ~ wl s det 0a (X) -... 

= ( - X)"* -,n < dot 0f (X) =... = (det 0 K (X). 

Thus if i< k, the total number of zero latent roots of the ith. transmute 0< is 
m i — m K =pt + i+pt + a+ ...+p K i 

i.e it is tlio sum of tho degeneracies of 0< and all the following transmutes. 

Ex. v All tho matrices 0, 0 1# 0 2 , 0 3 , ... have the same non-zero latent roots, and 
these are the 7ii K latent roots of 0 K . 
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Ess vi. In the oase when 0 huB one or more zero latent roots or is degenerate, the 
potent divisors of 0 (X) corresponding to the linear divisor X are all linear (soo also Ex. v of 
§ 230) when and only when ps=0, i.e. when and only whon the first transmutes of 0 are 
undegenerate. 


Ess vii. The matrix 0 has an unrepeated zero latent root (seo also Ex. vi of § 230) 
when and only when 0 has rank m — 1 and the first transmutes of 0 aro undegenerate 


Ex. viii Conditions that 0 (X) shall have only the one potent divisor X 1 ' 1 
This is the cose when and only when n=m, and we then have 

pi=pa=...=p„i=l, 


or it is the case when and only when 0 and its successive transmutes down to the (m — 1 )t.h 
all havo degeneracy 1, and we then have 0 m _ 1 =[O] ] , the with and following transmutes all 
having order and rank 0, or being non-existent 

The condition that 0 (X) shall havo only one potent divisor which is a power of X is 


pi = ps=... = p K =l. 

m TO II 1 ' 

Ex ix Successive transmutes of the square matrix 0=[a] ( = * q 

' m—i, i 

Referring to Ex vi of § 232 we see that if i :}> m, we can write 


01-1 



■i 


i 



0m-l = [O]J , 


so that in this case 


K=m, pi=pz=.. =p« t =-l. 


It follows from Theorem III Zp that the characteristic matrix 0 (X) has only tho one 
potent divisor X TO , and that this ib therefore also true of the square matrix 


0] 


‘X 1 0 ... 0 0 
0 X 1 . . 0 0 

0 0 0 ... X 1 
0 0 0 ... 0 X 


0(-X). 


m ro i"| p ’ 

Ex. x. Successive transmutes of 0=[a ] m = ’ ^ , where p 1 and p ;)> on. 

Writing m=np+q, where n and q ore positive integers such that 1 mid <j^p~ 1, 
we Bee from Ex vii of § 232 that, if i n, we can take the successive transmutes of 0 to bo 


ro, r 0 , n"' , 

*' 1= Lo, o I ^ ■ - *->-U oj 1 

when }=t=0; and that we have the same senes terminating with 0, l _ 1 =[O]*J whon f/«=0. 
Accordingly in this cose we have 


K-n+1; pi=p a =...=p n =p, p n+1 =2 whong^O; 
<=n; pi=pa= ...=p n =p when g=0. 
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It follows from Theorem III h that tbs potent divisors of the characteristic matrix <fi (X) 
are p in number, vix. 

p — q equal to X’ 1 and q equal to X ?l +1 when q 4=0; 

p equal to X 11 when q=0. 

Tliero are no potent divisors other than those corresponding to the linear divisor X because 
m both eases 0 K _i=O and (ji K is non-existent. 

Those results agroo with Ex. viii of § 229 and Ex vii of § 207. 

To determine the potent divisors of </>(A) corresponding to any linear 
divisor A. — a wo may use the following mote general theorems in which 
fa, fa, fa, are any set of successive transmutes of the matrix 

f = </>-«/= [>r-a [ 1]“, 

and in which ^ (A), fa (A), fa (A), ... are the characteristic matrices of yjr, fa, 
fa, ... In these theorems and in the examples which follow m lt ?n a , m ^,. . 
and p 1} p a , p a , ... aro the ranks and degeneracies of fa fa, fa ,. , so that 
m, m u m a ,... aro the orders of -ft, fa, fa 3 , ..., and therefore 

fa has order m*, rank m l+1 , and degeneracy 

Theorem IV a. If <f> = [a]’”, = <£ — olI = [a]™ — a[lj™, and if fa is the 

first of the matrices fa fa, faj, fa, ... which is undegenerate (or fa-j the last 
which is degenerate), then (A — a) K is the highest power of A — a which is a potent 
divisor of <j> (A). 

Theorem IV b. Moreover if p 1} p a , p y , ... p K are the degeneracies of fa fa, 
fa, ••• fa-i, then the potent divisors of 0 (A) corresponding to the linear divisor 
A — a are 

pi divisible by A —a ' ' Pi~Pa equal to A —« 

p a divisible by (A — a) a p a — p a equal to (A — «) a 

y or ’i 

Pi divisible by (A — af pi — pt +1 equal to (A - ay 

p K divisible by (A - a)", , p K equal to ( A — a) K . 

Theorem IV c. Further if the potent divisors of fa (A) are 
(A — Ci) *, (A — Oa)*", (A — cif 3 , ..., 

then Ci, Ca, On, ... are all different from 0, and the potent divisors of <f>( A) 
corresponding to all linear divisors other than A — a are 

(A — a — Ci)* 1 , (A — a — Ob)*", (A — a — c s ) — 
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Theorem IV d. Ifkis any non-zero positive integer 1 , then yjr k has the same 
rank m k as tyk- 1 - Consequently if r k is the degeneracy of the matrix 
^r h = (4> — orJT )*-, we have 

r k = m - m k = ^ + p a + ... + p k 

We deduce Theorems IVa—IVcZ from Theorems Ilia—IIIcZ in the samo 
way aa we deduced Theorem IV from Theorem III m § 232, 1.0 by using the 
fact that (X. — c) e is a potent divisor of ^Jr (X) of order i when and only when 
(X — a— c) e is a potent divisor of </> (X) of order i Those theorems show that 
we can determine those potent divisors of the characteristic matrix <js(X) of 
the square matrix <j> which correspond to any linear divisor X — a (i.e. which 
correspond to any latent root a of 0) by determining the ranks of any set of 
successive transmutes of the matrix \fr = <j) — al, and also by determining the 
ranks of the successive powers of yfr. 

Theorem IVcZ shows that in these theorems p l} p a> p a , ... r 1} r a , ... have 
the same meanings as in Theorem II b of § 230, and (as in Ex. lx of § 230) 
we see that m K = m — r K is the lowest rank which a power of the matrix 
^lr = cfj — al can have, and that (<f> — aI) K is the lowest power of <j b — al which 
has rank m K . 

Ex xi. If the matrix 0 = <j) — al is uudegenerate, thou pi=0, K =0, and X —« is not 
a linear divisor of 0 (X), i e. a is not a latent root of 0 

Ess xii When the matrix 0=0 — a/ is degenerate, the potent divisor and the maximum 
divisor of<}> (X) of order m corresponding to the linear divisor X-aare respectively (X-u) K 
and (X- a)*, where 

8=pi+p^+... + p K =m - m K =r K . 

Ex. xui If s is the total number of latent roots of 0 which nro equal to a, ho that 
s=m—m K =r K , m K =m—s , then: 

The ranks ofty, 0 lt 0 g , 0 3 , . . continually diminish by never increasing amounts till m 
reach the transmute which has rank m—s, and all the following tmnsmutvs of 0 

are undegenerate square matrices of ordei' and rank m—s. 

This result corresponds to and is equivalent to that given in Ex. ix of $ 230. 

Ex. xiv. The latent roots of 0 which are not equal to a aro the m K latent roots of 0„ 
each increased by a. 

Ex. xv. In the case when a is a latent root of 0 tho potent divisors of 0 (X) corre¬ 
sponding to the linear divisor X — a are all linear (see also Ex. xii of § 230) when and only 
whon pi=0, i e. when and only when tho first transmutes of tho matrix 0&0 — a/ aro 
undegenerate. 

Ex. xvi. The matrix 0 has an unrepeated latent root equal to a (see also Ex, xiii of 
§ 230) when and only when pi«=l and p a =0, i.e. when and only when 0 — al has rank m -1 
and the first transmutes of 0 —al are undegenerate. 
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Ex. xvii Conditiou that <f> (X) shall have only the one potent divisor (\ — a) m 

riiiH tlio cfino wlioii ami only when k = vi , i o. when and only when the matrix 
V r=<f> — al and its tmoccsaivo traiiHinutas down to the (m-l)th all have degeneraoy 1 

Ex. xvm. Condition that the potent divisors of 0 (X) shall all he linear. 

The first traimmutos of tlio matrix 0=0 -«/ must be undegenorato for all latent roots 
a of 0, and therefore for all valuos of tlio scalar quantity a. 


§ 234. Second form of the necessary and sufficient conditions 
for the existence of an equimutant transformation between 
two given square matrices. 

The results obtained in §§ 232 and 233 enable us to replace Theorem I of 
§ 227 by the following theorem ■ 


Theorem I. Let 0 = [a] ^ and yjr= [i>]™ he two square matrices of the 
same order m ■whose elements are numencal constants lying in any domain 
of rationality ft. Then there exists an equimutant transformation of the form 



where [A]" 3 ?"« [ 1 ] M ), 


.(A) 


when and only when 0 and 0 have the same first transmutes (and therefore the 
same successive transmutes of all orders starting from the first); and when this 
condition is satisfied, there eadsts mi equimutant transformation m ft of the 
form (A). 

It follows from Theorem II of § 233 that if 0 and 0 have any one first 
transmute in common, then thoy havo the same successive transmutes of all 
orders starting from bho first. 

First suppose that there exists an equimutant transformation of the 
form (A). Then by Theorem II of § 232 the matrices 0 and 0- have the 
same first transmutes. 

Next suppose that 0 and 0 have the same first transmutes. Then they 
necessarily havo the same rank, and by Theorem II of § 233 they have the 
same successive transmutes of all orders starting from the first. It therefore 
follows from Theorems III& and IIIc of § 233 that their characteristic matrices 
havo the same potent divisors, and are equipotent. Therefore by Theorem I 
of § 227 there exists an equimutant transformation in ft of the form (A). It 
follows from (A) that 0 and 0 also have the same Oth transmutes 

We can further replace Theorem II of § 227 by the following generalisa¬ 
tion of the theorem given above : 


" 1 V 
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Theorem II. Let 0 = [a] r and ijr = [&] m be two square matrices of orders 
r and m whose elements are numerical constants lying in any domain of 
rationality Cl, r being not greater than ni. Then there eosists an equimutant 
transformation of the form 


w; w; IT =[»]- (where g* [/o:=[1];). 


when and only when and have the same first transmutes (and therefore the 
same successive transmutes of all orders starting from the first); and when this 
condition is satisfied, there exists an equimutant transformation in Cl of the 
form (B). 

It follows from Theorem II of § 233 that if <£ and yjr have any one first 
transmute in common, then they have the sarno successive transmutes of all 
orders starting from the first. 

First suppose that there exists an equimutant transformation of the 

m i—i m 

form (B). Then if [ h and H are two mutually inverse undegenoratc 
square matrices formed as in Note 7 of § 141 by adding final vertical-rows to 
[A] and final horizontal rows to H , we have 

7tl it 




' S’” = [&]”, (where !ff“[/,]” = [if). ...(B') 

0, OJ _ i_] m L J m \ >—J ni J ’» J mj ' J 


Therefore by Theorem I the matrices 

?\ m-r 

r, m-r 

have the same first transmutes; therefore by Ex. viii of § 232 the matrices <£ 
and have the same first transmutes. 

Next suppose that <f> and have the same first transmutes. Thou by 
Ex. viii of § 232 the matrices <E> and have the same first, transmutes; 
therefore by Theorem I there exists an equimutant transformation in 0 of 
the form (B'), from which we can deduce an equimutant transformation in fl 
of the form (B). 

/ 

These proofs depend ultimately on the lemma of § 227 ; or, if wo omit all 
reference to Cl, they depend on the possibility of reducing a square matrix to 
its canonical form by an equimutant transformation. 


<£ = 


a, 0 
0 , 0 


Ex. i. Variation in the proof of Theorem. II. 

We can avoid the use of Note 7 of § 141 in the first part of the proof of Theorem II in 
the following way 
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Suppose that there exists an equimutant transformation of the form (B) Then </> and 
yjr have the same rank. Lot their common rank be s, and let 

[<=m; [<. [?],*. •[< g’ 

Then $ and \fr have the common first transmute 

m: k-w: w,- 


where all mati'ices ham rank r, so that r ;}> m, and ivhere all matrices lie in Q, then there 
exists an equimutant transformation in Q. of the form 


wlw! 




m 

m, 


For (j)=[b] r m [ct]™ and [x]™ are two square matrices in G which have a common 

first transmute. 

If we could give a direct proof of this result, we oould deduce Theorem I from it 
and § 152. 


Ex. lii If 


Ml-Ml m:, 


whete r^-m, and where all matrices have rank s and lie m Q, then there exists an equimutant 
transformation in Q. of the form 


I>] a [>r=[A] r [&]' [a]’ r 3 m 

Lt/J fll L J A L J 1A L LJ fl I_I, 


For 0-[6]' [®] r and [®] m are two square matrices m O which have a common 

first transmute. 


§ 236. Solutions of any equation of the form /(^) x = 0 when </> 

1 — 1 m 

is a given square matrix of order m. 

1. Notation. 

It will be understood that <j> = [a]™ is a square matrix of order m whose 
elements are given scalar numbers, and that /(<£) is some rational integral 
function of <f> whose coefficients are given scalar numbers which are not 


all 0. As usual we will 

write I=[l]j 

and for the sake of brevity we 

will put 

i—i 

r—i 

r—i 

x = m , 

a = a , 

/3= 13 , .... 

1 —'m 

1 —'in 

i —'m 


"««L " 

"fll" 

W % = 

t — . > 

: | 

B — 

Pi — . > • ■ ■> 

_ _ 

_OfmJ 

_ ftim_ 


o. in. 


25 
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these letters denoting matrices, whilst A, \ x> Aa,... fi, p a , fa, ... will denote 
scalar numbers. The equation to be solved is then 

/(</>) <B = 0. 

We will regard a as a scalar variable, and take the characteristic matrix of (f> 
to be 

We will suppose that A is a typical latent root of $, and that (z — A) 8 and 
(z — A)* are the maximum and potent divisors of <j> — zl of order m corre¬ 
sponding to the linear divisor z — A, so that A is a latent root repeated 
exactly s times. 

We will define m h and r* to be the rank and degeneracy of (<p — A/)*, 
k being any positive integer, and p* to be the number of potent divisors of 
<f> — zl which are divisible by (z — A)*. Then and p* are tho rank and 
degeneracy of the (k — l)th transmutes of $ — \I ; the /eth transmutes of 
<f> — AJ are the first which are undegenerate, i.e. the (k — l)th transmutes of 
0 — AJ are the last which are degenerate, and we have 

r h = pi + Pa + + Ph = m — nnjt, r K = s = m — m K . 

This notation is the same as that used in Ex. ix of § 230 and in § 233, and 
the positive integers p k , m k , r k satisfy the conditions 

Pi H* Pa Pa H* ■ ■ ■ H' pie—l H' P* H* p*+i = P«+a ~ P*+a = • •. = 0 J 

m >m 1 > 7fa> ... > m K _! >m K , m K = m« +1 = m K+a = ... ; 

0 < n < r % < ...< r,.! < r K , r K = r K+l = = ... ; 

to which we may add the interpretations 

m 0 = m, r„ = 0. 

Further we will suppose that Aa,... A n are all the distinct or unequal 
latent roots of <£ ; and we will define integers 

Si, k x> mu, r ik , p tt 

for the latent root A* in the same way as we have defined the integers 

a, k, m h , r h , p h 
for the latent root A; so that 

Si + *a+ ... + s n =m. 

At the same time we may suppose that A^, Aa,... Ar, whero r^n, are any r 
distinct or unequal latent roots of <£. 

2. (Solutions of the special equation (<£ — Ai )* as = 0, where k^tc. 

Let p be any positive integer. Then if p is not a latent root of the 
matrix (0 - fil) p is undegenerate, and the equation 

(<f>~ pj) p co — 0 


( 1 ) 
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has no non-zero solution, and is therefore equivalent to the equation 
((f) — fjbl)° £0=0, i.e. Ia = x = 0. 

If X is a latent root of <j>, the matrix ((f) — Xl) p has degeneracy r p = m — m p , 
and the equation 

((f>-Xl) p x = 0 .(2) 

has exactly r p unconnected non-zero solutions. If q is any positive integer 
less than p, then every solution of the equation ((f) — Xl) q x =0 is also a 
solution of (2). Consequently if p > k, so that r p = r K , every complete set of 
r K unconnected non-zero solutions of the equation 

(0 — \iya = Q ...(3) 

is also a complete set of unconnected non-zero solutions of (2), i.e. the 
solutions of (2) are identical with the solutions of (3), and the equation (2) 
is equivalent to the equation (3). Thus every equation of the form (1) is 
reducible to one of the form 

(<j> - Xl) k x = 0, where k ^ k, . (A) 

X being one of the latent roots of (f>, and as regards the equations of the 
form (A) we have established the following theorem: 


Theorem la. 

equations 


(j> — Xl) a = 0, 


When X is a latent root of <j>, and h :}> k, the respective 


(<j} — Xiy x = 0, ... (<j)-Xl) k x=- 0, ... ((f)-Xl) K 


a — 0 
..(A') 


have exactly r 1} r a ,... r*,... r K unconnected non-zero solutions; and all solutions 
of any one of these equations are also solutions of the following equations. 

Clearly if k :f» k, we can determine a complete set of r*. unconnected 
non-zero solutions of the equation ( <f> — Xl) h a = 0 of which —i are given 
unconnected non-zero solutions of the equation ( <j> — Xl)*^ 1 x = 0 , and the 
remaining r^ — rjc—i solutions are then solutions of ((f) — Xl) k x = 0 which are 
not also solutions of (0 — A/)* -1 x = 0. By repeated applications of this 
result we obtain the following second theorem: 


Theorem I b. If k ^ k, we cam. determine a complete set of r& unconnected 
non-zero solutions of the equation (A) of which 

r x are a complete set of unconnected solutions of ((f) — Xl ) x = 0, 

r 3 — r-i. a/re solutions of ((f) — Xlf a = 0 hut not of ((f) — Xl) x = 0, 

r 8 — r 9 are solutions of (0 — Xlf x = 0 hut not of ((f> — Xl)* x=(X 


r k — rje -1 ore solution/s of ((f> — Xl) k x = 0 hut not of ((f) Xl)^ 1 x = 0. 

The above two theorems could be deduced from Note 1, which also giveB 
the general solution of the equation (A). 

25—2 


•h 


! I 


< 
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Ev i If we regal'd x=~x as a point m homogeneous space of rank m, the 
•— 

solutions of the successive equations (A') form a series of < spacelets S u S 2 , . &, . S K 

of ranks r lf r a , . . J ft , r K each of which is contained in the following 

Note 1 Solution of tlio equation (0 -X7)*a:=0 by the reduction of $ to canonical form 
Lot n = [n] ,> * ho tho canonical reduced form of tho square matrix 0 = [a]™, and let 

.(«•) 

L J ia L J t n i—i m J m 

be an equimutaut transformation by which 0 can be derived from U Then thero ih a one- 
one correspondence between the solutions x= x , A=A of tho equations (0 — X/)*-.n=0, 

r 1 —‘wi 1 —'m 

(n -X/) fc A"=0 such that 

x =[A] A . 

>—'m m ‘—‘m 

Therefore if u=r fc , the general solution of (0 -X/)*tf=0 can be expressed m the form 

a-1Xf 7 , .(b) 

where l u L, ... l u ai'e arbitrary soalar quantities, and where [A']”* is an undogonorate 
horizontal normal to (n - X/) 1 , so that 

(n-x/) fc, A ,u =o.(o) 

L —*m 

’■ We can choose A** to be the matrix formed from [n] m when we strike out all vertical 

1 -'7ft *** 

rows which pass through parts of n corresponding to latent roots of 0 other than X and 
replace each part 

“X 1 0 ... 0~ 

m;- ;.° .w 

_0 0 0 ... x_ 

of II which corresponds to tho latont root X by [1] ( when e k, and by j j when 

. In tlio particular coho when 

H, VI — U 

p—n 8 

k= k, and when k k, wo have u=s, and in forming A’ we replace every part of II such 

as (d) corresponding to the latent root X by [l] r 

For if wi, a) 2 , o>bj . . aro tho parts of n corresponding to tho various potent divisors of 
the characteristic matrix 0 ( 2 )=0-3/, thou n-XZ is composed of similar corresponding 
parts which we may denote by P l5 Z J a , Pg,...; (n-X/^is composed of similar corresponding 

I ~~ i U 

parts Pi k , Pj 1 , P 3 fc , ; and A is a oompartito matrix in standard form whose suocossivo 

1 —'m _ 

parts* are the conjugates of horizontal normals to tho suocossivo parts of (n —X/)*. If 
a=[«]* given by (d) is a part of n corresponding to a potent divisor (z — \) a of 0 (a) whiuh 
is a power of z - X, the corresponding part of n - X/ is 

z>=r°’ n 1 ' 6-1 . 

L°> °-L.i’ 


j 
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if k <£e, the oorrespouding part of (n - X/) 1 is P fc =[0]”, and wo oan take tlie corresponding 

rntt c ti 

part of X to be [1] , since [0] [1] =0; if k'^e i the corresponding part of (n — \I) L is 

I-1 M 0 6 6 

= |q’ q! , and we can take the corresponding part of X to be m , Hince 
*- ’ 

Jfc.a-l 


P k 


LoJ 


fc, a-fc 


R 3 


m 


LoJ 

4 _ fc, fc jt, a - fc 


=o. 


Again if ta = [u]* is a part of n con’osponding to a potent divisor of (e) which is not 
a power of z — X, then u is an undegonorate square matrix, the corresponding parts of n — \I 
and (n — X/)* arc undegenerate Bqiuire matnoes of order e, and the corresponding part of 

X is the uon-existeut matrix TOl . 

l - J in L J e 


3. Reduction of any equation of the form f(<f>) as — 0. 

By resolving the scalar function f(z) corresponding to /(<£) into its linear 
factors, we can always express the given equation m the form 


<£>&■ = 0, .(4) 

where $ = (0 - (0 - (<p -/*,!)*’■ ..., .(5) 


Pi> fh> • ■ hemg scalar numbers, which are all different, and p 1} p 2l p 3l ... 
being positive integers. Let (</> — [iil) p t be any one of the factors of <E> in 


(5). Since the factors of <J> are commutative, we con replace the equation 
(4) by 

<&<« = (>, .(4') 

where <l> t is the product of the remaining factors of <E>. 

First suppose that ^ is not a latent root of <j>. Then (0 — fMl) Vi is an 
undegenerate square matrix of order m, and the equation (4') is equivalent to 

= 0.(4") 


Thus m this case we can omit the factor (<p — p%I) vi in <I>, or replace the 
index p x by 0. 

Next suppose that (h is the latent root A* of and that pi > K it Then 
since the solutions of (<£ — \I)^as = 0 are the same as the solutions of 

($ - Ai/)** aj = 0, 

the equation (4') is satisfied when and only when the equation 

(<f>-\ i IYi<fr i a:=0 .(4"') 

is satisfied, and (4"') is equivalent to (4') Thus in this case we can replace 
the mdex p t in <& by /c*. 

Treating every factor of <£> in this way, we obtain the following result. 

Theorem II. Every equation of the form f (<£) x = 0 can be reduced to an 
equivalent equation of the form 

(0 — Ai/)*> (<£ - A— A r iy^oo = 0, 


■(B) 
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where \ lt X 3 , . . A r are r distinct or unequal latent roots of <f>, and where 
ki, k 2 , ... hr are positive integers such that 

kj ^ Kj , A/g ^ /Cg j •. • ky ^ Kf. 

In the particular case when none of the quantities p u p^, p ®,... in (5) are 
latent roots of <j>, every one of the indices p Jt p 3 , p 3) ... can be replaced by 0, 
and the reduced equation is x = 0. In this case <E> is an undegenerate square 
matrix of order m. 

4. Properties of the prefactor (0 — pl) p . 

Here p, is any scalar quantity, and p is any non-zero positive integer. In 
the lemmas and examples which follow, X is any latent root of 0 , and k is any 
positive integer not greater than k and not less than 1 , « being defined as in 
sub-article 1 . 

Lemma A. If a. is any solution of the equation (</> — X/) x = 0, then: 

(1) ($ — fil) a = (X — p) a; (2) (0 — pl) p a = (X — p,)* a. 

For we have </>a = Xa, and therefore 
a a, 

(0 — /jbiy a = (X — fi) . ($ — fil) a = (X — pf a , 

(<f> — fil) 3 a = (X — pif. ((f) — pi) a = (X — fi) 3 a, 

and so on. 

Lemma B. If a is any solution of the equation (cj> — \I) k x — 0, then: 

(1) (<f> — pl)ct = (X — p) a -1- o£j ; (2) (0 — pl) p a = (X — p,)v a + a' ; 

where a x and a' are solutions of the equation (<j> — XJ) 4-1 x = 0. 

By Lemma A both results are true when k= 1 . We may therefore 
suppose that k <{: 2 . 

To prove (1) let (<£ —X7)a = a ] . Then prefixing (0 — X /)*" 1 on both 
sides, we see that (<£ — X /) 4-1 a a = 0 , and we have 

(£a = Xa + a l5 (<f>—p,l)a = (\ — p,)a + a i . 

Thus (1) is true generally. 

Agam from (1) we deduce in succession that 
(<j> — ply a = (X - p.)* a + 2 (X - pi) «j + « B , 

(— fiiy a = (X — fi) a a + 3 (X — pf « a + 3 (X — pi) a t + a 8 , 

(</> - fiiy a = (X- p)*a + ^ (X- A t)P“ 1 a 1 + ... + ^ (X-/^)^a*+ ... 

+ (j) (X - p) «p-i + , 
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where oti is a solution of the equation (0 — X7)* - * x = Q when i < Jc, and 
where a* = 0 when i <{: k. Since a,, a 2l ... a p are all solutions of the equation 
we see that (2) is true generally. 

Ex. ii. If /i=t=X, t/ie prefactor (0 — ply carniot annihilate any non-zero solution of the 
equation 

(0-X/) fc ® =0 

In fact it converts • 

(1) every non-zero solution a of the equation (<j>—\I)x =0 into a non-zero solution /9 of 

the same equation, 

(2) every solution a of the equation (0 — X/) fc x=0 which is not a solution of the equation 

(0-X/) fc-1 a?=>0 into a solution /9 of the equation (<j>—'\l) k x=0 which is not 
a solution of the equation (0—Xi) fc-1 ®=0; 

(3) every non-zero solution a of (A) into a non-zei'o solution /9 of (A) 

We will establish Ex. ii by proving the results (1), (2) and (3) 

The first result follows immediately from Lemma A; for we have 

(0 — /i/) p a=(X — /i) p a=/3^=0, and (0 —X/)/3=0. 

In proving the second result we may now assume that Is <}; 2 Then by Lemma B 
(0 —/i/) p a=(X-/i) p a+a'=/3, 

where a' is a solution of (0— \I) 1t ~ 1 x=0 Since a by supposition is not a solution of the 
last equation, it follows that 

(0-X/)*/3=0, (0-X/)*" 1 /3=(X —/i)p (0 —X/) fc-1 a=t=0. 

The third result follows from the properties (1) and (2) If a is a solution of the 
equation (0 -X/)j?=O, it follows from the property (1) that /9=(0—/i/^a is a non-zero 
solution of (0— \I)x=0, and therefore a non-zero solution of (A). If a is not a solution 
of the equation (0 - X/) x=0, there must exist a positive integer h, not less than 2 and not 
greater than k, suoh that 

(0-XJ) ft a=0, (0-X/) ft - 1 a+O; 

and it follows from the property (2)that/3'=(0—/i/) p a is a solution of (0—X/)*®=0 which 
is not a solution of (0— X7) 7t-1 a , >=>0; therefore /3 is a solution of (A) which is not zero. 
The third result could also be deduced directly from Lemma B. 

Ex. iii. If /i+X, the prefactor (0 - p.7) p converts every set of r unconnected non-zero 
solutions a u a 2 , ... a? of (A) into a set of r unconnected non-zero solutions ft, ft, .. ft of 
the same equation (A). 

Let ai, og, ... ^ be any r unconnected non-zero solutions of the equation (A), and let 
(0-/ui) p a 1 =>ft, (0-/i7) p aa'=ft, ... (0-/i/) p a r =ft, 

i.e. let (0-/a7) p a = /3 . 

■— J 'll) 1 -171 

By Ex. ii the matrices ft, ft,... ft are r non-zero solutions of (A). If there exists a relation 
between them of the form 

hPi+kfa + -+lrPr=!* r ^ =0, so that (0- / i/) p T r T =0, 
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■where l r are scalar numbers, then 

X = li a.i + 1% a% + . + l r ttf = 


l 


is a solution of the equation (A) which is annihilated by the prefactor (0-/x/) p , and it 
follows from Ex n that x = 0 ,1 e 

I—I T i—i 

a 1=0. 


Since 'an a 2 , . . cir are unconnected, and a is undegenerate of rank r, this is only possible 


when = 
connected. 


d r =0 Consequently ft, ft, • ■ ft are solutions of (A) which are un- 


If h is any positive integer not greater than k, and if y= /S l is a solution of 

1 —'w 1 —'r 

r—i T r—i 

( <p-\I) h x=0 , then y 7 =(0 - \I) h a l is a solution of (0 —X/) t-, ‘®=0 whioh is anni- 

1 -'/M 1 -'j 

I-if I-1 

hilated hy (0 -/i/) p , and must vanish. Therefore x= a l is also a solution of 

1 —'m 1 —'r 

(0 - xjry* x= o. 

Hence if no solution of (0 -X/)*a;=0 connected with a 1} as, . a,, is a solution of 
(0-XJ)^ x=0, then no solution of (0 - \I) k x=0 connected with ft, ft,. . ft is a solution of 
(0 - \I) h a ;=0. 

If we use the notation of Ex i we see that the prefoctor (0 — /i/) p in which /i=|=X 
converts each of the spacelets ft, ft,, ft, ft, . ft into itsolf; it converts every 
spaoelet of rank r lying in ft into a spaoelet of rank r lying in ft, and it converts every 
spocelet of rank r which lies in ft and does not intersect ft into a spacolet of rank r which 
lies in ft and does not intersect ft. If ft is not one of the latent roots of 0, thou tho pre- 
factor (0 - fil) p converts every spacelet into itself. 

Ex. iv If /i=X and the prefactor (0-X/) p annihilates evei'y solution of the 

equation (A) when and only when p k. 

For if p < k, tho degeneraoy of (0 - X/)* is greater than the dcgenoracy of (0 - X/) p , and 
therefore the equation (A) has solutions which are not solutions of the equation 

(0 — X7) p «=>-0. 

In particular the prefactor (0 — XTf 3 annihilates every solution of the equation (0 — XI) K x=Q 
when and only when p^ k. 

When this last condition is satisfied, the prefaotor (0 - Xlf annihilates ovory solution 
of the equation (0-X7) / ‘«=0 whatever positive integral value h may have. 

Further if k> h^p, the prefactor (0 —X/) p converts every solution a of (0 —X/)*#®* 0 
which is not a solution of (0-X/)\t-=O into a solution ft of (0 - XJ) k ~ p x=0 which is not 
a solution of (0 -Xl) h ~ p x =0 

For if (0-X/) p a=ft 

then (0 -Xlf-Pft = (0 - X/)*a=0, (0-X/) fc - p l 8=(0-X7y‘a^O. 

In particular the prefactor (0 - X/) p converts every solution of (0—X/) fc a;=0 which is not 
a solution of (<f>-XI) p x=Q into a non-zero solution of (<t>-XI) k ~ p x= 0. 
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Ex v If k, p s=r p , if yi, y a , y t are a complete set of a unconnected non-zero 
solutions of the equation (0 — Xl) p x = 0 ; and if yi,yo,. y fl , a 1} n 2 , ... n r are s + r unconnected 
non-zero solutions of the equation (cf>-\iy e x=Q; then the prefactor (0-X/) p converts 
a! , a a , . .a? into r unconnected non-sei'o solutions /3 1} /3 2 , . /3 r o/ the equation (0 - X/) fc-J, ^=0. 

Let (0-X7) p a 1 =^ 1 , (0-X/) p a 2 =/3 a , .. (0-X/) p O) . = |3 r , 

, I J 1* I I 7* 

l.o. let (0 - X/) p a = /3 

1 — 1 «t 1 — 1 m 

By Ex. iv the matrices j3j, /9 2 , . . ft r r non-zero solutions of (0 — \2) k ~ p x = 0. If they 
are not unconnected, there must exist relations of the forms 


1—1>‘ 1—1 1—1 r 1—1 

/3 l =0, (0-X/) p a l =0 . 

1 —'m 1 —'r 1 — 1 jh 1 — 1 r 

m which l u l a , . . l r are not all 0, and therefore a relation of the form 


1—ir 
a 


l 


But this is impossible because y, a is on undegenerato matrix of rank s+r. Con- 

—* m 

sequently p lf /3 a , . j8 r are unconnected. 

If k>h^p, and if j8 l is a solution of (0-X/) ft “ p a;=0, then ss= a l is 

I- l m I-1,- I-1 ni I- < r 

a solution of (0 - \l) h x= 0. It follows that: 

If no solution o/(0 —X7) 4 a;=0 connected with aj, a 2 , . . a r is a solution o/(0-X/) 7 ‘a;=O, 
then no solution cf(<]> - XI) 1c ~ p x=0 connected with fix, ft,.. j3 r is a solution o/(0 - \I) h ~ v x=Q. 

If we use the notation of Ex. i and suppose that & and p ;J> we see that the pro¬ 
factor (0 - X/) p annihilates S b when kjpp, and converts S k into a spacelet 3 k]l of rank 
rie — r v lying 111 S k ^ p when k^p\ if h>p, it converts a spacelet of rank r which lies in S k 
and does not intersect 3 P into a spacelet of rank r lying in 3 k - 7 ,; and if k>h-^.p, it 
converts a spacelet of rank r which lies 111 iS k and does not intersect S h into a spacelet of 
rank r which lies in and doos not interseot S h __ p . If p then (0 — X/) p anmhilates 
all the spacolots S it 3^,... S K . 


5. Properties of the prefactor 

® =/($) = (<f> — H* I) Pi • ■ • (0 ~ HrI) Pr - 

Here ... p? are distinct or unequal scalar numbers; p ls p 2 , ... p r 

are positive integers; and the order of arrangement of the factors of <I> is 
immaterial. In the lemmas and examples which follow X is any latent root 
of 0, and h is any positive integer not greater than k and not less than 1, 
k being defined as in sub-article 1. The equation <£>« = 0 has non-zero 
solutions when and only when at least one of the quantities ih, ... p r is 
a latent root of 0. 

Lemma 0. If a is any solution of the equation (0 — Xl) m — 0, then 
$a = (X.-^)Pi (X — ...(X — fir )*r a = f{X) a. 

This is proved by successive applications of Lemma A. 
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Lemma D. If a is any solution of the equation (<p — \I) k cc = 0, then 

= (A - (X — /Jiq ) Pi ... (A - yr) Pr a + a' =/(A) a + a', 

where a' is a solution of the equation (<f> — bc = 0. 

This is proved by successive applications of Lemma B. 

Ex. vi. If no one of the quantities pi, /jg, ... is equal to A, the prefaotor * cannot 
annihilate a/ny non-zero solution of the equation 

.(A) 

In fact it converts: 

(1) every non-zero solution a of the equation (cj> — \I)x=0 into a non-zero solution /3 of 

the same equation; 

(2) every solution a of the equation ((f> — \I) h x=0 which is not a solution of the equation 

($—\iy e ~ 1 x=§ into a solution j9 of the equation (cf> - \I) k x=0 which is not 
a solution of the equation (<p — \I) k ~ 1 x=0 ; 

(3) every non-zero solution a of (A) into a non-zero solution /9 of (A). 

We obtain all these results by successive applications of Ex. n. We oan also deduce 
Ex. vi from Lemmas C and D m the same way as we deduced Ex ii from Lemmas A 
and B. 

Ex vii If no one of the quantities /j. lt /u a > ■■■ /v w equal to A, the prefactor $ conven'ts 
every set of u unconnected non-zero solutions ai, aj, ... of (A) into a set of u unconnected 
non-zero solutions fa, /3 a , . . j3„ of the same equation (A) 

This follows from Ex ui, and can also be deduced from Ex. vi in the same way as Ex. lii 
was deduced from Ex. ii. 

I 114 I—|W 

Since /9 = $ a , we see that if A is any positive integer not greater than k, and if 

1 —'m 1 —'m 

i—iU r—i _ i—|it i—| 

y—l 3 l is a solution of (<£ — \l) h x=0, then y , =(d>—'Kl) h a l is a solution of 

1 —'m 1 —'« i—i m i—1« 

((p-Xl) k ~\v=0 which is annihilated by and must vanish by Ex. vi; therefore x^~a 7 

*—'h 

is also a solution of (<£-A/)*a?=0. 

Hence if no solution of (<f}-\I) k x=0 connected with a x $ oj, ... is a solution of 
(< p-\I) h x=0 , then no solution of (cp — \iy°x=0 connected with £ 1 , ft, ... /9u is a solution of 
(<t>-\IYx=0. 

If we use the notation of Ex. 1 , we see that in the present case the prefaotor $ converts 
each of the spacelets S Xi 3 Sj ... 3^, ... aS*, ... S K into itself; it converts any spaoelet of rank 
u lymg in aS* into a spaoelet of rank u lying in aS*; and it converts every spaoelet of rank u 
which lies in S k and does not intersect S h into a spacelet of rank u which hes in aS* and 
does not intersect 3 h If no one of the quantities m, m, ... is a latent root 0, then the 
prefaotor * converts every spacelet into itself. 

Ex. viii. If the prefactor $ annihilates every solution of the equation (A) when 
and only when for one of the values 1, 2, ... r of i we have 

m=\ 
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In order that $ may annihilate some non-zero solutions of the equation (A), it is 
neoessary (see Ex. vi) that one of the quantities /u,i, /xg, ... /x r shall be equal to X We will 
therefore suppose that ^=X; and we will denote by the produot formed from * by 
striking out the ith factor (0-/Xi.Z) p <=(0—X/) p *. 

Let a be any non-zero solution of the equation (A), and let 

(0 — inl) p *a={^>~ \I) p ia=ft, $a = <l>(/3='y. 

If pi <£ k, we have /9=0, and therefore y=4> { ft=0. But if p t < k, we can choose the solution 
a so that j84=0; then ft m & non-zero solution of the equation (0—X/) fc-p *,a;=0 3 and by 
Ex. vi we have -y=$ ( /9=t=0. Thus if m=\ then * annihilates every solution a of the 
equation (A) when and only when p t k. 

In particular the prefactor $ annihilates every solution of the equation (<p—\I)*x=Q, 
i.e. all solutions of every equation of the form (<fi — 'Kl) h x=0, when and only when for one of 
the values \,%...rofi we have 

H=\ Pi^n. 

In the case when ^=X and Pi<k, it being still supposed that k-jpK, we deduce 
from Exs. iv and vi the following further result in which h is any one of the integers 
k-l } k-% ...p^ 

If m=\ and if k>h-$.pi, the prefaotor $ converts every solution a of the equation, 
(0 —X7) fc a?=0 which w not a solution of the equation (0—Xi") 71 #=0 into a solution ft of the 
equation (0 — Xl) t ~ Pi x=0 which is not a solution of the equation (0 — \I) h ~ p *x=0. 

Let $ta=a, $a=(0 — \I) P *a' =ft. 

Erom Ex. vi we see that a is a solution of (0—XJ)*a?=0 which is not a solution of 
(0 - \iy*x= 0, and it follows from Ex iv that ft has the properties mentioned. 

In particular, when m=\ and pt < h, the prefactor $ converts every solution of (A) which 
is not a solution of —\I) Pi x=0 into a non-zero solution of (<$> — \l) le ~ p ix=Q. 

Ex. ix. If m=\, k jpn, Pi<k, v=r Pi ; if y\, y%, ...y v are a complete set of v unconnected 

non-zero solutions of the equation — 0, and if y j, y%, ... y v , a 1? ag, ... a u are v+u 

unconnected non-zero solutions of the equation (0 — \lf°x=0; then the pref actor $ converts 
ax, ag, ... au into u unconnected non-zero solutions fti, ft%, ... ft u of the equation 

(0 -\lf- p ix= 0. 

I- l W,,t I-I W,W i—1« , _ i—i'll r-,U 

Let y, a = f, a' , $ a = (0—X/) p< a' = ft , 

1 - 1 -'«> U_,m U -' m i ~ Jm 

where is defined as in Ex. viii. Erom Ex. vh it follows that y{, y{, ... y v ' are a- 
complete set of v unconnected non-zero solutions of (0 — \I) p *x=0, and that yf, y{, ... 
a{, a4, .. an 1 are v+u unconnected non-zero solutions of (0 -\I) h x=0 ; hence by Ex. v the 
above theorem is true. 


If k>h^pi, and if y= ft l is a solution of (0—A7)* -P *ar=0, then 

1 —'m 1 —'« 

l""“| ti 1 

V=(0 — U) h a l 

I_ i m l— 

is a solution of (0— \jy i ~ h x=0 which is annihilated by <&*, and must vanish by Ex. vi; 

r™it( i—i 

therefore x ■» a l is a solution of (0—X/) fc jr=0. 

1 —'m 1 —'« 


4 

J 1 i 
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Hence if no solution of (0 - \I) k x=0 conneoted with a l5 a a , .. a„ is a solution of 
( 4 > -\T) ll x= 0, then no solution of (<j> - Xl) k ~ Pi x=0 connected with /Si, / 9 a , /3„ is a solution 

of{$-\l) h ~ v ix= 0. 

If wo use the notation of Ex. i and suppose that k andp<;J> k, we seo that the pre- 
factor $ in which m=\ annihilates S k when and converts S k into a spacolet of mule 

r k — r V{ lying in S k ^ JH when k ^.pi; and if k> h <£ p t , it converts a spacelot of rank u which 
lies in S k and does not intersect S h into a spacelet of the same rank u which lies m S k _ Vi and 
does not intersect S k - Pi If *4! k, it of course annihilates all the spacelets Si, &>, S le . 

All these results are generalisations of those given in Ex v 

6. Solutions of the general equation f(4>) oc= 0. 

Making use of Theorem II we may suppose without loss of generality 


that the equation has the form 

<&® = 0, .(C) 

where =/(<£) = (tf> - \I) k ' (0 -A*/)**...^ - \.I) h r .(C') 


Aa, ..Xr being r distinct latent roots of <p, and k 1} hk,... k r being non-zero 
positive integers which are respectively not greater than k 1} k 2 , . . k t . In the 
excluded trivial case when k 1} k 2 , ... k r are all 0, the only solution of (C) 
is oc = 0. 

Theorem III. If A 1} Aa, . . A, are r distinct latent roots of the square 
mati'icc <j>, there cannot exist any connection between non-zero solutions a 1} ciy, ... 
a r of the successive equations 

(tf> — AjJ)* 1 x = 0, (<£-A*I><c = 0, ... (<f>-\ r I) k rx = 0 .(6) 

Let <J>!, d? 3) ... <E>, be respectively the products of all the factors of <1> in 
(O') except the 1st, 2nd, ... rth, and suppose that there uxistH a relation of 
the form 

1 — ir '— 1 

Otj + t 2 0f a + .. -\rl r Ctr= CL l =0.^7) 

1 —'m '—’r 

where l 1} L, ... l r are scalar constants. Then by Ex. vi 

= 0 when = fa, 

where fa is a non-zero solution of the equation — Hence 

■when we prefix <3> t on both sides of (7), we obtam 

Ufa = 0, i.e. 4 = 0 

Prefixing (Eh, <E> a ,... <E> r in turn, we see that l 1 = l a = ... = l r = 0. ThuH there 
cannot exist any relation of the form (7) in which 4, 4» ••• 4 are not all zero, 
i.e. Ox, a a ,... ct r are unconnected. 

Theorem IV. If (a u a*, ...), (fa, fa, fa, .. ), ( 7l , 7a , 7 „ ...),... are sets 

of n u ns, 91a, ... unconnected non-zero solutions of the successive equations (6), 
then oil, a 3 , ..., fa, fa, fa, ..., 7l , 7a , 7 *,ore all unconnected, and are 
Wj + n fl + n a + ... unconnected non-zero solutions of the equation (C). 
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Suppose that there exists a relation of the form 

(Affi + A 2 a 2 + ...) + (B 1 fti + B 2 ft a + ...) 4- (C^x7i + C. 2 ry 2 + ...(S') 

where A 1} A 2 ,... B 1} B 2 , ... G 1} C 2 , ..., ... are scalar constants; and lot 
a = A l a l + A 2 a 2 + .... ft = B^ + B 2 ft 2 + ..., 7 = ^i7i + > • » 

so that a, ft, 7 ,... are solutions of the 1st, 2nd, 3rd, ... of the equations ( 6 ) 
By Theorem III we can have a + j. 3 + 7 + ... = 0 when and only when a , ft, 
7 , . are all 0; and this is only possible when A 1} A 2 , ..., B 1} B 2 , .. , 

G 1} C 2 , ., ... are all 0. Thus in every relation of the form ( 8 ) the constants 

A, B, G, ... must all vanish, le. a lt a a , ..., ft 1} ft 2 , ..., y 1} . . are all 

unconnected ; and every one of them is a solution of (C). 

Theorem V. Any r complete sets of unconnected non-zet'o solutions of the 
r equations ( 6 ) together form a complete set of unconnected non-zero solutions 
of the equation (C). 

Let v 1} v 2 ,.. v r be the degeneracies of the factors (<£ - 7^I) hl , (<p — X a -jO\ 
... (£ — of <3> in (C'); let 

v — v-l + v 2 + .. + v r ; 

and in Theorem IV take n ls n 2 , ?i,,... to be v 1} v 2 , v a ,so that (a la a 3 , ...), 
(fti, • ■>), (71 , 7 ai are complete sets of v 1} v 2 , v a , ... unconnected 

non-zero solutions of the 1st, 2nd, 3rd, . . of the equations (G). Then these 
together form v unconnected non-zero solutions of the equation (C). But by 
Theorem I of § 230 we know that v is the degeneracy of <E>. Therefore 
these together form a complete set of unconnected non-zero solutions of the 
equation (C). 

The reference to Theorem I of § 230 is however not necessary. It has 
been shown, as a consequence of Theorem IV, that the equation (C) has 
v unconnected non-zero solutions, and it follows that the degeneracy of <t> 
cannot be less than v. But by the second restriction of § 133 the degeneracy 
of <I> cannot be greator than v. Therefore v is the degeneracy of <E>. Thus 
it follows from Theorem IV that Theorem I of § 230 is true for all products 
of the special form (O'), and Theorem IV suffices for the complete establish¬ 
ment of Theorem V. 

Note 2. Alternative proof of Theorem, I of § 230. 

Let F(cf)) be any rational integral function whatover of $ expressed 111 the form 
F(<I>)=A - W-nW, 

where pi, .../*, are distinct scalar quantities, pi, ... p a ore positive integers, and A 
is a non-zero scalar constant; and let the equation F((j ))#=0 be reduced in the way 
described in sub-article 3 to the equation /(<£) x=0, where /(<£) is a product having the 
special form (O'). It has been shown to be a consequence of Theorem IY that f (<£) has 
degeneracy v ; and because the equations / ( 0 ) #= 0 , have identical solutions, it 
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follows that F ((f>) has degeneracy v. But v, which is the sum of the degeneracies of the 
r factors of /(<£), must also be the sum of the degeneracies of the s factors of F(cj)). 
Consequently Theorem I of § 230 is true for the function F((f>). 

Ex. x. If Xi, X a , ... X n are all the distinct latent roots of the given square matrix 

OT • r “' 1 m 

0 = [al , we can always form an undegenerate square matrix a of order m each of whose 

» 1 —'m 

vertical rows is a solution of one of the equations 

($-\ x I) K 'x~0, ((f>-\ 2 l)^x=0, ... (0-X n /)^=O.(9) 

For since (f/j-X^i)* 1 has degeneracy s t such that s x + s 2 + • • ■ + = m > we oan form a square 
matrix a in which the first s x , the next # 2 , • • ■ the last s n vertical rows are complete sets 

of unconnected non-zero solutions of the successive equations (9); and by Theorem IV 
every such square matrix is imdegenerate. 

I “ 1 1 t 

Ex. xi. We can form an undegenerate matrix a of rank t each of whose vertical rows 

U " J f» 

is a solution of one of the equations 

(<l>-\ x I)x=0, (<f) — \ a I)x= 0, ... (0-X„/)^=O.(10) 

when a/nd only when the following equivalent conditions-are satisfied: 

(1) i4 >7 ’u+ ? 'ai+-"+ r wij where r fl is the degeneracy of fy-Xil; 

(2) t is not greater than the total number of potent divisors of the characteristic 

matrix of <f>. 

i - 11i 

For if r xx +r ai +. . + r nX =«, we can form a matrix /9 whose first r u , next r a i,... last r nX 

- 1 — 'm 

vertical rows are complete sets of unconnected non-zero solutions of the sucoessivc 
equations (10), and by Theorem IV this matrix has rank u; and if ^ it, we oan form an 

rm £ ntt 

imdegenerate matrix a of rank t whose vertical rows are t of the vertiool rows of & . 

l ”" J tn 

<—i c 

Again if ^ is an undegenerate matrix of rank t each of whose vertical rows is a solution 
of one of the equations (10), all its vertical rows must be connected with the vertical rows 

ml* 

of j3 , and therefore we must have t j> u . 

The equivalence of the conditions (1) and (2) follows from Ex. iii of § 228 or 
Theorem IV b of § 233; for is the total number of those potent divisors of the 
characteristic matrix <f) (z) whioh are powers of z — X*. 

We see that M=r 11 4-7 , ai + ...+?’ n i is the total number of unconnected poles of the square 
matrix <f >=[<*]”, i.e. the total number of unconnected solutions of the equation 

[a]™ T ..'.(11) 

when p is an unspecified scalar quantity to which any value can be ascribed, and that 
exactly r a of these poles correspond to the latent root X*. 

Thus the total number of unconnected poles of a square matrix is equal to the 

total number of potent divisors of its charaoteiistio matrix (f> (z), and if exactly p potent 
divisors of <f> (e) are powers of z—\, then there are exactly p unconnected poles (or non-zero 
solutions of the equation (11)) corresponding to the latent root X of(f>. 
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Ex xii. We can form an undegenerate square matrix a each of whose vei'tical rows is 

1 — ’m 

a solution of one of the equations (10) when and only when * 1 = * 2 = ■ ■ • = Kn= lj i.o. when and 
only when any one of the following equivalent conditions is satisfied: 

(1) The potent divisors of the characteristic matrix 0 (z) = 0 — «/ are all linear. 

(2) E m (s) = (« — Xj) (e — X 2 )... (2 — X„). 

(3) There exists an equimutant transformation convei'ting 0 into a quasi-scalar matrix 

(i.e. the reduced canonical form of $ is a quasi-scalar matrix). 

For in Ex. xi we have r {1 =s i when k<= 1, «■«<** when k<> 1; and we always have 
fli+« 2 +- - + fln =m. If Ki = K 2 =-” = 'Cn = lj then u=s l +s i + ...+a n =m; but if any one of 
the k’b ib greater than 1, then M<a 1 +a a +-- +*», and therefore u<nu In fact 0 has m 
unconnected poles when and only when 0 (z) has m potent divisors, and this is the oase 
when and only when every potent divisor is linear 

The equivalence of the condition (3) to the other conditions was proved m Note 4 of 
§ 228. We oan show directly that (3) is a necessary and suffioient condition m the 
following way. 

First suppose that there exists an equimutant transformation 


cC [«];* 


M. 


( 12 ) 


converting 0 mto a quasi-soalar matrix. Then the deduced equation 

[a]" S’"-S’" ^ . 

L i_i m L J in 


.( 12 ') 


shows that the successive vertical rows of R are m unconnected poles of 0 corresponding 

1 — 'm 

respectively to the latent roots Ai, X 2 ,... X*,. 

Next suppose that 0 has m unconnected poles formed by the successive vortical rows 

r—iW 

of the undegenerate square matrix R , and let these correspond respectively to the latent 
roots X ls X 2 ,... Xm of 0, which are not necessarily all different Then we have the equation 
(12'); and if [A] is the inverse of if , we deduce from (12') the equimutant transforma- 

m 1 —'» 

tion (12) converting 0 into a quasi-scalar matrix. 

Ex. xiii. Additional proofs of Theorems II a and IIb of § 224. 

First let E m (z) be the potent factor of order m of the characteristic matrix 0 (e)=0- 
of the square matrix 0=[a]”, so that 

(0-x>/)*... (0-A n iy*. 

By Theorem IV any oomplete sots of a 1} a a , ... s* unconnected non-zero solutions of the 
successive equations (9) together form m unconnected non-zero solutions of the equation 

1 R 

E m {(f>)= 0. Therefore E m (0) must have degeneracy m or rank 0. In faot if a is an 

1 — x m 
m W 

undegenerate square matrix of order m formed as in Ex. x, we have i? m (0) a = 0, and 

1 —'m 

therefore 


^.( 0 )- 0 . 
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Again let/(0)=O bo any rational integral equation satisfied by the square matrix 0. 
Then the prefactor /(0), which has rank 0 or is equal to 0, necessarily annihilates every 

matrix He It therefore annihilates all solutions of every one of the equations (9), and 

1 —'*i 

it follows from Ex vm that E m (0) must be a factor of /(0), and that /((/>) must havo 
the form 

/W>)=tfW>) WO 

Consequently E vl (0) — 0 is the rational integral equation of lowest degroo which is 
satisfied by 0. 

Noth 3. Solutions of the equation f (0) *’=0 when f (0) lies in a given restricted domain 
of rationality Q.. 

The maximum and potent factors of order m of the characteristic matrix 0 — zl of 0 can 
be expressed in the forms 

&(*)}“■• {«»(*)}**, E m {*)={h(z)Y'{h{z)Y* 

where ^ (2), ^ W) 3 • • K CO are distinct nroducible rational integral functions of z in Q; and 
the equation/(0) 0=0 can always be reduced to one of the form 

$0=0, 

where $ = {*i (0)} fcl (0)}^ ... 

k lt &i, . h r bemg positive integers which are respectively not greater than < 1} k 2 , ... <r- 
The degeneracy of $ is equal to the sum of the degeneracies of its factors, and any 
r complete sets of unconnected non-zoro solutions of the successive equations 

ft(0)}*i0=O, (0)}^=o, . {t r (0)}^«=O 

together iorm a complete set of unconnected non-zero solutions of the equation $ 0 = 0 . 

We obtain these results from those of the text by expressing eaoh irreducible funotion 
as a product of linear factors as in § 230. a. 


Note 4, Solution of the equation f (0) x=0 by the reduetion of 0 to canonical form. 
Let n=[n]™ be the canonical reduoed form of the square matrix 0=[a]”|, and lot 


r r ~| W ' 'i r ^ r nW 

lALM-# =[«]„■ 


(O 


be an equimutant transfoimation by which 0 can be derived from n. Then there is a one- 
one correspondence between the solutions x=Hc , X<=X of the oquationH 


/(0)0 = (0-A 1 7) ft > (0-X 2 J)*’ .. (<t>-\rl) hl =0, 

/ (n) A= (n - (n-Xai)*"... (n-x r /) fcr Z=o 


suoh that Ha =[A] m X . 

1_.„, J wt i_. m 

Therefore if Ui is the degeneracy of (0— X*/)**, and if u=u\-\-u 2 + ,+u,. is the degeneracy 
of /WO, fch 0 g°neral solution of the equation/(0) 0=0 can be expressed m the form 
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whore Z l3 l,, . l H arc arbitrary scalar quantities, and where [A']” 1 is an uudegenerate 
horizontal normal to /’(n) so that 11 

/(n)T M =0 .(o') 

1 —'m 

If ro, ih the super-part of n corresponding to the latent root X 4 , we can write 







"A, 

o, . 

. 0 

Wl, 

o, . 

. 0 ” 

«i, «ai 


o, 

P 2 , . 

. 0 

n = 0 ’ 

w a , . 

.. 0 


7“ - 

7 — 

o, 

o, . 

. p, 


. 



1 - 1 9/t 




_ 0 > 

0, . 

■ 



o, 

0, 

0 




*li "Si 
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_ °> 

0, 

. 0 


where tho Zth vortical minor of X is an undegenerate matrix 5^ satisfying 

LJ » 1 -I Ml 

equation 


(n-X t /) fci Ai” 1 , 


and determined as in Note 1. The matrix X is a horizontal derangement of the matrix 

u “ l in 
n 

. When ^=K(, Pi is a unit matrix of order s t . 

M, ?«-« 

All tho rosults of this ai’ticle could be deduced from the known structures of n 

r—i K 

and A” . 

1 — 1 m 



/ 


§ 236. The conjugate reciprocal and inverse of the charac¬ 
teristic matrix of a given square matrix. 

Let <j> = [a]™ be a square matrix of order m whose elements are given 
constants, let I= tK let A be a scalar variable, let D m (X) and E m (X) be 

respectively the determinant and the potent factor of order ra of the charac¬ 
teristic matrix <j> — Xl of <p, and let 

f(X) = det = + c,X™" 1 + cA™-* + ... + c m , .(1) 

so that f(X) = (- l) m det = (- l) m D m (A).(1') 

Also, using the notation of Note 5 m § 223, let (XI — <£) -1 and (0 — Xl)~ l be 
the inverses of XI — tj> and (f> — Xl, so that 

f(X) . (Xl — </>) -1 is the conjugate reciprocal of Xl — <£, 

D m ( X ). (<£ - X/) -1 is the conjugate reciprocal of <f> — XI, 

and (</> — X/) -1 = — (XI — (f>)~\ 


o. m. 


26 
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Then if a is any scalar quantity,/(X) — /(a) is divisible by X — a, and it 


<7t (X) = X 1 + CjX* 1 + CaV -5 + . . + c^X 3 + Ct-jX + c,, .(2) 

g t (<£) = ^ • • • + c i _ a ^ 2 + C{-i(f> + cj .(2') 

for the values 1, 2,... to — 1 of i, we see by actual division that 

f(K) -/(a) = (X - a) F(a) .(3) 

where F (a) = X™” 1 + g l (a) X m_a + ... + g v ^ (a) X + g m - x (a) 

= a™- 1 + g a (X) a™" 3 + ... + sr m _ B (X) a + (X).(4) 

Since the last two equations are rational integral identities in a as well us 

in X, and since f(4>) = 0 by Theorem la of § 224, it follows that 

/(X). I -/(<*>) =/(X). I = (Xl — <f>).F (<£).(3') 

and therefore by prefixing (XI — on both sides of (3') that 

/(X).(X/-^ = F(</>), .(A) 

where F(<f>) = X™- 1 / + g 1 (</>) X m “ a + ... + g m -* (<f>) X + g^ (<j>) 


= <f> n ~ 1 +S'i(X)^ + ... + S r m _ 0 (X)^ + S r m _ 1 (X)/. ...(4') 

From the equation (A) we see that the rational integral function F(<f)) given 
by (40 is the conjugate reciprocal of X/—<£, and that (— l) 7 " -1 F(<h) is the 
conjugate reciprocal of the characteristic matrix <p — Xl of 0. Accordingly 
we have the following theorem and corollaries: 

Theorem I. The conjugate reciprocal of the characteristic matrix (f> —XI 
of the square matrix <£ = [a]™ is a rational integral function of tfj of degree 
to — 1 whose coefficients are rational integral functions of X, and it is also 
a rational integral function of X of degree to — 1 whose coefficients are rational 
integral functions of<f). 

Corollary 1. The inverse of the characteristic matrix <p — XI, i.e. the 
matrix 

is a square matrix of order m which is a rational integral function of <£; and 
it is rational but not integral in X. 

Corollary 2. The conjugate reciprocal and the inverse of the charac¬ 
teristic matrix <\> — Xl are both commutative with all other square matrices of 
order m which are rational integral functions of <f>. 

Now let a be any latent root of <f>, and let (X —a)* be the highest power 
of X - a which is a potent divisor of <f> - Xl or XI - <£, so that it is the potent 
divisor of order to of each of those matrices corresponding to the linear 
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divisor X — a. Also lot d m and d m ^ be the maximum indices of orders m 
and m — 1 of the linear divisor X — a for the matrices <j) — XI and XI — <j} t so 
that K = d vl — d mr - 1 . Then (A. — a) d m-i is the highest power of X— a ■which is 
a common factor of all the elements of the square matrix F(<j>), and (X — a) d m 
is the highest power of X — a which is a factor of f(X). If we divide both 


m 


aides of (A) by /(X), aad expand ... or 

ascending powers of X — a, we obtain an expansion of (Xl — <£) -1 in ascending 
powers of X — a in which l.he coefficients of the various powers of X - a are 


rational integial functions of <£. 


Again if m the equation (Xl — <£) _1 = 


F(j>) 

/(*■) 


we cancel the factor (X — a) d ‘n-i which is common to the numerator and 
denominator on the right, and then expand the resulting fraction in ascend¬ 
ing powers of X—a, we see that the expansion of (Xl — <£) -1 m ascending 
powers of X — a has the form 




A.fc—1| -d-l An 

(X-a)*- 1 '^(X-a) i+1 


(X — a)* ' (X — a)* -1 (X — a) i+1 ’ X — a 

+ B 1 -\- B 2 (X — a) + B 2 (X — a) 3 + ... + B 3 (X — ct )$~ 1 + ., ..-(B) 


where the A’s and B’s are square matrices of order m. Since this expansion 
must bo the same as that obtained by the previous method, the A’s and B’ s 
are rational integral functions of <£, and are therefore commutative with one 
anothor and with all other square matrices of order m which are rational 
integral functions of <f) Moreover A K ^ cannot vanish; for if it did vanish, 
then F((f>) = f(X ). (Xl — <£) -1 would be divisible by a higher power of X — a 
than (X — a )' 1 ™,-!. 


We will proceed to determine the ranks of all the matrices A m (B), 
following the methods used by Frobenius and SticJc&lb&rger For values of i 
groator than k — 1 wo will define A{ to be a square matrix of order m having 
rank 0, so that A t = 0 when k, and we may then supply an indefinite 
numbor of terms before the first in (B) 

Prefixing Xl— <jE> on the left in (B) and the same matrix written m the 
form (X — a)/-(<£- a/) on the right, and then equating the coefficients of 
X — a on both sides, wo obtain 

Ai = ((j}-al) B % =(<f>-aI)B i+1 , when i< 11, .(5) 

and A 0 — I=*(<j> — cd)B l . (->) 

Further by repeated applications of (5) and (5') and as special cases, we 
obtain 

A t = ($ - aiy A 0 , A 0 -I = (<f>-cJ) i B l , when .(6) 

(</> - al ) A k - x =A k = 0, (<f> - aiy A 0 = A K = 0.(6') 

26—2 


and 
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If any one of the matrices A 0 , A 1} A a , ... vanishes, then by (5) all those 
which follow it vanish. Hence since A *_! does not vamsh, we see that: 

No one of ike matrices A 0 , A 1} A 2 , . . A K ^ in (B) vanishes, or has rank 0. 

Let the maximum and potent indices of order m of the linear divisor X — a 
of the characteristic matrix (f> — Xl be s and k, so that a is a latent root of <j> 
repeated exactly s times, and k has the same meaning as before Let on^ and 
pin be the rank and degeneracy of the (k — l)th transmute of <f> — a I, so that 
m* is also the rank of (<f> — aiy e , and />* is also the total numbor of those 
potent divisors of <f> — X/ which are divisible by (X — a) 1: ; and let. 

r h = m — m h = ^ + p a + ■ ■ ■ + p& 

be the degeneracy of (<f> — ul) k . The integers m*., p^, r k satisfy the same 
conditions as in sub-article 1 of § 235; and m particular we have 

r K = m — m K = s. 

Further let all the distinct latent roots of <f) be a, « 1( a.j, a,,, ..., and lot the 
maximum and potent indices of order m of the linear divisors X — a 1 ,X — a 2l 
A. ctg,.. ■ of <f> A.!" or Xj[ — (j) be 5], s a , Sg,... and , k 2 , k 2 ,..., so that 


Dm (<#>) = a If (<f> - aj)*' (<f> - a^iy* (<f> - a^iy *..., .(7) 

E m (<}>) = (<f> - aI) K ((f) - ccJY' (<f) - a a /r(0 - «g If* . (!') 

Then s + s 1 + s a + s i + . . = m, 


and E m (<f>) = 0 is the rational integral equation of lowest degree satisfied 

by <f>. 

Case I. Let <f> have no latent roots disimot from a. 

In this case s = on = r K , m K = 0, (<f>-aI) K = LJ m (<f>) = 0, and the equation 
(<£ - aI) K B k = A 0 — I given by (6) shows that 

A 0 = I 

It then follows from the first of the equations (6) that 

A t = (<f>-al) 1 . 

Therefore A { has rank m*= nn- m K =r K -r t ~ p l+1 +p l+2 +... + p K ; in particular 
A 0 has rank m, and A K ^ has rank p K . 

Case II. Let <f> have at least one latent root distinct from a. 

We will first show that if A 0 '= A 0 -1 , the rational integral equations of 
lowest degrees satisfied by the square matrices A 0 and A 0 / are respectively 


A 0 ( A 0 -7) = A a -4 0 =0, .(8) 

A' ( A a ' + I) = A 0 '* + A 0 ' = Q .(8') 

From (6) we see that when i «|: 1 


AiB^^-aiyA.B^A^^-oJyB^A^A,-!); 
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and when we put i — k, we obtain (8). Thus A 0 always satisfies the equation 
(8), and therefore A 0 ' always satisfies the equation (8') If then \Jr (A 0 ) = 0 is 
the rational integral equation of lowest degree satisfied by A 0 , ifr (A 0 ) must, 
when we disregard a non-zero scalar factor, be either A 0 or A 0 -1 or A 0 *-A 0 . 
It cannot be A„, because A {) =|=0, and it cannot be A 0 — I, for if it were, we 
should have A n = I, and it would follow from (6) that (0— aI) K = A K = 0, 
which is only possible when all the latent roots of 0 are equal to a. Accord- 
wo lnua t have 4 (A„) = A<? — A 0l i.e. (8) is the rational integral equation 
of lowest degree satisfied by A 0 , and it follows that (8') is the rational 
integral equation of lowest degree satisfied by A Q ' 

From (8) wo see that the distinct latent roots of A 0 are 0 and 1, and that 
the potent divisors of the matnx A 0 — Xl corresponding to its linear divisors 
A and X — 1 are all linear. Let A 0 — it (</>), where tt (<j>) is a rational integral 
function of <f>. Then from the equation 

7T ( <j >) (<f> - aI) K = (</>- aI) K A 0 = 0 

and {*!') it follows by Theorem II6 of § 224 that 7r (<£) must contain the factor 
(</> — OL^If' (</) — ota/)**(</> — Oil)* 3 ..., and from the relation 

tt ( 4 ) (4 - air 1 =(<f>- *ir* a 0 =*o 

it then follows that tt (<f>) does not contain the factor <j> — ctl. Consequently 
A. — a x , X — aa, X — a 3 , ..., but not X — a, are hnear factors of the algebraic 
function tt (X), Le. 

7r (ai) = 0, 7 r (cfc) = 0, 7r («g) = 0, ..., but nr (a) =j= 0. 

We see therefore from the theorem of § 223 .2 and from (7) that 
det {Xl — A 0 } = det {XI — 1 t (<£)} = {X, — tt (a)} 8 . {X, — it (ai)}® 1 . {X, — it (ofe)}® 1 *... 

= {X — 7r (a)}". X” 1-8 , where 7 r (a) 4 s 0. 

Since the only distinct latent roots of A „ are 0 and 1, we conclude that 

7r (a) = 1, det (XI - A 0 ) = X ”^ 8 (X — l) 8 .(9) 

Further since the potent divisors of Xl — A a are all linear, it follows from (9) 
that Xl — A 0 has exactly m — s potent divisors divisible by X, i.e equal to X. 
Therefore by Ex. iii of § 228 or Theorem Ilia of § 233 the degeneracy of A 0 
is m — s, i.e. A 0 has rank s. 

From (8') we see m the same way that the distinct latent roots of A 0 ' 
are 0 and — 1, and that the potent divisors of A — X/ are all hnear. Moreover 

det {Xl — A { '} = det {(X +1) I — it (4)} 

= |X + 1 — 7T (a)} 8 . {X + 1 — 7T ( 0 O } 81 . {X + 1 - 7T (a,)} 8 * 

= X 8 (X + l)™- 8 .(9') 

and (9'') shows that the degeneracy of A 0 ' is 5 , i.e. A„' has rank m — s. 
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Thus the ranks of A 0 and A 0 — I are respectively s and m — s. 

Now because <f> — al is not a factor of 7 r (</>), we conclude from the 
equation 

= aiy A 0 =(<jj- aiy- 7 r (<f>), 

usmg Theorem I of § 230, that the degeneracy of A % is equal to the sum of 
the degeneracies of (ty — al) t and A 0 . 

Therefore if Ri is the rank of A lt we have 

m — Rt = (m — n%i) + (m — s) = m — (m t — m K ), R^ = m r — m K = r K — ?*,. 

Summarising the results obtained m Cases I and II, we have the following 
second theorem * 


Theorem II. If a is a latent root of the square matrix <j> = [ti] m repeated 

s times exactly, and if (X — a) K is the highest power ofX — a which is a potent 
divisor of the characteristic matrix <fj — XI, then the expansion of the invei'se 
of <j> — X/ m ascending power's ofX — a has the form given by 




-d-K—1 . - d. K —a , __^-i_. jd.o 

(X — a)* (X — a )* -1 " ’ (X — a ) 3 X — a 


+ + B z (X — a) + (X — a) 2 + ..., ... (C) 

where the A’s and B’s are square matrices of order m which are rational 
integral functions of<f>. 


If m t and pi are the rank and degeneraoy of the (i — 1 )th transmute of 
<f) —al, or if mi and r, are the rank and degeneracy of (<j> — a 1)', the rank 
of A % is 

m % — m K = r K — r % = p % + 1 + pt+ a + ... + p K 5 
in particular A K _ 1 has rank p K , and A 0 has rank m — m K = r K = s. 


Ex 1 . The rank of is equal to the number of potent divisors of </> - A/ which are 
equal to (X- a) K . 

Ex. li. If <j) and a both lie in a domain of rationality £ 2 , then the matrices A and B 
occurring as coefficients in the expansion (C) all he in £2 

Ex lii. Frobemus’s reduction of a given square matrix to a compartite matrix in 
standard form , every part of which is a unilatent square matrix. 

Let $=[«&]” be the square matrix of the text, its latent roots being a, a 1} a a , ... 
repeated s, s 1} s s , ... times exactly Since m (C) the matnoes A 0 and I-A lt have ranks a 
and m~s respectively, we can put 




WHOSE ELEMENTS ARE CONSTANTS 


407 


236] 


whore each of the factor matrices on tho right has rank equal to its passivity, and when we 
add the two equations (10), we see that 


[j». P'] 


#, 


L^J 




that 
and that 


m-# 

tW - 


i- -ii» 

9 

La'l. 


[p> p'] 


s, m-s 


.(u) 


M.”[rtr=o. [J'C.W^O,.(11') 

w--r*r . 

aro two mutually invoi'se undegenerate square matrices. 

Using tho notation (12), lot 

[/i] w [tt] ,,t S'" , = r 6, P~]*' ’ . 

» L J m, i_, m L y flj 

^ “'a, m—ft 

wr-birwiMT. hl=[!0<[p]; 

Thou if we m tho one case postfix [p']™ * and in the other case prefix [g ,f ]”__ on both sides 
of the equation 

<»• 

wo nog from (IT) that [|9]” 8 =0, [y] s s =0. Consequently the eqiumutant transformation 
(13) has the form 

0 T"~‘. (D) 

L JntL J «^m LO, 0 I V ' 


( 12 ) 


(13) 


(14) 


ft, m—ft 

,m r -,tfi 

Jin 


Now in (D) wo have [&],-[?], 

from this equation we deduce by (10) and (8) the equimutant transformations 

[f]« lK Mr =j4 <» M*- 4 o=<Mo 2 =<Mo=4>*- W>), 

and whon we use the theorem of § 223. a, it follows that 

d 6 t|x[l]”-P’ ®T" 'l-datpl/-*„«,)}, 

' ’ -'g.m-ir 

i.e. det {X[l]*-[&]]}. X^^X-mr (a)} s .{X-a 1 7r(ai)} s i {X -« s rr (as)}**... 

= (X-a)' , .X ,n -«, 

and therefore det {>■ [1]“—[6]“}■ ■= (X-n)" . (15) 

Also in (D) we have 

d 4«i-[o'r 

i.e. det {X [1]J - [ft]'}. det {X [l]*"' - [«]^ - (A - a)» (X-a,)*' (X-^ 


and therefore 


det {X [ 1] ™7] - [c] ”7}=(X - « 1 ) a ' (X - a 2 )°*.... 


.(15'). 
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Thus m (D) the part [A]* has only the one distinct latent root n, and the latent roots of 
the part [A]” - * are the other latent roots of 0. 

"We have now proved the following theorem' 


Theorem. If 0 = [a]™ ts a square matrix with constant elements which has a latent 
root a repeated s times exactly, and which has other latent roots nj, ajj, ... repeated jj, $ 2 , 
times exactly , we can determine an equimutant transformation of the form (D) in which 

det {x [i] * - [&] *}=(x - a)®, det{x[i];;;:;-[ C ]™:;}=(x-a 1 )Mx-a 2 )^.... 

We can now treat [c]™~ 8 in the same way as [a]™, and by a succession of Huch stops we 

can reduce 0 by eqmmutant transformations to a similar compartite matrix m standai'd 
form whose parts are all unilatent square matrices, there being one part corresponding to 
each distinct latent root of 0. This result oan be used as a first step in the reduction of 0 
to its standard canonioal form by eqmmutant transformations. 


Ex iv. If in Ex. lii the square matrix A Q is symmetric , we can replace (D) by a 
symmetric equimutant transformation of the form 

T'w’ra’-r. 6 ' “I”"', .(E) 

For in this case we can express A 0 and I- A 0 in the forms 

A=£ [p]'\ I-A „=£ [<?]“ ,, 

i—i m « i— \ m m-n 

and then in (D) we have 




= l 


H = 


£JL. 


-ra 


Ex. v. If the square matrix is symmetric and real, then in the symmetric equimutuu t 

transformation (E) the square semi-unit matrix can be so chosen as to be real. 

For in this case we oan choose [»]"* and r</] m in Ex. n so that the elements in each 
horizontal row are either all real or all purely imaginary (see § 160. 3 ). Then the elements 

i—iffl 

in each horizontal row of l are either all real or all purely imaginary, and the oquation 

■— ’m 

l [£] a =[l] m would be impossible if the elements m any horizontal row of T* were 

|— ' m m m i— 

purely imaginary; consequently |jj]*, [j] and [Z]’" must then be real 

It follows that when A 0 is a real symmetric matrix, it must be definite and have only 
positive signants. 


Ex. vi. If [al m m a square semi-unit matrix, so that [a] m r a'" l = a m fl * and if a= -1, 

m *■ J m i_i m L Jji’ J ’ 

then the matrix A 0 is symmetric, and we oan repluce (D) by a symmetric equimutant trans¬ 
formation of the fot'm (E). 

tit I-1 w 

Let 0=[a]^, 0'=^ ,so that 00'=0'0=/ Then since the inverse of the conjugate 
of an undegenerate square matrix is the conjugate of its inverse, we see from Theorem II 


that we oan write 

(«-$-'=S^i ul+ S.8,(X+l)l-i.(16) 

(XJ- =s ( X -Ajiv, + IS,' (X+!)/->.(17) 
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where A( and B/ are the conjugates of A t aud and where % reoeives the values 
0, 1, 2, 3, ... and j the values 1, 2, 3, ; and when we replace A by ^ m (17), we have 

A 


^' xi+1 ( x+1 )' _1 

\\ T *) s (X+l )* +1 x '- 1 


• • (HO 


Now when we prefix aud postfix ^ I— 0'^ on both sides of the identity 

(*/-*) ^/-*')-J(X/-*) + x (£/-*').(18) 

. (18') 


we obtain 


Substituting the expansions (16) and (17') in (18'), we see that for all sufficiently small 
values of X +1 we have 


.(19) 


s Ai i-jam-i , 7 - ^' X< ~ L s ^/( x + 1 ) y " 1 

2 (X + 1)^ + S5 ' (X + 1) X 2 (X + l) i + 1 “ 2 X7 +l ■ “ 

When we expand the positive and negative powers of X on the right of (19) m ascending 

powers of X+l, and then equate the coefficients of ■ on both sides, we see that 

Au=Ao, 


i.e. A 0 is symmetric. 





CHAPTER XXVII 


COMMUTANTS 

[A solution of the matnx equation AX=XB, in which A and B nniNt ho square 
matrices, is called a commutant X={A, B }, it is a co-commutant whon B — i a contru- 
commutant when 3= + A', and a non-singular commutant when its elomonts aro in¬ 
dependent of any arbitrary parameters occurring in the elements of A and B. The earlior 
articles (§§ 237—40) deal with the definitions of commutants and commutantal trans¬ 
formations, and with general principles relating to commutants. It is shown in §§ 241 3 
that when A and B are umlatent canonical square matrices, the general commutant 
{A, B\ is a general ruled compound slope or a zero matrix according as the latent roots ot 
A and B are equal or unequal, and these facts furnish the oomplote constructions of 
§244 for the general commutant {A, 3} whenever all the elements of A and B aro 
numerical constants Special attention is given to the rank of a general commutant, the 
conditions for the existence of undegenerate symmetric or imdegenerate skew-symmetric 
contra-commutants, and the conditions that the general co-commutant { A , A) shall bo a 
rational integral function of A. The concluding articles (§§ 24B—8) deal with the reduc¬ 
tion and construction of commutantal transformations, and the final theoroms with the 
construction of equigradent commutantal transformations converting one given undegene¬ 
rate square commutant into another Particular cases are the expressions for a given 
undegenerate square matrix as a product of symmetric or skew-symmetric matrices 
(§245), and the construction of symmetric semi-unit transformations converting one 
given symmetric or skew-symmetric matrix mto another (§ 248) ] 

§ 237. Independent matrices of a given simple class. 

A compound matrix in which the conatituenta form r horizontal and s 
vertical minora will be aaid to belong to the class 

M (qi, q *>... q,\ 

... p r )' 

when the r auccessive horizontal aimple minora counted from the top contain 
respectively^, pk, ... p r horizontal rows and the s successive vertical aimple 
minors counted from the left contain respectively q 1} q i} ... q t vertical rows. 
We will call p 1} p 2 , ... p r and q 1} q a , ... q r the horizontal and vertical index 
numbers. A matrix which is not regarded as compound (one in which 
r = s = 1) is called a simple matrix or a matrix belonging to a simple olass. 

If X lt X 2 , ... Xi are i particular matrices with constant elements of a 

given simple class M {^j , i.e each containing m horizontal and n vertical 

rows, they will be said to be mutually independent when there exists no 
relation of the form 

(1) 


CiXi + Cj X B + ...■!- C{X{ = 0, 
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where c u c a , ... c, are scalar constants which are not all equal to 0 Any 
particular matrix X of the same class is dependent on X l} X 2 , . . X, when 
and only when there exists a relation of the form 

X = CiXi + c a X B + ... + CiX{, .(2) 

where Cg, ... c* are scalar constants. 


Let X t j be the matrix of the class M in which the clement common 

to the ith horizontal and j/th vertical rows is l,and all other elements are 0’s; 
and let X„ = [0]’* be the zero matrix of that class Then the mn non-zero 
matrices 

X ij} (i = 1, 2, ... m\ j = 1, 2, ... n), 


which are mutually independent, will be called th e m?i ele m^tOiWJ independent 
non-zero matrices of that class, and they together with X 0 are mn + l in¬ 
dependent matrices of that class. The general matrix X of the given class 


M can be expressed in the form 

X ^cc^Xy, (i= 1, 2, ... m; j— 1, 2, ... n), 


.(3) 


where the mn letters os^ denote independent arbitrary parameters, or if wo 
please in the equivalent form 

X = %xqX t j + X Q .. .(3') 


Because every matrix of the given class can be regarded as a particularisa- 
tion of this general matrix, we see that the given class contains exactly mn 
(but not more) independent non-zero matrices, and exactly mn + 1 (but not 
more) independent matrices. 


We shall be concerned m this chapter with matrices X of the simple 
class M which can be expressed in the form 

X = o^X-l + oogX a + ... + 0 BiX i} (i ^ mn), .(4) 

where x 1} x 2 , ... otn are independent scalar parameters, and X 1} X. 2) ... X % are 
particular independent non-zero matrices of the same class. When X is any 
such matrix, its elements are homogeneous linear functions of the i indepen¬ 
dent scalar variables x l , x 2 , ... Xi, and it has exactly i independent non-zero 
particularisations. We can either regard X as a homogeneous linear function 
of the scalar variables Xx, oog, ... ofy, its coefficients being then independent 


non-zero matrices of the class M 


, or we can regard it as a homogeneous 


linear function of the i particular independent non-zero matrices X lt X 2t ... X t , 
its coefficients being then independent scalar variables. If 7 is the same 
matrix expressed as a homogeneous linear function of other independent 
non-zero matrices Y 1} Y 2 , 7 t , ... of the same class, the number of terms in 
Y must also be equal to i, because independent non-zero particularisations of 


[ 


i 


i 

i 


t 


i 
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X or 7 are also independent non-zero particularisations of Y or X, and we 
have 

F=y 1 F 1 +y > F a + ...+y t Y Xi .(4') 


where y 1} y 2t ... y % are algebraic homogeneous lineal- functions of as lt w a , ... x % 
which can be treated as independent scalar variables. We can pass from (4) 
to (4') either by expressing X lt X a , ... X t m terms of any i independent non¬ 
zero particularisations of X, or by using any ordinary homogeneous linear 
transforraation to replace the variables a?], by y 1} y 2 , ... y,. We can 

always express X in terms of the elementary independent non-zoro matrices 

of the class M in the form (3), but ordinarily there will then be more 

than i non-zero terms, and the coefficients will not be independent variables. 

Ex. i. We can replace the equation (2) by 

X=Xi Xi +.ra.Z2+ ... + x % A t + X) i 

where A 0 is the zero matrix [0]™, and A], X 2 , . . X t , X„ are * + l particular independent 
matrices of the class M 

Ex. n. If A = [a]^ and B=[b] n j) are general matrices, we can evaluate the product 


matrix in the product 

Of 0f=0] n t> r AB=X 

L J m L J p L J rn 

by putting 

A^a^Ate, (»=1, 2, ... m; u=l,2, ... p), .(6) 

B^Sb^B^, (v=l,2j = l, 2, ... »), .(6') 

A=2&- li Ay, (*=1,2, . . to, j=l,2, ..n\ . (B") 


where Ai Ui B^, are the] elementary independent matrices of the classes M , 

M (^j , M , and using the law of matrix multiplication only for the latter matrices. 
We then have 

A iv.Q*a = Xij\ A^B^ 0 when v^u ..(C) 

and it follows that for a given pair of values of i and j we have 
v Xi] = 2 (ciiubfig . A^Buj) = (2 &{u . A {j , 

or Xij='S, a^ u b U} . 

Some writers regard the matrices A, B, X as defined by the equations ( 5 ), ( 5 '), ( 5 ") in 
which a*,, 6 ^, Xy are scalar variables, and A^B^, Ay ore 1 hyper-uumbars 1 which are 
subject to the law of multiplication defined by ( 6 ). 

Noth 1 Independent rational integral functional matrices. 

When we are concerned with matrices X , X it X 2 , A 3 , ... of a given simple class whose 
elements are rational integral functions of given scalar variables X, p, v, we may define 
a particular rational integral functional matrix A to be one whose elements are particular 
rational integral functions of X, ju, v, . .; and the particular rational integral functional 
matrices X u A a , ... A< to be mutually independent when there exists no identity in 
X, p, v, ... of the form (1) in which c x , c<j, ... c* are rational integral functions of X, p, v, ... 
which do not all vanish identically In this case the matrix A is dependent on Ai, 
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X*, . . Zi when there exists an identity of the form (2) in which c u c S) . . c, are rational 
functions of X, p, v, . , i.e. when there exists an identity of the form 

oZ = Cl A ! + ^2 Ag + + Ci Zi 

in which c, Co, ... a are rational integral functions of X, /a, v, ... and c does not vanish 
identically. 

Noth 2. Independent rational functional matrices 

When the elements of Z, Z t , X 2 , Z a , .. are particular rational functions of the scalar 
variables X, p, v, .., we can always determine non-zero rational integral functions p, p L , 
P 2 > psj .. of X, p, v , . such that the elements of the matrices 

V=pX, l r 1 = p 1 A 1 , P^sapyAg, l r ;i = P,'lA^3) ■■■ 

are rational integral functions of X, p, v, ., and we consider A' 1} A' a , . . X t to be in¬ 
dependent or X to be dependent on A r 1 , A a , . . A',- when and ouly when 7,, Tjj, . . 7< are 
independent or 7 is dependent on I" a , . . V t 

Noth 3. Relations of this and the next two chapters to the immediately followina 
chapters 

There are many inter-connoctious between Ohaptors XXVII—XXIX, which deal with 
commutants and invariant transformands, and Chapters XXX—XXXIX, which deal 
with matrices having assigned commutantal types represented by symbolic commutants, 
and more particularly with the properties of simple and compound slopes. The latter 
chapters are placed after the former because the definitions of symbolic oommutants and 
of matrices having assigned commutantal types are derived from the definition of a true 
commutant. Definitions given m the latter chapters will often be used in the former 
ohapterB, and proofs given m the former chapters will sometimes be abbreviated by 
references to the latter chapters for the properties of simple and compouud slopes, whioh 
are discussed in them from a more general standpoint than would have been required in 
the former chapters 

Noth 4. Independent powers of a given matrix. 

If <j> is a given square matrix of order m, there must exist some smallest positivo 
integer r suoh that cjf is dependent on the lower positive integral powers of r/j, wluoh arc 
all independent. This integer r, whioh has been determined in Chapter XXV, must 
obviously play an important part in the properties of <f> If we include ^>° amongst the 

positive integral powers of and interpret it to be the unit matrix [l] w , the integer r 
cannot exceed m ; if we do not include <£<• amongst the positive integral powers of qb, the 
integer r cannot exceed m+1. In both oases there are exactly r independent positive 
integral powers of A. Corresponding remarks (see Appendix A) can ho mado with respeot 
to a given matrix of any given simple class. 

§ 238. Commutants defined. 

1. The commutants of a pair of square matrices ivhose elements are 
constmt8. 

If A = [a]™ and # = [&]” are any two given square matrices of ordors m 
and n with constant elements forming a matrix-pair (A, B) in which A 
precedes B, any matrix X = [®]^ satisfying tho equation 

[af =[>]"[&]” or AX — XB 

L J wt L J »» L L 


(a) 
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will be called a commutant of the arranged matrix-pair {A, B), or more 
shortly a commutant [A, i?}. If the elements of X are rational integral 
functions of certain independent arbitrary parameters, it is to be understood 
that the equation (a) must be an identity in those parameters 

The expression [A, will frequently be used to denote ‘solution of the 
equation AX = XB’ where A and B must be square matrices if it is under¬ 
stood as usual that AX and XB are standard products in each of which the 
two factors have equal passivities. The equation X = {A, B] will bo. used to 
indicate that X is a commutant defined as above, and the expression {A, B\ 
will then be called the commutantal type of the commutant X. 

The equation (a) always has the zero solution X = [0] ”, and if X is any 

solution, then pX is a solution, where p is any scalar quantity, conversely if 
pX is a solution, and p does not vanish identically, then X is a solution. 
Further if X 1} X 3 , ... X r are solutions, then 

PiX ! + p a X 3 + ... 4- p r X r 

is a solution when p lt p a , ... p r are any r scalar quantities. In solutions 
mvolving arbitrary parameters, the elements will usually be supposed to be 
rational integral functions of those parameters. Rational solutions aro not 
thereby excluded, since they can always be replaced by equivalent rational 
integral solutions. 

By & particular commutant \A,B) we shall mean a matrix X = [&•]” with 

constant or numerical elements satisfying the equation (a). When the 
equation ,(a) has non-zero solutions, let i be the greatest possible number 
of independent particular non-zero solutions Then a general oommutant 

[A, R] will be defined to be a matrix X = [&]” expressible in the form 

X = XqXi ■+■ \ a X a + . . ■+■ X^X^ .(b) 

where X 1# X a , ... X, are any i independent particular non-zero commutants 
{A, B}, and X 1} .. \ are independent arbitrary parameters. If the equa¬ 

tion (a) has no non-zero solution, we have i = 0, and in this case the general 

commutant {A,B\ is the zero matrix X 0 =s[0]” which could have been 

m 

regarded as an additional term in (b). Thus when there exist non-zero 
commutants {A, 2?}, a general commutant {A, B] is a commutant whose 
elements are homogeneous lmear functions of a determinate number i of 
independent scalar parameters or variables; it can be regarded as a homo¬ 
geneous linear function of those scalar variables, the coefficients being 
independent non-zero commutants, or it can be regarded as a homogeneous 
lmear function of i particular non-zero commutants with constant elements, 
the coefficients being independent scalar variables. 

When X is a general commutant [A, B} expressed in the form (b), wc 
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will call \i, Xfl, ... \ the parameters of X By a particidarisation of X we 
shall mean a matrix derived from X by ascribing particular numerical values 
to the \’s; and by a specialisation of X we shall mean a matrix derived from 
X by substituting rational integral (or rational) functions of certain para¬ 
meters p-i, fii, .. p r for the \’s, such functions bemg usually homogeneous 
and linear. Every such matrix is a coinmutant [A,B\. Any two general 
commutants [A, i?} are mutually equivalent in the sense that each of them 
is a specialisation of the other. In fact when the equation (a) is replaced 
by mn equivalent scalar equations, it will becomo clear that every general 
commutant X = [A, B] is a general solution of the equation (a) of which all 
other solutions are particularisations or specialisations. We shall often speak 
of the general commutant [A t B], thereby meaning some selected general 
commutant { A,B\. 

A symmetric (or skew-symmetric) solution X of the equation (a) will be 
called a gen&'al symmetric (or general skew-symmetric) commutant { A,B } 
when all symmetric (or all skew-symmetric) solutions can be regarded as 
particularisations or specialisations of it. When it is not a zero matrix, it is 
a homogeneous linear function of the greatest possible number of independent 
particular non-zero symmetric (or skew-symmetric) solutions, the coefficients 
being arbitrary scalar parameters. 

If A, B, 0, D are matrices with constant elements, and if A' is the con¬ 
jugate of X, we can define particular and general solutions of matrix equations 
of the forms 

2AXB = 0, %AXB + tGX'D = 0 

in the same ways as we have defined those of the equation AX=XB, a 
general solution X being a homogeneous linear function of the greatest 
possible number of mdependent particular solutions. 

Noth 1. Continuantal and altanating commutants. 

The symbols {4,5}, {-4,-5}, {-4,5}, {A,-5}, .(1) 

in whioh 4 and B are always square matnoeH, mean solutions of the respootivo equations 
4X=Z5, -AX= —XB, -4AW5, AX=-XB .(1') 

When a matrix X is represented by the 1st, 2nd, 3rd, 4th of the symbols (1) to indicate 
that it is a oommutant of the 1st, 2nd, 3rd, 4th of the arranged matrix-pairs 
(. A,B ), (-4,-5), (-4,5), (A,-B ), 

we will call it a continuantal or alternating oommutant according as ouo of the brut two 
or one of the last two symbols is used. The first two symbols are interchangeable with 
one another, as also the last two symbols; and ordinarily we shall only use the two 
symbols {4,5}, {4,-5} But m defining and manipulating commutantal equations and 
produots it is convenient to treat all four of the symbols (1) as being different. 

1 An alternating commutant {4, - 5} can always be regarded us a continuantal oom¬ 
mutant {4, B 1 } in which 5'= -5. 

The symbols {5,4}, {— 5, -4}, {-5,4}, {5,-4}, 


( 2 ) 
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m which B and A are always square matrices, mean solutions of the respective equations 

BY=FA , - BF= - YA, ~BT= FA, BF=-FA , .(2') 

and must not be confounded with the symbols (1) 


Noth 2. The commutants and contra-commutants of a single square matrix. 

The particular cases in whioh B is the same matrix as A or the conjugate of A will 
often occur. 


If A =[a]™ is any given square matrix, any square matrix X=[x] m satisfying tho 
equation 

[<[*]>[<[< or AX ~ XA . (o) 

will be called a commutant of A (or a co-commutant of A), and we can use tho oquation 
X= {A, A} to indicate that AT is a ‘commutant of A.’ Again if A’ is tho conjugate of A, 

any square matrix satisfying the equation 


I—|Hl 

a 

1 — L in 




or 


A'F= FA 


(o') 


will be called a oontra-commutant of A, and we shall use the equation F={A',A} to 
indicate that 7 is a ‘contra-oommutant of A.’ 


A commutant {A\ A 1 ) is a ‘commutant of A '’, and a commutant {A, A'} is a ‘oontra- 
commutant of A'.’ 


Since X is a oommutant of A when and only when it is commutative with A, the 
determination of a general oommutant of A is equivalent to the determination of all 
square matrices whioh are oommutative with A 


Note 3 Go-commutants and contra-commuta/nts. 

The generic term co-commutant will be applied to oommutants of tho typos 
{±A,±A}, {±A',±A'}, 

these being tho contmuautal and alternating commutants of a pair of equal square 
matrices. 

The generic term contra-commutant will be applied to commutants of tho typos 
i±A',±A}, {±A,±A% 

these being the continuautal and alternating commutants of a pair of mutually conjugate 
square matrices. 

Ex l Gases m which A or B is a z&'o matrix 

When ■5=[0] ii , a general commutant {A, B} is a general solution of the matrix 
equation 

[<[<=0 or AX= 0; 

and when A=[0]™, a general commutant {A,B} is a general solution of tho matrix 
equation 

OErcC-0 or XB- 0. 

When A and B are both zero matrices, a general commutant {A,B} is a matrix A'=[#] H 
whose elements are independent arbitrary parameters. 

Ex n. Cases in which A and B arc both soalar or quasi-scalar matrices (which mag be 
zero matrices). 
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If .*1=«[1]“ and Z?=&[1] ” are scalar matrices, the general com mutant {A, B} is. 

(1) tho zero matrix [01when cc =| =b, 

L J TO 

(2) a matrix [^]™ with arbitrary oloments when a=b. 

By using this result in conjunction with Theorem II of ^ 240 wo can construct the 
general oommutant {A, £} when A and B are given quasi-scalar matricos. 

Ex. lii. Cases in which the general oommutant {A, B} is a matrix with arbitraiy 
elements. 

If -d = [ ft ] m and ore square matrices of orders m and n with constant oloments, 

the general cominutaut {A, E\ will lie a matrix [#]* whoso elements are independent 
arbitrary parameters when and only when A and B are Bcalar matrices with equal 
diagonal elements, so that 

B=c[ 1]’;, 

where c is any scalar number, which may bo 0. 

For if AT=[ar]“, the matrix obtained by putting all oloments of A r oqual to 0 oxoept 
My will be a conimutant {A, B] if and only if 

«pi=0 when p*i, b jfl =Q when 0#=^; 

and when these conditions are satisfied for all permissible pairs of values of i and j, 
A and B must have the forms given above. 

Ex. iv. Cases in which the gen&’al oommutant {A, B)is a zero matrix. 

If A and B are defined as in Ex iii, it will be shown in § 240 a that tho general corn- 
mutant {A, B] is a zero matrix when and only wlion A and B liavo no latent root in 
common 

Ex. v. The general oommutant {A, A } of a single square matrix A is always an un- 
degenerate square matrix. 

For if m is the order of A, the unit matrix [1]’" is always a particular undogonernto 
coinmutant { A , j 4|. It will be shown in § 244 that the general eontra-commutant { A /l} 
is always an undegonerate square matrix. 

Ex. \i. Cases in which the general oommutant {A, B} is an undegenerate Bquare main's;. 
Tho condition n=m is of course necessary. Lot A and B bo two square matrices of 
the same order m with constant olements; and lot h and JET bo two mutually invoice 
undegenerate square matrices with constant oloments. 

Then h is a particular undegenerate square oommutant {A, B} or H is a particular 
undegenerate square oommutant {B, A} when and only when 

hBII=A 

is an equimutant (or isomurphio) transformation converting B into A. 

Thus there exist undegonerato square oommutants {A, B } or undegonerate square 
commutants {B, A} when and only when A and B are equi-cationicul, i.o have equipoteut 
characteristic matrices. 

Further h or H is a particular undegenerate commutant {A, A} of tho single square 
matrix A when and only when 

hAH=A 

is an equvmutamt (or isomorphic ) transformation converting A into itself so that A is an 
invariant transformand of a transformation by h and U. 


o. IIL 
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Ex. vn. Rational integral functions of a square matrix regarded as commutants. 

If A ib any given square matrix of order m, every rational integral function of A is a 
commutant {A, A}, i.e. a commutant of A ; for (as m Ex. vm) it is oommutativo with A. 

It will be shown m Theorem II of § 244 that all commutants of A will be rational 
integral functions of A when and only when A satisfies no rational integral equation of 
degree less than m 

Ex. vm If <b = f(A) is any rational integral function of a given square matrix A of 
order ?n, and if A\ are the conjugates of A, 4>, then. 

( 1 ) Every co-commutant {A, A} is also a oo-commutant {<E>, 4>}. 

(u) Every co-commutant {A 1 , A'} is also a co-commutant {«]?', <!>'} 

(in) Emy contra-commutant {A', A) is also a contra-commutant {<!>', i I»}. 

(iv) Every contia-commutant {A, A'} is also a contra-commutant {«!», 4>'} 

Since <&=f(A) when and only when 4>' =/(A'), we need only consider tho properties 
( 1 ) and (m). Let 7=[1]™, A r =[a?]’*, and suppose that 

<& = C\\lA-ciA -\-c%A--\r ... 4-c p .d p , 4> , = Co/+CiA'+C 2-‘1 ,2 + •• + c 7i-^ ,, ‘. 

Then if A' is any commutant of A , the property ( 1 )-follows from tho equations 
AX=XA, A S X= AXA = XA 2 , A*X=AXA 2 =XA\ .... 
which lead to 4>Ar= X &; 

and if X is any contra-commutant of A, the property ( 111 ) follows from tho equations 
A'X— XA , A'*X= A'XA = XA 2 , A*X= A 'A/1 2 = AA 3 , .. , 
which lead to <I>'A” = A4>. 

It will be shown m § 262 that a square matnx * of order m which has any ono of tho 
properties (i), (u), (in), (iv) must be a rational integral function of A. 

2 . Betei'mination of commutants by the solution of scalar equations. 

The matrix X = [#]” will he a solution of the matrix equation 

[ ft ] TO [ 4 n = [ai ]"[&]* or AX=XB .(a) 

J ?ii L J m L j »m L J n x J 

when and only when its elements satisfy the mn homogeneous linear scalar 
equations 

w=i» v=n 

6ij = 2 a lu x UJ = 2 a iv b vj = 0 , (i = l,2, ... m\ j = 1 , 2 , ... n), ...(a') 

!{=1 V = l 

which are together equivalent to (a). We can therefore determine particular 
or general commutants [A, B } by finding particular or general solutions of 
the mn scalar equations (a') in which the variables are the mn elements 
of X. 

After determining the general commutant {A,B} hy this method m 
certain particular cases, we shall be able to determine it for all particular 
matrix-pairs by using the general principles described in § 240. 

In all cases the scalar equations (a') can be replaced by a single matrix 
equation of the form 

[f] 1 =0 or flf = 0 . U") 

L J inn ' 
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where £ is a one-rowed matrix whose elements are the mn elements of X , 
and where H is a square matrix of order mn in which mn ( inn — in — n + 1 ) 
of the ??i s n a elements are always 0’s. The square matrix XI can be made to 
assume many elegant forms by suitably arranging the variables such as a l} 
and the equations (a 7 ), i.e. by suitably arranging its horizontal and vertical 
rows. If we adopt the same order of arrangement for 

^hj ^ibi and 6 13 , ... e^, ..., 

it has resemblances with a symmetric matrix , and if we adopt the same 
order of arrangoment for 

®iii fl'Ki ■■ ^'yi ••• and fin, 6 ^, . . eji, ..., 
it has resemblances with a skew-symmetric matrix. The general structure 
of XI is most clearly shown when the orders of arrangement are as in Exs. xi 
and xii. We shall not make much actual use of the equation (a") except 
(see §253) m the determination of the general commutant \A,A] when all 
the elements of A are arbitrary. 

Since the determinant R = det XI .(3) 

is the resultant of the mn scalar equations (a') or of tho mn homogeneous 
linear functions e v - when all the elements of A and B are arbitrary, we see 
that: 

If A and B are square matiices with arbitrary elements , then for all 
particular values of their elements the general commutant [A, B} is a non-zero 
matrix, i.e. there exist nan-zero commutants {A, B}, when and only when 
R = 0 .(4) 

On this account we will call R the scalar resultant of the two square 
matrices A and B. Although difficulties present themsulvcs when we attempt 
to obtain a complete expansion of the determinant of XI, some important 
properties of R can be immediately deduced from the result stated m Ex. iv. 
In the first place it follows (see § 240. a) that: 

If A and B are square matrioes with arbitrary elements , then. 

(1) For all particular values of their elements the vanishing of R is the 

necessary and sufficient condition that A and B shall have a latent 
root in common. 

( 2 ) The scalar resultant R of A and B is the resultant of the two charac¬ 

teristic determinants 

det A (X) = det {[>]“ - X [1] ^ det B (X) = det {[&]” - \ [11“}, 

when these are regarded as functions of X only , the elements of A and B being 
arbitrary parameters .(5) 

From the second of these two results it follows further that: 

If A and B are square matrices whose elements are rational integral 
functions of certain arbitrary parameters y 1} y 3 , 73 , ..., so that their scalar 

27—2 
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resultant R is a rational integral function of the ys, then, the identical vanish¬ 
ing of R is the necessary and sufficient condition that the two characteristic 
determinants det A (X) and detB (X) shall have a factor in common which is a 
rational integral function of X and the ys; and it is of course also the 
necessary and sufficient condition that the equation (a) or (a") shall have a 

ncn-zero solution .( 6 ) 

To prove (6) let /=detA(X), <jr = det i? (X). Then if / and g have a 
rational integral factor in common (which must involve X), the resultant R 
necessarily vanishes identically. Again if f and g have no rational integral 
factor in common, then by Ex. viii of § 188, there must exist rational integral 
identities in X and the /s of the form 

Pf+Qg-4, . (7) 

where (j> is a rational integral function of the 7 ’s only which does not vanish 
identically; consequently we can ascribe such particular values to the ys 
that f and g become functions of X having no common root, so that R =j= 0, 
consequently R cannot vanish identically. 

In connection with the last result attention may be drawn to the well- 
known fact that we can always determine rational integral identities in X 
and the y’s of the form 

JPf+Qg = R . CO 

where the degrees of P and Q m X are less than n and m respectively. This 
follows from Ex. iv of § 193, where before evaluating A by expansion we can 
add to the last horizontal row the 1 st, 2 nd, ... (m + n- l)th preceding hori¬ 
zontal rows multiplied by a; 1 , a?, ... ajm+n-i respectively. 

Ex. ix Jf A 1 ~A-c[l]™, F = B~c [1]”, where c is any scalar number, the matrix- 
pairs (A 1 , B ') amd ( A, B) have the same commutants. 

For we have A'X=XB' when and only when AX-XB. The diagonal oleinonts of 
A and B only oocur m the one term (a« - bf) jpy of ey; consequently the equations (a') 
and (a") are the same for the two matrix-pairs 


Ex. x deduction to the case in which A and B are square matrioes of the same order. 
First suppose that n^m+p > m, 


3’ • *-w;. r-w;. 

Then the equation A!X'=X'B is equivalent to the two equations AX=XB, YB= 0 . 
Consequently X' will be a general (or particular) commutant [A', B } when and only when 
Z is a general (or particular) commutant {A, B) and Y is a general (or particular) solution 
of the equation YB= 0 ; and after determining the general commutant {A', B\ wo nhall 
know the general commutant {A, B } If R' is the scalar resultant of A' and B , we havo iu 
this case 


and let 


HSo] 


X'= 


Next suppose that 


and let 



fl'=(det Bf. R. 
m*=n+p > n, 


*'=o, x-w:, 


r-|>] 


)• 
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Then X' will be a general (or particular) commutant (4, B'} when and only when X ib 
a general (or particular) oommutant {A, B } and T is a general (or particular) solution of 
the equation A T= 0. If R' is the scalar resultant of A and B', we have in this case 

R'=(detAy.R. 

It follows that in discussing the general properties of commutants {A, B) we can 
confine ourselves to the cases m which A and B are square matrices of the same order. 

Esc xi. If wi=?i=2, and if we put Cy = a«— b,j , the equation (a) can be replaced by 
either of the equations 


Cll -1 

011 , 
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where the prefactors on the right are forms of the square matrix £2 in (a"). In this case 
we have 

R={an — bu) (an — b%$) (“22 — *>n) (“92 — *> 22 ) — “ {(*>n — “ 11 ) (*>11 — “ 22)+(*>22 — “ 11 ) (*>22 — “ 22 )} 

— £ {(“u — *>ll) (“ll — *>22) + (<*22 — *>ll) (“22 — ^22)} + (« — £) 3 , 
where a^a^Osi, j3=^la&si 

If a ia =a 2 a=a 2 i= 0, then in accordance with Ex. x we have 

E=det B . {( 6 n — On) (622 - “ 11 ) — *>i 2 *> 2 i}> 

where the co-factor of det B is the scalar resultant of the two square matrices [a ] 1 
and [ 6 ]J. 

Ex. xu. If m=3 and n= 4, and if we put Cq=an-bj] the equation (a) can be replaced 
by either of the equations 
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where the prefactora are forms of the square matrix £2 in (a"). Except m special cases 

the scalar resultant /2=det £2 is most easily evaluated as in Exs iv aud v of § 193 when it 

is regarded as the resultant of the two functions det A (X) and det B (X). 

We have corresponding forms of (a") for all values of m and n. The form corresponding 
to (8) can be replaced by n homogeneous linear matrix equations in whioh the uuknowns 
are the n vertical rows of X The form corresponding to (9) can be replaced by m homo¬ 
geneous linear matrix equations m whioh the unknowns are the m horizontal rows of X. 
When A and B are simple square ante-slopes both these forms of £2 become quadrate 
hemiptenc matrices in which the diagonal constituents are simple square slopes. 

Ex xm. If we arrange the elements xy and the linear functions according to their 
difference-weights, i e. according to the values of j-i, the arrangements m Ex. xn being 

#31 > # 33 » #31 : #33 j # 22 : #11 : # 34 : # 23 : # 12 : # 24 : # 13 : #14 : 
fl 8l: ®B 2 : ®21 5 ®38 : ^22 : ®11 : ® 84 : ® 23 : ®12 : e 24 j fl 13 : ® 14 : 

we obtain another form of (a") which can be replaced by to+w — 1 homogeneous linear 
matrix equations m which the unknowns are the successive diagonal linos of X. This 
form is particularly useful when A and B are simple square ante-slopes, the matrix £2 
being then hemipteric 
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winch makes 12 a skew-symmetric matrix when B=A We Bhall use forms corresponding 
to this when determining the general oommutant {A , A } m § 253. 

3. The commutants of a pair of square matrices containing arbitrary 
elements. 

In the definitions of sub-article 1 it has been assumed that all the 
elements of A and B have given numerical values When the elements of 
two square matrices A = [ct]“‘ and B = [&]'“ are rational integral (or rational) 

functions of certain independent variables y 1; y.j, ..a matrix X = [aj]" ( 

will be called a commutant of the matrix-pair (A, B) or a oommutant [A, B\ 
when its elements are such rational integral (or rational) functions of the y’s 
that the equation AX = XB is an identity in those variables. If the elements 
of it involve arbitrary parameters independent of the 7 ’s, the equation 
must be an identity in them also. It will be understood that A, B, X can 
be replaced by any matrices derived from them by multiplying or dividing 
them by scalar rational integral functions which do not vanish identically. 
Consequently their elements may always be supposed to be rational integral 
functions of the variables and parameters occurring in them. 

A particular commutant X = { A , B) will be understood to be a commu¬ 
tant in which the elements are particular rational integral functions of the 
variables 7^ y a ,73,... with numerical coefficients. If i is the greatest possible 
number of independent particular non-zero commutants [A, B], and if i is 
not 0 , a general commutant X.= [A, B] is a matrix expressible m the form 

X = + V X s 4- ... + Xt.Au .(b) 

where X lt X a ,... X t are any i independent particular non-zero commutants 
[A, B }, and the Vs are independent arbitrary parameters independent of the 
y’s. If 1 => 0 , the general commutant {A, B] is a zero matrix. 

When X is any general commutant [A, expressed in the form (b), we 
will call V, Xa,... V the parameters of X or the parameters peculiar to X, 
and when A and B are given, particularisations and specialisations of X will 
ordinarily have reference only to the parameters of X, and not to the variables 
of A and B. Thus a pa/rticularisatwn of X will mean a matrix derived from 
X by substituting particular rational integral (or rational) functions of the 
y’s for the Vs, and a specialisation of X will moan a matrix derived from 
X by substituting for the Vs rational integral functions of parameters 
pt i, /ia, m, ... independent of the y’s in which the coefficients are rational 
integral (or rational) functions of the y’s and may be constants, Buch functions 
bemg usually homogeneous and lmear m the /t’s. Ordinarily only rational 
integral functions of the y’s will occur m X ; when this restriction is not 
observed, we will call X a rational commutant. Every commutant [A, 5} is 
a particularisation or specialisation of every given general commutant [A, B) ; 
and any two general commutants {A, B) are mutually equivalent in the 
sense that each of them is a specialisation of the other. 
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Commutants in. which the elements are independent of (or have degree 0 
in) the variables of A and B will be called non-singular, other commutants 
being singular. A ‘particular non-singular commutant X — [A, B } is a matrix 
with constant or numerical elements which makes the equation AX = XB 
an identity in the 7 s. A general non-singular commutant X = {A, B) which 
is not a zero matrix is a homogeneous linear function of the greatest possible 
number of independent particular non-zero non-singular commutants, the 
coefficients being independent scalar parameters independent of the variables 
occurring in A and B. When A and B are square matrices whose elements 
are constants, the distinction between non-singular and singular commutants 
disappears; every particular or general commutant [A, B) being also a 
particular or general non-singular commutant {A, J5}. The existence of 
singular commutants adds considerably to the difficulty of determining a 
general commutant {A, B } when A and B contain arbitrary elements. 

In anticipation of § 244 it may be mentioned here that: 

(1) A general commutant [A, 5} is ordinarily a zero matrix; being a 

non-zero matrix when and only when the characteristic determinants 

of A and B have a factor in common. 

(2) A general {or general non-singular ) co-comrmutant \A, A} is always 

an undegenerate square matrix. 

(3) A general contra-commutant {A', A } is always am, undegenerate square 

matrix. 

To establish ( 2 ), it is sufficient to observe that the unit matrix of the 
same order as A is a commutant [A, A}. From Exs. xix and xx it will be 
seen that a general non-singular contra-commutant [A', A] can only be 
undegenerate under special circumstances, and is usually a zero matrix. 

If A, B, G, D are matrices whose elements are rational integral (or 
rational) functions of certain scalar variables 7 ^ 72 , y s , ..., and if X' is the 
conjugate of X, we define particular and general solutions or non-singular 
solutions X of matrix equations of the forms 

ZAXB = 0, $A XB + %GX'B = 0, 
in the same ways as we have defined those of the equation AX = XB. 

The commutants occurring in the following examples of this article are 
determined by solving the scalar equations corresponding to (a'). 

2sTote 4. The commutants of a particularised or specialised matrix-pair. 

Let X be a general commutant {.4, B }, where A and B are square matrices whose 
elements are rational integral functions of the vanables yj, y a , y 8 , ..., let X 1} X 8 , X 3 , ... 
be the parameters of X; and let A 0 , B 0 , X 0 be matrices derived from A, B, X by 
particularising or specialising the ys. 

Then in all cases X 0 will be a commutant {Aq, 5 0 }, and will therefore be a particulari- 
satwn or specialisation of every general comm/utant {A U) J3 0 }. 
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lu>r in the moat general oose we may suppose A 0 , ft, ft to be derived from A, B, X 
by substituting for the -/& rational integral functions of certaiu independent unnW 
parameters Cj, <%, c 3 , whioh are independent of the X’s Then because the equation 

~XB is an identity in the X’s and ys the equation Aq X= XqB^ is an identity in the 
c’s and X’s, 1 . 0 . ft is a commutant {A 0 , ft}. 

Moreover if A 0) B 0 are particulai'uatiom of A and B , then for ordinary particular 
values of the y’a the matrix ft will he a general commutant {A 0 , ft}. 

For when the y’s reoeive particular values whioh do not satisfy certain equations,jthe 
prooosH of solving the non-scalar equations (a') will be exactly the same as when the y’s 
are mdopendeut variables Alternatively for ordinary particular values of the y’s the 
matrix £2 in (a") will become particularised into a matrix Go of the same rank, aud inde¬ 
pendent particular oommutants {A, B) will beoome partioulansed into independent 
particular coinmutauts {A 0 , ft}, consequently every complete set of independent commu- 
tants {A, B } will become a complete set of independent commutants {A 0 , B 0 } This 
principle will ouable us to pass from theorems concerning the commutants of square 
matrices whose elements are constants to theorems concerning the commutants of 
functional square matrices. 

Whon X is the general non-singular oommutant {A, ft, whioh is independent of the 
ys, X 0 is the same matrix as X, and the identical equation A 0 X=XB 0 shows that AT is a 
non-singular oommutant {A 0 , ft}. 

Thus eomj general non-singular oommutant {A, B } is a partieularisation or specialisation 
of every general non-singular commutant {A 0 , ft} 

It follows that as the square matrices A and B beoome more and more specialised, the 
general non-singular oommutant {A , ft tends to become less and less specialised. It is 
most specialised when the elements of A and B are all arbitrary, being then a zero matrix , 
and it is least specialised when A and B are zero matrices, being then a matrix with 
arbitrary elements. 

As regards the general oommutants {A, ft and {A 0 , ft} we can show that: 

If the general oommutant {A 0 , B a } is a zero matrix, then the general commutant {A, B } is 
also a zero matrix. 

For the scalar resultant ft=det Q 0 of A 0 and ft is a partieularisation or specialisation 
of the scalar resultant i2=det G of A and B. If the general oommutant {A 0 , ft} is a zero 
matrix, ft does not vanish identically; therefore R does not vanish identically; therefore 
the general commutant {A, ft is a zero matrix. The corresponding more general principle 
is that: 

The total number of independent rum-zero commutants {A, B } cannot exceed the total 
number of independent non-zero commutants {A 0 , B 0 ] 

Thus as the square matrices A and B become more and more specialised, the total 
number of independent oommutants {A, B } tends to become greater and greater. 

If the variables of A and B can be divided into two sets a l3 as, a Si ... and ft, ft, ft,..., 
and the fts only are particularised or specialised, being replaced m the latter more general 
case by rational integral functions of variables ft, ft, ft,... whioh are independent of the 
0 ’s and X’s, all the above theorems remain true except that the third must be interpreted 
to mean that. 

Every commutant {A, B} independent of the ^s is a commutant {A 0 , ft} independent of 
the Vs. 

When the fts are particularised, the 6’s are absent, and every commutant {A, B } inde¬ 
pendent of the fts is a commutant {A 0 , ft}. 
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Ex. xv. In each of the following two cases non-zero commutants exist because the 
characteristic determinants of A and B have a factor in common. The letters t and p 
denote mdependent arbitrary parameters, and X and X' are respectively the general and 
the general non-singular commutont {A, B}. In both cases the scalar resultant R vanishes 
identically, and 12 has degeneracy 1. 

t , 2i+l~| „ if+ 3, 2i+4~j 

.<+3, 2 J’ t- 3_J’ 

det A (X) = (X -\-t +1) (X — 2tf+ 3), det 5(X) = (X + i+l) (X — 3i + l). 
t , 2i+l _ l „ r2i+l, —t ”1 v—V— 


(1) .1 


r * , 2t+n „ r if + 3, 2J+41 r t-l , -(* + 2)" 
“b+3, 2 _T La/-2, *-3_|’ “ t + 2 J’ 


-V' = [0]“ ; 


( 2 ) 


A-\ S=F +1 ’ 

l_i+3, 2 


J’ B [w+a! -(2f+i)J >z 7 ? _-i, i_ ; 


det A (X) = (X-N + 1)(X —2*+3), det 5(X) = (X + « + l) (X-<-l) 


Ex. xvi We give below three simple illustrations of Note 4 The letters a, b denote 
given scalar numbers such that 6=t=a ; the letters X, ju, x, y denote independent arbitrary 
parameters, the matrices A 0 , B 0 are particularisations or specialisations of A, B, the 
inatrioes X and X' are respectively general and general non-singular commutants {A, B }, 
and the matrices T and 7' are respectively general and general non-singular commutants 
{^o, ,B 0 }. In (1) and (2) we use the specialisation ju,=X, and in (3) we use the parttou- 
larisations X = a, /*=! 


m , ra, X-l [a, /il x-[^ a - ,V) P *-1 

<*> MS 9- *-[££]■ 

r - r -E 3 


( 3 ) 



In all three cases X' is a specialisation of I'', and X a (defined as in Note 4) iH a 
specialisation of F, being in fact the same as Y. 

Ex. xvii. If a and /3 are variables or arbitrary parameters, and if A (X), B (X) are tho 
characteristic matrices of the square matrices 


-/3 , 2a+2/3, a+2/3 _ " —3/3, a + 3/3, 2a+/S~ 

A= 3a+j9 , 3a+£ , a+jS , B= a , — 2£ , 2a —/3 , 

a — 3/3, a —/9, -a + /3_ _2a-/3, —a+j 3, —/3 _ 

we have det A (X) = — (X + a -+■ fi) {X a — (3a+2/3) X — (8a 2 + 2 afi — 6/3 2 )}, 

det B (X) - - (X +a + /3) {X 2 - (a - 5/3) X - 2 (a 2 + 5a/3 - 4/3 2 )}. 


Since the characteristic determinants have the common factor X+a+/3, we know that, 
there must exist non-zero commutants {A, B }; and it can be shown that the gonoral 
commutant {A, B } differs only by an arbitrary scalar factor from the matrix 


X, 

y, 

"-(a-/9), 

(«+«, 

-2/3" 

-X, 

-y, -z = 

a-/3 , 

-(a + ^), 

2 /3 

X, 

y , *_ 

_-(a-|3), 

(« + «, 

-2/3_ 


4 


.. ( 10 ) 
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livou in this comparatively simple case the direct solution of the scalar equations (a') 
is troublesome , but it can be simplified by the following considerations 

If wo put A = aAi+£JA 2 , B=aBi-\-fiB 2) it will be fouud without difficulty that the 
general counnutunts B^, X 2 ={A 2 , B 2 ] are 

"-I, 1,0" "-1,-1, 2" 

A' 1 = /J 1, -], 0 , A^o- 1, 1, -2 , 

--1, 1, 0_ --1,-1, 2_ 

whoro p ami o- are arbitrary parameters, there being only one independent non-zero 
oommutant in onoh caso. Since a non-singular commutant X— {A, B} would satisfy both 
thu equations AiX=XB li A 2 X=XB 2 , we see in the first place that every non-zero com- 
mutant {A, B) must be singular Again if the matrix Q for A and B in (a") becomes Q t 
when a=l, (3=0 and Q 2 when a= 0, (3=1, then because the degeneracies of Oj and Q, 
must be exactly equal to 1, we see in the second place that the degeneracy of Q cannot be 
less than 1, and must be exactly equal to one. We conclude that there is one and oidy 
one independent non-zero commutant X={A, B}, and that it must be singular. Its 
elements are proportional to the simple minor determinants of any undegenerate horizontal 
simple minor of £2, and it must bo homogeneous and hnear m a and (3, the coefficients 
of tho highest powers of a and (3 differing only by scalar factors from the matrices 
X\ and A’ a . 

Tho rule for determining the rank of any general commutant which is given in Note 3 
of § 244 shows that in the caso considered above the rank of the general commutant 
A r ={A, B] must bo equal to 1. If we make use of this fact and note the forms of Xi 
and AT 2 , we see that X must have the form shown on the left m (10); and there is then 
no difficulty m solving the scalar equations (a'), which reduce to three. 

Ex. xvni. If A and B are both simple square ante-slopes or quasi-scalar matrices, the 
gen&'al commutant {A, B] is a non-set'o matrix when and only when one of the diagonal 
elements of A is identically equal to one of the diagonal dements of B, i e. when and only 
when A and B have a common diagonal element. 

A simple square ante-slope is a square matrix in which all elements lying on one side 
of the diagonal are equal to 0 Whenever A and B are simple square ante-slopes (which 
may be quasi-scalar matrices), we see from Ex. xii or xiii that R is the product of the mn 
differences 

au-hh ( l ‘ =1 > 2 > m 5 J= l > 2 > — n )» 

and in order that R shall vanish identically, i.e. in order that there shall be a non-zero 
commutant, it is neoessary and sufficient that one of these differences shall vanish 
identically. 

We conclude as in the fourth theorem of Note 4 that. 

The general oommutant {A, B} is a zero matrix whenever' A and B can be particularised 
into simple square ante-slopes {or quasi-scalar matrices) having no common diagonal 
element. 

It is therefore a zero matrix when A and B are square matnoes whose elements are 
independent arbitrary parameters. 

Ex. xix. If A =[a]™ is a square matrix whose elements are independent arbitrary para¬ 
meters, the general noTi-singvlar oommutant {A, A) is a scalar matrix. 

For when we equate the coefficients of on both sides of the equation AX=XA, in 
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which i r =[a?]^ is a matrix whose elements are independent of the elements of A, wo obtain 
the scalar equations 

, x p i=Q when^=t=i, %=0 when q ^j, x xi =.Vjj. 

Under the same circumstances die general non-singular contm-cnmmntavt {/l', .'!} u 
a zero matrix. 

For when we equate the coefficient of a it on both sides of tho equation A'A = A A, wo 
see that we must have 

3^=0 when ^=0 when qj=i, 

i.e all the non-diagonal elements of X must he 0’s; and the equation A X=XA then 
becomes equivalent to the tyn (m- 1) scalar equations 

. . . ( ll ) 

which cannot be identities m the elements of A unless X is a zero matrix. 

The general oommutant {A, A} will be determined m § 253 

Ex. xx. If A = \a)f l is an arbitrary simple square ante-slope of order ni, the general 
non-singular commutant { A, A) is a scalar matrix, and the general non-singular contra- 
commutant {A 1 , A} is a zero matrix. 

For if dij is always 0 when j < i, and an arbitrary parameter when j ■<£ i, all the results 
of Ex. xix remain true except that the equations (11) become 

Xu au=0, {J I). 

Ex. xxi If A =[a]™ is a. quasi-scalar matrix whose successive diagonal elements 
Oj, oj,... are independent arbitrary parameters, the general non-singular oommutunt 
{A, A} or contra-commutant {A', A}, which are the same, is a quasi-scalar matrix whose 
diagonal elements are independent arbitrary parameters. 

For if X=\aP^ is a matrix whose elements are independent of the elements of A, tho 
matrix equation AX=XA is equivalent to the fan (to — 1) scalar equations 

(a i -a d )x ij =0, (j=t=i). 

4. The conjugate of a commutant; the inverse and conjugate reciprocal of 
am, undegenerate square com/mutant. 

First let A = [a]™, B = [6]”, X = [®]™ be matrices whose conjugates are 
A', B, X’. Then each of the equations AX = XB, BIX = X'A' is deduciblo 
from the other by equating the conjugates of both sides, and it follows 
that: 

The conjugate of a particular or general commutant => {A, 5} is a 
particular or general commutant X' = [B, A'}. 

Hence when 

X *= [A, A], X= {A', A'}, X = {A 1 , A], X = {A, A'}, 

we have 

X' = {A',A'}, X' = {A,A], X' = {A',A }, X' = {A,A'}, 
where the 1st, 2nd, 3rd, 4th representations are to be taken in both series. 

If then X is a particular or general contra-commutant of A, its conjugate 
X ' is also a particular or general contra-commutant of A ; consequently 
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X + X' and X — X' are respectively a symmetric and a skew-symmetric 
contra-commutant of A. In the special case when A is symmetric, there 
are no distinctions between the commutants of A, the commutants of A\ the 
contra-commutants of A and the contra-commutants of A'. 

Putting n = m, so that A and B are square matrices of the same order m, 
we see that: 


A particular or most general symmetric (or skew-symmetric ) commutant 
X = [A, B} is also a particular or most general symmetric (or skew-sym¬ 
metric) covnmutamt X = [B\ A'} 

Next let A and B be two square matrices of the same order m; let the 
square matrix X of order m be any undegenerate commutant {A, B }, and 
let X -1 and X be respectively the inverse and conjugate reciprocal of X. 
Then by prefixing or postfixing X -1 or X on both sides of the equation 
AX = XB we see that 

BX-^X-'A, BX — XA. 

Thus the invei'se X~ x and the conjugate reciprocal X of am. undegenerate 
square commutant X = [A, B), as well as all matrices differing from them 
only by non-zero scalar factors, are undegenerate commutcunts {J5, A}. 

In particular if A 1 is the conjugate of A, then according as 

X = {A,A}, X = {A',A% X=\A',A}, X = {A,A'}, 

we have 

X -1 = [A, A], X-'-iA^A'}, X-'={A,A’}, X-' = {A',A-\. 

If X is degenerate and has rank less than m — 1, we still have X -=[B,A }, 
because X = 0; but (see Ex. xxii) this is not in general true when X has 
rank m — 1, so that X has rank 1. 


Ex. xxn. The general commutant X={A, B} and its conjugate reciprocal JL’ for the 
square matrices 

M; 3- MS 3 » MS ^ MS''/l. 

where x and y are arbitrary scalar parameters, and in this case we have BX=XA, so that 
we can put X={B, 4}. 

The general commutant X={A, B } and its conjugate reciprocal X for the square 
matrices 

MS 3- MSfl-MStt MS ".*■]• 

where x is an arbitrary scalar parameter ; and in this case wo have BX^XA. 


§ 239. Commutantal products of true commutants; commu- 
tantal equations and transformations. 

1 . Definitions. 

If 4 = B=[hf v , C = [c]* are any three given square matrices, and 

if H= [h ] p , K = [h] n are commutants of the arranged matrix-pairs 

(A,B), (B,C), 


i f i• 
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then the product matrix X = [&’]“ m the product 

[ hfm n = \xf or EK=X . 

L L J p L 

ia always a commutant of the arranged matrix-pair (J., G ) 
equations 

it follows that 


.( 1 ) 

For from the 




w: • w: ra;=w; ra; w; - ra: w; • w: 

On this account we will call the product EK on the left in (1) a commu- 
tantal product of type [A, 5} [B, C], and the equation (1) a commutantal 
equation of type 

{A,B}{B, C} = {A,C} .(1') 

We may formally define a product of two successive commutants of given 
types {A, P\, {Q, 5} to be commutantal when Q = P. 


If A, P 1} P 2 ,... P v , B are any i + 2 given square matrices, whero i 1, 
and if E, X l3 X 2 , ... K axe commutants of the i + 1 arranged matrix- 
pairs 


(A, P,), (P lf P a ), (P a , P 3 ),... (P W1 PO, (P i} B), 


it follows by repeated apphcations of the result just proved that in the 
product 

EX\X%... .Xi—! X— X .(2) 

the product matrix X is a commutant of the arranged matrix-pair (J., B). 
This fact we will represent symbolically by the equation 

{A, PJ {P u P 9 } [P a , P 3 }. . {P^, PJ {P 4> B\ = {A, B}, .( 2 ') 

which means that any continued product of commutants of the i +1 successive 
matrix-pairs shown above is a commutant of the matrix-pair (A, B). We 
will call the product on the left m ( 2 ) a commutantal product of the type 
defined by the product on the left in (20, and the equation (2) a cornmu- 
tantal equation of the type (20- We may formally define a product of any 
number of successive commutants to be commutantal when the product 
formed by every two successive factors is commutautal. We may prefix 
negative signs throughout to any number of the matrices A, P u P a ,... P Z ,B, 
and then the product matrix X in ( 2 ) is a contmuantal or alternating commu¬ 
tant according as the total number of factor matrices which are alternating 
commutants is even or odd. 


More generally an equation formed by equating two commutantal products 
whose product matrices are commutants of the same type will be callod a 
commutantal equation. For example such an equation is commutantal if it 
becomes 


\A, P) {P, <31 to, P] {P, P] = {4, S) (P, T\ {T, P) 

[A,-P\ (- P, - Q) [- Q, P) (P, - B] = {A, S\{S,-T] {- T. - PJ, 


or 
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when each commutant factor is replaced by the expression representing its 
type. 

If A = [a]™, B = [&]” and P = [p]", Q = [ 9 ] “ are two pairs of given square 
matrices, a commutantal equation 


or hxk=y. 


,.(3) 


of type {A, P } {P, Q] {Q, B] = {A, B] .(3') 

will be called a commutantal transformation converting the commutant X 
of the matrix-pair (P, Q) into the commutant Y of the matrix-pair ( A , B), 
the transformation bemg equigradent when H and K are matrices with 
constant elements having ranks u and v. 


Note 1 In the definitions of commutantal products and commutantal equations the 
two types {P, Q}, {-P, - Q) and also the two typos {P, — <2}, {— P, Q] arc treated as 
different. If we were to regard them os interchangeable, which is of couitic allowable, and 
were only to use types such as {P, Q}, {P, — Q), tlie most general representative of a 
commutantal equation (2) would be 

{A, ±P 1 }{P„ ±P,}{P 2) ±P 3 }. .{Pi-i, ±Pi} {Pi, ±P)={A, ±B\, 

where the sign of B on the right is -t- or - according as the sign — occurs an even or odd 
number of times on the left, and may not be the same os the sign of B on the loft. 


Note 2 The (true) commutantal products defined above, in which the factor matrices 
are true oommutants, must be distinguished from tlie (conventional) commutantal products 
defined in Chapter XXX, where the factor matrices have assigned commutantal types 
represented by symbolic oommutants 


2 . Some special equigradent commutantal ti'ansforvnations. 

We will consider equigradent commutantal transformations (3) in which 
u = m and v = n, so that the two pairs of given square matrices are 

A = \a\l> P = [&]“ and P = [p]“ Q = [ 3 ]”. 

In the first place let h, k he any particular undegenerate square com- 
mutants {A, P}, {Q, B) with constant elements , so that by Ex. xxi of § 238 
their inverses E, K are particular undegmen'ate square oommutants {P, A j, 
{Q, B] with constant elements. Such commutants can only exisL when certain 
conditions are satisfied by the given square matrices. If the elements of 
the given square matrices are all constants, the neoessary and sufficient 
conditions are that A and P shall he equicanonical and B and Q shall be 
equicanonical. If the elements of the given square matrices are rational 
integral functions of certain scalar variables, the identities 

Ah *= hP, A = hPH, P = EAh and Qk = kB, B = KQIc, Q = kBK 

show that P must involve exactly the samo variables as and bo equipotent 
with A, and Q must involve exactly the same variables as and be equi¬ 
potent with B. Moreover the two matrices in each of the pairs (ri., P) and 
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(B, Q) must be expressible as sums of corresponding terms involving the 
same powers of the variables as factors, the coefficients of corresponding 
terms being equicanonical square matrices. We will suppose that these 
conditions for the existence of the commutants h, k and H, K are satisfied, 


as well as any other conditions which may be necessary. 

With every equigradent transformation of the form 

[h] m [a;] n [k] n = [y] n or hXk=Y .(4) 

we will associate the inverse equigradent transformation 

EYK = X .( 6 ) 


These two transformations are mutually equivalent, each of them being 
deducible from the other. In the most general case we may suppose that 
the elements of the given square matrices A, B, P, Q are rational integral 
functions of certain scalar variables y 1} y i} y a ,...\ and the equations (4) 
and (5) are identities in the y’a as well as in any additional variables or 
arbitrary parameters which may occur in X and Y. The matrix Y must 
mvolve exactly the same variables as X ; it must have the same partial and 
total degrees in those variables as X , and it must be equipotent with X. 
In the special case when the elements of the given square matrices are all 
constants, the ye are absent. 

With respect to such equigradent transformations we have the following 
theorem, which remains true when ‘ com mutant ’ is interpreted, so far as 
X and Y are concerned, to mean ‘non-singular commutant' or to mean 
‘ commutant independent of certain specified variables.’ 

Theorem. If (4) is an equigradent transformation in which h and k are 
‘particular undegenerate square commutants {J., P } and {Q, 15} with constant 
elements, the matrix Y ‘will be a commutant or a particular or general com¬ 
mutant {A, 5} when and only when the matrix X is a commutant or a 
particular or general commutant {P, Q}. 

The equations (4) and (5) taken together show that X will be a com¬ 
mutant [P, Q] or (4) will be a commutantal transformation of the type 

{A,P}{P,Q}{Q,B} = {A,B} .(4') 

when and only when 7 is a commutant [J., B} or (5) is a commutantal 
transformation of the type 

{P,4)^,5}{£,Q) = {P,Q}.(80 

and because 7 must contain exactly the same variables or arbitrary para¬ 
meters as X, it follows that 7 will be & particular commutant {A, B) when 
and only when X is^ particular commutant {P, Q}. 

Now let 

X x = HY X K , X a — HY>jK, .. be particular commutants {P, Q}, 



^ - 
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Yj_ = hX-Jc, F a = hXJc, ... are particular commutants {A, 5}. 

Then if c 1} Ca, ... are scalar quantities which are either constants or 
rational integral functions of the y’s, we have 

c 1 X 1 + c a X a + ... = 0 if and only if c 1 Y 1 + c !i Y s + ... = 0.(6) 

Consequently Y 1} Y^, .. will be independent particular commutants {A, B } 
when and only when Xj, X%, ... arc mdependent particular commutants 
[P, Q{; and it follows that 

Y= hXk = \Fj + XaF a + ... + will bo a general commutant {A, P} 
when and only when 

X = HYK = Xj.X’j + Xa^a +'... + X l X i is a general commutant {P, Q}. 
This result remains true when the commutants X, X l} X a> ... and 
Y, Y l} F a , ... are restricted to be independent of certain of the 7’s, or to be 
independent of all the 7s, i.e. to be non-singular commutants. In such cases 
we may without loss of generality suppose Cj, c a , ... in (6) to be functions 
of only those of the 7*3 which occur m the commutants. 

The last part of the theorem can also be proved in the following way. 

Let X = XiXj + A-a-^a +... + \X Z be a general commutant {P, Q}, the A/s 
being arbitrary parameters independent of the 7*3; let F= hXk; and lot F 0 
be any commutant [A, B}. Then X 0 = HY 0 K is a commutant {P, Q} and 
must be a specialisation of X ; therefore F 0 — hXJc must be a specialisation 
of F. Thus Fis a commutant {A, B\ of which every commutant { A , B\ is a 
specialisation, i.e. F is a general commutant {A, B}. Similarly if F is a 
general commutant {A, P}, then the matrix X = HYK is a goneral commu¬ 
tant {P, Q}. 

All the theorems and subsidiary results of § 240.1, including bhoso relating 
to derangements of commutants, are particular cases of the general theorem 
of this article. 

Eos. i. The commutants {A, eB}, {A 1 , eB}, {A 1 , eB}, {A, eB}, whore * = ± 1. 

Let A =[a]™, Z?=[7)]^ bo two squaro matrices whose conjugates are A', B! ; lot 
P=[ P]” be particular undegenorate contra-commutaiits {A 1 , A}, {B, il'} with 
oonstant elements, and let Af=»[a?]” , «= ±1. 

Then X'= EX V is a particular or general commutant {A\ eB}, 

Y = OX is a particular or general commutant {A', eB}, 

Y'= XV is a particular or general commutant {A, eB }, 
if and only if X is a particular or general commutant {jd, eB}. 

Since the unit matrix [1]” is a particular commutant of each of the types {A, A}, 
{A', A'}, and the unit matrix [1]” a particular commutant of each of the types {eB, eB}, 
{eB, eB}, and since commutants {B, B} are tho same as commutants {eS, eB}, those 

28 
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results are particular cases of the theorem of the text. They follow directly from the 
respective pairs of equations 

A'. UXV= U. AX. V, UXV B= U. XB. V, 

A'.UX = U. AX , TJX .B = U.XB , 

A.XV <= AX. V, XV .B = XB.V, 
which are consequences of the equations A'U «= UA, BV= VB. 

When A and B are matrices with constant elements (see Ex. vn of § 240), there always 
exist such undegenerate contra-oommutants U and V with constant elements; moreover 
they can always be so chosen as to be symmetric matrices. Whenever they exist, we can 
always form four general commutants X, X', T, Y' of the types mentionod which are 
connected by the relations 

x'= uxv, r=ux, r=xv, .(7) 

all four of them being known when any one of them is known. These three relations am 
then equigradent commutantal transformations by whioh X\ Y, Y' can be derived from X. 
By prefixing and postfixing inverse matrices we can derive from them three other sots of 
three equigradent commutantal transformations by which the remaining throe general 
commutants can be derived from X' or from Y or from Y'. 

If A and B contain arbitrary elements, the above results remain true when ‘ commu- 
tant’ is interpreted to mean ‘non-singular oommutant , or ‘commutant independent of 
certain specified variables,’ provided that there exist contra-oommutants U and V with 
constant elements. 

Ex. 11 . The commutants {A, ed}, {d', ed'}, {A‘, ed}, {A, ed}, where e= +1. 

The results of Ex. i remain true when B=A, B=A'. Thus whenever there exist 
undegenerate contra-commutants Z7, V of types {d', A}, {A, A'} with constant elements, it 
is possible to form four general commutants 

X , X', P, Y' of types {A, ed}, {A', (A'}, {A\ ed}, {A, ed'} 
which are connected by the relations 

X'= UXV ,; Y= UX, Y'=XV= Z7-i YV, 

all four of them being known when any one of them is known. In such oasos it will be 
obvious that we can always choose U and V to be mutually mverso, so that 

X'^UXU-^V-'XV, T=U-'YU-'~VYV. .(8) 

When A is a square matrix with constant elements (see Ex vii of § 240), wo oau always 
choose U and V to be symmetric and at the same time mutually invorso ; and it follows 
that in this oase 

If V is any given particular undegenerate symmetrio contra-commutant {d, d'}, it is 
always possible to form two general symmetric or two general shew-symmetrio contra-commu- 
tanta Y, Y’ of types {A', ed}, {d, eA'} whioh are connected by the symmetric relation 

Y'= VYV, 

each of them being uniquely determinate when the other is given. 

§ 240. Theorems facilitating the determination of commutants. 

1. The commutants of equicanonical pairs of square matrioes. 

Let A — [a]^, B = [6]^ be two given square matrices of orders m and n 
with constant (or numerical) elements; let a = [a]“, /? = [/?]” be two square 





239, 240] commutants 435 

matrices of orders to and n equicanonical with A, B; and let 

or A=JiclH, . (1) 

IK - or B-kffK, .(2) 

where = = [1]”, Kk = kK = [ 11”, 

L J m L J 71 

bo any two given equimutant (or isomorphic) transformations by which 
A, B can be derived from a, ft. Alternatively let A, B be square matrices 
whose elements are rational integral functions of certain scalar variables 
7i» 7a> 78> and let (1) and (2) be given oquimutant transformations which 
are identities in those variables. Also let 

e = ± 1. 

Then we have the following theorem which remains true when ‘ commu- 
tant ’ is restricted to mean ‘ non-singular commutant ’or to mean ‘ commutant 
independent of certain specified scalar variables.’ 

Theorem I. -5T — (aiJ and are two matrices such that 

[<=[<[?]:m: t z-htK, . ( A) 

then X is a commutant [A, ei?} or a particular or general commutant {A, eB] 
when and only when % is a commuta/nt {a, e$} or a particular or general 
commutant {a, e/9}. 

Here h, k, E, K are undegenerate square matrices with constant elements, 
and it is to be understood that the equation (A) is an identity m the scalar 
variables (if any) of A and B as well as in any other variables which may 
occur in X and £. Theorem I is included in the more general theorem 
of § 239, and follows from the identical equations 

AX = [h]2 . «£. m* XB = [A£. &. [K]l .(AO 

which show that AX = XB when and only when et£ = £/3. The com mutants 
mentioned in it are both continuantal or both alternating according as e = 1 
or e = — 1. 

The equation (A) is an equigradont transformation which establishes a 
one-one correspondence between all commutants {A, ei?} and all commutants 
{a, e/9}; X bemg a commutant [A, d3} when and only when £ is a commutant 
{<*, e/9}; X having the same rank and involving the same variables or 
arbitrary parameters as £; X being a particular or general commutant or 
restricted commutant [A, eB] when and only when £ is a particular or 
general commutant or similarly restricted commutant (a, e/9}; and X having 
the same number of independent non-zero particulansations as £. 

In most applications of the theorem A and B will be square matrices 
with constant elements, and a and /9 will be standard canonical squaro 
matrices. 


28—2 
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Ex. 1 . Other forms of Theorem I. 

Let A', B\ a', /S', hi, if, H', K' be the conjugates of A, B, a, /3, h, i, If, K, ho that 
A!, B' can be derived from a, /S' by the isomorphic transformations 


r-i™ 


a 

1 — 1 Tn 


,-- VI . _,171 __.171 

1? 7 T or A'=H'a'h' . 

1 —'m 1 — 1 m 1 — 1 ?7i 


(3) 


ft l—l 11 p. H 11 

b J T or B~K'pk' .(4) 

1 — 1 n i — 1 n I — >n I —<n 


Also let X, X', T, Y' and £, t\, r( be matnces with m horizontal and n vertical rows 

which are connected by the identical equations 


m” - mr ra; x-*&, .<a> 

or X'~S'W .(A') 

m '—■m ”*‘—'71 

« t.e'vk, .( B ) 

1 -'771 


h/t^ZbtJT 11 or r-h/v .(bo 

*ii 

Then if e = ±1, the matrices X , X', Y, Y* will be eommutants or particular or general 
eommutants of the respective types 

X={A,cB), X'={A',*B!}, Y={A\eB], Y'={A,eBf) .(5) 

when and only when the matrices £, rj, f are eommutants or particular or general corn- 
mutants of the respective types 

£={o,e|3}, £' = {*', e/?}, , = 3}, J?'={a, e/3'}.(5'). 

These four results are merely four different forms of Theorem I obtained respectively 
by using the two isomorphic transformations (1) and (2), (3) and (4), (3) and (2), (1) and (4). 
In all of them the term ‘commutant’ may have the restricted moanmgs mentioned in 
connection with Theorem I. The equations (A), (A'), (B), (B') establish one-one corre¬ 
spondences analogous to those described in connection with the equation (A) They will 
usually be regarded as formulae enabling us to construct general eommutants A', X', Y, Y' 
of the types shown m (B) when general eommutants £, tj, f of the types shown in (5') 
are known. 


Ex. ii. Whenever £, 77 , 7 / are given eommutants of the types shown in (fi'), tho 

equations (A), (A'), (B), (B') are eqmgradent oommutantal transformations of the types 
{A, efl}=-{A, a}{a, 60} {e/3, tB), 

{A', e^MA', a'Ha', ejff} (e/ff, «#}, 
{A', e B}={A',a'}{a',^}{eB,eB}, 

{A,e5'} = {A,a}{a,6)8'}{60',e J B'} 

determining the corresponding oommutants X, X', Y, Y' of the types Bhown in (5). 


Ex. in. Derangements of eommutants. 

When the equimutant (or lsomorphio) transformations (1) and (2) are tho symmetric 
derangements 



M>[*CW;T" or A=hah’ . 

1 —'771 

.(10 


or b-w. 

.(20 

so that 

^=^=[ 1 ]” ij* 
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the formulae (A), (A'), (B), (B') of Ex. 1 become 

X=h&, X=hgk, 7 =hr j k > , 7' = hr)'if. 

Iu this oaBe general commutants f, g, rj, rj' of the types shown in (6') are converted 
into general commutants X, X\ 7, 7' of the types shown m (6) by applying to their 
horizontal rows the derangements apphed to the horizontal rows of a , a m forming A, A', 
and applying to their vertical rows the derangements applied to the vertical rows of /3, /9' 
in forming B, B 

We have corresponding results whenever (1) and (2) are symmetric equimutant (or 
semi-unit) transformations. 

The matrices B, ft, k can be taken to bo the same as the matrices A, a, h. 
We then have n=m ; and A, A' are mutually conjugate square matrices of 
order m derived from the mutually conjugate square matrices a, a' of order 
m by the equivalent isomorphic transformations 

A=haH, A 1 = H'a'hf .(6) 

In this case the formulae (A), (A') } (B), (B') assume the special forms 
(a), (a'), (b), (b') shown below. Accordingly by using the isomorphic trans¬ 
formations (6) we obtain four particular cases of Theorem I which constitute 
Theorem I a relating to co-commutants and Theorem I b relating to contra- 
commutants. In both these theorems we can ascribe to the term ‘commutant’ 
the same restricted meanings as in Theorem I. 

Theorem la. If X, X ' and £' are square matrices of order m con¬ 


nected by the identical equimutant (or isomorphic) relations 

w:=w;[Cm: «• .w 

«• X-WK, .(a') 

then X, X' are co-commutcmts or particular or general co-commutants of the 
respective types 

X = {A,eA}, X f = {A',eA'} .(7) 

when and only when £ are co-commutcmts or particular or general co- 
commutants of the respective types 

£={«, ea}, r = K,^}. O') 


Moreover the two corresponding co-commutants X and £ or X' and 
satisfy the same rational integral equations, and are equicanonical when their 
elements are constants. 

The theorem could be deduced from the two pairs of identical equations 


AX —h .cd; .H, XA = h . %a . i7; .(a^ 

A'X' = H' . aT. h! , X'A' = H’ . . h' .(a/) 


It will chiefly be used in the construction of most general co-commutants 
satisfying a given rational integral equation. We can always choose £' and 
X' to be the conjugates of g and X. 
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Theorem lb. If Y, 7' and 77 , r[ are square matrices of order m con¬ 


nected by the identical symmetric equigradent relations 

«■ r-B-nB, .(b) 

,_ ,m 

hn:<hTjvT m h m «• r=h% . (V) 

then Y, Y' are contra-commutants or particular or general contra-commutants 
of the respective types 

Y={A',eA}, Y'={A,eA'} .(8) 

when and only when 77 , 77 ' are contra-commutants or particular or general 
contra-commutants of the respective types 

77={a / ) ea], 77'={a, ea'}.(8') 


Moreover Y, Y' are particular or general symmetric or skew-symmetric 
contra-commutants of the types shown in ( 8 ) when a/nd only when 77 , 77 ' are 
particular or general symmetric or skew-symmetric contra-commutants of the 
types shown in ( 8 '). 

The theorem could be deduced directly from the two pairs of identical 
equations 

A'Y=E'.a' v .H, YA =H'.7 )cl .H\ .(b 2 ) 

AY' = h .cen'.h', Y'A f — h . 77 V .h' .(b/) 

It will chiefly be used m the construction of general symmetric or general 
skew-symmetric contra-commutants. Whenever 77 and Y are undegenerate, 
we can choose 77 ' and Y f to be their inverses. 

Eoc iv. The equations (bi), (b : ') show that in Theorem I b the first, socond, third, 
fourth of the products 

FA, A'7, FA', AF 

will be symmetric (or skew-symmetrie) when and only when the first, socond, third, fourth 
of the corresponding products 

77 a, a' 17 , 17 'a', ar] 

is symmetric (or skew-symmetnc). 

Ex. v. From the definitions of contra-commutants it follows that: 

(1) A square matrix T of order m will be a general symmetric (or Hkow-syrnmetrio) 

oontra-commutant {A!, A} when and only when it is a most general symmetric 
(or skew-symmetric) matrix suoh that the product FA or A'F, whichever wo 
please, is symmetric (or skew-Bymmetric). 

( 2 ) A square matrix F of order 771 will be a general symmetric (or skew-synimotric) 

contra-commutant {A\ -A} when and only when it is a most general sym¬ 
metric (or skew-symmetno) matrix such that tho product FA, or A'F, which¬ 
ever we please, is skew-symmetrio (or symmetric). 

In these results we can of course interchange A and A', and also roplaoe F by 
Also we can replace A, A\ F, F by a, a', 17 , rj 
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Ex. vi. Symmetric derangements of oo-commutants and contra-commutants. 

When the equimutant transformations ( 6 ) are the symmetric derangements 

A=hah!, A'=ha'h\ . (6') 

so that M'=/a'/a=[ 1 ]*, 

the formulae (a), (a'), (b), (b') of Theorems I a and I b become 

X=*h£h\ X'^hgh', Y = hrjh', Y'=hjh!. 

Thus when there exists a symmetric derangement converting a into A and therefore 
a into A ', the same symmetric derangement converts general commutants £, 77 , f 

of the types shown in (7') and ( 8 ') into general commutants X, X', Y t Y' of the types 
shown in (7) and ( 8 ). 

We have corresponding results whenever the equimutant transformations ( 6 ) are 
symmetric, l e. whenever they are symmetric semi-unit transformations 


Ex. vu. Undegenerate symmetric contra-aommuta?it8 {A 1 , A }, {A, A'}. 

If A m Theorem I & is a square matrix with constant elements whose characteristic 
potent divisors are 

(\-c a ) Ca , ... 


we can take a to be a canonical square matrix of the class 

%[( 6 \j fi n\. 

\ fl ij ■■■» e J 


.( 9 ) 


The part-reversont J of this class defined in § 263 (see also Note 1 ) is clearly an 
undegenerate symmetric contra-commutant of each of the types {«', a}, {a, a'}, for we 
have 

JaJ=a, and therefore a'J=Ja, aJ=Jd. 


It follows that the two mutually inverse square matrices 

U=E'JH={A\ A }, V=hJk'={A, A'} 

are undegenerate symmetric contra-commutants of the types shown in which all the 
elements are constants. 


Noth 1 . A simple reversant is a square matrix in whioh every element of the counter¬ 
diagonal (sloping downwards from right to left) is equal to 1 , and all other elements 
are 0 ’s. The part-reversant J of the class (9) is a standard compartite matrix of that 
class in which each of the diagonal constituents is a simple reversant, and all other 
constituents are zero matrices. It is symmetric and inverse to itself. 

We shall use the notation [y]* for the simple reversant of order r. 


2. The Gommuttmts of a pair of sta/nda/rd compartite square matrices. 

Let A = [a]™ and B = [&]” be two given compartite square matrices 
expressed in the standard forms 


—1 

0 ,., 

$ 

i 

a 

i 

O 

O 

ft? 

i 

,. 0 

o 

II 

Ai, .. 

.. 0 

» 

B= B S) .. 

.. 0 

o 

1 

0,. 

..A r _ 

“j« “a* ... <*r 

© 

o 

-B s 


their successive parts being all square ; the ith part Ai of A being a squarb 
matrix of order Of; the jth part B 3 of B being a square matrix of order ftj ; 
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and au o 2 ,... a r and ft, ft, ... ft being two sets of non-zero positive integers 
whose sums are respectively m and n. The parts of A and B may be either 
matrices with constant elements, or their elements may be rational integral 
functions of certain scalar variables Also let 


e= ± 1. 

Then the matrix X = [a?]“ will be a commutant {A, eB] when and only 
when 

mim: .( io ) 


If we express X as a compound matrix in the form 

- Pi. Pa i P* 



x ni 

Xi%> ■ ■ 

■■ 

x = 

-^21) 

X^, ■ ■ 

X w 


Xfl, 

Xr2) ■ 

. . Xfg 


■(C) 


where the constituent X %i is a matrix with a* horizontal and ft vortical rows, 
the equation (10) is equivalent to the rs equations 

AiX lj = e,X ij B j , (i = 1, 2, = 2,...«);.(10') 

and we have therefore the following theorem which remains true when 
£ commutant ’ is interpreted to mean f non-singular commutant ’ or to mean 
* commutant mdependent of certain specified variables.’ 


Theorem II. The matrix X expressed in the form (C) is a commutant 
or particular commutant {A, eB] if and only if for all permissible values of 
i and j the constituent Xi 3 of X is a commutant or particular commutant 
{■di, eft}- 

Also X is a general commutant [A, eB] when X t j is always a general 
commutant {A*, eft}, and the arbitrary parameters of the rs general commu- 
ta/nts Xij are independent of one another and of the variables (if any) which 
occur m A and B. 

The second part of the theorem is obtained by choosing the independent 
particular non-zero commutants {A, eft of the form (C) in such a manner 
that in each of them only one of the constituents Xy is a non-zero matrix. 

3. Zero and non-zero general commutants. 

First let A and B be two square matrices of orders m and n whose 
elements are all constants, and let A 0 and B 0 be canonical square matrices 
having the same characteristic potent divisors and therefore the same latent 
roots as A and B respectively. By § 227 there exist equimutant (or isomor¬ 
phic) transformations by which A and B can be derived from A 0 and ft 
respectively; and it follows from Theorem I that the general commutants 
[A, ft and {A 0) jB 0 } have equal ranks, and that each of them is a zero matrix 
when and only when the other is a zero matrix. But by Ex. xviii of § 238 
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the general commutant {A 0 , B 0 } is a non-zero matrix when and only when 
A 0 and B 0 have a latent root in common. Accordingly we have the following 
theorem: 

Theorem III. If A and B are square matrices with constant elements, 
then. 

(1) the general commutant {A, B } is a non-zero matin® when a/nd only 

ichen A and B have a latent root in convmon; 

(2) the general commutant {A, — B} is a non-zero matnx when and only 

when A and — B have a latent root in common , i.e. when and only 
when there earist latent roots a, /3 of A, B such that a+ = 0. 

Next let the elements of A and B be independent arbitrary parameters; 
let / = det A (X) and g = det B (X) be the characteristic determinants of 
A and B ; let R = det fl be the scalar resultant of A and B defined in 
§ 238. a; and let R (/ g) be the resultant of the scalar functions f and g 
when they are treated as rational integral functions of X only. Both R and 
R(f g) are homogeneous rational integral functions of the elements of 
A and B of total degree mn. For all particular values of the elements of 
A and B the vanishing of R is a necessary and sufficient condition for the 
existence of a non-zero commutant [A, B\, and therefore by Theorem III a 
necessary and sufficient condition that A and B shall have a common latent 
root or that f and g shall have a common root in X, i.e. a necessary and 
sufficient condition for the vanishing of R (/ g). Since R and R (f g) 
are homogeneous functions of the same variables of the same total degree 
which do not vanish identically, it follows that they can only differ by a non¬ 
zero numerical factor. But in the particular case when A and B are quasi- 
scalar matrices whose diagonal elements are independent arbitrary parameters 
we have 

-R=±n(a f (-6 J y), R(f g) = ±U(a it -h jj ). 

Therefore the numerical factor must be 1 or — 1, and we conclude that: 

The scalar resultant R of the two square matrices A and B is the same as 
the resultant R (/ g) of their characteristic determinants f= det A (X) and 
g = det B (X) when these are treated as functions of X only. 

Lastly let the elements of the square matrices A and B be rational 
integral functions of certain scalar variables yi, Ya, y 8 j •••* so that/and g are 
rational integral functions of X and the y’s, and R is a rational integral 
function of the y’s. If / and g have a rational integral factor in common 
(which must involve X), then the resultant R = R(f g) vanishes identically. 
If /and g have no rational integral factor in common, let them be expressed 
as products of powers of irresoluble factors which are all different. Then we 
can give such particular values to the y’s that no two of the factors have a 
common root m X, in which case A and B will have no common latent root, 
the general commutant {A, B] will be a zero matrix, and R will not vanish, 
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consequently the resultant R = R(f, g) does not vanish identically. We 
are thus led again to (6) of § 238 and to the following theorem: 

Theorem IV. If A and B are square matrices whose elements are rational 
integral functions of certain scalar variables , the general commutant [A, B) is 
a non-zero matrix when and only when, the characteristic determinants det A (X) 
and det B (X) of A and B have an irresoluble factor in common. 

Noth 2. Applications of the foregoing theorems. 

We will consider the applications to square matrices A and B whose elements are 
constants, and we will call (1) and (2) isomorphic tra/nsformations to indicate that each of 
them is an equimutant transformation converting a square matrix into a square matrix of 
the same order 

Theorems I and II show that the general oommutant { A, B } ean be constructed when 
we know 

(1) any particular isomorphic transformations converting A and B into canonical 

square matrices a and 0; 

(2) the general commutants of all pairs of simple canomoal square matncos, and 

therefore the general commutant {a, /9}. 

The existence of isomorphic transformations 

BAh=a, KBk=(2 or A=haE , B=h(SK, 

where a and 0 are canonical reduced forms of A and B, has been proved in § 228, and will 
be proved again in a different way in Chapter XXXVII. The actual determination of 
such transformations is best effected by the methods of the later ohapfcer, which consist 
m successive reductions by isomorphic transformations of. 

(l) any square matrix with constant elements to a simple square a/nte-slopo ; 

(ii) any simple square ante-slope to a standard oompartite matrix whose parts are 
unilatent simple square ante-slopes ; 

(in) any unilatent simple square ante-slope to a standard compartite matrix whose 
parts ore unipotent simple square ante-slopes ; 

(iv) any unipotent simple square ante-slope to a simple canonical square matrix. 

The general commutant of any pair of simple canonical square matrices is determined 
in § 321, and also in § 242 of the present chapter. 

We can choose a and 0 to be standard canonical square matrices, in whioh the supor- 
parts are unilatent canonical square matrices, and the simple parts are simple canonical 
square matrices. Then knowing the general oommutants of pairs of simple canonical square 
matrices, which are simple ante-continuants, we can construct by Theorem II the general 
commutants of pairs of unilatent canonical square matrices (such as the supor-parts of 
a and 0), which are compound ante-continuants; and by a further application of Theorem II 
we can construct the general oommutant {a, 0}, whioh is a standard oompartite square 
matrix whose parts are compound ante-oontinuants. Finally Theorem I enables us to 
pass from the general oommutant {a, 0} to the general commutant {A, B } by the formula 

{A, 0}=A{a, 0}2T. 

§ 241. Simple and compound slopes; the greatest common 
canonical of two square matrices. 

1. Simple slopes; simple continuants and alternants. 

The properties of simple and compound slopes will be discussed syste- 
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240, 241] 


raatically in later chapters, but some of them will be used by anticipation in 
the present chapter. The present article has been inserted m order to reduce 
the number of references to later chapters. 

Square matrices of any order r having the respective forms 

fcCn • • X\p ...0 0 0 0... OCiyY X lr ... 


0 flJjia ... .. 

. fl/ar • • ■ 0 

0 0 ... CO^f • ®i3 


flv'aj. . . . fl/Q2 0 


0 


> 

i 

x n 

®ia . ■ 

,.x lr=1 

_ x rr •• 

© 

© 

i 


where all elements lying on one side of the diagonal or counter-diagonal 
are 0’s, will be called simple square slopes of the types 

{tt, it], { nr , it'), {tt', it}, {tt, t r'}.(a) 

In each of these matrices the corner which has been specially marked is 
the apex, and the opposite comer is the base, the position of the apex being 
fixed by the type. 

If m and n are any two non-zero positive integers the smaller of which 


is r, a simple slope of the class M 



and of any one of the types (a) is a 


matrix which can be formed from a simple square slopo of that type by 
adding 

n — 77i basical vertical rows of 0’s if m = r n, 
m — n basical horizontal rows of 0’s if n =r fym, 


the added rows of 0’s being more remote from the apex than the other rows. 
That element of a simple slope which lies nearest to the apex will be called 
the apical element, and that element which lies nearest to the base will be 
called the basioal element, the basical element being always 0 exoept when 
m = n=*. L Simple slopes of the first two and the last two of the types (a) 
will be called respectively ante-slopes and counter-slopes. 

Those elements of a simple slope of given class and typo which are 
not 0’s by definition will be called the paramet/ric elements. If r is the 
effective (or smaller) order, they form r parametric diagonal lines sloping 
downwards from left to right in an ante-slope or from right to left in a 
counter-slope. When double suffix notations similar to those shown above 
are used, the first suffix increasing as we recede from the apex along a 
vertical row and the second suffix increasing os we approach the apex along 
a horizontal row, the element denoted by x% will be said to have difference- 
weight j — i. Each parametric diagonal line is formed with all the para¬ 
metric elements having a given difference-weight. In a general simple slope 
the parametric elements are independent arbitrary parameters. 

The forms of simple slopes of all possible types are shown schematically 
in the figures of Ex. ii, where each constituent is a simple slope. In any 
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simple slope of the class M and of effective order r the rth or last 

parametric diagonal line counting from the apical element will be called the 
pa/radiagonal (or the non-major diagonal). The paradiagonal is the only one 
of the parametric diagonal lines which is a ‘ diagonal/ i.e. which is drawn 
through a comer element so as to pass through other elements, and it is 
the nearer to the apex of those two of the four diagonals which lie between 
the apex and the base. 

We will formally define the horizontal (or vertical) apioal dista/nce of any 
element e -of a simple slope X of given type to be the number of vertical 
(or horizontal) rows extending from the one through e to the one through 
the apical element, both the extreme rows being included; and in speaking 
of such distances we shall regard the shortest distance between two con¬ 
secutive horizontal or vertical rows, i.e. the length of a horizontal or vertical 
e step/ as the unit of length. The horizontal and vertical apical distances of 
the apical element are both equal to 1, and the horizontal or vertical apical 
distance of any other element is equal to its horizontal or vertical distance 
from the apical element increased by 1. If £ and y are the horizontal and 
vertical apical distances of e, and if r is the effective order of X, the integer 

£ + 7) — 1 — r 

will be called the apical excess of e. It is a measure of the amount by which 
the distance from the apex of the parallel diagonal line through e exceeds 
that of the paradiagonal. 

Simple continuants of the type (a) are simple slopes of those types in 
which the elements of each parametric diagonal line are all equal; and 
simple alternants of the respective types 

{•7T, - it), {it', - it'}, [rf, - 7r}, {tT, - 7t'} .(b) 

are simple slopes of the corresponding types (a) in which the elements of 
each parametric diagonal line differ from one another only by signs which 
are alternately + and —. A ruled simple slope is a simple slope which is 
either a simple continuant or a simple alternant. A continuant will be 
called an ante-continuant or counter-continuant and an alternant an ante- 
alternant or counter-alternant according as it ig an ante-slope or a counter¬ 
slope. 

The expressions such as (a) and (b), m which it and w' are not matrices 
but merely two different letters, will be called symbolic oommutants when 
they are used m the way described in Chapter XXY to indicate the assigned 
commutantal types of matrices; and we will apply the same terminology 
to them as to the expressions representing the types of true commutants. 
Each symbolic commutant is formed with two elements, each of which is ± 7 r 
or ± it'. A change m the sign of the first (or second) element of a symbolic 
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commutant will ordinarily be taken to indicate a change in the sign of every 
element m every alternate horizontal (or vertical) row of the matrix which 
it represents. For the present it is not necessary to attach any meaning to 
a change m the sign of both the elements of a symbolic commutant. 

Ex. i. Zero and non-zero elements of a general simple slope. 

Let X be a general (or general ruled) simple slope of any given class M and of any 

given type whose effective (or smaller) order is r. Then if £ and tj are the horizontal and 
vertical apical distances of any element e of and if E is the apical excess of e, the 
necessary and sufficient condition : 

(1) that e shall lie on the paradiagonal is £4-77 -1 = r, or E= 0 ; 

(2) that e shall be a non-zero element is £+77 — l^r, ori?;J>0; 

( 3 ) that e shall be a zero element is £+77 — 1 > r, or 2 ?<£ 1 . 

We can treat £ and 77 as rectangular coordinates defining the position of 0 m X when 
the apex is origin. Provided that m and n are both non-zero positive integers, the possiblo 
values of £, 77, £ +77 — 1 for all positions of e are thoso consistent with the respective sets of 
conditions 

17^17 £+t7-i<£i, g+y-i^m+n-i. 

The conditions (1), (2), ( 3 ) are independent of the notations used for the elements of X. 
When the double-suffix notations indicated in the text are used, we can replace them by 
corresponding conditions to be satisfied by the difference-weight * of 0 ; for we shall have 
£+77 — l=r —k or £+77 — 1 <=n— k, 

according as we choose the element denoted by x n to be the one in which the first apical 
horizontal row cuts the paradiagonal or the first basical vortical row. 


2 . Compound slopes; compound continumts and alternants. 

If 6 is any one of the sixteen symbolic commutants such as (a) and (b), 
we will define a compound slope of the class 


m(&' 




\«i > 

Ou , .. 

. Or/ 

be a compound matrix 


rx u , 

X 1B> . 

v ~ P ' 

... A.in 

X = 

Xai, 

X*. . 

..X* 


_x n , 

Xn, . 

..X rH 

“ »1 


.(c) 


.(A) 


®i j “ai• ■ “r 


of that class in which every constituent such as X,j is a simple slope of 
type 6 . Such a matrix is a ruled compound slope or a compound continuant 
or a compound alternant when every constituent is a ruled simple slope or a 
simple continuant or a simple alternant. In a general (or general ruled) 
compound slope the constituents are all general (or general ruled) simple 
slopes, the parameters occurring in the various constituents being all arbitrary 
and independent. When a compound slope is expressed in the form (A), we 
shall ordinarily denote the effective order of the constituent X# by 7 ^, so 
that <y % j is the smaller of the two integers a* and /3j. 
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By a standardised compound slope will be meant one m which the 
horizontal index numbers and the vertical index numbers are arranged in 
descending orders of magnitude. Every compound slope can be converted 
into a standardised compound slope of the same type by a ‘class-derange¬ 
ment ’ in which the constituents are moved to new positions by rigid dis¬ 
placements. Whenever we speak of a standardised compound slope M of the 
class (c) expressed in the form (A) it will be understood that the index 
numbers cfe, ... ctr and /Si, /3 a , ••• A are arranged in descending orders of 
magnitude. The paradiagonals of the diagonal constituents X n , X W) ... will 
be called the principal paradiagonals of M, and the elements composing 
them will be called the principal pwradiagonal elements or simply the 
principal elements of M> 

By a quadrate slope will be meant a compound slope in which the 
successive vertical index numbers are the same as the successive horizontal 
index numbers, a necessary condition for this being s = r. All its diagonal 
constituents are simple square slopes, and it is necessarily a square matrix. 
Every canonical square matrix is a ruled quadrate slope of type {tt, 7t}, i.e. a 
quadrate continuant of that type. 

We have already defined a standard canonical square matrix and its 
unilatent super-parts in § 228. By analogy with the terminology of com¬ 
pound slopes we will understand a standardised canonical square matrix to 
be a standard canomcal square matrix in which each unilatent super-part is 
a standardised quadrate slope, the orders of its successive simple parts being 
integers arranged in descending order of magnitude. 

By a quasiscalaric compound slope will be meant a compound slope in 
which the only elements which can be different from 0 are those forming 
the paradiagonals of the square constituents. In such a matrix every simple 
constituent which is not square must be a zero matrix. 

It will ordinarily be understood that the index numbers in (c) and (A) 
are different from 0, but the addition of zero index numbers and corre¬ 
sponding ‘ non-existent 5 constituents of effective order 0 will be regarded as 
allowable. In dealing with a standardised compound slope of the class (c) 
expressed in the form (A) we can always proceed as if we had s = r, provided 
that we interpret a* to be 0 when i>r, and /9* to be 0 when i > s. 

Ex. iL The following figures show the parametrio diagonal hues of the simple con¬ 
stituents m general compound slopes, compound continuants and compound altoruants of 
all possible types belonging to the class 

/12, 11, 6, 5, 2\ 

\12j 8, 7,4,3;* 

Elements not lying on the parametric diagonal lines are all 0’s. In a general compound 
slope the elements lying on the parametric diagonal lines are independent arbitrary 
parameters. In a general compound continuant the elements lying on any given para¬ 
metric diagonal hue are all equal to x, where x is an arbitrary parameter, and the 
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parameters of the various parametric diagonal lines are independent. In a general com¬ 
pound, alternant the elements lying on any given parametric diagonal line are alternately 
,t; llll d —a - , whore x is an arbitrary parameter, and the parameters of the various para¬ 
metric diagonal linos are independent. In each of the last two cases the total number of 
independent arbitrary parameters is equal to the total number of parametric diagonal 
lilies in all the simple constituents. 


Fig. 1. Types ± {71-, 7 r}, ±{ir, - 7 r}. Fig. 2 . Types ± {ir', it'}, ±{7r', -7r'}. 



The figures represent standardised compound slopes from whioh all complete rows of 0’s 
have boon Htruck out. Moreover they illustrate a case in which s—r m (c) and (A). They 
can bo converted into illustrations of other cases by striking out horizontal or vertical 
minors. 

Ex. iii. If we fix our attention on those constituents of a standardised general com¬ 
pound slope M which lie in a given horizontal or a given vertical minor, we see that: 

(1) If JE” is a constituent lying in a given Jujrizontal minor , the total number of 
(basical) horizontal rows of CPs m X. tends constantly to increase (or never 
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diminishes) as X moves rightward; on the other hand the total number of 
(apical) vertical rows of 0’s tends constantly to decrease m the same movement. 

(2) If X is a constituent lying in a given vertical minor , the total number of (apical) 
vertical rows of 0’s in X tends constantly to increase (or never diminishes) as X 
moves downward, on the other hand the total number of (basical) horizontal 
rows of 0’s tends constantly to decrease in the same movement. 

For in the first case the vertical index number of X tends constantly to decrease 
whilst the horizontal index number remains constant; in the second oase the horizontal 
index number of X tends constantly bo decrease, whilst the vertical index number remains 
constant. We conclude that. 

If a horizontal line cuts a constituent X in zero elements only, it cuts all constituents to 
the right of X in zero dements only. 

If a vertical line cuts a constituent X in zero elements only , it cuts all constituents bdow 
X m zero elements only. 

Esc iv. Let a be the greatest horizontal and 0 the greatest vertical mdox number m 
(c) and (A) Then a general compound slope M of the class (c) and of any typo will 
contain 

complete horizontal rows of 0’s if and only if a > 0, 
complete vertical rows of 0’s if and only if 0 > a; 
for every complete horizontal row of 0’s must pass through a constituent having vortical 
older 0 and horizontal older greater than 0, and every complete vortical row of 0’s must 
pass through a constituent having horizontal order a and vertical order greater than a. 

Ex v If if is a standardised general compound slope, then by striking out all blio 
complete horizontal or vertical rows of 0’s (if such exist), we convert it into a standardised 
general compound slope of the same type m which the leading constituent ih a squaro 
matrix, and the effective orders of all the constituents remain unaltorod 

For if y is the smaller of the two integers a and 0 of Ex. iv, tho class of tho now 
compound slope is derived from that of M by substituting y for every index number 
which is greater than y 

Ex. vi. When if is a standardised compound slope of the class (c) expressed in tlio 
form (A), let the effective order of a simple constituent Xy bo always donotod by 
and lot 

a h A MJ a , a! 

be any corranged minor of M formed by the intersection of two horizontal and two 
vertical minors, so that 

i<h, j<k 

Then if L= (y y - y a ) - (y w - yjf) = (y y - y M ) - (yu - y w ), 

we have D<fcO. 

This is merely a property of a standardised compound slope of a class 



with two horizontal and two vertical index numbers. The possible arrangements of all 
the four index numbers m descending order of magnitude are: 

(a, a', 0, 00, (a, 0, a', 0'), (a, 0, 0', a') for which Z)«0, 0-a', 0-0' ; 

(0, 0', a, d), (0, a, /$, a'), (0, a, a!, 0') for which D-0 , a -0', a - a'. 



241 ] 


COMMUTANTS 


449 


It will bo obvious that the effective order of a simple constituent tends constantly to 
diminish (i.o. never increases) as it moves downward in a given vertical minor or rightward 
m a given horizontal minor, and the above result shows that a similar property is possessed 
by tlio difference of the effective orders of two constituents lying in the same horizontal 
minor (the second constituent lying to the right of the first) or of two constituents lying 
in the same vertical minor (the second constituent lying below the first). 

Ex. vn. Jet M bo a standardised general compound slope of the class (c) expressed in the 
form (A); let ,v bo any non-zero element of any constituent X, and let the horizontal line 
through a: out tho paradutgonal of a constituent X' which does not lie completely to the right 
of X in the element x '; also let a and e' be the elements in which the vertical lines through 
x and of cut 

any horizontal row of M lying below X or passing through X. 

Then if E and E' are the apical excesses of e and o' m the constituents m which they lie, 
we have E' E; consequently if a is a zero element, then d also is a zero element. 



Wo will suppose that the constituents in which tho elements x, sd, e, d he are all 
different. It will bo obvious from the proof that the theorem is true in the other special 
cases. 

Smoo the corranged minor of M formed by the constituents in which x, x', e, e' lie is a 
standardised goneral compound slope, there will be no loss of generality in taking it to be 
the minor a Hhown above, this being merely a matter of notation We will denote the 
effective order of any constituent Xy by yy. We can take the (horizontal, vertical) apical 
distances of the elements 

x, mi, e, c' to bo (£, y), (£', if), (£, y), (£'. y), 
in thoir roHpoctive constituents X n , A'u, X^, A r 3 i, and wo are given the relations 
£+yl>yu, f+»?-l= 7 ii» involving ? - £ yti - yis 

Since E=£+y — l'yan E —£ -i-y —1~ yaij 

it follows from those relations and Ex. vi that 

E' - E= (£' - £) - (yai - y?i) (yn - Via) ~ (Vat - Vaa) ^ 0 5 
and this ostablishoB tho theorem. It should bo obsorvod that tho theorem obviously 
remains true when tho horizontal line through tho non-zoro oloment x cuts X in a zero 
element ,xf ; for thou wo have £'+y -l^yn + 1 . 

By a similar proof it can be shown that: 

The theorem remains true in other respects when X' does not lie to the left of X, and 
e and e' are the elements in which the vertical lines through x and a! cut 

any horizontal row of M lying above X or passing through X. 

This second theorem also remains true when od is a zero element instead of a para- 
diagonal element. Both theorems are generalised in Appendix B. 

Ex. vni. Let M be a standardised general compound slope of the class (c) expressed in 
the form (A); let y be any non-zero element of <my constituent Y, and let the vertical hue 
through y out the paradiagonal of a constituent Y which does not lie oompletely below Y 
in the element y'; also let e and d be the elements in which the horizontal lines through 

y and if cut 

any vertical row of M lying to the right of Y or paesmg through Y. 


o. ru. 


29 
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Then if E and E' are the apical excesses of e and d in the constituents m which they lie, 
we have E' <£ E; consequently if e is a zero element, then d also is a zero element. 



We will suppose that the constituents in which the elements y, if, e, d he are all 
different. It will be obvious from the proof that the theorem is truo 111 the other special 
cases 

Since the corrauged minor of M formed by the constituents in which y, if, a, o' ho is a 
standardised general compound slope, there will be no loss of generality in taking it to ho 
the minor 12 shown above, this being merely a matter of notation. Wo will douoto tho 
effective order of any constituent Xij by yij. We oan take the (horizontal, vortical) apical 
distances of the elements 

y, f, e, d to be (£, 77), (£, if), (g, f), (£', f), 
m their respective constituents X^, Xu, X w , X ia , and we are given tho relations 
^+»7-l^>y2i, i+f — l=7iij involving 

Since E=g+T)-l-y 2 a, E'=£+f — l—yii, 

it follows from these relations and Ex. vi that 

E' — E= - 7 ]) — (712 - 72a) (Vn - yai) - (712 - 732) 0 1 

and this establishes the theorem. It should be observed that tho theorem obviously 
remains true when the vertical line through the non-zero element y cuts ¥' in a zero 
element yf ; for then we have £+ 7 /-1 711 + 1 . 

By a similar proof it can be shown that. 

The theorem remains true in other respects when Y' does not lie completely above Y, and 
e and d are the elements in which the horizontal lines through y and ?/ out 

any vertical row of M lying to the left of Y or passing through Y. 

This second theorem also remains true when if is a zero element instead of a para- 
diagonal element. Both theorems ore generalised 111 Appendix B. 

3. Rank of a general compound slope. 

Supposing the as and $’s in (c) to be arranged in descending orders of 
magnitude, we will define 

p to be the sum of the smaller integers of the pairs (04, ftf ), (« U) /3 a ), (c^, /3 a ),... 
when cti is interpreted to be 0 if i> r , and fiitobeQifi>s .(1) 

In such a case p is the sum of the effective (or smaller) orders of the 
diagonal constituents X n , X&, X w , ... of any compound matrix of the clasB 
(c) expressed m the form (A), and it is also the total number of principal 
paradiagonal elements in a (standardised) general compound slope of the 
class (c). In other cases we will understand p to be the integer determined 
by the rule (1) after the horizontal and vertical index numbers have boon 
arranged in descending orders of magnitude. In every case we may say that 

p is the sum of the smaller integers in all the pairs of corresponding 
descendent horizontal amd vertical index numbers .(V) 

Let X be a general (or general ruled') compound slope of the class (c). 
Then if the a’s and ft's are arranged in descending orders of magnitude, we 
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can form a particularisation of X having rank p by putting all elements 
equal to 0 except the principal paradiagonal elements. It follows that we 
can obtain a particularisation of X having rank p for all orders of arrange¬ 
ment of the a! s and ft a, and that in all cases 

the ranlc of X cannot he less than p .(2) 

It will be shown that the rank also cannot be greater than p, bo that the 
following theorem is true: 

Theorem I. The rank of a general (or general ruled) compound slope of 
the class (c) is always equal to the integer p defined vn (1) or (I')- 

In the particular case when the ft a in (c) are the same as the a’s, so that 
s = r and m = n = p, 

the rank of X necessarily cannot exceed p, and Theorem I becomes equi¬ 
valent to the obvious theorem that: 

A general (or general ruled) quadrate slope is always an undegenerate 
square malriw .(3) 

In Yol. I a ‘ derived product ’ of order r of any matrix was defined to be 
a product of r elements of the matrix selected m such a manner that no two 
of them lie in the same horizontal or vertical row. In a standardised general 
(or general ruled) compound slope of the class (c) the product of the p 
principal paradiagonal elements is a non-zero derived product of order p. 
Since the parametric elements of a general compound slope are independent 
and arbitrary, Theorem I is equivalent by virtue of (2) to the statement 
that: 

A compound slope of the class (c) cannot have any non-zero derived product 
of order greater than p . ( 4 ) 

There may of course bo derived products of order r, where r is greater 
than p, but at least r — p of the elemonts occurring as factors in such a 
product must be equal to 0. 

Tho most natural proof of Theorem I will bo given in Chapter XXXIX of 
Part II; but Appendix B to the present Part I furnishes the materials for 
other similar proofe. It will of course bo sufficient to prove the theorem for 
a standardised general compound slope M of the class (c) which is expressed 
in the form (A). 

Referring in the first place to the first part of Appendix B, wo sco that 
by moving all the accessary horizontal rows to the bottom and all the 
accessary vertical rows to the left we can convert M into a compound matrix 



m which 7 is a square matrix of order p whose diagonal elements are the p 
principal paradiagonal elements of M. 


29—2 
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In the second place by suitably re-arranging the diagonal elements of Y 
(or the horizontal and vertical rows passing through them) we can convert 
M 1 into a compound matrix M? expressible in the form 

- h, p, q 

P , A, G 

M z — 0, 0, B , wher ep + q = p, .(B) 

o, 0, Q 

- p,q,k 

and where A and B are square matrices whose diagonal elements are the 
principal paradiagonal elements of M. We obtain this form when the 
principal elements are arranged: 

(1) as in the preclusive groups g u g 2 ,.. g y defined in the second part of 

Appendix B, the diagonal elements of A and B respectively being 
m this case the principal elements forming the quasi-terminate 
and the pleni-terminate preclusive groups, 

(2) as m the postclusive groups g lt g it ... g y defined in the third part of 

Appendix B, the diagonal elements of A and B respectively being 
in this case the principal elements forming the pleni-terminate 
and the quasi-terminate postclusive groups; 

(3) as m the conclusive groups g lt g it ... g y defined in the fourth part of 

Appendix B, the diagonal elements of A and B respectively bemg 
in this case the principal elements forming the postclusively 
pleni-terminate and the preclusively pleni-terminate conclusive 
groups. 

Now a non-zero derived product of M z cannot contain more than p factors 
which are elements of the constituents P, A, C ; and it cannot contam more 
than q factors which are elements of the constituents B, Q. Consequently a 
non-zero derived product of M t or M cannot contam more that p + q or p 
elements as factors. Thus the statement (4) is true, and Theorem I is true. 

The derangements Mi and M a are most appropriate to a compound slope 
M of type [tt, it}. In forming the analogous derangements appropriate to 
any one of the four types (a) we commence by moving the accessary horizontal 
rows to the basical side of all the other horizontal rows, and the accessary 
vertical rows to the basical side of all the other vertical rows. 

Esc. ix. Undegenerate compound slopes. 

From Theorem I we see that a standardised general (or general ruled) compound 
slope of the class (c) containing m horizontal and n vertical rows will be: 

(1) undegenerate of rank m when and only when the effective order of every diagonal 

constituent is its horizontal order, i.e. when and only when 
(i=l,2, ...r), so that r^s, n^n i; 

(2) undegenerate of rank n when and only when the effective order of every diagonal 

constituent is its vertical order, l e. when and only when 

(i=l,2,...s), so that m^n\ 
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(3) an undegenerate square matrix when and only when it is quadrate, i e. when and 
only when 

s=r, n=m and ft=<- 4 , (i=l, 2 , . . r) 

Hence whenever a compound slope is an undegenmute square matrix , it must be either a 
quadrate slope or a olass-d&i'angement of a quadrate slope, its horizontal and vertical index 
numbers being two a/n'angements of the same integers. 


4. The determinant of a quadrate slope. 
Let X be a quadrate slope of a class 


Ml 6 " - e ‘), 

\®n ••• 6«/ 


(d) 


in which the s index numbers are not necessarily all unequal; and let e be 
one of the index numbers which is repeated exactly a times. Then X has 
exactly o- a square constituents (simple square slopes) of order e, exactly a- of 
them being diagonal constituents. If we select a 3, correspondingly situated 
paradiagonal elements of the a 3 square constituents of order e, they form a 
corranged square minor 

r-M 

of X which will be called a paradiagonal prime minor of X. The deter¬ 
minant det Y will be called a prime determinant of X. It will often be 
more convenient to regard Y as a corranged square minor of X of order a- in 
which the diagonal elements are a- correspondingly situated paradiagonal 
elements of the o- square diagonal constituents of X of order e. It will be 
proved in Chapter XXXVIII, but will be sufficiently clear from Ex. x below, 
that the following theorem is true. 


Theorem II. The determinant of any quadrate slope X is equal to the 
prodmt of all the prime determinants of X. 

Ex, x. If X is either of the quadrate slopes 


“11 

“12 “is 

An 

A 12 

A] 8 

#11 

9a 

“11 " 

“13 “12 

“n 

Aia 

Aia 

An 

#12 

#11 

«u " 

0 

“22 “23 

0 

A aa 

A 23 
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#22 

0 

«aa “22 

0 

Aas 

Ajh 

0 

#22 

0 

0 

0 

0 Oss 

0 

0 

Asj 

0 

0 

0 

“38 0 

0 

A 33 

0 

0 

0 

0 

0 
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Aia' hd 

An 

Aia 

&18 

/n 

fa 

V 11 

Aia' A ia ' 

An' 

Ais 

Aia 

An 

fa 

/11 

Vn 

0 

hd hd 

0 

&22 

623 

0 

/aa 

0 

hd h>d 

0 

Aas 

Aaa 

0 

/aa 

0 

0 

0 

0 A 33 ' 

0 

0 

Ass 

0 

0 

0 ’ 

hd 0 

0 

Ass 

0 

0 

0 

0 

0 

0 

gd gd 

0 

fd 

/is' 

flu 

Oia 

Wn 

9a 9a 

0 

fa 1 

fd 

0 

°ia 

Oil 

w>n 

0 

0 gd 

0 

0 

fd 

0 

Oaa 

0 

gd 0 

0 

fd 

0 

0 

°aa 

0 

0 

_0 

0 vd 

0 

0 

via' 

0 

v>d 

dn - 


0 

Vis' 

0 

0 

! v>d 

0 

d\\ _ 


oftheda® 


the prune determinants of X are the following six: 


Ei 


«11 

hii 


hn 

611 


E,= 


Qua Aja 


D* 


^38 

Aaa' 


Ass 

633 


, E 4 = a ii, E 6 *=03a , Eu^d^. 
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We have detX= ±D X . dotJ?!, 

where Xi is the minor of X complementary to D \; and X x is a quadrate slope of the class 



whose prime determinants are Z> 2 , Z) a , D it D 6 , D a . Expanding dot in the same way, 
we see by repetitions of the same argument that 

det X= + D\ D% D$ D^D a Dq . 

5. The greatest common canonical of two square matrices. 

When A = [a]™ and B = [&]" are two square matrices of orders m and n 

with constant elements whose canonical reduced forms are the canonical 
square matrices A and B, we will define a g't'eatest common canonical of A 
and B to be a canomcal square matrix C of the greatest possible order 
which is a diagonal minor of both the matrices A and B, each of its simple 
parts being a diagonal minor both of a simple part of A and of a simple 
part of B. All canonical square matrices which differ from C only m the 
orders of arrangement of their simple parts are greatest common canonicals 
of A and B, and when we speak of * the ’ greatest common canonical of A and 
B } it will be a matter of indifference which of them is meant. Ordinarily 
we shall choose C to be a standard canonical square matrix. 

Since the greatest common canonicals of A and B are all square matrices 
of the same order, the order of the greatest common ca/noivical of A and B is 
a definite positive integer which is independent of the choice of C. Let 

(X) = [a] m —A,[1]^, -B(X) = [&]“ — X[l]” be the characteristic matrices of 
A , B' } and let 

fi Q^)> A{h), ••• fm (X) and g x (X), g i (X), ... g n (A), 

be those rational mtegral functions of X which are respectively the potent 
factors 

of orders 1, 2, ... m of A (X) and of orders 1, 2, ... n of B (X). 

Then from the following examples it will be seen that the order of the 
greatest common canonical of A and B is the sum of the degrees in X of the 
highest common factors of the pairs 

fm 0^)> #n 0^) J fm—i (x);.. • fr (Xi), g r (x), 

where r is the smaller of the two integers m and n. Again because the 
characteristic matrix of — B is — B (— X), the order of the greatest common 
canonical of A and — B is the sum of the degrees in X of the highest common 
factors of the pairs 

fmQ^t 9n (— X) ; fm-i (X), #n-i (— X); ... f T (X), g r {— X). 

It will be shown in § 244 that the rank of a general commutant {A, B\ is 
the order of the greatest common canomcal of A and B. 



241 ] 


COMMUTANTS 


455 


Ex. xi Oroatest common canonical of two unilatent square matrices. 

Let A and B be unilatent square matrices with constant elements whose latent roots 
are c and d, and whose characteristic potent divisors are 

(X —c)" 1 , (X-£>)“», . . (X -op and (X-df' } {X-df>, . . (X-df B , 
i.e. A and —B (see Ex. x of § 222 ) be unilatent square matrices whose latent roots are 
c and - c', and whose characteristic potent divisors are 

(X -c)“‘, (X-cp, ... (X-cp and (X+</)*\ (X+dp, (X+dp, 
whore the a’s and / 9 j h are airanged in descending orders of magnitude Also let t be the 
smaller of the two integers r aud s; let 

y i be the smaller of the two integers (a*, ft) 
for the values 1, 2, ... t of i ; and let 

P=y i+ya+ ■■■ + 7 *> .(®) 

so that p is an integer which could be defined as in (1). 

If d 4= o, the greatest common canomoal of A and B is a non-existent square matrix of 
order 0 ; hut if d=o, i.e. if the characteristic potent divisors of A and B are 

(X- cp, (X-cp, ... (X-op and (X-cp, (X-op, .. (X-cp, . (G) 

the greatest common canonical of A aud B can be taken to be the unilatent canonical 
square matrix C whose characteristic potent divisors are 

(X-op, (X-cp, ... (X-op 

Thus when d = c, the order of the greatest common oanonical of A and B is the mtegen' p 
given by (6) j whilst in other cases it is 0. 

Again if o'4= — 0, the greatest common canonical of A and — B is a non-existent square 
matrix of order 0 , but if d - - 0, i.e. if the characteristic potent divisors of A and B ore 

(X-o)“‘, (X-cp, ... ( X-op and ( X+of *, (X+cp, ... (X+c)^, .( 7 ) 

the greatest common cauomcal of A and —B can be taken to be the square matrix C 
defined above. 

Thus when d=-e, the order of the greatest common oanonical of A and -B is the 
integer p given by ( 5 ); whilst in other oases it is 0 

Ex. xii. Order of the greatest aowmon canonical of A and B. 

Lot A and B bo square matrices with constant elements whose distinct or unequal 

latent roots are , , 

<>1, Cg, ... o Pi cq, ctj, ... and fli, 02, ®i> . \P) 

where the a’s, £’s and 0’s are all different; also lot A and B be standard compartite (or 
standard canonical) square matrices with unilatent square parts which are equicanomcal 
with A and B respectively, the successive unilatent parts of A being 

A u A a , ... A r , P 1} P a , ... with latent roots o u <%, ... o r , a l5 03, ..., 

and the successive unilatent parts of B being 

B u B % , ••• A-I Qu with- latent roots oi, Ca, Cr» h, . 

Then the greatest common canonical of A and B can be taken to be the square matrix 

' G u 0, ... 0 


Pi. P»> Pr 
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in which Gi is the greatest common canonical of Ai and B t , and pi, p a , ... p T are deter¬ 
mined by formulae analogous to (6). The order of the greatest common canonical of A 
and B is the integer 

P = Pi + Pa + — +Pr, .(5') 

which is the sum of the orders of the greatest common canonicals of the umlateut pairs 
(il l9 Bi\ (A 2 , B 2 ), .. (A r , B r ) having the latent roots (oi, Ci), (og, c 2 ), .. (c,., 4) 

Ex. xni. (h'der of the greatest common canonical of A and — B. 

Let A and B he squoi’Q matrices with constant elements whose distinct or unequal 
latent roots are 

Oil c 2> ■ ®1) ®2i an d — Oil — «2, ~ c r J — ^1, — ^2j .( 9 ) 

where the a’s, b’s and 0’s are all different, also let A and B he standard coiupartite (or 
standard canonical) square matrices with umlatent square parts, which are equicanomcal 
with A and B respectively, the successive umlatent parts of A being 

A lt A a , ... A r , Pi, P 2 , ... with latent roots 01, c 2 , ... <v, a 1} a 2 , ... 
and the successive unilatent parts of B being 

B lt Bn, ... B r , Q u Q a , ... with latent roots -c lt -Cg, ... -c^., —h, -& 2 , .... 

Then the greatest common canonical of A and B can he taken to he the square matrix 
C of Ex. xii m which O t is now the greatest common canonical of A { and ~B t , and 
Pi, Pgj Pr ar® integers determined by formulae analogous to ( 5 ). The older of the 
greatest common canonical is the integer p given by ( 5 '), which is now the sum of the 
orders of the greatest common canonicals of the unilatent pairs (dj, -Pi), (d a , -P 2 ), ... 
(A r , —B r ) having the latent roots («i, (eg, Cg), ... (c^., o,). 


§ 242. The commutants of a pair of simple canonical square 
matrices and the commutants correlated with them. 

1. The general commutant of a pair of simple canonical square matrices. 
Let A = [a.]™ and B = [&]“ be the simple canonical square matrices of 
orders m and n whose latent roots are c and d, so that 


0 1 0 ... 0 0 
0 c 1 ... 0 0 


0 0 0 ... c 1 
0 0 0 ... 0 0 


d 1 0 ... 0 0 
0 d 1 ... 0 0 


0 0 0 ... o' 1 
0 0 0 ... 0 d 


( 1 ) 


or 


"n il 1| rn 1|H“1 

oio - ■ B - <s 'w» + 0 0 .w 

*- -* m- 1,1 L > 1 


We know from Ex. xviii of § 238 that the general commutant {A, £} is a 
zero matrix when d =|= c; and when d = c, it is easily shown in many ways by 
the methods of § 238. a that the equation AX = XB is satisfied when and only 
when X is a simple slope of type {tt, tt} in which the elements of each 
parametric diagonal line are all equal. 

Thus when d = c, the general commutant {A, B] is a general simple con¬ 
tinuant of type {tt, tt] ; and when d =1= c, it is a zero matrix. 
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One direct proof of this result is given in Ex. i below, and another will 
be found amongst the examples of § 321. 

Ex. i. Direct determination of the general oommutant X={A, B }. 

If we use the ordinary notations for the elements of the matrix A r =*[.w] and substitute 
the forms (2) for A and B , we see that the equation AX=XB can be replaced by the 
equivalent equation 


■0 .Til 

#12 

•• #l,n-l 

ST 

1 

1- 

.Wag .W23 

■ • 


0 ,w 21 

.1"22 

■■ ®2,n-l 

| #ai 

Xq 2 .was 

■ • • 

= (c 




[ _ 



0 .W w _, 

, 1 '^m-l, 2 • 

.. l,n-l 

1 1 


■ • ■ ‘ v nm 


_0 x ml 

X m 2 


J _o 

0 0 

... 0 



First suppose that o'4=o. Then when we equate in succession the 1st, 2nd, ... nth 
vertical rows or the with, (wi-l)th, ... 1 st horizontal rows on both sides of ( 3 ), we see 
that the equation is satisfied when and only when every element vanishes m each of the 
corresponding rows of X, i.e. when and only wlien A' is a zero matrix. 

Next suppose that d=*c, so that the right-hand of ( 3 ) vanishes In this cose the 
equation ( 3 ) cannot be satisfied unless 

m—\i y'=l, 2 , ... ii — l), .( 4 ) 

i.e. unless the elements of each hne of X parallel to the leading diagonal ore all equal. 
We will suppose that the necessary conditions ( 4 ) are satisfied, and distinguish between 
two sub-oases. 

( 1 ) If m w, we see by equating in succession the 1 st, 2 nd, ... nth vertical rows on 
both sides of ( 3 ) that the equation is satisfied if and only if, for each of the values 
1, 2, ... w of j, all elements of they'th vertical row of X lying below tlieyth element of 
that row (or having difference-weights less than 0) are 0's. 

(2) If w<J:iu, we see by equating m succession the with, (m-l)th, ... 1st horizontal 
rows on both sides of ( 3 ) that the equation is satisfied if and only if, for each of the values 
1, 2,... til of i, all elements of the (m+1— £)th horizontal row preceding the last i elements 
of that row (or having difference-weights less than n-wi) are 0’s. 

We have here obtained the run scalar equations equivalent to the matrix equation 
AX=>XB by equating successive elements of successive vertical or successive horizontal 
rows, starting always with the basical row and the basical olomeut, where the base of 
each matrix is interpreted to be the bottom left-hand corner, i.e. the base appropriate to 
the type {it, w}. 


Ex. ii. If o'=e and m=n=r, the general oommutant A’={A, B] is the simple Bquore 
continuant 


4?0 #i #2 #3 ... # r -l 

0 SSq vC\ a ■ ■ 

[■. flj r Ba 0 0 xq x-l ... ® r _a 

r 0 0 0 x Q ... # r _ 4 

_0 0 0 0 ... .r„ 


,(0) 


of type {it, 7t} in which x 0} x u #g, ... a? r _ x are r arbitrary parameters. 










458 


COMMUTANTS 


[OH. XXVII 


Ex. iu. lid=o and m =)= n, the general commutant X={A, B} is the matrix 


X=[0, x] n ~ m ' m when n>m, X* 


when m>n, 


where the non-zero constituent [a?]™ or [a;]” is a general simple square continuant having 
the form shown in (5), i.e. X is a general simple continuant of the class M and of 
type {tt, tt}. 


Ex iv. If A is a simple canonical square matrix of order r, the genoi'al commutant 
X={A, A} can be regarded as an arbitrary rational integral function of A, or of any simple 
canonical square matrix of order r. 

If c is the latent root of A, and if J=[l]^» the rational integral equation of lowest 
degree satisfied by A is 

{A-oiy= 0, 

and there are therefore exactly r independent non-zero rational integral functions of A. 
Moreover there are also exactly r independent particular non-zero comnmtants {A, A} 
which could be taken to be the coefficients of x a , x-i, ... in the matrix (5) The above 
theorem follows from the fact that the matrices I, A , A*, ... A r ~ l are a complete sot of r 
independent lion-zero rational integral functions, and are also neoessanly uonimntiints 
{A, A). In fact from (5) we see that 

X=XQl+x-L{A~cI)+x i (A-~cl) % + ... +x r _i(A-cfy 1 
=Xo2"+Xiid +Xj^. a + ... +X T _iA r_1 , 

where the X’s are arbitrary scalar parameters. The alternative form of the theorem is duo 
to the fact that X is the Bame for all values of c. 


2. The correlated general commuta/nts. 

Let A and B be again the simple canonical square matrices of orders 
m and n whose latent roots are c and c',and let A ' and B' be their conjugates. 
Also let r be the smaller of the two integers m and w; and (using the 
notation of § 240, Note 1) let 

j.-kC. 

be the simple reversants of orders m and n. It will be obvious that these 
simple reversants are undegenerate symmetric matrices, and that: 

J m is a contra-commutant of each of the types ± { AA), ± [A, A '}; 

J n is a contra-commutant of each of the types ± [B\ B), ± \B, B'}. 

Therefore if X is a general commutant [A, B), then by Ex. i of § 239, or 
as is otherwise obvious, the square matrices 

Y=J m X , Y' = XJ nt .(6) 

are respectively general commutants {A', S'], {A', 5}, {A, B'\. Thus the 
results of sub-article 1 can be generalised as in the following theorem, in 
which the symbolic commutants of § 241 are used. 

Theorem I a. The four general continuantal commutants 

X={A,B}, X' = [A\B?}, Y={A',B], Y'={A ,&), 
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are all zero matrices when o' =j= c. When c — c (where c may be 0), they 
are general simple contirmants of the class M and of the respective types 

(■7T, 7J-], {tT, Tt'}, {tt', 7r}, {tT, 7t'}, 

each of them being undegenerate of rank r, and each of them containing exactly 
r independent arbitrary parameter's and hamng exactly r independent non¬ 
zero particulansations. 

By changing the signs of corresponding rows in the equations such as 
AX = XB we can deduce the following second theorem, a formal proof of 
which will be given in Ex. vii. 

Theorem I b. The four general alternating commutants 

X = {A,-B], = 7= {A\ -B), F'= [A, —B'\ 

are all zero matrices when d ={= — c. When d = — c (where c may be 0), they 
are general simple alternants of the class M and of the respective types 

[tt, - n-}, {tt', - tt'], {tt', - 7r}, {vr, - tt'}, 

each of them being undegenerate of rank r, and each of them containing 
exactly r independent arbitrary parameters and having exactly r independent 
non-zero particularisations. 


Ex. v The general commutants when m=n=r. 

If x Q , x lt ... are arbitrary parameters, the four general commutants of Theorem I a 
can be taken to be the four simple square continuants 


Xg Xi . 

0 #0 • 

=il 

.. X r -i 

- #r-a 

I 

x 0 ., 

l 

O 

o 

O 

o 

1 

,. Xg 

p 

Xr-\ ■ 

&r —a • 

• ^1 >Vg 

.. Xg 0 

I #r-2 • 

t'- 1 ■ 

.. Xn 0 ’ 

0 Xg .. 

,, x r a ’ 

.. 1 

L o 0 .. 

.. X 0 

•• Xg 

Xg Xi .. 

Hr —1 

=J 

Xg 

1 

o 

o 


whioh will be denoted by [a]*, [d] r r , [?/]’,, [i/f r ; 

and the four general oommutants of Theorem 16 to bo the four simple square alternants 


#0, 

— Xi, . 

=1 

.. ±a?r-l 

l 

H- 

s 

o 

i 

o 

o 

"o, 

0 

.. ± Xg 

P 

±^V-u 

..-.t?!, Xg 

0 


■ • + #r—2 


1 




±^V-a> 

,.~Xg, 0 

u 9 



1 1 

? I s 
t<J* © 

0, 

— Xg t . 

-*1» ■ 

• ±*r— 2 ’ 

..±®r-l 

=j 

1 



0, 

0,. 

l 

+1 

±®r-l, 

\L 

■^OJ 

i 

H- 

o 

o 

1 


(all elements m alternate vertical rows having negative signs), which will be denoted by 

wC> [■<, b£. ml- 

In each of these matrices we will call x K the parameter of weight e 
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Ex vi The general commutants for all values of m and n. 
When m=r^n, we can put 


Z r A TO Tfj p / ft-i5H| 71—711 -p 1 pA -iTO tt/ p J a |Mi 

=[°. *] m , A Hy» °],„ » r =[° 5 y] Ht > 1 =[y,oj w 

p r/% TO ttj r —J n’lT^i p r« *- TO *77/ r "V nT M“TO 

-i=[0, .x] m , A'=[^0] w , y=[0,y\ m , r=[y,o] M4 

these matrices heing formed from the square matrices of Ex. v by the additiou of a - m 
basical vertical rows of 0’s. 

When ?i=r m, we can put 

-[oT -HST ■ H£f • 

it, in—it ?n-7t,n * m—n,n 11 ,m—it 

I™ • ^ ^ M _ )1 IB A — W — I W It , 

- f= [o] ■ -M“'] ’ ?= B] ’ ? '=[o] ' 


these matrices being formed from the square matrioes of Ex. v by the addition of m - n 
basical horizontal rows of 0’s. 


Each of these eight matrices is a ruled simple slope containing r arbitrary parameters. 
There are no necessary connections between the parameters of different matrices. Whon 
the parameters are chosen to be the same in all, the eight matrices are correlated by 
simple reversals of the horizontal or vertical rows, 
changes of sign in alternate vertical rows. 

Ex. vii. Proof of Theorem lb 

Let B\ be the simple canonical square matrix of order n whose latent root is — d ; lot 
B\ be the conjugate of B, ; let JT lt F la 7{ be the general commutants 

AWA.tfa}, Xi'={A', F 1= {A', B& 7{={A, B, 1 }-, .(7) 

and let V be a unit simple square alternant of order n in which all non-diagonal elements 
are equal to 0 and the successive diagonal elements are alternately 1 and — 1. Then from 
the isomorphic transformation 

-B=FB\I\ 

it follows by Theorem I of § 240 that we can always choose general commutants X , X', 
F, F' which are given by the equigradent commutantal transformations 

iWa'/', 7=7,1', 7'=7 1 f I f . (8) 

After Theorem I a has been proved, we know that X,, X,\ F^ Y, are zero matrioes 
when —o'=t=o, or general simple continuants of the types shown in Theorem la whon 
— o'=o\ and this shows that Theorem 16 is true. 

It would be sufficient to prove Theorem 16 for J?, because by Ex. i of § 239 we can 
always choose the four general commutants of Theorem 16 to be connected by the 
relations 

x' = j m xj n , ?=j m Z, r = lj n .(8') 

Ex. vm. The general commutants {A, A}, {A', A 1 }, {A', A}, {A, A'} are genoral simple 
square continuants of the types shown in Theorem I a and Ex. v. 

Ex. ix. The general commutants {A, — A}, {A 1 , —A 1 ], {A\ - A), {A, - A'} are genoral 
simple square alternants of the types shown in Theorem 16 and Ex. v. 

Ex. x. If A is a ample canonical square matrix , then all commutants of A are commu¬ 
tative with one another; and if A' is the conjugate of A, then all oommutants of A' are 
commutative with one another. 






242 ] 


COMMUTANTS 


461 


Those properties follow from Ex. iv ; and they are obvious from the forms of the 
general commutants A r ={d, A), X , ={A', A"}, being m fact properties of simple square 
continuants of the types {tt, 7r}, {7r', it'} 

Noth 1. Applications to unipotent squaro matiices. 

Since the canonical reduced form of a unipotent square matrix with constant elements 
is a simple canonical square matrix, it follows from Theorem I a that ■ 

If A and B are two unipotent square matrices of orders m atid n with constant elements 
whose latent roots are c and d, the general commutant A r ={A, B} is a zero matrix when 
d 4= o ; but if d =c, it is an undegenerate matrix of rank r whose elements are homogeneous 
linear functions of r independent arbitrary parameters, where r is the smaller of the two 
integers m and n. 

In fact if A and B are the simple canonical square matrices of orders m and n whose 
latent roots are o and d , wo can put 

A~hAH, B=mK, AWiXA' 

wlioro tlio hist two equations ore isomorphic transformations, and X is the general 
commutant {A,B} determined by Theorem I a. 

Since the general commutant {A, A) contains exactly in independent arbitrary para¬ 
meters, or has exactly m independent non-zero particularisations, we conclude (or could 
deduce from Ex. x) that. 

If A is a unipotent square matrix with constant elements, the general commutant 
X={A, A} of A is an arbitrary rational integral function of A ; and all commutants of A 
arc commutative with one mother. 

3. General symmetric a/nd general skew-symmetric commutants. 

Let A and B be the simple canonical square matrices of order r whose 
latent roots are o and c', and let A' and B' be their conjugates, so that all the 
general*commutants of Theorems la and 16 are ruled simple square slopes 
of ordor r. Then by introducing the conditions that these simple slopes may 
be symmetric or skew-symmetric we obtain the following theorems: 

Theorem II a. The two general symmetric or skew-symmetric commutants 
X = {A,B), X' = [A',F}, 

are zero 7 natrices when d + o. If however d — c (ivhere c may be 0), i,e. if 
B== A, then: 

(1) the general symmetric commutants X, X' are undegenerate scalar 

ante-continuants of rank and order r each containing one arbitrary 
parameter; 

(2) the general skew-symmetric commutants X, X' are zero matrices. 

Theorem III a. The two general symmetric or skew-symmetric commutants 
F={4',5}, Y' = {A,F}, 

are zero matrices when d 4= o. If however d = c {where c may be 0), i.e. if 
B = A, then: 

(1) the general symmetric commutants Y, Y' are general simple square 
ante-continuants of types { 7 /, 7r), (7r, 7 t'}, each of them being unde- 
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generate of rank a/nd order r and containing exactly r arbitrary 
parameters; 

(2) the general skew-symmetric commutants Y, Y' are zero matrices. 

Theorem II b. The two general symmetric or skew-symmetric commutants 
X={A,-B\, r = {A',-B f } 

are zero matrices when o' 4= — c- If however d = — c {where c may he 0, 
so that B = A), then: 

(1) the general symmetric commutants X, X' are undegenerate quasi¬ 

scalar ante-alternants of rank and order r, each containing one 
arbitrary parameter; 

(2) the general skew-symmetric commutants X, ’X' are zero matrices. 
Theorem III b. The two general symmetric or skew-symmetric commutants 

r={4,-n 

are zero matrices when d =}= — c. If however d = — c {where c may he 0, 
so that B = A),we can distinguish between two cases. 

Case I. If r is an odd integer and d = — c, then: 

(1) the general symmetric commutants F, F' are undegenerate simple 

square counter-alternants of ranlc and order r and of types 
[id, — ttJ, {7T, — tt'} in which 

the parameters of odd weights are all equal to 0, 
the parameters of even weights are all arbitrary, 

the total number of arbitrary parameters in each of them being 

W + i); 

(2) the general skew-symmetric commutants F, F' are degenerate simple 

square oounter-altemants of order r and rank r — 1 and of types 
{id, — it], {tt, — tt'} in which 

the parameters of even weights are all equal to 0, 
the parameters of odd weights are all arbitrary, 

the total number of arbitrary parameters in each of them being 

Hr -!)■ 

Case II. If r is an even integer and d = — c, then: 

(1') the general syriimetric commutants F, F' are degenerate simple square 
counter-alternants of order r amd rank r — 1 and of types { 71 -', — 7 r}, 
{ 77 -, — 7r'} in which 

the parameters of even weights are all equal to 0, 
the parameters of odd weights are all arbitrary, 

the total number of arbitrary paramieters in each of them being fyr; 
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(2') the general skew-symmetric commutants F, F' are nndegenerate simple 
square counter-alternants of rank amd order r and of types [ir, — ir\, 
{ 7 r, — 7 r'} in which 

the parameters of odd weights are all equal to 0, 
the parameters of even weights a/re all arbitrary, 
the total number of arbitrary parameters in each of them being Jr. 

If J is the simple reversant of order r, the two general symmetric or two 
general skew-symmetric commutants X, X' or Y, Y' or X, X' or F, F' can 
always bo so chosen as to be connected by the relations 

X' = JXJ, Y' = JYJ, X' = JXJ, = .(9) 

Noth 2 Applications to a single unipotmt square matrix 

Let A bo a single unipotent square matrix of order r with constant elements whoso 
latent root is c ; let A bo the simple oanomoal square matrix of order r whose latent root 
is 0 ; lot 

A=hAH 

be an isomoqihic transformation by which A can bo derived from A ; and lot A', A' be 
the conjugates of A, A. Then the two general symmetric (or general skew-symmetric) 
contra-commutants 

F-{A\ A}, r={A } A'} or f={A\-A}, f={A, - A 1 } 
can be taken to bo the square matrices of order r given by the equations 
F=E'Y3, r«AY # A # or 7=H'YII, 

whore Y, Y' or Y, Y' are the two symmetric (or two skew-symmetric) commutants 
determined by Theorem III a or III b ; and wo conclude that. 

The two general symmetric contra-commutants F, F' are always undegenerate of lank r, 
and each of them contains exactly r arbitrary parameters. 

The two general skew-symmetric contra-commutants F, F' arc always sei-o matrices. 

The two gonet'al symmetric contra-commutants F, F' are zero matrices whenever ti=[=U. 
If c™ 0, each of them is undegenerate of rank r and contains J (»■+1) arbitrary parameters 
when r is odd; and each of them is degenerate of rank r — 1 and contains Jr arbitrary 
parameters when r is even. 

The two general skew-symmetric contra-commutants F, F' are zero matrices whenever 
ci=t=0. If c=>0, each of them is degenerate of rank r-1 and contains J(r-1) arbitrary 
parameters when r is oddj and each of thorn is undegenerate of rank r and contains Jr 
arbitrary parameters when r is even. 

§ 243. The commutants of a pair of unilatent canonical square 
matrices and the commutants correlated with them. 

1. General commutants. 

Let A — [a]” and B= [&]* be two unilatent canonical square matrices of 
orders m and n with constant elements whose latent roots are c and c', and 
whose characteristic potent divisors are 

(X-of 1 , (X-c)* 1 , ...(X-c)‘ r and (X-c'f, (X - o')*,... (X- of 1 , ...(1) 
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where the indices are non-zero positive integers such that 

a a + a a + ... + a r = w, & + /3 a + ■ • ■ + j9« = n , 
and let A and B be given in the forms 


—1 

0,. 

^ — “11 “a j • *r 

'A, 0 ,. 

^ — Pi > Pa. P* 

0 

II 

A^y . 

.. 0 

} 

to 

II 

O 

.. 0 

_ 0, 

0,., 

..A r 

- *1 . <*a .. “i- 

0 

0 

• ■ B x _ 

Pi.Pa. P* 


where Ai, Bj are the simple canonical square matrices of orders « l , /3j whose 
latent roots are c, d, i.e. whose smgle characteristic potent divisors are 


(X — 0 )“*, (X — c') fli • We will call A and B standardised umlatent canonical 
square matrices when the mdex numbers a x , «a, ... Or and J3 l3 /3<i,... /3 a are 
arranged in descending orders of magnitude. 

Further let J a and J b be the part-reversants (see Note 1 and Ex. vii of 
§ 240) of the same classes as the compound matrices A and B, these being 
undegenerate symmetric contra-commutants of the respective types 
± {A', A}, ± {A, A 1 } and ± [B t , B], ± [B, B% 
where A' and B are the conjugates of A and B ; and let p and <r be integers, 
independent of the orders of arrangement of the a’s and /8’s, such that: 
p is the sum of the smaller integers of the pairs ( 0 ^, &), (or a , /3 a ), (a u , /9 3 ),... 
when Oy, « 2 , ... a r and ft, ft,... ft are arranged in descending orders of 
magnitude and a* is interpreted to be 0 if i > r, ft to be 0 if i > s ; 

«r is always the sum of the smaller integers of the rs pairs (a<, /S)). 

When the general commutants in question are expressed as compound 
matrices of the class 


/&> @a\ 

\«i. «a t ••• «r/ 


(a) 


we have the following two theorems, the first parts of which are known to bo 
true by Ex. xviii of § 238 or Theorem III of § 240. The relations (2) and (2') 
follow from Ex. i of § 239 (or Theorem I of § 240). 


Theorem I a. The four general continuwntal commutants 

X={A,B], X' = {A',B'}, 7'-{4,#}, 

which can be so chosen as to be connected by the equigradent commutantal 
relations 

X'-JaXJh, Y=J a X, Y' = XJ b , .(2) 

are all zero matrices when c' =)= c. If however d = c {where c may be 0), they 
are general compound continuants of the class (a) a/nd of the respective types 

K tt}, [w', 7r'}, 7 r}, {7T, 7r'}, 

each of them having rank p, containing exactly ar arbitrary parameters , and 
having exactly ar independent non-zero particularizations. 
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Thus in all cases the rank of each of them is equal to the order of the 
greatest common canonical of A and B. 

Theorem I b. The four general alternating commutants 

3=[A,~B], T-IA'.-B 1 ), F = (A',~B), T ={A,~ K], 
which can he so chosen as to he connected hy the equigradent commutantal 
relations _ _ _ 

X'~J a XJ h , ? = J a X, ¥' = XJ b , .(2') 

are all zer'o matrices when c' =|= — c If however d = — c (where c mfyy he 0), 
they are general compound alternants of the class (a) and of the respective 
types 

[nr, —7r{j -7r'}, {tt', - 7r}, (tt, -7t'}, 

each of them having rank p, containing exactly a- arbitrary parameter's, and 
having exactly a independent non-zero particularisations. 

Thus in all cases the rank of each of them is equal to the order of the 
greatest common canonical of A and — B. 

Reference may be made to § 241 for the definitions of compound con¬ 
tinuants and compound alternants. There are various considerations which 
could serve to simplify the proofs of the theorems 

In the first place if the theorems are true when A and B are standardised 
umlatent canonical square matrices, they must be true in all cases. For 
A and B can always be derived from standardised umlatent canonical square 
matrices A and B by symmetric class-derangements, which are equivalent 
to re-arrangements of the simple parts, and by Ex. iii of § 240 the general 
commutants of Theorems I a and I h for A and B can be converted into 
general commutants for A and B by corresponding class-derangements, the 
same for each of the eight commutants, in which the simple constituents 
receive rigid displacements. 

In the second place if Theorem I a is true, it follows that Theorem I h 
must also be true. For if 7' is a unit compound alternant of the same class 
as B (in whioh the diagonal constituents are ulmt simple alternants and the 
non-diagonal constituents are zero matrices), and if B 1 is the matrix derived 
from B by substituting — d for d, we have 

- B=i , B 1 r , 

and it follows from § 239 that we can put 

x=x 1 r, X'=x;r, ?=v 1 r, T = v.t, 

where X x , X x , Y 1} Y x are general commutants {A, B x }, [A', B x ], [A 1 , Bj], 
{A, B x }, the argument being as in Ex vii of § 242. 

In the third place if the theorems arc true for X and X, we see from 
(2) and (2') that they must be true for all the commutants. It would 
therefore be sufficient to prove Theorem I a for X. 


o. ni. 


30 
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We give below a proof which establishes both theorems; the ranks of the 
general commutants being given by § 241. s when they are non-zero matrices. 

Proof of Theorems I a and lb. 

By Theorem II of § 240 the two general commutants X={A, E}, X={A, — Z?} ore the 
most general compound matrices of the forms 


-^lli X12, ., 

■XT 0i » 0a« ■ 

.. -d . l8 

'X n , 

X12, . 

T? ~ Pit Pit PS 

.. -A 18 


-^211 -^22i 

x iB 

• j 

X= '^ 21j 

■^22) • 

.. Xsa 

9 •• 

....(3) 

_*n, -^r2> • 

.. x r8 _ 

L_-^rl» 

Xrt, .. 

..J n _ 





which can he constructed when the constituent X i} of X is always a oommutant {A^ BJ} 
and the constituent Xy of X is always a oommutant {A t , — B } }. 

If e'4=c, it follows from § 242 that all the constituents of X are zero matrices; whilst 
if <f=c : the constituent Xy is a general simple continuant of type {7r, jt) containing yy 
arbitrary parameters, where yy is the smaller of the two integers (a*, fy). In the latter 
case the parameters of the rs constituents of X muBt be all independent; consequently X 
contains exactly cr arbitrary parameters; moreover it has exactly cr independent non-zero 
partioularisations, which could be chosen to bo the coefficients of those tr parameters. 

Again if d =f= - c, it follows from § 242 that all the constituents of X are zero matrioes ; 
whilst if d=~c, the constituent A’y is a general simple alternant of typo {jr, — i r} con¬ 
taining 7ij arbitrary parameters. In the latter case the parameters of the rs constituents 
of X must be all independent; consequently X° contains exactly cr arbitrary parameters, 
the coefficients of whioh form a complete set of independent" non-zero partioularisations 
of X 

The corresponding results for the other general oommutants can bo deducod from 
these or obtained directly in similar ways. 

It should be observed that the integer o- is the sum of the effective (or smaller) ordors 
of all the rs constituents of any compound matrix of the class (a). 

Ex. i. When the successive characteristic potent divisors of A and B are 

(X - o) 1B , (X - of, (X - cf, (X - ci) 4 , (X - of and (X - o) ia , (X - c) 11 , (X - ci)°, (X - c) 6 , (X - c) 2 , 

the general commutants X, X\ F, Y' are the general compound continuants represented 
by Figs. 1, 2, 3, 4 in Ex. n of § 241; and when they are 

(X—o) 12 , (X-o) 8 , (X—o) 7 , (X-o) 4 , (X-c) 3 and (X+c) 12 , (X+c) 11 , (X+c)°, (X+c) n , (X+o) a , 

the general commutants X s , X', F, F are the general oompound alternants reprosontod 
by the same figures. In both these cases we have 

, p = 12+8 + 6+4 + 2, cr=124, 

cr being the total number of parametric diagonal lines in each of the figures. 

Ex. ii. Undegenerato oommutants. 

The general oommutants X, X, F, F aro (1) undegenerate of rank (2) uudogonomto 
of rank n, (3) undegenerate square matrices when and only when: 

(1) the characteristic potent divisors of A of orders m, m-l, m-% ... are factors of 

the characteristic potent divisors of B of orders n, n-\, n-2 ... which is 
only possible when r s, p=m ;j> 7 i; ’ ’ 1 

(2) the characteristic potent divisors of B of orders p-l, n -2,... are factors of 

the characteristic potent divisors of A of orders m, m~l, m-2 which is 
only possible when s ;j>r, p=n'jp-m • ’ ’ ’ h 1B 
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(3) A and B have the same characteristic potent divisors, which is only possible 
ion a=r, n=m. 

The corresponding results for the general oommutants X, X 1 , Y, Y 1 are obtained by 
bstituting - B for B. 

Ex. ui Quadrate commutants. 

If A and B have the same successive index numbers e lf c 3 , ... e t , the general commu- 
nts X, X' } Y, Y' when d (so that B—A) T or the genei’al commutants X, XY, Y' 
len c'= -c, are ruled quadrate slopes of the class 

jy/ c i> fi 2 i ■■■ where is 1 + e 3 +... + c fl =m, .(b) 

\ a lj a it e t/ 

d are undegenerate square matrices If e 1} Sg, ... o 8 are arranged m descending order of 
igiutude, the total number of arbitrary parameters in each of them is the integer 
<r=8i +3ea+5<j 3 +... + (2s — 1 ) c B . 

Wo can put tr = tr 0 + 2 tr 1 , 

isre tro e =Si+C 2 +...+fl 8 =? 7 i, 0 "!= 63 + 253 + 354 +...+ (s— 1 ) c 8 , 

being the total number of parameters in the diagonal constituents, and tri being the 
jal number of parameters m the non-diagonal constituents lying on one side of the 
igonal constituents. 

We have <r=m when and only wheu a=l, i.e. when and only when A and B are simple 
lonical square matrioes 

Ex. iv. Interp’etations of compound continuants. 

Theorem I a shows that the general compound oontinuants of the class (a) and of the 
ipectivo symbolic types 

±{^,71-}, ±{ir', IT 1 }, ±{tt', 7r}, ±{tT, it'} .(4) 

i always be regarded as general oommutants of the corresponding typos 

±{A,B}, ±K,n ±{A',B}, ±{A,B 1 }, .(5) 

Lore A and B arc unilatent canonical square matrioes whose successive characteristic 
bent divisors are 

(X-o)* 1 , (X-c)“*, ...(X-or and ( \-o ) p ', (k-of », ... (X-c)^, .(6) 

■eing any soalar number, which may be 0. When (a) is the quadrate class (b), wo have 
•A. 

We can use those interpretations to pass from general properties of commutants suoh 
those given in § 238. 4 to general properties of compound continuants. 

Ex. v. Interpretations of compound alternants. 

Theorem I b shows that the general compound alternants of the class (a) and of the 
peotive symbolic types 

±{tT, -7T>, ±{tt', -+}, ±{tt', -7r), ±{tT, - 7r'} 

i always be regarded as general oommutants of the corresponding types 
±{A,-B], ±{A' t -F}, ±{A\ —B}, ±{A, -B 1 }, 

ere A and B are unilatent canonical square matrices whose successive characteristic 
jent divisors are 

(X-ci)% (X-o)" 9 , ... if-dfr and (X+o/\ (X+o)* 4 , . . (X+o^*, 

»eing any scalar number, which may be 0. The square matrix - B is not canomoaL 
len (a) is the quadrate class (b), we have B=A if and only if o=0, 
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We can use these interpretations to pass from general properties of oommutants such 
as those given in § 238. 4 to general properties of compound alternants 

Ex. vi The general commutant {A, A) of a single imdatent canonical square matrix A 
is a rational integral function of A when and only when A is a simple canonical square 
matrix. 

Let A be the unolatent canonical square matrix of order m described in Ex. iii, and let 
e be the greatest of the index numbers e u 6%, ... e i} bo that the rational integral equation 
of lowest degree satisfied by A is 

(A — ciy=0, where I= [1]“. 

The case m which A is a simple canonical square matrix has been considered in Ex. iv 
of § 242. If A is not a simple canomoal square matrix, l e. if s > 1, we have tr > m and 
e <m, thus m this case there are more than m independent non-zero oommutants {A, A}, 
but only the smaller number e of independent non-zero rational integral functions of A ; 
consequently there must be commutants of A whioh are not rational integral functions 
of A. 

Note 1. Applications to any two unilatent square matrices A and B with constant 
dements 

Let A and B be any two unilatent square matrices of orders m and n with constant 
elements whose distinct latent roots are c and d and whose characteristic potent divisors 
are 

(X-c) a >, (X-c)“*, ... (X—o) ap and (\-df\ (\-df\...(\-d)^ .(1) 

Then Theorems la and lb remain true with the new definitions of A and B so far 
as they relate to the rank and the total numbei • of arbitrary parameters (or independent non¬ 
zero particula/i'isations) of each of the general commutants 

X={A t B}, X'=(A\ J?}, Y={A', B }, Y={A, IT), 

X={A,-E), X'={A',~ff}, Y—{A\ -B}, Y'={A, -B'}. 

For if A and B are standard unilatent oanomcal Bquare matrices whioh havo the 
same characteristic potent divisors as A and B, and if 

A=hA.E, B=kBK 

are given equimutant transformations (which can certainly bo detormmod), the new 
general commutants can be regarded as given by the formulae (A) and (B) of § 244. Wo 
may in particular take A and B to be unilatent canonical square matrices derived from 
standard unilatent canonical square matrices A and B by symmetric oloss-dcrangomonts. 

The conditions that the new general commutants shall be undogonerato are the same 
as in Ex. u In particular the general oommutants A', X', 7, Y' are undegonorato square 
matrices when and only when A and B have the samo characteristic potont divisors or 
are equicanonical; and the general oommutants X, X\ Y, 7' are nndogonorato squaro 
matrices when and only when A and — B are equicanonical, i.e. when and only when the 
characteristic potent divisors of A, B can be coupled together in pairs of the form 

(X-o)«, (X+o) # . 

Note 2. Applications to a single unilatent square matrix A and its oonjugate A'. 

Let A = [a] m be a unilatent square matrix with constant elements whose characteristic 
potent divisors are 

(X-o)S (X-o) fls ,... (X- o)\ 

where the indices are arranged m descending order of magnitude; and let A' bo the 
conjugate of A. 
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Then from Lho formulae (A') of § 244 we see tlint each of the four general commutants 
X={A,A}, X'={A',A'}, Y={A', A}, 7' = {A,A'} 
is an undegenerate squai’e matrix whose elements are homogeneous linear funotions of a- 
arbitrary parameters, where 

o‘=fli+3c2+6<Js +■ . + (2s— 1) «?„<£ m, 

and that each of them has exactly tr independent non-zero porticularisations. 

Again from the formulae (13') of § 244 we see that each of tlie four general commutants 
A={A,-A}, A'={A',-A'}, ?={A’,-A}, F'={A, -A'} 
is a zero matrix when c=t=0; whilst when c=0, each of them is an undegenerate square 
matrix whose elements are homogeneous linear functions of tr arbitrary parameters, where 
tr is the integer given above, and eaoh of them has exaotly o- independent non-zero 
particulorisations. 

Let e=ei be the greatest of the indioos o>, ... e„, so that the rational integral 
equation of lowest degree satisfied by A is 

(A - cl) a =0, whore /=[1]™. 

Then if 8=1, we have e—<r=m ; therefore A has exaotly m independent non-zoro 
commutants {A, A) which could bo taken to be the square matrices 

I, A, A\ ... ; 

l.o. the general oommutant { A , A} is an arbitrary rational integral function of A. But if 
s> 1, wo have e<ni and tr>m; therefore A has more than in independent non-zero 
oommutauts {A, A), of which e but not more than e can bo rational integral functions 
of A ; consequently A has oommutants which aro not rational integral functions of A. 

Thus the general oommutant 2T={A, A) is a national integral function of A ‘when and 
only when A is unipotent or has no characteristic potent divisors of order m — 1, ie. when 
and only when in is the loioest degree of a rational integral equation satisfied by A ; and 
when this condition is satisfied, X is an arbitraiy rational integral function of A. 

2 . General symmetric) and general skew-symmetric oommutants. 

Let A = [a]™ and B = [&]“ be two umlatent canonical square matrices of 

order m whose latent roots are c and c', and whoso successive characteristic 
potent divisors are 

(X - cf , (X - c) 6 \ ... (X - <?)* and (X - c') 6 ', (X - o')*, ... (X - cT> 
where e } + e a -f ... + e B = m ; 

and let A and B be given in the forms 


~A U 

o, .. 

- *li Bill ■ •<•* 

© 

L 

. O' 

o 

II 

As, .. 

.. 0 

J 

0 , B t ,.. 

. 0 

_ °> 

o,.. 

.,A S _ 

© 

o 



where A t , Bt are the simple canonical square matrices of order e* whose 
latent roots are c, c', i.e. whose characteristic potent divisors are"(X — c)\ 
(X - cf) 61 . Also let A', B' be the conjugates of A, B ; and let J be the part- 
reversant of the class (b), which makes 

JAJ = A', A!J =JA, AJ= JA '; JBJ= B\ B f J = JB, BJ= JB\ 
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The general commutants of Theorems I a and 1 b are in this case either 
zero matrices or general ruled quadrate slopes of the class (b) as in Ex. iii, 
and the corresponding general symmetric (or general skew-symmetric) com¬ 
mutants are the most general specialisations of them which can be formed 
when: 

( 1 ) every diagonal constituent, such as X ^ in X , is symmetric (or skew- 
symmetric) ; 

(n) every two conjugately situated non-diagonal constituents lying on 
opposite sides of the diagonal constituents, such as X %J and 
Xp m X when j =(= i, are mutually conjugate (or mutually skew- 
conjugate). 

When the conditions (i) and (ii) are satisfied, the diagonal constituents 
have the characters described in Theorems II a, III a, II b, III b of § 242, 
and the independent parameters in each of the commutants are the para¬ 
meters of the diagonal constituents together with the parameters of the non¬ 
diagonal constituents lying on one side of the diagonal constituents. In the 
commutants 7, 7', 7, 7 ', which are counter-slopes, the conditions (l) and (ii) 
impose no restrictions on the non-diagonal constituents lying on one side of 
the diagonal constituents; but in the commutants X, X', X, X', which are 
ante-slopes, the conditions can only be satisfied when the only elements 
which can be different from 0 are those forming the paradiagonals of the 
square constituents, so that the ante-slopes are quasi-soalaric or in particular 
scalaric. 

Notb 3. When the general symmetric or general skew-symmetric commutants thus 
constructed are not zero matnoes, they are general symmetric or general skew-symmetric 
quadrate slopes, the properties of which are disoussed m Chapter XXXVIII It will there 
be proved (see also Theorem II of § 241) that the determinant of a quadrate slope is equal 
to the product of the determinants of all its paradiagonal prime minors. Consequently 
any given quadrate slope is undegenerate when and only when all its paradiagonal prime 
minors are undegenerate The paradiagonal prime minors involve only the elements of 
the paradiagonals of the square constituents, and in determining them all other elements 
can be put equal to 0 . 

Nora 4 In order to describe the total number of independent arbitrary parameters, 
in the general symmetric or general skew-symmetric commutants X, X\ X, we will 
define. 

h\ to be the total number of non-diagonal square constituents lying on one side of the 
(square) diagonal constituents in any compound matrix of the ^In-sw (b). 

If there are exactly r distinct or unequal index numbers e 1} e a , ... e r m the series 
ei, e 3 , ... e„ and if these are repeated exactly a l5 s 2 , ... a r times respectively, so that 
Si+«j+ ... +s r =s is the total number of diagonal constituents, we have 

*ifa (si -1)+(«a -1) + • • +a r (a r -1)}, 
a+A!=!-J{si («i+l)+S 2 ( s a+l)+ ••• +a r (a r +l)}, 

s+2i^=a 1 ®-i-S2^-)- ... -\-s£=kf 
where le is the total number of square constituents. 
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Notb 5. In ordor to describe the total number of independent arbitrary parameters m 
the general symmetric or general stew-symmetno commutants F, F', F, f' y we will 
define. 

r to be tlio sum of the smallest mtegers which are respectively fa, ... fa ; 

r' to be the sum of the greatest integers which are respectively ^>^ei, fa, ... fa ; 

<n to be the sum of the effective orders of all the non-diagonal constituents lying on 
one side of the diagonal constituents in any compound matrix of the class (b); 
so that t+ 7- /= <?i + C 2 + ... -\"6 a =m 

is the sum of the effective orders of the diagonal constituents When <Ji, e 3 , . . e, are 
arranged in descending order of magnitude, we have 

<Tx = Sa“I”2^3-+■ 3^4 + . - +(s—l)6 g , 

97J> + 0"l “ Ol "h 2fl2 *1" H” .. • “H S6 s , 

nH-Strj = <Ji+ 3 ea+ 6 fl 3 + . . +(2a—1) 6 a =tr, 

where o- is the sum of the effective orders of all the constituents. 

We could also define r to bo one-half the sum of the even integers of the pairs such as 
e i +l), and t' to be one-half the sum of the even integers of the pairs such as e<-1) 

When the notations of Notes 4 and 5 are used, and reference is made to 
§ 331 or § 335 of Chapter XXXVIII for the properties of the paradiagonal 
prime minors, the foregoing considerations lead to the following four theorems, 
the first parts of which were proved in § 240, and also follow from Theorems 
I a and I b. The number of independent non-zero particularisations of each 
com mutant is equal to the total number of independent arbitrary parameters 
occurring in it j for the coefficients of these parameters clearly form a com¬ 
plete set of independent non-zero particularisations, because each of them 
has non-zero elements peculiar to it. The references to Chapter XXXVIII can 
easily be avoided by observing the characters of the paradiagonal prime 
minors 

A=±[<, (* = 1,2,...*). 

which correspond to an index number repeated exactly fi times. They are 
all equal in a continuant, and differ only by signs which are alternately 
+ and — in an alternant. 

Theorem II a. The two general symmetric or skew-symmetric co-com- 
mutants 

X-{A,B\ t X' = {A',B'}, 

which oan be so chosen that X' = JXJ, are zero matrices whenever c' =j= c. 

If d = c, where c may be 0, i.e. if B=* A, then: 

(1) The *general symmetric ’ commutants X, X' are c general symmetric 

ante-continuants of the class (b); they are quasi-scalaric ; each of 
them contains exactly s + ki independent arbitrary parameters, 
and they are always wndegenerate. 

(2) The ‘ general skew-symmetric' commutants X,X' are * general skew- 

symmetric ' ante-continuants of the class (b); they are quasi- 
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scalaric, the diagonal constituents being zero matrices, each of 
them contains exactly Jc, independent arbitrai'y parameters; and 
they are undegenei'ate when and only when every distinct index 
number in the series e u e s , ... e B is repeated an even number of 
times 

The paradiagonal prime minora Dt of X and X' are general symmetric 
matrices of order p in (1), and general skew-symmetric matrices of order 
p in (2). 

Theorem Ilia. The two general symmetric or skew-symmetric contra- 
commutcmts 

Y=[A',B), Y' = {A, B'}, 

which can be so chosen that Y' = JYJ, are zero matrices whenever c'=}= c 

If c' = c, where c may be 0, i.e. if B = A, then: 

(1) The ‘general symmetric’ commutants Y, Y' are ‘general symmetric’ 

counter-continuants of the class (b) and of the types {nr', 7 r}, {-tt, it], 
their diagonal constituents being ‘ genet'al symmetric ’ and their 
non-diagonal constituents c general ’ simple counter-continuants ; each 
of them contains exactly m + independent arbitrary parameters; 
and they are always undegenerate. 

(2) The ‘general skew-symmetric’ commutants Y, Y' are ‘general skew- 

symmetric’ counter-continuants of the class (b) and of the types 
{ 7 t, tt}, { 77 -, it'], their diagonal constituents being zero matinees, and 
their non-diagonal constituents being ‘ general ’ simple counter-con¬ 
tinuants ; each of them contains exactly arbitrary parameters; 
and they are undegenerate when and only when every distinct index 
number in the seines e lt e 2 , ... e s is repeated an even number of 
times. 

The paradiagonal prime mmors D* of Y and Y' are general symmetric 
matrices of order p in (1), and general skew-symmetric matrices of order 
p m (2). 

Theorem II b. The two general symmetric or skew-symmetric co-com- 
mutants _ _ 

Z = X' = {A',-F}, 

which can be so chosen that X' = JXJ, are zero matrices whenever 0 ' =J= — c. 

If d — — c, where c may be 0 so that Bi=A, then: 

(1) The ‘ general symmetric * commutants X, X‘ are ‘gen&ral symmetric’ 
ante-alternants of the class (b); they are quasi-scalaric; each of 
them contains * exactly s + ki independent arbitrary parameters ; 
and they are always undegenerate. 
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(2) The ‘general skew-symmetric’ commutants X, X' are ‘general skew- 
symmetnc ’ ante-alternants of the class (b) , they are quasi-scalaric, 
their diagonal constituents being zero matrices; each of them 
contains exactly /c 2 independent arbitrary parameters; and they 
are undegenerate when and only when every distinct index number 
in the series e 1} e 3) ... e s is repeated an even number of times. 

The paradiagonal prime minors D t of X and X' are general symmetric 
matrices of order p m (1), and general skew-symmetric matrices of order 
p m (2). 

Theorem III b. The two general symmetric or skew-symmetric contra- 
commutants 

Y={A',-B}, P = {A, - B'}, 

which ca/n be so chosen that Y' = JYJ, are zero matrices whenever c' =j= — c. 

If o' = —c, whei'e c may be 0 so that B=A , then ■ 

(1) The ‘general symmetric’ commutants Y, Y' are ‘general symmetric’ 

counter-alternants of the class (b) and of the types [tt', — nr], [it, — nr'), 
their diagonal constituents being ‘general symmetric’ and their non- 1 
diagonal constituents ‘general’ simple counter-alternants; each of 
them contains exactly r + independent arbitrary parameters; 
and they are undegenerate when and only when every distinct even 
index nurnbet' in the series e lt e a , ... e s is repeated an even number 
of times. 

(2) The ‘general skew-symmetric’ oommutants Y, Y r are ‘general skew- 

symmetric’ counter-alternants of the class (b) and of the types 
{’ir, — 7r}j (tt, — nr'), their diagonal constituents being ‘general skew- 
symmetric’ and their non-diagonal constituents ‘general’ simple 
counter-alternants; each of them contains exactly r + inde¬ 
pendent arbitrary parameters; and they are undegenerate when and 
only when every distinct odd index muniber in the seines e 1 , e u ,... e s 
is repeated an even number of times. 

The paradiagonal prime minors D* of Y and Y' are general symmetric or 
general skew-symmetric matrices of order p according as e* is odd or even 
m (1), or according as ef is even or odd in (2). 

Ex. vii. The sum, of a, ‘general symmetric ’ and a ‘general skeio-symmetrio’ oommutant of 
each of the types considered in the foregoing theorems is always a ‘ general ’ oommutant of the 
same type, provided of course that the two sets of parameters are independent. 

For tile total numbor of arbitrary parameters in the sum is equal to the total number 
of arbitrary parameters in the general oommutant of the same type, and a nonzero- square 
matrix cannot be both symmetric and skew-symmetric. 

Note 0. Applications of Theorems III a and Illb to a single undatent square matrix A 
and its conjugate A' 
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Let A=[o]™ be a umlatent square matrix with constant elements whose characteristic 
potent divisors are 

(A —c) fl i, ... (A — c) e a, 

where the indices are arranged m descending order of magnitude; and lot A' he the 
conjugate of A. 

Then Theoiems Ilia and Illh remain true with the new deji/nition of A in so far as 
they relate to the rank and the total number of arbitrary parameters or independent non-zero 
particularisations of the two general symmetric (or skew-symmetric) contra-commutants 
7={A’,A}, T^A 1 } or 7={A\ -A}, 7'={A,-A 1 }. 

Further it is still time that 

The sum of a ‘ general symmetric ' and a ‘general skew-symmetric ’ oontra-oommutant of 
any one of the four types mentioned is always a ‘ general 7 contra-commutant of that type. 

In faot if A is a standard unilatont canonical square matrix of order m having the 
same latent root and the same characteristic potent divisors as A, and if 

A=hAF 

is any given isomorphic transformation by which A can be derived from A, wo oan put 
7= HUE, 7'=KY’h' or 7=H'YH, 7'^hY'h’, 

where Y, Y' or Y, Y' are two general symmetric (or skew-symmetrio) oontrn-oommutnnts 
determined by Theorem III a or III b. 

It should be observed that the contra-commutants 7, 7' defined above are neoessarily 
zero matrices when o =t= 0. If c=0, then if they are symmetric, they are undogenerate 
when and only when every distinct potent divisor of the form A 2p is repoated an oven 
number of times , and if they are skew-symmetric, they are undegonerate if and only if 
every distinct potent divisor of the form A 2p+1 is repeated an even number of times. 

§ 244. The commutants of any pair of square matrices whose 
elements are constants. 

1. General commutants. 

Let A =[a]™, B = [&]" be any two given square matrices of orders m, n 
whose elements are constants; and let A',B r be their conjugates. Also let 
A, B be any two canonical square matrices of orders m, n having the same 
characteristic potent divisors as A, B; and let A', B' be their conjugates. 
From Theorem I of § 240 we see that constructions for the general corn- 
mutants 

X = (4,B), r = {A\ £'}, Y={A', B], Y'~\A,B}, ...(1) 

I = {A,-B], X' = {A',-E), Y=\A',-B), P = (A,(2) 

can be derived from constructions for the general commutants 

X={A,B}, X' = {A',B'l, Y = (A',B), Y'= (A,B'), .. 

X={A,-B), X' = {A',-B'}, Y = (a',-B}, T-|A,-B')..(2') 

by determining particular isomorphic transformations 

A = hAH, B = JcBK, . 


(a) 
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and using the equigradent commutantal formulae 

X = KXK, Y = H'YK, Y'= hY'k', .(A) 

X = KX.K, X' = H"X.'lc, 7 = H'YK, 7' = hY'Jc' .(B) 

For all choices of A and B, Theorem II of § 240 and the results of § 242 
show that each of the general commutants (1') and (2') can be expressed as a 
known compound matrix in which the non-zero constituents are general 
ruled simple slopes of a given type. When A and B are chosen to be 
standard canonical square matrices in which the super-parts are unilatent 
canonical square matrices, Theorem II of § 240 and the results of § 243 show 
that each of the general commutants (1') and (2') can be expressed as a 
known compartite matrix in which the non-zero parts are general ruled 
compound slopes of a given type. In determining the general commutants 
(1) and (2) we shall usually choose A and B to be standard canonical square 
matrices on account of the simpler constructions which are thus obtained. 

When A and B are themselves canonical square matrices, the trans¬ 
formations (a) are symmetric class-derangements, and the transformations 
(A) and (B) are class-derangements in which the simple constituents receive 
rigid displacements. 

The formulae (A) and (B) do not in general enable us to pass from con¬ 
structions for the general symmetric or general skew-symmetric commutants 
(l 7 ) and (2') to constructions for the general symmetric or general skew- 
symmetric commutants (1) and (2), but they do this for the contra-com- 
mutants when k = h, as can always be the case when B = A. 

Noth 1 . If U and V are any particular undegeaerate square contra-oommutants 
{A', A } and {2?, B'}, which by Ex. vn of § 240 always exist and con always be symmetno, 
we already know that the four general commutants (1) or (2) oau always be so chosen as 
to be connected by the equigradent commutantal transformations 

x^=uxv, r= ux, r=xv, 

or X'= UXV, f=UX, Y'=XV, 

and that all four of them have the same rank, and the same number of independent non- 
zoro particulnrisations In particular if the canonical square matrices A and B are 
regarded as compound matrices whose diagonal constituents are simple canonical square 
matrices, and if J a and J b are the port-reversants of the same classes as A and B, the 
four general commutants (l 7 ) or (2') can always be so ohosen as to be correlated by part- 
reversals, i.e connected by the oquigradent commutantal transformations 
XW a X^, Y=/aX, Y'-X/fc, 

or XW a X.f 6 , Y=/„X, Y'=X/ & . 

To obtain the most convenient constructions for the general commutants 
(1), let the distinct latent roots of A and B be so arranged that they are 
Oj, Cb, ... c r , C&!, Oj, a s , ... and Cj, o a , ... c T , bi, £> a , b 3) ..., 

where the a’a, b’s and c’s are all different, and where Cj, <%, ... o r are the 
distinct common latent roots of A and B. Also let A and B be standard 
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canonical reduced forma of A and B expressed as standard compartite 
matrices of classes 

M /a 1} « B , ... OnjA and M &■> 9\ 

\«1, « B , Or,pJ \fiu ft. ••• £r. ?/ 

in which the successive parts are 

A 1} A a , ... A r , P and B 1} B 2 , ... B r , Q , 
and being unilatent canonical square matrices having the latent root Ci, 
P being a compartite square matrix of standard fonn whose succes¬ 
sive parts are unilatent canonical square matrices having the 
latent roots a l} a a , Oa , ... ; 

Q being a compartite square matrix of standard form whose succes¬ 
sive parts are unilatent canonical square matrices having the 
latent roots b lt b 2} b a , .... 


Then by Theorem II of § 240 and the theorems of § 243 we have 


X lt 0, ... 0, 

0, X 2 , ... 0j 


0" 

0 


ft . Q 


0, o, 
_ 0 , 0 , 


... X r , 0 

... 0, 0. 


the general commutant X being a compartite square matrix of standard 
form in which: 


X{ is a general commutant [Ai, B z }, i.e. a general compound continuant 
of the type {ir, n r}; 

' the parameters of Xj, X s , ... X r are all independent. 

The rank of and the number of arbitrary parameters in it are given by 
Theorem I a of § 243. The rank of X is the sum of the ranks of its non-zero 
parts Xi, X Zy ... X r , and the total number of arbitrary parameters in X 
(which is also the total number of independent non-zero particularisations 
of X) is the sum of the numbers of the arbitrary parameters occurring in 
X 1} X 2 , ... X r . We can choose Ai and Bi to be always standardised uni- 
latent canonical square matrices; and then X 1} X a , ... X r are standardised 
compound continuants. 


The four general commutants (1') are standard compartite matrices of 
the same class and the same form as X in which the r non-zero parts are 
general compound continuants of the respective types 

{? t, tt], {it', tt'}, {t t, tt}, (t t, t r # ). 

When isomorphic transformations (a) have been determined, the four general 
commutants (1) are given by the formulae (A), and they have the same 
rank, the same arbitrary parameters and the same number of independent 
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non-zero particular]sations as the general commutants (1'). From these 
constructions (see sub-article 5 of §241) we obtain the following theorem: 

Theorem I a. The rank of each of the four general commutants 

X = {A,B], X’ = {A',Bl Y={A', B], Y’ = {A,B'} .(1) 

is equal to the order of the greatest common canonical of A and B. 

The total number of independent arbitrary parameters in (or non-zero 
particulaHsations of) each of them'is equal to the>sum of the numbers of the 
arbitrary parameters occurnng in ’ the general commutants of the umlatent 
pairs (A 1} B^, (A 2 , B 2 ), ... (A r , B r ) having the latent roots c 2 , c y , ... c r common 
to A and B. 

Two mutually conjugate square matrices have of course the same canoni¬ 
cals, i.e. the same canonical reduced forms 

Note 2. To merely prove Theorem I a without aiming at the simplest constructions 
for the general commutants (1), we could define A and B to bo compartite square 
matrices equicanonical with A and B in which the parts are umlatent square matrices 
(not necessarily canonical) having the same latent roots as before Then the construction 
for X would remain valid, the part A r t of X being a general commutaut of the umlatent 
pair (Ai, Bi), and would include constructions for the other commutants. It would also 
include constructions for tho general commutants (2), and Theorem I b would bo included 
in Theorem I a 

Ex. i. Each of tho four general oommutants (1) is a zero matrix when and only when 
A and B have no latent root in common 

Ex. li. Undegenerate commutants {A, B}, {/l', B 1 }, {A 7 , B }, {/l, B}. 

By Theorem I a each of these general commutants is: 

(1) undegenerate of rank in when and only when tho canonicals of A are diagonal 
minors of the canonicals of B, i.o. when and only when all the characteristic 
potent divisors (A-a)”, (X- b) q , .. of A can ho associated with corresponding 
oharaoteristio potont divisors (X - aY, (X - b) u , . of B in which P <$. p, Q<%.q, ...; 

(2) undegenerate of rank n when and only when the canonioals of B are diagonal 
minors of the canonicals of A, i.o. when and only when all the characteristic 
potent divisors (X- a)* 1 , (X - l) q , . . of B can bo associated with corresponding 
characteristic potent divisors ( \ — a) p , (X- b)°, .. of A in whioh P^p, q, ...; 

(3) undegenerate square matrices when and only when A and B are equicanonical or 
have the same oharaoteristio potent divisors. 

Ex. iii. The general commutants 

£={n, n), £'={n',n'}, r?={n', n}, v={n, n'}, 
when n is a standard canonical square matrix whose conjugate is n'. 

We can use the constructions for the commutants (1') desoribed hi the text by putting 
A=B=el 

Let the successive unilatent super-parts of n be the unilatent canonical square 
matrices 

II,, n a , . . U r of orders e lt e a , ... e r 
having latent roots c l9 o-j, ... o r , 
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where the c’s are all different; and let the orders of the successive simple parts of the 
successive super-ports be 


®llj ®12j • •! ^21 j ®22> 3 ®rlj &r2> ■■■> 

where flii+fli 2 + ■ ■-*» (*= 1 , 2 , ... r). 

Then by Theorem II of § 240 and the theorems of § 243 we have 


where. 




~r u o, ... 0 ' 

0 , Tz t ... 0 


_0 , 0 , . . Y r _ 


e \ 3 ®B i 


e ii ®ai 


flj. 


0r 


Y t is a general commutant {n/, Uj, i.e a general quadrate continuant of typo 
{jt', n-} and of the same class 



the parameters of I 7- !, Y a , ... Y r are all mdependent. 

The general commutants £, £, tj } rj are compartite matrices of the same olass and of the 
same form as 77 in whioh the r parts are general quadrate continuants of the respective 
types 

{tt, 7r}, {w', tt'}, {tt', 1 r}, {it, 7r'}. 

They are all undegenerate because by Theorem I a or Note 2 of § 243 the r parts in each 
of them are undegenerate. 

By Ex. iii of § 243 the total number of arbitrary parameters in the part Y t of 77 is 
never less than e u and is equal to when and only when lit is a simple canonical square 
matrix. Consequently the total number of arbitrary parameters in oaoh of the general 
oommutants £, 77 , 77 ' can never be less than m, where m is the order of H, and is equal to 

in when and only when all the parts n l5 n a , . . Hr are simple canonical square matrices. 


Ex. iv. The general square commutants 

X~{A,A}, X'={A\ A 1 }, Y={A', A}, Y'={A, A 1 }. 

By Ex ii each of these general oommutants is always an undegenerato square matrix 
of order wi, where m is the order of the square matrix A. 

Let the distinct latent roots of A be c u c a , .. c,, and for eaoh of the values 1, 2, ... r 
of i let the indices of those characteristic potent divisors of A whioh are powers of 
X-fltbe 

®ii 7 3(37 ••• 7 where Sji 4 - 6 ja+ 6 < 3 + “fy. 

Then if n is the canonical square matrix described in Ex. ui, and if 

A^huH .(b) 

is any isomorphic transformation by which A can be derived from n, wo can put 

X=KX.E, X=E r X'A', Y=E'YE, Y’~hY'h', .(A 7 ) 

where X, X', Y, Y' are the general commutants £, 77 , 77 ' of Ex. in 

The total number of arbitrary parameters in eaoh of the general commutants X, X', 
r, Y' can never be less than m, and is equal to m when and only when all the unilatent 
super-parts Hi, n a , . . n r of n are simple canonical square matrices, i.e when and only 
when A has only ono characteristic potent divisor corresponding to each distinct latent 
root. 
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To obtain the constructions for the general commutants (2) which are 
usually the most convenient, let the distinct latent roots of A and B be so 
arranged that they are 

Ci, c%, .• ■ c r , c&i, 05 b, &s, ■ ■ ■ and Ci, c a , ... c r , bi, — b a , 6s, ..., 

where the as, b ’s and c’s are all different, so that the distinct latent roots of 
A and — B are 

Ci, Ca, ... c r , &i, ctjj, da ,... and Ci, Cg, ... c r , hi, &a, & 3 , ..., 
and Ci, c B , ... c r are the distinct common latent roots of A and — B. Also let 
A and B be standard canonical reduced forms of A and B expressed as 
standard compartite matrices of classes 

md 

\«i, Oa, ... Ctr, pj \Pi, Pa, ... Pr, q) 

in which the successive parts are 

Ai, A%, ... A r , P and Bi, Ba, ... B r , Q , 

A t and B t being unilatent canonical square matrices having the latent roots 

P being a compartite square matrix of standard form whose successive 
parts are unilatent canonical square matrices having the latent 
roots Oi, eta, a,,; 

Q being a compartite square matrix of standard form whose successive 
parts are unilatent canonical square matrices having the latent 
roots - hi, - & B , - & 3 . 

Then by Theorem II of § 240 and the theorems of § 243 we have 

~Xi, 0 , ... 0 , 0“> 

0 , X 3 , ... 0 , 0 
X= . 

0 , 0 , ... % r , 0 

0 , 0 , ... 0,0 
" «i, ®ri3) 

the general commutant X being a compartite square matrix of standard 
form in which : 

Si is a general commutant {At, — i?*}, i.e. a general compound alternant 
of the type [ir, — 7 r}; 

the parameters of JTj, jf a , ... % r are all independent. 

The rank of and the number of arbitrary parameters m it are given 
by Theorem I & of § 243. The rank of St is the sum of the ranks of its non¬ 
zero parts Jr x , ... X r , and the total number of arbitrary parameters 
in X (which is also the total number of independent non-zero particularisations 
of X) is the sum of the numbers of the arbitrary parameters occurring in 
Xi, X a , ... X r . We can choose Ai and to be always standardised uni- 
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latent canonical square matrices; and then X l} X 2 , ... A r , are standardised 
compound alternants. 

The four general commutants (2') are compartite matrices of the same 
class and the same form as X in which the r non-zero parts arc general 
compound alternants of the respective types 

(tt, - rr }, (t r, - tt'}, {t r, - tt}, { 7 r, - tt'}. 

When isomorphic transformations (a) have been determined, the four 
general commutants (2) are given by the formulae (B), and they have the 
same rank, the same arbitrary parameters and the same number of inde¬ 
pendent non-zero particulariBations as the general commutants (2') From 
these constructions (see sub-article 5 of § 241) we obtain the following 
theorem 

Theorem I b. The rank of each of the four general commutants 
X = {A,- B], r = {A',-5'}, F = {A',-B} } T = [A,-F).. ( 2 ) 
is equal to the order of the greatest common canonical of A and — B. 

The total number of independent a/rbitrary parameters in (or non-zero 
particularisations of) each of them is equal to the sum of the numbers of the 
arbitrary parameters occurring in the general commutants of the unilatent 
pairs (An — Bi), (A a , — B 2 ), ... (A r , — B r ) having the latent roots c u c a , ... c r 
common to A and — B. 

Ex. v. Each of the four general commutants (2) is a zero matrix when and only when 
A and - B have no latent root in common, 1.0 when and only when there do not exist 
latent roots a=c, 0 = -c of A, B whose sum is 0 

Ex vi. Undegenerate commutants {A, -B},{A\ —B},{A\ - B}, {/I, —B 1 }. 

In accordance with Theorem I b each of these general commutants is : 

(1) undegenet) ate of rank m when and only when the canonicals of A aro diagonal 
minors of the canonicals of —B, i.e. when and only when all the characteristic 
potent divisors (\-«) p , (X - b) q , . of A cau be'associated with corresponding 
characteristic potent divisors (X+a) p , (X + 6) u , of B in which _/’<(: p, y, .. ; 

(2) undegen&rate of rank n when and only when the canonicals of - B aro diagonal 
minors of the canonicals of A, i.e when and only when all the characteristic 
potent divisora (\+a) p , (X + b) q , ... of B can be associated with corresponding 
characteristic potent divisors (X- a)'\ (X- b) u , .. of A 111 which J’^p, Q<£q, ...; 

(3) undegenerate square matrices when and only when A and - B aro oquicunonical, 
i.e. when and only when the characteristic potent divisora of the square matrices 
A, B can be coupled together in pairs of the form 

(X-o) fl , (X+c) fl . 

If fi (X), ffi (X) are the potent factors of order 1 of the characteristic matrices A (X), 
B (X) of A, B } the third case occurs (see sub-article 5 of § 241) when and only when n=m 
and we can put 

^(-X)=/i(X), (i=l,2, ... m). 

Ex. vii. The general commutants 

!={n, -n}, ?'={n', -n'}, ^={n', -n}, ^={n, -n'}, 
when n is a standard canonical square matrix whose conjugate is n'. 
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To avoid the introduction of two different canonical square matrices A and B equi- 
canonical with n (only due of which oould he n), wo will replace the constructions given 
m the text by others which are simpler in the present speoial case. 

Since a change in the order of arrangement of the super-parts of n is equivalent to a 
symmetric class-derangement which merely leads to a corresponding symmetric class- 
derangement of the general oommutants in which their parts receive rigid displacements, 
we may and will suppose that the successive unilatent super-ports of n are umlatout 
canonical square matriocs 

Ho! -^lj Qi I P‘i, Qt, Pat Qb J All Ah Ah 
of orders Co J °i j °i j j J ■ • • e « > ! *“1 > i > • • > 

with latent roots 0 ; Cj , -Cjj c a , — Cj; . . c B , — c„; a 1} 

where the scalar numbers 0, cj, —c lf c a , — c a , ... a,, — a„, a u -a^, «a, — a^, a 3 , - a a , ... 
are all different We may suppose that the orders of the successive simple parts of 
An Pit Qii A are c 01 , Coa, .. , flji', e i3 , ...; fifi, . ., ua, < 042 , ..., 
where e ii / + 0 a + ■■■ =6/, % + 2 + =e ij “ii + <i>£i + • • =<o^ 

for all permissible values of i We could simplify the construction by supposing that the 
index numbers forming every one of these series are arranged in descending order of 
magnitude, i.e. that all the parts of n are standardised unilatent canonical square 
matrices, or that n is a standardised canonical square matrix. 


By Theorem II of § 240 and the theorems of § 243 we have 


'To, 0 , 0 , ... 0 

0 j 0 , Ui, .. 0 


0 , o' 
0 , 0 


— on, 0 \', et , • os', Ob ; <0 


0 , Vu 0 , ... 0 , 0 , 0 


0 , 0 , 0 , .. 0 , Ub, 0 

0 , 0 , 0 , ... v „ 0 , 0 

_0 , 0 ,0 , ... 0 ,0 1 0_ ■ ei, Oj; . os', Ob i o> 


where cu = <dj -1- co a -I- 4" • • ■, and ■ 

T 0 is a general oommutant {n 0 ', -n 0 }, i.e a gonoral quadrate alternant of typo 

{tt', -t r} and of the class tfft 1 ' 

W» °oa. ■••/ 

U it V { are general commutants {Pi, — $<}, {Q{, —Pi}, i.e. genoral alternants of type 
{ir', - 7r} and of the mutually conjugate classes 

M( eil ,' a V"), ■)-, 

the parameters of V Q , U u Ti, ... U,, V a aro all independent. 


The general oommutants £, f, fj, fj’ are oompartite matrices of the same class and the 
same form as ij in which the non-zero parts are general alternants of the respective types 

■ {"■> “"■}> {*■'> “ W, -ir), {ir, -ir 1 }, 

all foui’ of thorn having the same rank and containing the same number of independent 
arbitrary parameters. 


The square matrix fj cannot be undegenerato unless o3 1 =63 2 =<o a = ... =0, and when 
this condition is satisfiod, it is obviously undegenerato if and only if every one of its 2s + 1 
non-zero parts is an undegenerate square matrix. Moreover the part J r 0 is always on 
undegenerate square matrix; and by Ex. ix of § 231 the parts Ui and Vi are undegenerato 

31 


0. m. 
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square matrices when and only when they are derangements of quadrate alternants, 
i.e. when and only when e^', e®, . and e fl , e fi , ... are two arrangements of the same 
integers. Thus in accordance with Ex. vi the general commutants £, £', rj, fj r are unde¬ 
generate when and only when n and - n are equicanomcal. 


Ex. vui. The general commutants of Ex. vii when n and — n are equicanomcal and n ia 
in standardised form. 

In this case we may and will suppose that the successive umlatont super-parts of n 
are umlatent canonical square matrices 

Eo! -Pi> -^3) Qa'> -Psi 

of orders > ®i j 0 i 5 ®a > ®21 ■ • • 

with latent roots 0 ; Oi,— ci, Cg c 2 ; . . o fl , - c fl , 

which are all different, and that the orders of the successive simple parts of the successive 
super-parts are 

(eon fi 02> ■■■)> ( fl ll> e l2i ••■)) ( 0 U> c 12) • ■)> ( fl 21) e 22i •• )j (021) 0 22j ■••)> ••• 

( e »l) e »2> ••■)> (°ill e s9> ■■■)) 

where e iu e^, e a , ... are integers arranged in descending order of magnitude whose Bum 
iS 

The representation of rj becomes 


r r 0 , 

0 , 

0 , . 

... 0 , 

q — <>q\ <>i, oi, . cji, o B 

o, 

0 , 

Uu • 

.. 0 , 

0 

o, 

Fi, 

0 , • 

.. 0 , 

0 

) 

0, 

0 , 

0 , 

.. 0 , 

Us 

- 0, 

0 , 

0 , . 


0 _ ®o, o, , oi; .. Os, Os 


F 0 is a general commutant {n 0 ', -n 0 }, i.e. a general quadrate alternant of typo 

{it 1 , — it} and of the class floa, , 

Wi eoa, .../ 

Z7i, V t are general commutants {Pi, - Q t }, {&', -P ( }, i.e. goneral quadrate alternants 
of type {? t', -7t} and of the olass Iff 6 * 1 ’ Cia ’ ; 

\°tl> «<2) ••■/ 

the parameters of F 0 , U[, V u ... U„ V s are all independent. 

The general commutants £, rj, f are compartito matnoos of the Hamo class and the 
same form as rj m which the 2s+1 non-zero ports are general quadrate alternants of tho 
types mentioned in Ex. vii. 


Ex. ix. The general square commutants 

-A}, X'-{A', -A'}, ?={A', -A), F'={A,-A'}. 

We may suppose the canonical reduced form of A to bo the matrix n described in 
Ex. vii. Then if 

A<=hTiH .^ 

is any isomorphio transformation by which A con be derived from n, we oan put 

E=hx.H, t~e'yh, ?'=;&% .(B') 

where X, X', if, Y' are the general commutants |, ij } fj ' of Ex. vii. 

By Ex. vi each of these four general commutants is undegenerate when and only when 
A and —A are equicanomcal, i e. when and only when the characteristic potent divisors 
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of A corresponding to its non-zero latent roots ocour m pairs of the form 
(X - c)°, (X+ o) e , where c =t= 0, 

so that we can suppose the characteristic potent divisors of A to be 

\h, \\ \\ .. , (X-c)p, (X4a)»; ( \-b )«, (X + &)«; (X-o) T , (X + o)’’; 

where a, b, c, ... are non-zero scalar numbers, whioh need not be all different In such a 
case wo may supposo the canonical roduced form of A to be tho matrix IL described in 

vm, and use the formulae (B') in whioh X, X', Y, Y' are the gonoral coinmutants 
£ it v' of Ex. vm. 

The final results mentioned in Exs iii and iv lead to a theorem giving 
the necessary and sufficient conditions that all commutants {.4, A] of a 
square matrix A shall be rational integral functions of A. 

Theorem II. If A is a, square matrix of order m with constant elements, 
the general commutant X = [A, A\ is a rational integral function of A when 
and only when A has one of the following mutually equivalent properties: 

(1) It has only one charactenstic potent divisor coi'responding to eaoh 

distinct latent root 

(2) Its charactenstic matrix A (X) has no potent divisors of order m— 1 , 

i.e. has only potent divisors of order m. 

(3) It satisfies no rational integral equation whose degree is less than m 

When these conditions are satisfied, there are exactly m independent non¬ 
zero particular commutants {A, A], and the general commutant X = [A, .4} is 
an arbitrary rational integral function of A. In all other cases there are 
more than m independent non-zero particular oommutants (dL, dL], and there 
are commutants {A, A) which are not rational integral functions of A. 

If Di (A) and J W t (X) are the maximum and potent factors of order % of the 
characteristic matrix A (A) of A, tho conditions (1), (2), (3) of the theorom 
are satisfied when and only when we can put 

= 1, or (A) = 1, (whichever we please). 

Let A he the square matrix of Ex. iv whose distinct latent roots are 
Ci, Ca, ... c r ; and for each of the values 1, 2, ... r of i let e* be the greatest of 
the mdices eu, e^, e^,... of those characteristic potent divisors of A which 
are powers of X, — c*, so that the rational integral equation of lowest degree 
satisfied by A is 

E m {A) = {A— Cj/)*! {A — Ca/)"■... (A - c r iyr = 0, where 7 = [1]’“, 
this equation having degree nnl, where 

8 = e 1 + e a + ... -4- e, m. 

First suppose that A has only one characteristic potent divisor corre¬ 
sponding to each distinct latent root, bo that 

s = 0 i+e 2 + ... + e r = m. 


31—2 
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Then by Exs. in and iv there are exactly m independent non-zero corn- 
mutants of A, which could be taken to be the coefficients of the m inde¬ 
pendent arbitrary parameters of X. Since the square matrices 

I, A, A\...A^\ 

form a complete set of independent particular non-zero commutants of A, 
because E Ttl (X) has degree m m it follows that we could put 
X = XqI + XiA + x a A a + ■. ■ + x m -iA m ~ 1 , 
where the afs are independent arbitraiy parameters, i.e. X is an arbitrary 
rational integral function of A. 

Next suppose that A has more than one characteristic potent divisor 
corresponding to the latent root c l} so that ej < 0i, and 
S < 81 + e 2 ■+■ ■ • ■ + &m> i- 0 * 8 <m. 

Then by Ex iv there are more than m independent non-zero commutants 
of A, whilst not more than s such commutants can be rational integral 
functions of A. 

2. General symmetric and general skew-symmetric continuantal contra- 
commutants. 

Let A = [a] m be a given square matrix with constant elements, and let 

A' be its conjugate. If V is any particular undegenerate symmetric contra- 
commutant {A, A'}, it has been shown in Ex. ii of § 239 that the two general 
symmetric (or general skew-symmetric) contra-commutants 

Y={A',A}, T = {A,A f } .(3) 

can be so chosen as to be connected by the symmetric equigradont relation 

T = VYV, 

and that they both have the same rank, and both contain the same number 
of independent arbitrary parameters When A is a canonical square matrix, 
we can choose V to be the part-reversant J of the same class as A. 

Let the distinct latent roots of A be Ca,... o rt and let the canonical 
reduced form of A be the canonical square matrix II described in Ex. in. 
Then after determining a particular isomorphic transformation 

A = hliJS, .(c) 

and constructing general symmetric (or general skew-symmetric) contra- 
commutants 

Y=(n', n}, Y' = {n,n'}.(3') 

we can take the general symmetric (or general skew-symmetric) contra- 
commutants Y, Y' to be the matrices derived from Y, Y' by the symmetric 
equigradent commutantal transformations 

Y = H'Y3, Y' = hY'hf. 


(0) 
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We could use the formulae (C) if II were any square matrix isomorphic with 
A, but we have so chosen II that Y, Y' are the most goneral symmetric 
(or skew-symmetric) specialisations of the matrices 77 , 77 ' of Ex. iii. Con¬ 
sequently Y in (C) is what the matrix 77 of Ex ni becomes when: 

Y,, is a general symmetric (or general skew-symmetric) contra-com- 
mutant {II/, Ili}, i.e. a general symmetric (or general skew-symmetric) 
quadrate counter-continuant of type {w', tt} ; 

the parameters of Y lf Y 0 , ... Y r are all independent, 
and Y' is a matrix of the same form in which the r parts are quadrate 
counter-continuants of type [ 7 r, ir'}. 

The properties of the parts of Y and Y' given in Theorem Ilia of § 243 
lead to the following theorem, and determine the values of k and «' in it. 
In both parts of the theorem the number of arbitrary parameters in Y or Y' 
is equal to the number of independent non-zero particulansations of that 
matrix. 

Theorem III a. The two general symmetric contra-commutants 
Y={A',A}, Y'={A,A'} 

are always undegenemte; and each of them contains exactly k independent 
arbitrary parameter's, where k is the sum of the number's of the arbitrary 
parameters occwi'ring in the r general symmetmc contra-commutants or oounter- 
continuants Y lf F a ,. . Y r corresponding to the r distinct latent roots 

Ci, c a , ...c, of A. 

The i/wo general skew-symmetric contra-commutants 
Y={A',A}, Y' = {A,A'} 

are undegenerate when and only when every distinct characteristic potent 
divisor of A with given index, such as (\ — c) s , is repeated an even number of 
times. In all oases each of them contains exactly tc independent arbitrary 
parameters, where k is the sum of the numbers of the arbitrary parameters 
occurring in the r general skew-symmetric contra-commutants or counter- 
continuants Yi, Yj,... Y r corresponding to the r distinct latent roots 

Cij Ca, ... C,. of A. 

Ex. x. From Ex. vii of § 243 wo see that in all cases k + k is the total number of 
arbitrary parameters ooourring in a general oontra-commutant Y or Y\ Since a non-zero 
square matrix cannot be both symmetric and skew-symmetric, we conclude that: 

The smi of a ‘general symmetric* and a ‘gemm'cd skew-symmetric’ oontra-commutant 
{A\ A) or {A, A'} whose parameter's are independent is always a ‘ general* contra-commutant 
{A'y A) 07 - {A, A'}. 

Ex. xi. Symmetric and skew-symmetric continuantal co-oommutants. 

Constructions analogous to those of tho text for contra-commutants are only possible 
when A is a canonical square matrix, and in some other speoial cases ; but it is obvious 
that. 
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The general symmetric co-commutants {4, -4}, {AA'} are always undegenerate 

For each, of them has the unit matrix 7=[1]™ as a particulansation. 

The general symmetric (or general skew-symmetric) co-commutants X={n, II}, 
X' = {n', n'} are specialisations of the matrices £, £' of Ex ill, and ore derived from the 
matrix y of Ex. in by taking . 

Y % to be a general symmetric (or general skew-symmetric) quadrate ante-continuant, 
which is necessarily quasi-scalaric as described in Theorem IIa of § 243. 

But tbe corresponding co-commutants X={A, A], X'={A’, A'} derived from them by the 
formulae 

X=h7LH, X'=E r X!h' 

are not necessarily symmetric (or skew-symmetnc) except in the special case when H=h', 
l e when (c) ib a symmetric semi-unit transformation This special case occurs when A is 
a canonical square matrix, so that (o) is a symmetric derangement. The above formulae 
then become symmetric derangements determining the general symmetric (or general 
skew-symmetnc) co-commutants X z X' Accordingly from Theorem II a of § 243 we soe 
that: 

If A is a canonical square matrix, the general shew-symmetric co-commutants {A, A}, 
{A', A'} cure undegenerate when and only when every distinct characteristic potent divisor of 
A is repeated an even number of times. 

Whenever A is a symmetric matrix, the general symmetric (or general skew-symmetric) 
co-commutants {A, A], {A', A 1 ) can be taken to be the general symmetric (or general 
skew-symmetric) contra-commutants {A', A}, {A, A'} constructed m the text; and when¬ 
ever A is a skew-symmetno matrix, they can bo taken to be the general symmetric 
(or general Bkew-symmetrio) oontra-commutantB { A , - A'}, {A', - A} constructed in sub- 
article 3. 

3. General syminetinc and general shew-symmetric alternating contra- 
commutants. 

Let A = [a]™ he a given square matrix with constant elements, and let 
A' be its conjugate. If V is any particular undegenerate symmetric contra- 
commutant {A, A'], it has been shown in Ex. ii of § 239 that the two general 
symmetric (or general skew-symmetric) contra-commutants 

7={A',-A\, 7'={A,-A'} .(4) 

can be so chosen as to be connected by the symmetric equigradent relation 

7 '= V7V, 

and that they both have the same rank, and both contain the same number 
of arbitraiy parameters. When A is a canonical square matrix, we can 
choose V to be the part-reversant J of the same class as A. 

Let the distinct latent roots of A be so arranged that they are 
0 ; Ci, C±\ Ca, CjI ... C t , — C S) Oi, Oa, Ctg, ..., 

where the integers 0, Ci, — c u c*, — Ca,... c s , — o g , c^, — Oj, a^ — On, Og, — Og ,... 
are all different, and let the canonical reduced form of A be the canonical 
square matrix II described in Ex. vii, where the index numbers of the 
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unilatent parts are arranged in descending orders of magnitude. Then after 
determining a particular isomorphic transformation 

A = hUH .(d) 

and constructing general symmetric (or general skew-symmetric; contra- 
commutants 

Y={ir,-n], Y' = {ri,- it}.(4') 

we can take the general symmetric (or general skew-symmetric) contra- 
commutants F, F 7 to be the matrices derived from Y, Y 7 by the symmetric 
equigradent commutantal transformations 

F = H'YH, F 7 = hY'h' . (D) 

We could use the formulae (D) if II were any square matrix isomorphic 
with A, but we have so chosen II that Y 1 , Y 7 Eire the moBt general symmetric 
(or skew-symmetric) specialisations of the matrices t}, rf of Ex. vii. Con¬ 
sequently ‘Y in (D) is what the matrix rj of Ex. vii becomes when • 

F 0 is a general symmetric (or general skew-symmetric) contra-conmm- 
tant {iy, — n 0 }, i.e. a general symmetric (or skew-symmetric) quadrate 
counter-alternant of type {w 7 , — ir \; 

Ui is a general contra-commutant {P/, — Q<], ie. a general counter¬ 
alternant of type {vr', — ir) \ 

Vi is that general contra-commutant (Q/, — P x } which is tho conjugate Ui 
(or the skew-conjugate — Z7V) of Ui, being therefore a general counter- 
alternant of type { 7 r 7 , — w} and of the class conjugate to that of U % ; 

the parameters of T 0j U lt U 2 , ... U a are all independent; 
and Y 7 is a matrix of the same form in which the 2 s + 1 non-zero parts are 
counter-alternants of type [it, — rr}. In the particular case when A and — A 
are equicanomoal, II becomes the canonical square matrix described in 
Ex. viii, and all the parts of Y and Y 7 are quadrate , the classes of U % and V l 
being the same. 

The properties of the parts and F 0 given respectively in Theorems I b 
and III & of § 243 lead to the following theorem, and determine the values 
of k and k' in it. In both parts of the theorem the number of arbitrary 
parameters m F or F 7 is equal to the number of independent non-zoro 
particulansations of that matrix. 

Theorem Illb. The two general symmetric contra-commutants 

7= [A',-A}, 7' = {A,-A') 

are wndegenerate when and only when ev&t'y distinct oharacteristio potent 
divisor of A not of the form \ sp+1 is repeated an even number of times, i.e. 
when a/nd only when: 

(1) A and — A are equicanonical so that the characteristic potent divisors 
of A corresponding to its non-zero latent roots occur in pairs of 
the form 


{\-c) e , (\ + oy. 


where c 4= 0; 
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(2) every distinct characteristic 'potent divisor of A such as V®, which is a 
power of X with even index, is repeated an even number of times; 

and in all cases each of them contains exactly k independent arbitrary 
parameters, where k is the sum of the arbitrary parameters occurring in the 
‘ general symmetric ' contra-commutant or counter-alternant F 0 and the ‘general' 
contra-commutants or counter-alternants U 1} U 2 , ... U„. 

The two general skew-symmetric contra-commutants 
f={A',-A\, Y' = {A,-A'\ 

are undegenerate when and only when every distinct characteristic potent 
divisor of A not of the form X® is repeated an even number of times , i.e. when 
and only when: 

(1) A and — A are equicanonical, so that the characteristic potent divisoi's 

of A corresponding to its non-zero latent roots oocur in pairs of 
the form 

(X — c) e , (X + c)°, where c 4= 0; 

(2) every distinct characteristic potent divisor of A such as X 3 v +1 , which is 

a power of X with odd index, is repeated an even number of times; 
and in all cases each of them contains exactly k independent arbitrary 
parameter's, where tc is the sum of the numbers of the arbitrary parameters 
occurring in the ‘general skew-symmetric’ contra-commutant or counter- 
alternant Y a and the ‘general’ contra-commutants or counter-alter'nants 

0i, 0.,... 0i. 


Ex. xii From Ex. vn of § 243 we see that in all cases k + k’ is the total number of 
arbitrary parameters occurring in a general contra-commutant Y or Y'. Sinoe a non-zero 
square matrix cannot be both symmetric and skew-symmetric, we conclude that: 

The mm of a ‘general symmetric* and a ‘general skew-symmetric* contra-commutant 
{A', - A } or {A, - A '} whose parameters are independent is always a ‘general* contra- 
commutant {A 1 , — A] or {A, — A'}. 

This theorem and that of Ex. x also follow directly from the faot that a contra- 
commutant Y of any given type can always be expressed as the sum of a symmetric and 
a skew-symmetric contra-commutant of that type In faot the conjugate Y' of Y is a 
contra-commutant of the same type as Y, and we can put 

T), where S= Y+ Y', T=Y-Y'. 

Ex xm. Symmetric and skew-symmetric alternating oo-commutants. 

Constructions analogous to those of the text for the contra-commutants are only 
possible when A is a canonical square matrix, and in some other special oases. 

_ The general symmetric (or general skew-symmetric) oo-oommutants X={n, -n}, 
SI — {n, - n} are specialisations of the matrices £, £ of Ex. vn, and are derived from the 
matrix rj of Ex. vii by taking: 

Tj to be a general symmetric (or general skew-symmetric) quadrate ante-alternant, 
whioh is necessarily quasi-soalaric ; 

U t , to be mutually conjugate (or mutually skew-conjugate) ante-alternants of the 
same type, which are necessarily quasi-scalanc. 
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But tlie corresponding oo-coinmutants X={A, — A}, X'=[A', — A 1 } derived from them by 
the formulae _ _ _ 

X5", X'=H"XJK 

are not necessarily symmetric (or skew-symmetric) except in the special case when H=h\ 

1 e when (d) is a symmetric semi-unit transformation. This special case oocurs when A 
is a canonical square matrix, so that (d) is a symmetric derangement. The above formulae 
then becomo symmetric derangements determining the general symmetric (or general 
skew-symmetric) co-commutants X, A 7 '. Accordingly from Ex. vi or Ex vii of this 
article and Theorem II b of § 243, we see that ■ 

If A is a canonical square matrix , then the general symmetric oo-commutants {A, — A }, 
|i', - A'} are undegenerate when and only when A and — A are equicanonical; also the 
general skew-symmetric co-commutants , - A}, {A 1 , - A'} are undegenerate when and only 
when A and — A are equicanonical , and further every distinct characteristic potent divisor of 
A which is a power of X is repeated an even number of times, so that all the characteristic 
potent divisors of A can be coupled together in pairs of the form 

(X — c) 8 , (X+c)". 

"Whenever A is a symmetric matrix, the general symmetric (or general skew-sym¬ 
metric) co-commutants {id, - A}, {A\ - A'} can be taken to be the general symmetric (or 
general skew-symmetric) contra-oommutants {A', - A }, {A, — A'} constructed in the text; 
and whenever A is a skew-symmetric matrix, they can be taken to be the general sym¬ 
metric (or general skew-symmetric) contra-commutants {A, A 1 }, {A', A } oonstruotod m 
sub-article 2 

Ex. xiv. If A is a show-symmetric matrix, every potent divisor of its characteristic 
matrix A (X) which is not of the form X 2j) + 1 must be repeated an even number of times. 

This follows from Theorem III b , because the general symmetric commutant {A, -A 1 } 
can be taken to be the general symmetric commutant {A , A}, and is therefore undegenerate. 
Alternatively the unit matrix J=[l]™ is a particular undegenerate symmetric contra- 
commutant {A, — A'} or {A 1 , -A}. 

Noth 3. Ranh of any general commutant {A, B). 

Let A=[a] m and J3=[&]" be square matrices of orders m and n whose elemonts are 
rational integral functions of certain scalar variables yj, yy, yg, ...; and let r bo the 
smaller of the two mtegerB m and n. Also lot 

^ PC a,ld 

be the characteristic matrices of A and B ; and let 

/i GOj /a (f)i •••/«* (^) an d 9i (^)j 9% OOj 9i 1 0-) 

be those rational integral functions of X, yi, yy, y 3 ,... which are the potent factors 
of orders 1, 2,... m of A (X) and of orders 1, 2,... n of B (X). 

These we will call ascendent potent factors when they are arranged in the orders shown 
above, and descendant potent faotors when they are arranged m the reverse orders. Eaoh 
of them is a product of powers of irresoluble (or irreducible) divisors of A (X) or B (X), and 
every suoh divisor must contain X; for by Ex. xxiii of § 185 it cannot be a function 
of the ys only. Using the principles described in Note 2 of $ 238 we can deduce from 
Theorem la that. 

The rank p of the general commutant X={A, B } is the sum of the degrees in X of the 
highest common factors hi (X), Aa(X), . . /^(X) of the pairs of corresponding descendant potent 
factors 

fn (f)} 9n (^) > fm—1 (^)i 9n — l (^) J + 1—r (^)» 9n+\—r0^) 

of the characteristic matrices A (X), B (X). 


(E) 
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Here f x (X) or g x (X) is a member of the last pair of corresponding potent factors 
according as r = m$>n or r=n^>m. Moreover there will ordinarily bo only a few of the 
earlier highest common factors which have degrees greater than 0 in X, all the rest being 
non-zero constants which can be omitted 

If T lf T 2 , T a , . are those distinct irresoluble (or irreducible) rational integral 
functions of X, y t , y i} y 3 , . which are irresoluble (or irreduoible) divisors of both the 

matrices A (X) and B (X), and if the indices of the highest powers of T t which are 
factors of 

fi (*)i /aW. .../ m (X) and g x (X), g 3 (X), .. g a (\) 
are on , ac , a*n and &i , , .. fi in , 

the theorem (E) is equivalent to the statement that we can put 

P=Pi+P2 + Ps +•••> 

where p t is the sum of the degrees iu X of the smaller powers of T t in the pairs 
(Tfim, Tfin), (Tft, m-l, Tfi, »-l), . . 

Hence if corresponding potent divisors are always powers of the same irresoluble (or 
irreducible) divisor, we can re-enunciato (E) iu the following form . 

The rank p of the general commutant X={A, B) is the min of the degrees in X of the 
highest common factoi'8 of all pairs of corresponding descendant potent divisors of the two 
characteristic matrices A (X) and B (X) .(E') 

In this case each pair consists of potent divisors of A (X) and B (X) which are two 
powers of the same divisor T, and the corresponding highest common factor is that one of 
the two potent divisors which is the smaller power of T. 

We will prove these theorems by taking A a , B 0 , X 0 to be particularisations of A, B, X 
obtained by ascribing such ‘ ordinary ’ particular values to the ys that: 

(1) X 0 is a general commutant {d 0 ,15 0 }; 

(2) X Q has the same rank as X ; 

(3) the successive maximum factors of A (X) and B (X) become particularised into the 

successive maximum factors of A 0 (X) and B 0 (X), 

(4) the common divisors T u T i} T s , ... of A (X) and B(\) become particularised into 

functions which have the same degrees in X as T x , T 2 , T 3 , ..., and have no 
common or repeated linear factors. 

These conditions will be secured when certain unspecified rational integral functions 
of the ys do not vanish. The successive descendent potent factors of A (X) and B (X) 
and their highest common factors will then become particularised into the successive 
descendent potent factors of A o (X) and B 0 (X) and their highest common factors, the 
degrees in X being unaltered. Consequently when we regard p as the rank of the general 
commutant jTo={rio, Bo}, it follows from Theorem I a that it has the value ascribed to it 
in the above theorems. 

Ex xv. If A and A' are mutually corrugate square matrices whose elements are rational 
integral functions of certain scalar variables y l3 y 2 , y 9 , ..., there always exist undegenerate 
square contra-commutants 

U={A',A}, V^A'A'}. 

For the characteristic matrices of A and A' have the same potent divisors. It may of 
course be impossible for suoh undegenerate contra-commutants to be non-singular, i.e. to 
be independent of the ys. 

2 

"When ri=[a] 2 is a square matrix whose four elements are independent arbitrary 
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parameters, there are two independent particular non-zero contra-commutants {d', A}, 
which can be taken to be the square matrices 

ran"**, ro, « 2 i i 

L a ia j 0 J ’ L a 2i > <*22 ~ a n J ’ 

and there are two independent particular non-zero contra-commutants {A, A'}, which can 
be taken to be the square matrices 

[aii-aa, “ai - ] [-0, <*i2 1 

L <*21 > 0 J’ l_ a 12j <*22“ <*llj 

Noth 4 . Condition that the genes'al commutant of any given square matrix A shall he a 
rational integral function of A. 

By the methods used in Note 3 we can obtain the following generalisation of Theorem II 
relating to a square matrix A =[a] ™ whose elements are rational integral functions of 
scalar variables yi, ya, ya,. .. 

In order that every oommutant {A, A} or the general oommutant X={A, A} shall he a 
rational integral function of A, it is necessary and sufficient that A shall satisfy no rational 
integral equation whose degree is less than m. ' 

When this condition is satisfied , there are exactly m independent non-zero particular 
commutants {d, A}, and the general oommutant X={A, A) is an wbitrai'y rational integral 
function of A. In all other' oases there are more than m independent particular non-zero 
commutants {A, A}, and there are commutants {A, A) which are not rational integral 
functions of A . (F) 

If Di (X) and (X) are respectively the maximum and potent factors of A (X) of 
order i, the condition of the theorem is satisfied when and only when we can put 

or -fivi-i 00=lj (whichever we please), 

so that the rational integral equation of lowest degreo satisfied by A, viz. the equation 
I>m(A)= 0, becomes D m (A)= 0. 

We will suppose that there are exactly r independent non-zero particular commutants 
{A, A], and that s is the degree of E m (\) in X, i.o the lowest possible degree of a rational 
integral equation satisfied by A 

We will prove (F) by taking d 0 , X {) to be particulansations of A, X obtained by 
ascribing such ‘ ordinary’ particular values to the y’s that: 

(1) Af u is a general commutant {d,„ B 0 } ; 

(2) the highest common factors of the minor determinants of A (X) of orders m, m — 1 

become particularised mto the highest common factors of the minor deter¬ 
minants of do (X) of ordors m, m—1; 

(3) the irresoluble divisors .. of A (X) become particularised into functions 

which have the same degreos in X as T u T 3 , ... and have no common or 
repeated linear factors. 

Under these circumstances there ore exactly r independent particular non-zero oommu- 
tants {d 0 , do}, and s is the lowest possible degree of a rational integral equation satisfied 
by d 0 , because the potent factors of d (X) and d 0 (X) of order m have the same degree in X. 
Therefore by Theorem II we must have either s=r=m or a < m, r > m. 

If s=r=m, there are exactly m independent particular non-zero commutants {d, d} 
which can be taken to be the square matrices 

I, d, d a ,... d™” 1 , where /=[1]”; 

consequently the general commutant X={A, A} is an arbitrary rational integral function 
of d. 
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If s<m, r>m, there are more than m independent particular non-zero commutants 
{A, A}, and there are commutants {A, A) which are not rational integral functions of A. 

§ 245. Undegenerate square matrix expressed as a product of two 
square matrices each of which is symmetric or skew-symmetric. 

Let A=[a ]™ be a given undegenerate square matrix with constant elements, and 
suppose that it is expressed in the form 

[«]"-!>]“[?]* or A =m .(ft) 

where p=[p] m and q=\_q^ m are square matrices with constant elements, which oi’e 
necessarily both undegenerate. Also let P=[P]™ and Q=[Q]™ be the undogenerate 
inverses of p and q ; and let A', p', <f, P\ be the conjugates of A, p, q, P, Q. We will 
investigate the circumstances under which such representations of A ore possible in 
which eaoh of the Bquare matrices p and q is either symmetric or skew-symmetric. The 
characteristic potent divisors of A will be defined as usual to be the potent divisors of the 
characteristic matrix 

4(a)=w:-x.[i];;. 

Cash I. Wlienp and q are both symmetric. 

In this case P and Q are both symmetric ; and by prefixing P, postfixing Q on both 


sides we deduce from (a) the equations 

PA=A'P=A'P'=q .(1) 

AQ = QA'=QA'=p, .(!') 


where the intermediate transformations are due to the facts that q and P arc symmetric 
in (1), p and Q are symmetric m (T) These equations show that. 

P, Q must be undegenarate symmetric oontra-oommutants {A 1 , A}, {A, A'} ; 
i.e. p, q must be undegenerate symmetric oontra-oommutants { A , A'}, {A', A}. 

Conversely if p is any given undegenerate symmetric oontra-commutaut {A, A'}, so 
that its inverse P is an undegenerate symmetric contra-commutant { A’, A}, we have the 
equations (1) in which q is a known undegenerate symmetric matrix, which by tj 239 must 
be a oontra-commutont { AA) ; and by prefixing p we obtain a representation of A in the 
form (a). Or if q is any given undegenerate symmetric contra-commutant {A', A}, so 
that its inverse Q is an undegenerate symmetric contra-commutant {A, A'}, we have the 
equations (10 m which p is a known undegenorate symmetric matrix, which by § 239 
must be a contra-commutant {A, A'} ; and by postfixing q wo obtain a representation of A 
in the form (a). 

Since by Theorem III a of § 244 or Ex. vii of § 240 there always exist undegenerate 
symmetric contra-oommutants {A\ A), {A, A'}, we conclude that: 

If A is undogenerate , there always exist equations of the form (a) in wlaoh p and q are 
both symmetric. 

In every such equation the factors p, q are undegenerate symmetric contra-oommvtants 
{A, A'}, {A', A} ; moreover enther factor can be chosen arbitrarily subject to that one of these 
conditions which is appropriate to it, the other factor being then uniquely determinate. 

Cash II. When p and q are both skew-symmetiia. 

In this case P and Q are both skew-symmetno; and by prefixing P, postfixing Q on 
both sides we deduce from (a) the equations 

PA=A'P=*-A'P'=q . 

AQ = QA , = -Q'A , =p, . 


.( 2 ) 

. (20 
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where the intermediate transformations are duo to the faots that q and P are skow- 
symmetric m (2), p and Q ore skew-symmetric m (2') These equations show that 
P, Q must be undegancrate skew-syrnmotnc contra-commutonts {A 1 , A), {J, A'} , 
i.e. p, q must bo undegeuerate skew-symmetrio contro-commutants {A, A'}, { A ', A}. 

Conversely if p is any given undegenerato skew-symmetric oontra-commutant {/l, A 
so that its inverse P is an undegenerato skew-symmetric contra-commutant {A\ A}, we 
have the equations (2) m which q is a known undegeuerate skow-symmotnc matrix, 
which must be a oontra-commutant {A', A} ; and by prefixing p we obtain a representation 
of A in the form (a) Or if q is any given undogeuerate skow-Hymmetno contra-commutant 
{A\ A}, so that its inverse Q is an undegenerate skow-syminetric contra-commutant 
{A, A 1 }, we have the equations (2') in which p is a known undegeuerate skew-symmetric 
matrix, which must be a coutra-oominutaut {A, A'} ; and by postfixing q we obtain a 
representation of A in the form (a). 

Referring to Theorem III a of § 244 for tho necessary and sufficient conditions for the 
existence of undegenerato skew-symmetric contra-commutauta {A, A'}, {A', A}, wo con¬ 
clude that: 

If A is nndegenarate, there exist equationa of the form (a) in which p and q are both 
skew-symmetric when and only when the characteristic potent divisors of A can be coupled 
together in pairs of the form 

(X - o) B , (X - of, (where a 4=0); 

every distinct characteristic patent divisor being repeated an even numbs)' of times. 

In every such equation the factors p, q are undegevo'ate skew-symmetric contra-commu- 
tants {A, A 1 }, {A', A}; moreover eithe)' factor can be chosen arbitranly subject to that one of 
these conditions which is appropriate to it, the other factor being then uniquely determinate. 

Case III, When p is symmetric and q skew-symmetric. 

In thiB case P is symmetric and Q skew-symmotno; and by prefixing P, postfixiug Q 


on both sides we deduoo from (a) tho oquutions 

PA=»-A'P=-A'P' = q .(3) 

AQ=-QA'= QA'-p, .(3') 

where the intermediate transformations aro due to the facts that q is skew-symmetric 
and P symmetric m (3), p is symmetric and Q skew-symmetric m (30- Those equations 
show that 

P must ho an undegenerato symmetric contra-commutant { - A', A}, 

Q must be an undegdnerato skew-symmetno oontra-commutant {A, — A'}] 
i.e. p must be au undegeuerate symmotrio oontra-commutant {h, - A'}, 


q must be au undegenerato skew-symmetric oontra-commutant {- A\ A}. 

Conversely if p is any given undegenerato symmetric oontra-commutant {A, -A'\, so 
that its inverse P is an undegenerato symmetrio contra-oommutant {—A\ A}, wo have 
the equations (3) m which q is a known undegeuerate skew-symmetrio matrix, wliioh 
must be a ooutra-oommutont {—A\ A) ; and by prefixing p we obtain a representation of 
A in the form (a). Or if q is any given undegeuerate skew-symmetrio contra-oommutant 
{-A 1 , A}, so that its inverse Q is au undogonorate skew-symmotrio contra-oommutant 
{A, — A'}, we have tho equations (3') m which p is a known undegenerato symmetric 
matrix, whioh must be a contra-oommutant {A, — A'}, and by postfixing q we obtain a 
representation of A in tho form (a). 

Referring to Theorem III ft of § 244 for tho necessary mid sufficient conditions for the 
existence of undegenerate symmetric oontra-commutauta {A, -AJ and undegenerate 
skew-symmetrio contra-oommutauts {—A', A}, wo oonolude that: 
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If A is undegenerate, there exist equations of the form (a) m which p is symmetric and 
■q skew-symmetric when and only when the characteristic potent divisors of A can he coupled 
together m pans of the form 

(X - c) e , (X+c) 8 , (where c 4 0), 

In every such equation the factor p is an undegenemte symmetric contra-commutant 
{A, — A'}, and the factor qis an undegenerate skew-symmetric contra-commutant { — A', A}; 
moreover either factor can he chosen arbitrarily subject to that one of these conditions which 
is appropriate to it, the other factor being then uniquely determinate. 

Cash IV. When p is skew-symmetric and q symmetric 

In this case P is skew-symmetric and Q symmetno; and by profixing P, postfixiug Q 
on both sides we deduce from (a) the equations 

PA = -A'P= A'P‘=q, .(4) 

AQ=-QA'=-qA’=p, . (4') 

where the intermediate transformations are duo to the facts that q is symmetric and P 
skew-symmetric in (4), p is skow-symmotno and Q symmetric in (4'). These equations 
show that: 

P must bo an undogenerato skow-symmotrio contra-commutant {—A\ A), 

Q must be an undegonerate symmetno contra-oommutant {A, — A '}; 
l e. p must be an undegonerate skew-symmetric contra-commutant {A, —A'}, 
q must be an undogenerato symmetric contra-oommutant { — A!, A} 

Arguing as before, and referring to Theorem III b of § 244, wo conoludo that. 

If A is undegenerate, there exist equations of the form (a) in which p is skew-symmetno 
and q symmetric when and only when the characteristic potent divisors of A can be coupled 
together in pairs of the form 

(X - c) 8 , (X + c) 8 , (where c 4 0). 

In every such equation the factorp is an undegenei'ate skew-symmatno oontra-oommvtant 
{A, - A'}, and the factor q is an undegenerate symmetric contra-oommutant {—A\ A), more¬ 
over either factor oan be chosen arbitrarily subject to that one of these conditions which is 
appropriate to it, the other factor being then uniquely determinate . 

All the equations occurring m the argument are oommutantal; and the equation (a) 
in 

Cases I and II, Coses III and IV 

can be regarded as an equigradent commutantal transformation 

|>] w [l] m fc]*=[a]* 

of typo 

{A, A'}(A', A’){A', A)={A, A}, {A, -A'}{-A\ A}={A, A}. 

§ 246. Reduction of a commutantal transformation. 

1. Recapitulatory remarks. 

Every matrix can be regarded as a commutant , for it is always possible 
to determine two square matrices A = [a]”, B = [6]* such that a given 
matrix X = [x\ n is a commutant {A, B\, in fact this is so when A = c. m“ 

Tfl L J m J 

B = c . [l] n> But it is not always possible to distinguish between two given 
matrices by representing them as commutants, i.e. the possible representa- 
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tions of one may be exactly the same as the possible representations of the 
other. 

If A = [a] ^ is any given square matrix with constant elements, and if 

a= [a]™ is a standard canonical reduced form of A or any square matrix 

equicanonical with A, we know that it is always possible in many ways to 
determine an equation of tho form 

[a]* = [&]"[«]*[#]“ or A = half .( 1 ) 

L J m L L L x ' 

in which h and H are mutually inverse undegenerate square matrices with 
constant elements, and every such equation is an equimutant oommutantal 
transformation of the type 

{A, A}={A, a} {a, a} {a, A}\ .(1') 

being in fact an isomorphic commutantal transformation of that type, because 
all the matrices occurring in it are square and of the same order. Further if 
A and a both lie m a restricted domain of rationality fl, then (1) can always 
be a transformation in fl. The determination of such a transformation is 
equivalent to the determination of a particular undegenerate commutant 
{A, a} or (a, A}. 


Let A — [a]™, B = [&]” *be two given square matrices with constant 
elements, and a = [a]“, /S = [/9]* be standard canonical reduced forms of A, B 
or any two square matrices equicanonical with A, B ; and let 


Mi=[cwim:> m: 




ft 

n 


A = haH, 


B = lcpK 


be two given equimutant (or isomorphic) commutantal transformations of 
the types 

{A, A} = {A, a} {a, a} {a, A}, {. B , B] = {B, 03, J3} 03, B}, 


so that h, k are any two given particular undegenerate commutants {A, a}, 
{B, /8}. Then if X = [/»]” is any given commutant {A, B}, we know that it is 
always possible to express X in the form 


[<=[< [Cm: or X = htK .(2) 


where f is a uniquely determinate commutant {a, /9}, and (2) is an equi- 
gradent oommutantal transformation of the type 


{A, £} = {4, <*}{«,£}{/3, 5}.(2') 


Or if | = [£]” is any given commutant (a, /S}, then (2) is an equigradent 

commutantal transformation of the type (2') in which X is a umquely 
determinate commutant {A, B}. 
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In the following sub-articles we shall use transformations such as (1) 
and (2) to reduce any commutantal transformation to an equivalent com- 
mutantal transformation in which all the matrices are commutants of standard 
canonical square matrices, and it will be clear that any commutantal 
equation whatever can he reduced to an equivalent commutantal equation 
of that special character. 

When B = A, (H = a, so that n = m, we can take (2) to bo the equimutant 
(or isomorphic) commutantal transformation 

of *ype {^, A} = {A, «}{«,«}{«, X}, 

and when B, ft are the conjugates A', af of A, a, so that n — m, we can take 
(2) to be the equigradent commutantal transformation 

[< - ml E3* £2 of type {A, A 1 } = {A,a} {«, «'} {«' , A*} 


which is symmetric in form. In both these cases h can be any given particular 
undegenerate com mutant {A, a}. 

Norn 1. Generalisation of the transformation (1); third form of the conditions for the 
existence of an equimutant transformation. 

Lot A = [a]^, a=[a]^ bo two given square matrices of ordors m, r with constant 
elements, where r m. 

It has been shown in Theorem II of § 227 that there exists an equimutant trans¬ 
formation 

[<=[<[< [*£ A~haS t .(1") 

in which i?A=[l]*, when and only when the canonical induced forms of a, A con Ikj 
taken to be 

r p, 0T**- r 
r’ |_0, oJ rim -}. 

i.e. when and only when the potent divisors of the qhoractoristic matrix A (A) are those of 
the characteristic matrix a (A) together with m-r others which are all oqual to A. By 
postfixing h, prefixing H on both sides of (1") we obtain the equations 

Ah=ha, aE=HA 

from which we conolude that every equimutant transformation suoh as (1") is an equi¬ 
mutant commutantal transformation of the typo 

{A, A}=>{A, a} {a, a}{a, A) .(l'J 

To the two forms of the conditions for the existence of an equimutant transformation 
(1") which have been given in §§ 227 and 234, wo will hero add a third by proving tlio 
following theorem. 

In order that there shall exist an equimutant transformation (1") converting a into A , it 
is necessary and sufficient that: 

(1) there shall exist an undegenerate commutant {A, a} or {a, A}; 

(2) A and a shall have equal ranks 

Moreover when these two conditions are satisfied , we can construct an equimutant trans¬ 
formation (1") in which h is any given particular undegenerate commutant {A, a}, or II any 
given particular undegenerate commutant {a, A) 
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The preceding considerations show that the conditions (1) and (2) of the theorem are 
necessary; and we need only consider their sufficiency 


Suppose that A and a have the same rank t, and let h — [A]^ be a particular undegene¬ 
rate commutant {A, a}. Then the equation Ah—ha bIiows that Ah has rank t, and that 
the equation 




has exactly r—t unconnected non-zero solutions 
non-zero solutions of the equation 


= 0 
r 

Consequently exactly r—t unconnected 


m: 


0 


are connected with the vertical rowB of h, and wo oan determine m — r other unconnected 
non-zero solutions of the equation forming the vertical rows of a matrix [A]™ r which iB 
suoh that the square matnx [A]™=[/i, has rank in. Wlien [A]"| is an uudegenerate 

square matrix thus determined, we have 


\h o] m =M m [«. o] T ; 

and by postfixing the square matnx [i?]” 1 inverse to [A]^ we obtain an equimutaut trans¬ 
formation (1") in which h is the given uudegenerate commutant {A, a} Similarly if A and 
a have the same rank t, and if l?=[i7’] w is a given uudegenerate commutant {«, A}, we 
can deduce from the equation aE = HA an equimutaut transformation (1") in which H iB 
the given undegenerate commutant {a, A}. 

We have now shown that the conditions (1) and (2) of the theorem are sufficient os 
well as necessary, and that the theorem iB true in all respects 

We oan prove tho sufficiency of the conditions (1) and (2) in a simpler way by showing 
that they ore equivalent to the conditions m Theorem II of § 227. 

If the condition (1) is satisfied, then by Ex. li of § 244 wo can take the potent divisors 
of the characteristic matrices a (X) and A (X) to be respectively 
(X-aO% (X-aa)J’a, ... X«i, X«., ... X’V, 


and (X-aO-Pi, (X-aj)*.,.,.. X^. 3 X^, ... X^p, £X-&x)0«, (X-& a )&, ... X^,, X*'.,... X^, 
whore the a’s and b’s are all different from 0, and where 

Pi ^i^ ^ij Z7p, 

and r*(p 1 +|3a+ ...) + («i+Ma+ +™p)> 

Wl = (i J l + -? > 2+ >*.) + (^l+ £7jj+ ■■ + ^p) + (§l + §2 + •■■) + ( T 7 I+ ^2 + + T r <r) 

Since the ranks of a and A are respectively r-p and in ~(p + <r), the condition (2) will be 
simultaneously satisfied when and only when m — r — <r=0, i.e. when and only when 
(Px — Pi) + (Ps~i J 2 )+ +(Z7i — Mi)+(Z7a—Ma)+ ... + <2i+<2a+ ... 

+ (^ r i _1 ) + (l 7 a~l)+ “0- 

Because every term on tho left is positive, this is only possible when tlio Q’a are all 
absent, tho F’s are all equal to 1, and tho potent divisors of A (X) are those of a (X) 
together with m — r others whioh are all equal to X, i.e. when and only when there exists 
an equimutaut transformation (1"). 

Note 2. Generalisation of the transformation (2). 

Let w;-wl m: mm 

or A<= hall, B ■= kfiK 


o. m. 


32 



COMMUTANTS 


498 


[oh. xxvn 


be given equimutant transformations by which the square matrices A, B are derived 
from the square matrices a, /3; so that rjpm and 


Then if or X=/l£K, 


-( 2 ") 


it follows from the equations XB=h .$9 .E, AX=h.a£.K that X is a commutant 
{A, B} when and only when £ is a commutant {a, j3}, and that under those circumstances 
(2") is an equigradent oommutantal traTisformation of the type 


{A, B}={A, a}{a, B) 


The equation (2") establishes a one-one correspondence between all oommutants 
£={a, /3} and all those commutants X—{A, B} whioh satisfy the equation 




but it does not establish a one-one correspondence between all oommutants {A, E) and 
all oommutants {a, j8}, and it does not usually give a general commutant X={A, B}, when 
£ is a general commutant {a, /9}. In fact the rank of the general oommutant {A, B} is 
ordinarily greater than the rank of the general commutant {a, 0}. 


2. Reduction of any commutantal transformation. 

Remembering that an equimutant transformation is called an isomorphic 
transformation when all the matrices occurring in it are square and of the 
same order, let 

A, B, P, Q be given square matrices of orders r, s, m, n with constant 
elements, and 

A = hAff of type {A, A] = {A, A} {A, A} {A, A], 

B = JcBK of type {B, B} = {B, B} {B, B} {B, P}, 

P = uPU of type {P,P} = {P,P}{P,P}{P,P}, 

Q=vQV of type {Q, Q) = {Q, Q} {Q, Q} {Q, Q) 

be given isomorphic transformations by which they can be derived from 
given square matrices A, B, P, Q of the same orders r, s, m, n, which could 
be taken to be standard canonical square matrices. Whenever the given 
transformations are isomorphic (or equimutant), they are necessarily com¬ 
mutantal of the types shown. The square matrices h, k, u, v of orders 
r, s, on, n can be any given particular undegenerate commutants of the types 
shown; or alternatively then inverses the square matrices 23T, K, U, V of 
orders r, 8, m, n can be any given particular undegenerate commutants of 


the types shown. Then we have the following theorem. 

Theorem. Any commutamtcU transformation of the form 

[<[<[< = [< or XeY=E .(A) 

a™ 1 *W {P, {A, BUB, Q} = {P, Q} .( a ) 

cam be replaced by am equivalent commutantal transformation 

= or .(A') 

oftUP* {P.A}{A,B}{B,9} = {P,Q} .(a') 
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in which £, co, rj, ft are the matrices derived from, X, e, 7, E by the inverses 
of the equigradent commutantal transformations 

X = i$R of type {P, A} = {P, P} {P, A} {A, A), .(i) 

e = htoK of type {A, B} — {A, A} {A, B}{B, B}, .(ii) 

7 = k v V of type {B, Q} = {B, B} {B, Q} (Q, Q}, (iii) 

E = u£lV of type {P, Q} = {P, P} (P, Q} {Q, Q} .(iv) 

in which all the transforming factors are square matrices. 

The theorem follows immediately from the equations 

XeY = u. %G)r). V, E = u. ft. V, .(3) 

which show that XeY = E when and only when ^aorj = ft. 

The equigradent substitutions (i), (ii), (iii), (iv) establish a one-one 


correspondence between all equations (A) and all equations (A'), the equa¬ 
tion (A) being true, equigradent, commutantal of type (a) when and only 
when the corresponding equation (A') is true, equigradent, commutantal of 
type (a'); for the matrices X , e, Y, E in. (i), (ii), (iii), (iv) have the same 
ranks as £, go, rj, ft, and they are commutants {P, A), {A, B}, {B, Q}, {P, Q} 
when and only when £, go, tj, & are commutants {P,A},{A,B}, {B,Q),{P,Q}. 
When e and E are given commutants of the types shown and the equation 
(A) is commutantal, we will say that X and Y constitute a commutantal 
solution of (A); and we have the following corollary. 

Corollary When e and E are given commutants {A, B} and {P, Q), so 
that go and ft a/re given commutants {A, B} and (P, Ql the matrices X and Y 
constitute a solution or a commutantal solution of the equation (A) if and only 
if the matrices (* and tj constitute a solution or a commutantal solution of the 
corresponding equation (A'). 

3. B£duction of a commuta/ntal transformation convening one commutant 
into a similar commutant. 

The commutants e and E will be similar matrices when r—m and s — n, 
i.e. when: 

A, P and therefore also A, P, h, u, H, JJ are square matrices of the 

same order m; 

B, Q and therefore also B, Q, k, v, K, V are Bquare matrices of the 

same order n. 

In this case the substitutions (i), (ii), (iii), (iv) enable us to replace any 


commutantal transformation 

[<wl[y]l = w: or XeY=E .(B) 

of type (a) by an equivalent commutantal transformation 

[fO<[<=[OC or fo, = n .(B') 


3a—2 
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of type (a'). It is possible for a commutantal transformation (B) of type (a) 
to be equigradent when and only when the two square matrices A, P of 
order m are equicanonical, and also the two square matrices B , Q of order n 
are equicanonical. When these conditions are satisfied, every commutantal 
transformation (B) of type (a) can be replaced by an equivalent commutantal 
transformation (B') of type 

{A, A} {A, B} {B, B} = {A, B}, .(b) 

where A is a standard canonical reduced form of A and P, and B is a 
standard canonical reduced form of B and Q; the transformation (B) being 
equigradent when and only when the transformation (B') is equigradent. 

4. Reduction of a commutantal transformation converting a square corn- 
mutant into a square com/muta/nt. 

The commutants e and E in (A) will be both square matrices when s—r 
and n=m, i.e. when: 

A, B and therefore also A, B, h , k, H, K are square matrices of the 
same order r ; 

P, Q and therefore also P, Q, u, v, U, V are square matrices of the 
same order m. 

In this case the substitutions (i), (ii), (ni), (iv) enable us to replace any coin- 
mutantal transformation 

[<[<[2/]or XeY = E .(C) 

of type (a) by an equivalent commutantal transformation 

= n .(O') 

of type (a'). It is possible for a commutantal transformation (C) of type (a) 
to be equigradent when and only when the canonicals of A are contained 
in the canonicals of P , and also the canonicals of B are contained m the 
canonicals of Q ; and this of course necessitates the condition r^m. 

If the conjugates of h, k, H, K, u, v, U, V are denoted by the correspond¬ 
ing dashed letters, the equigradent substitutions (i), (ii), (iii), (iv) will 
establish a one-one correspondence between all symmetric transformations 
(C) and all symmetric transformations (O') when 

k = H\ K' = h, v=U', V' = u 
or liE = [l] r , ^ / =[l] fl ‘, 

i.e. when the given isomorphic transformations are 

A = hAH, B = H"BK\ P = uPU, Q = U'Qu' 

In all such cases the matrices e and E are both symmetric (or both skew- 
symmetric) when and only when the matrices eo and H are both symmetric 
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(or both skew-symmetric). When A, B and P, Q aro two pairs of mutually 
conjugate square matrices, these conditions can always be satisfied by taking 
the two square matrices A, B and the two square matrices P, Q to be 
mutually conjugate. 

The equigradent substitutions (i), (li), (in), (iv) will establish a one-one 
correspondence between all equimutant transformations (0) and all equi- 
mutant transformations (C') when 

k = h, v = u, 

i e. when the given isomorphic transformations aro 

A = hAH, B = hBH, P = iiPU, Q = uQU. 

In all such cases we have 

e — h(oH, E = wX2 U. 

When B = A and Q= P, these conditions can always be satisfied by putting 

B = A and Q = P. 


§247. Commutantal transformations of co-commntants and 
contra-commutants. 

1. General oommutantal transformations. 

Let A, P be two given square matrices of orders r, m with constant 
elements whose conjugates are A', P'; and let 

[<[<[y]; = [^ or XeY=E .(A) 

be a commutantal transformation converting 

a commutant e of one of the four continuantal types {A, A}, {A', A'}, 
{A', A }, {A, A'} 

into a commutant E of one of the four continuantal typeB (P, P}, (P / , P'}, 

{p',p},{p,n 

so that there are 16 possible types of (A) which can be represented by 

{p,a}{a,b}{b,q} = {p, q}, .(a) 

where p = P or P / , a = A or A', b = A or A', q—P or P'. 

Also let A, P be square matrices of orders r, m equicanonical with A, P 
(or standard canonical reduced forms of A, P) whose conjugates are A\ P'; 
and let 

or .(A') 

be a commutantal transformation converting 

a commutant a of one of the four continuantal typeB {A, A}, {A', A'}, 
(A', A}, {A, A'} 

into a commutant O of one of the four continuantal types {P, P}, {P' } P'}, 

{p', p}, {p, pi, 
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so that there are 16 possible types of (A') which can be represented by 

(p, a} {a, b} {b, q} = {p 3 q} .(a') 

where p = Por P', a = A or A', b = Aor A', q = P or P'. 

Then we have the following theorem which is included in the theorem of 
§246. 

Theorem I. A commutantal transformation (A) of any one of the 16 
types (a) can always he converted by equigradent commutantal substitutions for 
X, e, Y, E into an equivalent commutantal transformation (A') of any one of 
the 16 types (a'), the first transformation being equigradent when and only 
when the second transformation is equigradent 

The equivalent transformation will always be supposed to be obtained in 
the way described in § 246, and the substitutions used to be compounded of 
those described in Exs. i and ii. The circumstances under which such trans¬ 
formations can be equigradent are known from Ex. n of § 244. 

Ex. i. Substitutions used in Theorem I corresponding types. 

Let the type (a') be said to correspond to the type (a) when it is derived from (a) by 
substituting P, P', A, A! for P, F, A, A' Also let 

A = hAE of type {A, A}={A, A}{A, A}{A, A}, 

P = uPU of type {P, P}={P, P}{P, P}{P, P} 

be any given isomorphic (commutantal) transformations by which A, P cam bo derivod 
from A, P ; so that h and E are mutually inverse undegenerate square matrices of order 
r whose conjugates will be denoted by h' and E\ and u and U are mutually inverse 
undegonerate square matrices of order m whoso conjugates will be denoted by v! and U‘. 
We can take h and u to be any particular undegenerate oommutauts {A, A) and {P, P}j 
and 

A' = E'A'h of type {A', A'}={A', A'} {A', A'} { A', A'}, 

P f =UT'n' of type {F, F}={F, P}{P', P'JfP 7 , F) 

are given isomorphic (commutantal) transformations by whioh A', F can bo derived from 

A', P'. 

Then the table at the end shows substitutions for X, e, V, E whioh convert a com¬ 
mutantal transformation (A) of any one of the 16 possible types (a) into an equivalent 
oommutantal transformation (A') of the corresponding type (a'). 

The transformations of the types shown oonvert ■ 

a oo-oommutant into a oo-commutant in the four cases I, 
a oontra-commutant into a contra-oommutaut in the four I 
a oo-commutant into a contra-commutant in the four oases III, 
a oontra-commutant into a co-commutant in the four oaseB IV. 

Symmetric oommutantal transformations of the four types II and equimutant com¬ 
mutantal transformations of the four types I will be considered in sub-artiolos 2 and 3 
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Case 

Type of (A) 

JS 1 

e 

Y 

E 

I 1 

(P, A}{A, A}{A,P} = {P,P} 


haH 

!tt)U 

uQU 

I 2 

(P, A}{A,A}{A,P} = {P,P} 

U'£H 

haH 

llTfu! 

U'Qu' 

I 3 

{P, A'} {A', A'}{A', P} = {P, P} 

U'£h! 

H'ah' 

H'rju' 

U'Qu' 

I 4 

{P> A'}{A', A'KA'.PJHP.P} 

u£h' 

II 1 ah' 

H'-qU 

uQU 

II 1 

{P> A'}{A\ A}{A , P}={P, P } 

U'£h' 

H'aH 

hrj U 

U'QU 

II 2 

{P.A'KA', A}{A,P}={P,P} 

u£h' 

H’aH 

Iitju' 

uQu' 

11 3 

{P,A}{A,A'}{A',P}={P,P} 


hah' 

il'rju' 

uQu' 

II 4 

{P,A}{A, A'}{A',P}={P, P} 

U'£H 

hath 1 

H't)U 

U'QU 

III 1 

{P,A}{A 5 A}{A,P}={P',P} 

U'£H 

haH 

hr) U 

U'QU 

III 2 

{P,A}{A 5 A}{A j P}={P,P} 

u£H 

haH 

hr)U' 

uQv! 

III 3 

(P, A^A', A'}{A', P}={P, P} 

u£h' 

H'ah' 

H'r,v! 

uQu' 

III 4 

{P,A'}{A' ) A'}{A',P}={P,P} 

U'$h! 

H'ah' 

H'r,U 

U’QU 

IV 1 

{P, A'}{A',A}{A,P}={P J P} 

u£h! 

H'aH 

hr) U 

uQU 

IV 2 

{P, A'} {A', A}{A,P}={P,P} 

U'£h' 

H'aH 

kr)Vl 

U'Qu' 

IV 3 

{P,A}{A,A'}{A',P}={P,P} 

U'$H 

hah' 

U'r)v! 

U'Qu' 

IV 4 

{P, A}{A,A'}{A',P}={P J P} 


hah' 

H'r)U 

uQU 


Ex. ii. Substitutions used in Theorem I. non-correaponding types. 

Substitutions which convert a commutantal transformation (A) of any one of the 16 
types (a) into an equivalent commutantal transformation (A) of any other of those typos 
are most easily obtained by the insertion of faotors J, J~ x and E, K~\ whore J and E 
are particular uudegonerate square contra-commutants {A', A} and {P, P}. 


Thus let it be required to oonvert a commutantal transformation 

X 2 e a r 2 =P u of type {P, A} {A, A} {A, P}={P, P} .(A a ) 

into an equivalent commutantal transformation 

X x e x Y x =E x of type {P, A'}{A', A'}{A', P}={P, P).(A a ) 

When we replace (Ax) by the equivalent commutantal equation 

E£J. J~ x taJ J~ 1 t]=EQ of the same type os (A 2 ), 


we see that the required conversion oan be effected by the equigradont commutantal 
substitutions 

X % -KX x J of type {P' l A}={P', P}{P, A'}{A', A}, 
as =J~ x e x J oftype {A, A}-{A, A'}{A', A'}{A', A}, 

Y^J~ X Y X oftype {A, P}={A, A'}{A',P}, 

Ek=EE x oftype {P, P}={P, P}{P, P). 

Substitutions which convert u commutantal transformation (A') of any one of the 16 
types (a') into an equivalent commutantal transformation (A') of any other of those types 
oan be constructed in similar ways. 

By compounding such substitutions with those given in Ex. i we can obtain substitu¬ 
tions converting a commutantal transformation (A) of any one of the 16 types (a) into an 
equivalent commutantal transformation (A') of any non-corresponding type (a'). But of 
course such substitutions oan be obtained direotly in the same ways as the substitutions 
described in Ex. i. 
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Noth 1. Commutantal transfonnatwris of alternating commutanits. 

Theorem I is the first of four corresponding theorems which relate respectively to 
commutantal transformations converting: 

commutants {A, A}, {A', A’}, {A', A}, {A, A 1 } 

into commutants {P, P), {F, P}, {P, P}, {P, P}; 
commutants { A , — A}, {A 1 , —A 1 }, {A 1 , —A}, {A, — A’} 

into commutants {P, -P}, {P, -P}, {P, — P}, (P, — F}\ 
commutants {A, A}, (A', A 1 }, { AA}, {A, A 1 } 

into commutants {P, -P}, {P, -P}, {P, — P}, {P, - P}; 
commutants {A, -A], {A', -A’}, {A\ -A), { A , -4'} 

into commutants {P, P}, {P, P}, {P, P}, {P, P} 

All such transformations are reducible respectively to equivalent commutantal trans¬ 
formations of the types 

{P, A} {A, A} { A, P} = {P, P}, (oontinuantal into oontinuantal); . .(i) 

{P, A}{A, — A}{ — A, -P}={P, —P}, (alternating into alternating), ... . (n) 

(P, A}{A, A}{ A, —P}-={P, —P}, (oontinuantal into alternating); ...(ni) 

{P, A}{A, - A}{- A, P}={P, P), (alternating into oontinuantal); ...(iv) 

where A and P can be replaced by any square matrices equicanonical with them 

We cannot ordinarily replace a transformation of any one of these four Glasses by an 
equivalent transformation of any other of the four classes by the methods which have 
been described unless there exist undegenerate square commutants {A, — A} and {P, — P}, 
i.e. unless A and — A are equicanonical with one another, and also P and - P are equi¬ 
canonical with one another. 

2. Symmetric commutantal transformations of a contra-commutant. 

The square matrices A, A of order r and P, P of order m being defined 
as before, let 

»^ [«]>]>[?£ or X’eX = E .(B) 

be a symmetric commutantal transformation converting 

a contra-commutant e of one of the two oontinuantal typos {A', A}, {AL, A'} 
into 

a contra-commutant E of one of the two oontinuantal types {P', P}, (P, P'}, 
so that there are four possible types of (B) which can be represented by 

{p' } a'} {a\ a} {a, p) = {p\ p}, .(b) 

where (a 1 , a) = (A',A) or (4,4'). (p’,p) = (P',P) or (P,P'). 

Also let £ [®1[£| = [X1] or £'<b£=X2 .(B') 

be a symmetric commutantal transformation converting 

a contra-commutant to of one of the two contmuantal types {A', A}, (A, A'} 
into 

a contra-commutant XI of one of the two oontinuantal types {P', P}, (P, P'}, 
so that there are four possible types of (B') which can be represented by 
{p', a'} {a', a} {a, p} = {p', p}, .(b') 
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where (a', a) = (A', A) or (A, A'), (p\ P) = (**', P) or (P, P'). 

Then from § 246.4 we obtain the following theorem : 

Theorem II. A symmetric commutantal transformation (B) of any one of 
the four types (b) can always be converted by an equigradent commutantcd 
substitution for X and symmetric equigradent commutantal substitutions for e 
and E into an equivalent symmetric oommutantal transformation (B') of any 
one of the four types (b'). The transformation (B) is equigradent when and 
only when the equivalent transformation (B') is equigradent; and the contra- 
commutants e and E in (B) are both symmetric (or both skew-symmetric) when 
and only when the contra-commutants to mid II in (B') are both symmetric (or 
both skew-symmetric). 

The conversion of (B) into (B') is supposed to be obtained in the way 
described in § 246, the substitutions used bemg compounded of those described 
in Exs iii and iv. There exist symmetric commutantal transformations (B) 
of each of the types (b) in which X is an arbitrary commutant of the pre¬ 
scribed type. By Ex. ii of §244 such transformations can be equigradent 
when and only when the canonicals of A are diagonal minors of the canonicals 
ofP. 

Ex. in. Substitutions used m Theorem II: corresponding typos. 

Lot A=hA.H, P=uVU 

bo the isomorphic transformations described in Ex. i, so that tho square matrices A, u of 
orders r, m are particular undegonorato oommutauts {4, A}, {P, P}. Then tho following 
table shows tho substitutions for X\ e, X, E whioh convert a symmetric commutantal 
transformation (B) of any one of the four types (b) into an equivalent symmetric oom¬ 
mutantal transformation (B') of the corresponding type (b') dorivod from (b) by substituting 
A, P for A, P. 


Cose 

Type of (B) 

X' 

e 

_/ J 

E 

1 

{F, d'H/iWM^PHfP.P} 

U'gh' 

Wall 

h£0 

U'aU 

2 

{P,A'){A',A}{A>F}={P,F} 

ugh! 

II'aH 

h£u' 

UQU 1 

3 

{P,A}{A,A'}{A\ P}={Pj F} 

ugll 

hah 1 

U'W 

uQu' 

4 

{F,A}{A,A'}{A',P}={F ) P) 

U'%K 

hah' 

ir$u 

U'aU 


Ex. iv. Substitutions used in Theorem II: non-emresponding typos. 

Substitutions converting a symmetric commutantal transformation (B) of any ono of 
the four types (b) into an equivalent symmetric oommutantal transformation (B) of any 
other of those types can bo most easily constructed in the way described in Ex. ii. ThuH 
if J and K are given particular undegonomte contra-commutants {A, A 1 } and {P, F} 
whose conjugates are J' and K\ then symmetric oommutaiitul transformations 

X^X,=E % of type {F t A'}{A', A){A, F}={P, F} .(B,) 

X a 'e s X a =E s of typo {P,A} {A , A'} {A 1 , P'}={P, P*} .(B 8 ) 

X^Xt-Et oftype {F, A }{A, A'}{A\ P}={P, P} .(B 4 ) 

can be converted into equivalent symmetric commutantal transformations 

X{e x X^Eh oftype {F, A'}{A\ A}{A , P}={>, P} .(B a ) 







506 OOMMUTANTS [CH. XXVII 

by the respective sets of equigradent commutantal substitutions 

X{=K'X{ , 02 = 0i , X 2 = X x K, E^E'EJv, 

XJ=KX x 'J'-\ 03 =^ 0 !^ X a =J~ l X x R, En^K’EiE, 

2V= X x 'J'-\ ei=J'e 1 J, X 4 =J~ l X l , E k = E x , 

■which are most easily obtained by inserting factors in (Bi) to clnuigo its typo. Wo can 
always choose J and K to be symmetric, so that J'=J t R'=R. 

Substitutions convertmg a symmetric commutautal transformation (IV) of any ouo of 
the four types (b') into an equivalent symmetric commutantal transformation (B') of any 
other of those types can be constructed m similar ways. 

By compounding such substitutions with those given in Ex in wo can obtain substitu¬ 
tions converting a symmetric commutantal transformation (B) of any ouo of tho four 
types (b) into an equivalent symmetric commutantal transformation (B ( ) of any non- 
corresponding type (b'). 

Note 2. Symmetric commutantal traneformatxons of alternating contra-commutants. 

Theorem II is the first of two corresponding theorems which relate respootivoly to 
symmetric commutantal transformations converting: 
contra-commutants {A 1 , A}, {A, A'} into contra-commutants {F, P}, {P, F ); 

contra-commutants {J.', - A}, {A, - A'} into contra-commutants {F, — P}, {1\ -F}. 

All such transformations are reducible respectively to equivalent symmetric commutantal 
transformations of the types: 

{F, A’} {A 1 , A}{ A, P}={F, P], (coutinuantal into oontinuantal); ...(i) 

{F, A'}{A', -A}{—A, - P}={F , -P}, (alternatmg into altornatiug); .(ii) 

where A , P can be replaced by any square matrices equicanonioal with them. 

We cannot ordinarily replace a symmetric commutantal transformation of any ono of 
these two olasses by an equivalent symmetric commutantal transformation of the othor 
class. 


3. Equimutant commuta/ntal transformations of a co-commutant. 

The square matrices A, A of order r and P, P of order m boing dofinod 
as before, let 

[<[«]>]> ml or XeY=E, .(0) 

where 

be an equimutant commutantal transformation converting 

a co-commutant e of one of the two continuantal typos {A, A), {J/, A'} 
into a co-commutant E of one of the two continuantal types {P, P}, {P, P'}, 
so that there axe four possible types of (C) whioh can be represented by 
{p, a} {a, a) {a, p} = {p,p}, where a=A or A', p = P or P. ...(c) 

■^o* 6 * or foM, = n, .(O') 

where 

be an equvmutant commutantal transformation converting 
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a co-commutftnt to of one of the two continuantal types {A, A}, {A', A'} 
into a co-commutant 0 of one of the two continuantal types {P, P}, {P', P'}, 
so that there are four possible types of (CK) which can be represented by 
{p, a}{a, a}, {a, p} = {p,p}, where a = A or A', p=P orP'. ...(o') 
Then from § 246. 4 we obtain the following theorem: 

Theorem III. An equimutant commutantal transformation (C) of any one 
of the four types (c) can always be converted by equigradent commutantal 
substitutions for X and Y and equimutant commutantal substitutions for e 
and E into an equivalent equimutant commutantal transformation (O') of any 
one of the four types (d) The co-commutants e, E in (C) satisfy the same 
rational integral equations as the co-commutants to, XI in (O'). 

The conversion of (C) into (O') is snpposed to be effected in the way 
described in § 246, the substitutions used being compounded of those described 
in Exs. v and vi. 

Ex. v. Substitutions used m Theorem 111: corresponding types. 

Let A=hA.H, P=upU 

bo the isomorphic transformations described in Ex. i, so that the square matrices k , u of 
orders r, to are particular undegenerate oommutauts {A, A), {P, P}. Then the following 
tablo shows the substitutions for X, e , F, E which convert an equimutant commutantal 
transformation (0) of any one of the four types (o) into an equivalent equimutant com¬ 
mutantal transformation (O') of the corresponding type (o') derived from (o) by substituting 
A, P for A , P. 


Case 

Type of (Cj 

X 

e | 

Y | 

E 

1 

{P,A}{A, A}{A, P}={1>, P} 

u£H 

haH 

/l7] U 

uQ U 

2 

{P,A}{A,A}{A,F}={F,P>) 

U'£H 

kaH 

hqvl 

0'Q.vl 

3 

{P, A') {A', A'}{A',F}={F, P} 

U'$h! 

ff'nh! 

H'tjU 1 

U'Qu' 

4 

{■ p , ^'}{ J i'^r}{2i',P}={P,P} 

u&l 

R'uh' 

E'rjU 

uQU 


Eat. vi. Substitutions used in Theorem III: 'ium-oorresponding types. 

Substitutions converting an equimutant commutantal transformation (0) of any one 
of the four types (o) into an equivalent equimutant commutantal transformation (C) of 
any other of those typos can be most easily constructed in the way described m Ex. ii. 
Thus if J and K are given particular undegenerate contro-commutants {A’, A} and {F, P}, 
then equimutant oommutantal transformations 

X^Yi-E, of type {F, A} {A , A) {A, P}={P, P}, . (C a ) 

X,e 3 F s =E, of type {F, A'} {A', A'} {A', F}={F, I*} . (0 8 ) 

Z 4 «*IW t of type {P,A'}{.4',4'}{4',P}-{P I .P} .(C 4 ) 

can be converted into equivalent equimutant commutantal transformations 

X&F^E, oftype {P, A }{A , A }{A, P}={P, P} .(CO 

by the respective sets of equigradent oommutantal transformations 

X % =KX x , F X K~\ E % =KE X K~\ 

X 3 ~KX x J~\ e 3 =Je x J~\ P t =JF x K~\ E 3 =KE X K~\ 

Z 4 = X x J~\ e A =Je x J~\ F^JY X , P 4 = E x , 
which are most easily obtained by inserting factors in (CO to change its type. 
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Substitutions converting an equimutant commutantal transformation (O') of any one 
of the four types (c') into an equivalent equimutant commutantal transformation (O') of 
any other of those types can be constructed in similar ways 

By compounding such substitutions with those given in Ex. v wo oan obtain sub¬ 
stitutions convertmg an equimutant commutantal transformation (0) of any one of the 
four types (c) into an equimutant commutantal transformation (Cf) of any non-oorrospond- 
mg type (o'). 

Note 3. Equimutant commutantal transformations of alternating co-commutants. 

Theorem III is the first of two corresponding theorems which relate respectively to 
equimutant commutantal transformations convertmg 

co-oommutauts {/I, A}, {A', A'} into co-commutants {P, P}, {F, F), 
co-commutants {A, - A}, {J', - A 1 } into co-commutants {P, -P}, {F , - F}. 

All such transformations are reducible respectively to equivalent equimutant commutantal 
transformations of the types 

{P, A}{A, A}{ A, P}={P, P}, (continuantal into continuantal ); ...(i) 
{P, A}{A, - A) { -A, -P}={P, -P}, (alternating into alternating); . 4 ....(ii) 
where A , P can be replaced by any square matrices equicanonical with them. 

We cannot ordinarily replace an equimutant commutantal transformation of any one 
of these two Glasses by an equivalent equimutant commutantal transformation of tho 
other class. 

§ 248. Equigradent commutantal transformations converting 
one given undegenerate square commutant into another of 
the same order. 

1. General transformations. 

Let A,B and P, Q be two poors of square matrices with constant olomenta 
which are all of the same order m, and let 

[®TbT\.yT = [&\ m or XeY=E .(A) 

L -J771 J 77 i L J m \ / 

be an equigradent commutantal transformation in which 

e, E are undegenerate square commutants {A, B}, {P, Q}, 
so that (A) has the prescribed type 

{P,A}{A,B}{B,Q} = {P,Q}, .(a) 

the types of X and Y being fixed by the prescribed types of e and E. By 
Ex. ii of § 244 there cannot exist undegenerate commutants X, e, Y, E 
of the prescribed types unless the two square matrices in each of the pairs 
(P, A), (A, B), (B, Q), (P, Q ) are equicanonical. 

Hence m order that theo-e may eanst equigradent commutantal trans¬ 
formations (A) of the prescribed type (a) in which e and E are undegenerate, 
it is requisite that all the four square matrices A, B, P, Q shall be equi¬ 
canonical or have the same characteristic potmt divisors .(A x ) 

These requisite conditions are also the conditions that there shall exist: 

(1) undegenerate square commutants e ={A, B} and E = {P, Q}; 

(2) undegenerate square commutants X = {P, A} or F = 
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and they are also the conditions that there shall exist: 

(1) undegenerate square commutants X = {P, A} and Y = {B, Q), 

(2) undegenorate square commutants e = {A, B) or E = {P, Q}. 

With respect to such transformations we have the following theorem: 

Theorem I. Let the requisite conditions (A 2 ) be satisfied, i.e. let A, B, P, Q 
be equioanonical ; and let e and E be given particular undegenerate square 
co'tmnutants of the prescribed types. Then it is ahvays possible to determine 
equigradent commutantal transformations (A) of the prescribed type (a) con¬ 
verting e into E; moreover either one of the transforming factors X and Y 
can be an arbitranly given particular undegenerate square commutant of the 
prescribed, type , the other transforming factor being then uniquely determinate. 

For if X is any given particular undegenerate square commutant {P, A}, 
then by prefixing in succession on both sides of (A) the inverses of X and e, 
which are undegenerate square commutants {A, P} and {B, A}, we obtain an 
equivalent equigradent commutantal transformation which determines Y 
completely and umquely as an undegenerate square commutant {P, Q}. 
Similarly if Y is any given particular undegenerate square commutant 
{B, Q}, then by postfixing in succession on both sides of (A) the inverses of 
Y" and e, which are undegenerate square commutants {Q, B} and {B, A}, 
we obtain an equivalent equigradent commutantal transformation which 
determines X completely and uniquely as an undegenerate square commu¬ 
tant {P, A}. 

The theorem Btates that it is possible to determine undegenerate square 
matrices X and Y which satisfy simultaneously the equations 
PX = XA, BY = YQ, XeY=E. 

Noth 1. When A, B, P, Q arc equicanomcal, let n bo any one of their canonical 
reduced forms Then by § 246 an equigradent commutantal transformation (A) m which 
e and E are givon and undegenerate can be replaced by or derived from a corresponding 
oqnivalont equigradont commutantal transformation 

or . ^ 

of typo {n, n}(n, n}{n, n}={n, n}.(a„) 

in whioli t» and £2 aro given uudogonerate commutants {n, n}. Honco Theorem I could be 
proved by proving the following lemma in which n is restricted to be a standard canonical 
square matrix with standardised umlateht super-parts . 

Lemma I. Lot n he a standardised canonical square matrix of order m, and let a 
and SI be given particular undegenorate commutants {n, n} Then it is always possible to 
construct an equigradent commutantal transformation (A 0 ) of type (ao); moreover this 
is possible when cither one of the two matrices £ and rj is a given particular undegenerate 
commutant {H, n}, the other matrix being then uniquely determinate. 

The proof of Lemma I is of course included in the proof of Theorem I But we could 
proceed ob in the other lemmas of this article, and replace (A 0 ) by a number of transforma¬ 
tions of the same oharacter in whioli n is umlatent, i.e. we could deduce Lemma I from 
the properties of ruled quadrate slopes 
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Ex. i. If e and E are given particular undegenerata square commutants {A, — B} and 
{P, —Q}, the requisite conditions (Aj) are that A, -B, P, —Q shall bo equicanonioal , 
or that: 

A and P shall have the same characteristic potent divisors (X —Ci)® 1 , (X — cj)^, .. ; 

B and Q shall have the same characteristic potent divisors (X+Ci)® 1 , (X + c a )® a ,... 

In this case the prescribed type of (A) is 

(P, A}{A,-B}{-B,-Q}={P,-Q}; 

and when the requisite conditions are satisfied, we can construct an equigrodent com mu- 
tantal transformation of this type even when X or Y is an arbitrarily given particular 
undegenernte square commutant of the prescribed type. 

Ex. ii. If e is a given undegenerate square commutant of one of the types 

{A, A }, {A r , A'}, {A', A}, {A, A'}, where A' is the conjugate of A, 
and E is a given undegenerate square commutant of one of the types 

{P, P}, {P, F}, {P'j P}, {P, F }, where P' is the conjugate of P, 

the requisite conditions (A t ) are that A and P shall be equicanonioal. 

In this case the two square matrices A, B and the two square matrices P, Q in (a) 01*0 
either equal or mutually conjugate 

Ex. ni. If e is a given undegenen'ate square commutant of one of the types 

{A, - A}, {A', — A'}) {A', - A}, (A, —A'}, where A' is the conjugate of A, 
and E is a given undegenerate square commutant of one of the types 

{P, -P}, {P'j -P'}, {P'j - P}, {P, -P'}, where F is the conjugate of P, 

the requisite conditions (Aj) are that A, - A, P, -P shall be equicanonioal , or that A and P 
shall be equicanonioal, their common characteristic potent divisors which a/re not powers of X 
being 

(X- Cl )% (X+ Cl ) fll j (X-o 2 )* (X+ a<ff* \ ... (\-c r )% (X +<3 r ) flr . 

In this oase the two square matnoes A, B and the two square matrices P, Q of Ex. i 
are either equal or mutually conjugate. 

Ex. iv. The results obtained in § 245 are developments of Theorem I. 

2. Symmetric transformations converting one given undegenerate symmetric 
or skew-symmetric contra-commutant into another of the same order. 

Let A and P be square matrices of the same order m with constant 
elements whose conjugates are A' and P', and let 

«"[<[< = [< or X'eX = E .(B) 

— m 

be a symmetric equigradent commutantal transformation in which e and E 
are two symmetric or two skew-symmetric matrices, 

e being an undegenerate contra-commutant {A\ A} or {A, A'}, 

E being an undegenerate contra-commutant {P', P} or {P, P'}, 
so that the possible types of (B) are 

{P'» A'}{A\A}{A,P} = {P f , P}, {P, A'}{A\ A}{A,F} = {P, P'}, 
{P,A}{A, A') {A', P'} = {P, F}, {F, A} {A, A'}{A', P } = {P', P}, 

.(b) 
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the type of (B) being fixed by the prescribed types of e and E. From § 244 
we see that: 

Symmetric equigradent commutantal transformations (B) in which e and 
E are both symmetric and both undegenerate are possible if and only if 
A and P are equicanonical.(B^ 

Symmetric equigradent commutantal transformations (B) in which e and 
E are both skew-symmetric and both undegenerate are possible if and only if: 

(i) A and P are equicanonical; 

(ii) every distinct characteristic potent divisor of A (or P) is repeated an 

even number of times, so that the characteristic potent divisors of 
A (or P) occur in pairs of the form 

(\- c y .(B a ) 

The theorems which will now be enunciated show that if these requisite 
conditions are satisfied, it ib possible to construct transformations (B) when 
e and E are any two given particular undegenerate contra-commutants of 
the specified types and characters. 

Theorem II a. Let e, E be given particular undegenerate symmetric 
contra-commutants {A\ A } or {A, A '}, (P' } P} or {P, P'}; and let the requisite 
conditions (B^ be satisfied. Then, it is always possible to determine X so that 
(B) is a symmetric equigradent commutantal transfamnation of the 'prescribed 
type converting e into E. 

Theorem II b. Let e, E be given particular undegenerate skew-symmetric 
contra-commutants {A\ A } or {A, A'}, {P\ P} or {P, P'}; and let the requisite 
conditions (B a ) be satisfied. Then it is always possible to determine X so that 
(B) is a symmetric equigradent commutantal transformation of the presoinbed 
type converting e into E. 

In the particular case when A = P = IT, where II is a standardised unilatent 
ca/nonical square matrix, these theorems become properties of ruled quadrate 
slopes which will be proved in Chapter XXXVIII (see Theorem IV of § 342 
as applied to quadrate counter-continuants). In the proofs of the theorems 
which are here given it is assumed by anticipation that they are known to 
be true in that particular case. In other words the theorems are here shown 
to be dependent on properties of ruled quadrate slopes which are proved in 
the appropriate place. 

When A and P are equicanonical, let II be any one of their common 
canonical reduced forms. Then by § 247 a symmetric equigradent commu¬ 
tantal transformation (B) in which e and E are given particular undegenerate 
symmetric (or skew-symmetric) contra-commutants of the prescribed types 
can always be replaced by or derived from an equivalent symmetric equi¬ 
gradent commutantal transformation 

7>]I[f]:=[n]I or r-f-Q . (BO 
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of type {IT, IT} {ii # , n> {n, n>={ir, n} . (b.) 

in which co and II are given undegenerate symmetric (or skew-symmetric) 
contra-commutants -{II', II}. Hence Theorems II a and IT 6 can be com¬ 
pletely proved by proving the following lemmas: 

Lemma II a. Let IS be a standardised canonical square matrix of order m 
(with standardised unilatent super-parts); and let co and 12 be any two given 
particular undegenerate symmetric contra-commutants {IT, II}. 

Then it is always possible to construct a symmetric equigradent commu- 
tantal transformation (B 0 ) of type (b 0 ) converting co into 12. 

Lemma II b. Let YS.be a standardised canonical square matrix of order 
m whose characteristic potent divisors occur in pairs of the form 

(\-c)\ (\ — cf , 

and let co and 12 be any two given particular undegenerate skew-symmetric 
contra-commuta/nts {IT, II}. 

Then it is always possible to construct a symmetric equigradent commu- 
tantal transformation (B 0 ) of type (b„) converting co into 12. 

It is shown below that these two lemmas are true, being deducible from 
properties of ruled quadrate slopes proved in § 342; and it follows that 
Theorems EL a and II b are true. 

Proof of Lemma II a. 

Let the successive unilatent super-ports of n be the square matrices 
n l9 IEj, ... n r of orders si, e 2 ,... e r 

with latent roots a lt ... c r which are all different, 

the super-part n< being a standardised unilatent canonical square matrix of the class 


M r fl * •") 

Wj e i2) ■■■/ 

in which efi+e a + ... 

= e ( . 


Referring to Ex. iii of § 244, we see that 

in (B 0 ) we can put 



~u l3 o , . o e " ej ’ 


1 

i-» 

o 

0"l 

fl,, e u i r> 

n= 0 > n 2 i 0 

9 

>Tr> 

II 

O 

a* 

0 

9 

1 

o 

o 

F 

1 

JT& 

Cfc 

,.e r 

_o, o,... 

fir. 

&l t flllt ■ 

«? 

i 

o 

o 

3 

1 

ev 

Hi, o, .. 

0 “ 

p,, fla, .. e r 

(0= 0, 02, . . 0 

9 

0 , &2, ■ • 

0 

9 

_ 0 , 0 , ... <D r _ 

~ <i. e*. 

er 

_0, 0,... 

Q r _ 

6i, 6i) .. e r 


and then replace (B 0 ) by the r symmetric equigradent oommutantal transformations 


suoh as 

of type {n/, now, n*}, .(2) 

(»*=!» 2,...r), 

where and Q* axe given undegenerate symmetric oommutants. Further we oan roga: 
2) as a symmetric equigradent oommutantal transformation 

Of type {it', «■'} {tt', 7r}{,r, 7r} = { 7 r', n) . (2') 
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in which all the matrices arc ruled quadrate slopes of the class (1) and of the typos 
shown, co t and being given uudegenerate symmotnc counter-continuants. 

By Theorem IV of § 342 it is possible to determine an undogenernto quadrate ante- 
continuant of the class (1) and of typo {n, 7r} together with its conjugate £/ so that the 

equation (2') is satisfied. When fj, . . g r have been determined in this way, tho 

oquation (B 0 ) is a commutantal transformation of type (b 0 ) having tho character required 
in Lemma II a. 

Proof of Lemma lib. 

Proceeding as in the proof of Lemma II a we can replace (B 0 ) by the r equations such 
as (2) or (2'); but now (for each of the values 1 , 2, ... r of i) every index number in tho 
series a il} o i2 , .. is repeated an even number of times, and c* is an eveu integer , moreover 
<u, and £2* aro givon imdcgenerato skew-symmetric commutants in (2), and therefore given 
uudegenerate skew-symmetrio counter-contmuants in (2'). 

By Theorem IY of § 342 it is possible to determine an undegenerato quadrate aute- 
contmuant & of the class (1) and of typo {v, n-} together with its oonjugato £/ so that tlio 

oquation (2') is satisfied. When £ ls £ 2 , .. ij T have beon determined in this way, the 

equation (B 0 ) is a commutantal transformation of type (b u ) having the charaoter reqiured 
in Lemma II b. 

3. Symmetric tranafm'mat'ions converting one given undegene'mte sym- 
metric or skew-symmetric alternating contra-commutant into another. 

Let A and P be square matrices of the same order m with constant 
elements whose conjugates are A! and P', and let 

^ n \e] m [x] m = [E] w or X'eX = E .(C) 

. , m L j jh 1 J 7ft L ■‘m 

be a symmetric equigradent commutantal transformation in which e and E 
are two symmetric or two skew-symmetric matrices, 

e being an undegenerate contra-commutant {A ', — A} or {A, — A '}, 

E being an undegenerate contra-commutant {P', — P} or {P, — P'}, 
so that the possible types of (C) are 

{F, A'}{A',-A}{-A,-P) = {P',-P }, 

{P ,A}{A,-A'){-A',-P) = {P,-F) I 
{P,A'}{A',-A}{-A, -F) = {P,-F}, 

{F, A } {A , - A 1 } {- A', - P } = {F, - P} .(c) 

the typo of (C) being fixed by the proscribed types of e and E. From § 244 
we see that: 

Symmetric equigradent commutantal transformations (C) in which e and E 
are both symmetric and both undegenerate aro possible if and only if; 

(i) A and P are equicanonical; 

(ii) the characteristic potent divisors of A (or P) which are not of the 

form X 8r+1 occur in pairs of the form 

(X-c)*, (\ + cy .(0,) 

33 


a, in. 
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Symmetric equigradent commutantal transformations (C) in which e and E 
are both skew-symmetric and both undegenerate are possible if and only if: 

(i) A and P are equicanonical; 

(ii) the characteristic potent divisors of A (or P) which are not of the 

form X 27 occur in pairs of the form 

(X-c)*, (X+o)*. (C a ) 

In (Ci) every distinct characteristic potent divisor which is a power of X 
with even index must be repeated an even number of times, but one which 
is a power of X with odd index may be repeated either an odd or an even 
number of times. 

In (C a ) every distinct characteristic potent divisor which is a power of X 
with odd mdex must be repeated an even number of times, but one which is 
a power of X with even index may be repeated either an odd or an even 
number of times. 

The theorems which will now be enunciated show that if these requisite 
conditions are satisfied, it is possible to construct transformations (C) when 
e and E are any two given particular undegenerate contra-commutants of 
the specified types and characters. 

Theorem III a. Let e, E be given particular undegenerate • symmetric 
contra-commutants {A' } - A} or {A, —A '}, {P', -P} or {P, - P'}; and let the 
requisite conditions (C x ) be satisfied. Then it is always possible to determine X 
so that (C) is a symmetric equigradent commutantal transformation of the 
prescribed type converting e into E. 

Theorem Illb. Let e, E be given particular undegenerate skew-sym¬ 
metric contra-commutants (A', — A) or {A, — A% {P', — P} or {P, — P '}; and 
let the requisite conditions (C a ) be satisfied. Then it is always possible to 
determine X so that (C) is a symmetric equigradent commutantal trans¬ 
formation of the prescribed type converting e into E. 

In the particular case when A = P = II, where II is a standardised wni- 
latent canonical square matrix, these theorems become properties of ruled 
quadrate slopes which will be proved m Chapter XXXVIII (see Theorem IV 
of § 342 as applied to quadrate counter-alternants). In the proofs of the 
theorems which are here given it is assumed by anticipation that they are 
known to be true m that particular case. In other words the theorems are 
here shown to be dependent on properties of ruled quadrate slopes which are 
proved in the appropriate place. 

When A and P are equicanonical, let II be any one of their common 
canonical reduced forms. Then by § 247 a symmetric equigradent commu¬ 
tantal transformation (C) in which e and E are given particular unde¬ 
generate symmetric (or skew-symmetric) contra-commutants of the prescribed 
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types can always be replaced by or derived from an equivalent symmetric 
equigradent commntantal transformation 

or .(Co) 

\ _i wl L J m L * J fli L 9 * x 7 

of type {IT, IT} {n', - n} {- II, - II} = {IT, - II}.(c„) 


in which to and H are given undegenerate symmetric (or skew-symmetric) 
oontra-commutants {IT, — II}. Hence Theorems III a and III b can be com¬ 
pletely proved by proving the following lemmas 1 

Lemma III a. Let Jibe a standardised canonical square matrix of order' 
m (with standardised unilatent super-parts) whose characteristic potent divisors 
not of the form X. 3r+1 occur in pairs of the form 

{X-c)*, (X+c)*, 

and let a> } 11 be any two given particular imdegenerate symmetric contra- 
corrmutmts (IT, — n}. 

Then it is ahuays possible to construct a symmetnc equigradent oommu- 
tcmtal transformation (C 0 ) of type (c„) converting co into H. 

Lemma IHb. Let II be a standardised canonical square matrix of 
order m whose characteristic potent divisors not of the form A 27- occur in pairs 
of the form 

(K-cy, (X + c)*; 

a/nd let to, (I be any two given particular undegenei'ate skew-symmetric contra- 
commutants {II', — II}. 

Then it is always possible to constn'uct a symmetric equigradent commu- 
tantal transformation (C 0 ) of type (c„) converting <o into 11. 

It is shown below that these two lemmas are truo, being deducible from 
properties of ruled quadrate slopes proved in § 342; and it follows that 
Theorems III a and III 6 are true. 

Proof of Lemma III a. 

Let the successive unilatent super-parts of II be the square matrices 

-CEoJ Tit Qi I ; ... P g , Q, 

of orders e 0 ; ; % , e 2 ; • ■ 0* , 

with latent roots 0 ; Oj , -c x ; o% , - ; . o,, - c, which are all different ; 


the super-part Ilo being a standardised unilatent canonioal square matrix of the class 

Jffyy ") in which %+%+ ... =fl 0 j .(3) 

and in which emery even index number is repeated an even number of times ; and the super- 
parts Pi, being standardised unilatent canonical square matrices of the class 

in which ... .(4) 


33—2 







516 


COMMUTE NTS 


[CH. XXVII 


Referring to Ex. vin 

of § 244, we 

see that 

in (C 0 ) we can put 



" Ho, 0 , . 

. 0 

- 0 „, 2c, 

, 20* 

i 

o 

o - 

20* 

n= 0 > Hl ’ 

0 


J 

4JJI . 

o • 

II 

■Uji 

0 

) 

o 

o 

j 

. n* 

J e 0 , 2e, 

, ..20, 

.o,q,. 

- fii, 2o,, 

2cr 

o 

= 

1 

0 

- e a ,2e, 

J • 20* 

o 

a 

L 

*1 

r 

o 

to* 

<D= 0 5 “1* ' 

0 


J 

a 

o 

II 

a 

0 

3 


_ 0 , 0 , .. a>„ _ et> 2e l , ie, L° » 0 • _ e a ,2o lt .2?* 

where for the values 1, 2, ... s of i the parts Hi, a> if are bipartite matrices of tho 
forms 

r Pu o f ,ai p r <> o T ri P ’ a <T ,£i P • M l,el 

L°. &-L/ L° - r 4 tiei ’ U'-°-L 

in which the non-zero parts are ruled quadrate slopes of the class (4), and tho matrices 
at, A{ are the conjugates of the matrices a u A it The matrices n 0 , £ 0 , <d 0 , O 0 are ruled 
quadrate slopes of the class (3). Using these forms and denoting the conjugates of n, £, 
n i5 | ls P { , Qi, Xi, Y t by the oorresponding dashed letters, we oan replace {C () ) by tho « + l 
symmetric equigradent commutantal transformations such as tho equation 

Of type -HiH-Hi, -^>={11/, -Ht>.(u) 

where z receives the values 0, 1,2,.. s. But when i #= 0, the equation (fi) can bo replaced 
by tho two mutually eqiuvalent equations 

AJcii Fi=d^, Yiai'Ai=Ai, 

and therefore by one only of these equations Thus finally (C 0 ) is equivalent to tho single 
symmetric equigradent commutantal transformation 

£o'<»o£o=ao of type {n 0 ', Hq'}{ n 0 ', -nj{-n 0 , -n u }={n u ', -n 0 }, .. . (0) 
in which <d„ and 0 () are given undegenerate symmetric commutants, and tho « oquigrodont 
commutantal transformations suoh as 

AV^IWi of type {A', P<'}{Pi', ~Qi}{~Qu ~Qi}={Pi, - Qi}, .(7) 

(z = l, 2, . . s), 

where oj and A { are given undegenerate commutants We can regard (G) tin n symmetric 
equigradent commutantal transformation 

£a “o£o = Qo of typo {jr\ Tr'}{ir', 7T, —JT} = {ir', — »r}, .(G') 

in which all the matrices are ruled quadrate slopes of the class (3) and of tho typos 
shown, <d 0 and Q 0 being given undegenerate symmetric counter-altornants; and wo tain 
regard (7) as an equigradent commutantal transformation 

Xi'etiY^Ai oftype {ir\ jt 1 } {n-', - 7r}{- tt, -jr} = {7r', — 7r}, .(7') 

m which all the matrices are ruled quadrate slopes of the class (4) and of the typos shown, 
Oj and Ai being given undegenerate counter-alternants. 

By Theorem IV of § 342 it is possible to determine all undegonerato quadrate anto- 
contmuant £o of the class (3) and of type { — ir t — tt} or {n-, i r} together with its conjugate 
£o so that the equation (6') is satisfied So far as the equation (7') or (7) is ooncemed, 
there is no need to refer to Chapter XXXVIII; for it follows from Theorem I of the 
present article that it is possible to determine undegenerate oommutants and Yi of 
the prescribed'types'whioh satisfy the equation (7), X t being then a commutant {P t , PJ. 






248] 


COMMUTANTS 


517 


When undogenorate commutaiita X 1} Y 1 , A r 2 , Y 2 , . . A'„, Y a have been detonniuod in 
these ways, tho equation (C 0 ) is a commntantal transformation of typo (c 0 ) having tho 
character required in Lemma III a. 


Proof of Lemma in b 


Tho proof is similar to that of Lemma III a, but (3) must bo a class in which ooory 
odd index number u repeated an earn number of times, and n*, £ { , a>„ 0< for tho values 
1, 2, ... 8 of i are bipartite matrices of the forms 


ri\, o ■p ,Ci rA'i, o f i,ei ro , af i Ci,L< ro , a ff ,at 

lo , Q t * 0 , 3'J ’ -ai t 0 ’ °J 

i_ » ci 1- > Li —" *" ’ - J C1 J Oi 


We can roplaco (O 0 ) as before by tho single symmetric equigradeut commutantal trans¬ 
formation (6) or (6') and the s equigradent commutantal transformations such as (7) or 
(7'); but now t» 0 and Q 0 are given uudegenerate skew-symmetric commutants m (6) or 
quadrate counter-alternants in (6') 

By Theorem IV of § 342 we can dotermino au undegenorate quadrato slopo £„ of tho 
prescribed type and class which satisfies tho now equation (6'), and by Theorem I of the 
present article we can determine undegenerate commutants X t and Y t of tho prosenbod 
types whioh satisfy the new equation (7'). When uudegenerate oommutants £ 0 , A'*, Yi, 
■X 2) ... X t , Y a have been dotei'mined in those ways, the equation (C 0 ) is a commutantal 

transformation of type (c 0 ) having the character required in Lemma III b 


4. Applications to symmetric semi-unit transformations converting one 
given symmetric or skew-symmetric matrix into another* of the same order. 

Sinco a symmetric semi-unit transformation is the same thing as a 
symmetric equimutant transformation, there cannot exist such a transforma¬ 
tion converting a square matrix A with constant elements into another 
square matrix P of the same order unless A and P are equicanonical. When 
this condition is satisfied, we have the following theorem in which X' is the 
conjugate of X. 

Theorem IV. Let A = [a]™ and P = |jj]™ be two given equicanonical 
square matrices of the same order m with constant elements which a/re either 
both symmetric or both skew-symmetric. Then it is always possible to deter- 

mine a square semi-wnt matrix X — [ds] m such that 

«’*[«] ^ X'AX = P .(D) 

i_ i m m 1 - uxrJ m 

To do this we have to determine a (necossarily undegenerato) square 
matrix X of order m which satisfies simultaneously the two equations 

X'X = I, AX = XP, where I = [1]“ 

If A and P are both symmetric, we can regard I as an undegenerate 
symmetric contra-commutant of each of the typeB {A', A}, {A, A'}, {P, P}, 
{P, P*}, where A', P' are the conjugates of A, P; consequently the possi¬ 
bility of determining such a matrix X is a particular case of Theorem II a 
obtained by putting e = E = I. 
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If A and P are both skew-symmetric, we can regard I as an undegeneratc 
symmetric contra-commutant of each of the types {A', — A), {A,—A'}, 
(P', — P}, {P, — P}, and as in Ex. xiv of § 244 the characteristic potent 
divisors of A (or P) not of the form X 2T+1 occur in pairs of the form (\ — c) 4 , 
(\+c) 4 ; consequently the possibility of determining such a matrix X is a 
particular case of Theorem III a obtained by putting e = E = J 


Note 2 . Determination of the transfomiatwns (D). 

The aotual determination of X m Theorem IV can of course bo roduood to correspond¬ 
ing problems regarding ruled quadrate slopes. Let n=[n]™ be a common standard 
canonical reduced form of A and P with standardised unilatent super-parts, lot n' be the 
conjugate of n, and let 




m 

ttt 


or 


A = huff, 


p=v,nu 


be given isomorphic transformations by which A and P can be derived from n, so that 
It, u are any particular undegenerate oommutants { A , n}, (P, n} Then wo have to con¬ 
struct a symmetric equigradent commutantal transformation 


.T'JZ=7 W [l] m [a?] m =[l] m =/ 


of type {P , A'} {A\ A} {A, P}={P, P} or {F,A'}{A\-A) {-A, -P}={F, -P>, 

according as A and P are both symmetric or both skew-symmetric, whioh can bo induced 
to an equivalent symmetric equigradent commutantal transformation 


u l 1 t r 1 tn r .i 3W p _-1 ® — 

£ [®] [£] =[ Q ] = Q 

I— > vt fti m m 

of type {n , ,n'}{n , ,n}{n,n}={n , ,n} or {n', n'} {n', -n}{-n, -n}={n', -n}, 

according as A and P are both symmetric or both skew-symmetric, by tho equigradonL 
commutantal substitutions 






I =[l] W =^ m [a»] 7n [P] r 


H'aH, 


I =[i] m = r ^ w [a] w [0] m =U'QU. 

m i—i w m m 

Hence if a and Q are the given undegenerate symmetric contra-commutants 

m m 

0> = h \h] =h'k, Q -w fu] =U'U 
. t - J » m ■—'« J m 

which are both of type {n' } n} when A and P are both symmetric , 

or both of type {n', - n} when A and P are both slcew-symmetrio, 

and if £ w any particular undegenerate oommutant {—n, — n} or {n, n} satisfying the 
symmetric commutantal equation £^£=£ 2 , the required conditions are satisfied when 

X=h£U. 

The matrices «, O, £ t are compartate, their parts being ruled quadrate slopes of types 
W, it}, {tt', 7 r}, {»r, it) or {ir\ — 7r}, {tt\ — 7r}, { - n, - w}; and the determination of £ is 
effected as in the proof of Lemma II a or Lemma III a. 



CHAPTER XXVIII 


COMMUTANTS OF COMMUTANTS 

[After the commutants of the commutaut of a square matrix A have been defined to 
be those square matrices which are commutative with every commutaut of A , it is shown 
that they could also he defined to be those square matrices (or those commutants of A) 
which are rational integral functions of A. The rules for constructing a goneral com- 
mutont of the oommutant of A lead to spocial forms of an arbitrary rational integral 
function of A which are convenient for certain proofs. They are used m deduoing 
Frobenius’s Theorem regarding solutions of the matrix oquation from the properties 

of simple square ante-continuants. In the last article (§ 203) the general comniutant of a 
square matrix A whose elements are all arbitrary is determined by a direct method, and 
is shown to be identifiable with a general comniutant of the comniutant of A, and with au 
arbitrary rational integral function of A.] 

§ 249. Commutants of commutants defined. 

1. The commutants of ike commutaut of a square matrix whose elements 
are constants. 

If A = [a]™ is a square matrix of order m whose elements arc given 
constants, a square matrix <t> = [£]™ will be called a commutaut of the corn- 
mutant of A or a commutant of the commutants of A when it is commutativo 
with every particular commutaut of A, i.o. when 

every commutant {A, A) is also a commutaut (<E>, <E>}. 

If X is a square matrix of order m whose elements can receive any values wc 
please, this is the case if and only if 

whenever AX = XA, then alBO <E>X = X<E>. 

Let X — [a>]™ bo any general commutant {A, A} expressed in tho form 
X = XjXi +\flX a + ... .(a) 

where the \’s are arbitrary scalar parameters, and X lf X a , ... X z are a 
complete set of independent particular non-zero commutants, the integer i 

being necessarily not less than 1. Then a square matrix <E> = [$]” whoBO 

elements are constants is a particular commutant of the commutant of A when 
and only when the equation X<E> = <3>X is an identity in the X’s, i.e. when 
and only when 

is a particular non-singular commutant {X, X}. 

Again if j is the greatest possible number of independent particular non-zero 
commutants of the commutant of A, a general commutant of the corn/mutant 
of A is a square matrix <E> = [0]™ expressible in the form 

® = fh.$i + A 1 a < ^ > a+ .(b) 
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where 4> Xj <I> aj ... are j independent particular non-zero cominutants of 
the commutant of A, and the /t’s are arbitrary scalar parameters independent 
of one another and of the Vs occurring in X. In this caso tho equation 
X<f? = <E>X is an identity m the Vs and /is, and 

<E> is a general non-singular commutant {X, X}. 

Every commutant of the commutant of A can be regarded as a particularisa- 
tion or specialisation of any given general commutant of the commutant 
of A. 

Note 1. The commutants of the oommutanta of A defined abovo depond on A only, 
and must be distinguished from the oommutants of any specified commutant of A. Whon 
X is any general oommutant of A, they are tho non-singula) oommutants of X, which are 
independent of the form or choice of X The singular commutants of X, when they exist, 
involve the arbitrary parameters of X, and could not properly bo called commutauts of 
‘the 5 commutant of A when X is not specified 

Throughout this chapter ‘commutants of commutants 5 will mean square matricos 
each of which is a ‘ commutant of the commutant 5 of a given square matrix, l.o. square 
matrices each of which is commutative with all commutants of a given square matrix. 

Ex. l The general commutant of the commutant of A w always an undegenerate square 
matrix. 

For tho umt matrix of the same order as A is always a commutant of tho commutant 
of A. 

Ex. n. Every particidar lationul integral function of A is a oommutant of tho com- 
mutant of A. 

For by Ex. vm of §238 it is commutative with every particular commutant of A, and 
is therefore a non-singular commutant of every general commutant X={d 3 d}. 

Ex. nL The general oommutant of the oommutant of a scalar or quasi-scalar matrix. 

The general commutant of the commutant of the scalar matrix A^=c. [i]™, where o 

may be 0, is the scalar matrix $=/«,. [1]”, where /l is an arbitrary parameter. This is 
shown in Exs s ii and xix of § 238 

If A is a quasi-scalar matrix whose successive diagonal elements aro a lt ... a m , it 
follows from Ex h and Theorem II of § 260 that the general commutant of tho com¬ 
mutant of A is a quasi-scalar matrix whose successive diagonal dements /ii, 

/ia, ... / 4 n are arbitrary subject to the conditions that 

when a { =aj, so that / 4 = 1 =/^ when a^aj. 

If A contains exactly s unequal diagonal elements Cj, ... o #) then $ contains oxactly 8 
arbitrary parameters /i l5 /ij, ... /i a . 

Ex iv. If X and are respectively a general oommutant of A and a general commutant 
of the commutant of A, then: 

A is a particulansation of X, A is a particulansation of <i>, 
and $ is a specialisation of X 

These results follow respectively from the facts that A is commutative with A ; A is 
commutative with d.; $ is commutative with A because it is commutative with every 
commutant of A By the third theorem in Note 4 of § 238, the last of these three results 
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if) a necessary consequence of tho first of them, for beuauso A is a partioularisatiou of A', 
therefore tho general non-singular coinmutant = {JiT, A'} must be a specialisation of tlio 
general non-singular commutant A r ={d, yl}. 

The fact that A is a particularisation of <I> shows that overy non-singular commutant 
{<!>, $} is a commutant {A, A}-, for being commutative with <i>, it must bo commutative 
with A. 

Consequently we can regard «I> as the most general square matrix which has X as its 
general non-singular commutant 

Ex. v. Since ovory commutant of the commutant of A ih a com mutant of A, wo can 
say that • 

The commutants of the commutant of A are those commutants of A which are commuta¬ 
tive with all commutants of A. 

Houce when all commutants of A are commutativo with ouo another, every particular 
or goneral commutant of A is also a particular or geuoral commutant of the commutant of 
A i in other cases there exist commutants of A whioh aro not also commutants of tho 
commutant of A. 

Note 2. Some anticipatory results 

If A = [a]™ is a squaro matrix with constant olomeuts, and if s is tho lowest possible 
dogreo of a rational integral equation satisfied by A, it will bo shown in § 252 that: 

Thej'e are exactly s independent particular nan-zero commutants of the commutant of A. 

Prom this result it follows further that 

The general oommuta/nt of the commutant of A is an arbitrary rational integral function 
of A. 

The commutants of the commutant of A are those commutants of A (or those square 
matrices') which are rational integral functions of A. 

The general oommuta/nt of A is a rational integral function of A when and only when it 
■is a general commutant of the commutant of A, i.e. when and only when all commutants of 
A are commutative with one another ; and this is the case when and only when 8=m. 

Ex. vi. In the following two illustrations a, b, c are givon soalar numbers such that 
a 4= b and c =£ 0, x, y, z t u, v, X, p, v are independent arbitrary parameters ; X is a goneral 
commutant {d, A}; tf> is a general non-singular commutant {A r , A), i.e. a general com¬ 
mutant of the commutant of A j and is a general coinmutant {A', A r } 

r u o 0" ~x z u~^ r X v CP 

(1) A=> 0 a 0 , X= 0 x o i 4'“ 0X0 , 

_ 0 0 a _ L m 0 v y_ _00X 

” (x-y)\, ( m-y)v , up. "> 

¥= 0 , (x-y)\ 0 

0 , vp , (, x-y)(\-p ) _ 

Here there are two independent particular uou-zoro commutants of tho commutant 
of A, and there are three independent particular non-zero commutants of A", of which 
only two can be non-singular. The coefficient of p m ¥ is a singular commutant of X , 
and is not commutative with all particularisations of X; consequently it is not a corn- 
mutant of the commutant of A. If 7=[1] we have 

(d—a/) 2 =0, o$=o\.I+v.(A — a2). 
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~ a 

0 

O' 

X 

s 

0“ 


V 

0 

(2) 

0 

II 

-3 

a 

0 , 

0 

II 

X 

0 , 

0 

II 

II 

■& 

X 

0 


L o 

0 

b _ 

i_o 

0 


_0 

0 

/*_ 


Here there are three independent particular non-zero commutants of tho commutant 
of A, and there are three independent particular non-zero commutants of X which are all 

non-singular, the general commutant { X, X} being non-singular. If 7=[l] jS wo have 

(A-al) 3 (A—bI)=Q, 

c(a — b) i . $=cX. {6 (b — 2 a) J+2aA — A. a }+c/x. {a 2 I— 2 a A +A 2 } 

+(a- b) v . {ctbl- (a+b) A + A 3 }. 

2 . The commutants of the commutant of a square matrix containing 
arbitra/ry or variable elements. 

When the elements of a square matrix A = [a]^ are rational integral 

functions of certain scalar variables 71 , 7 a , 7 S , we will still define a com- 
muta/nt of the commutant of A to be a square matrix which is commutative 
with every particular commutant of A ; but it must be understood that all 
equations are identities in the 78 . 

Let X be a general commutant of A expressed in the form (a), where the 
elements of X 1} X 2 , ... X l are particular rational integral functions of the 
ys, and the Vs are arbitrary parameters independent of one another and of 

the 78 , and let <J> = [<£]™ be a square matrix whose elements are rational 

integral functions of the 7 ’s. Then $ is a commutant of the commutant of A 
when and only when all the equations 

X 1 ® = <PX 1) X 2 $ = 3>X a , ... X t ® = $>Xi 

are identities in the 7 s as well as m any arbitrary parameters which may 
occur m <E>. If we treat all the arbitrary parameters occurring in <J> as 
independent of the Vs, this is the case when and only when the equation 

X® = OX 

is an identity in the 7 s, the Vs and the independent arbitrary parameters of 
<E>. Accordingly we can. define <£> to be a particular commutant of the com¬ 
mutant of A when its elements are rational integral functions of the 7*8 only, 
and it makes the equation X<& = an identity in the 7 ’s and Vs; and we 
can define $ to be a general commutant of the commutant of A when it is a 
homogeneous linear function of the greatest possible number of independent 
particular non-zero commutants of the commutants of A expressed in the r 
form (b). In the latter case we will call /^, ... yj the parameters of (or 
peculiar to) <E>; they are to be regarded as independent of the parameters 
V, Vi, V of X as well as independent of the scalar variables 71 , 7 S , 73 , 
of A, and the equation XG> = <&X is an identity in the 7 ’s, Vs and p’s. 

The arguments and results of sub-article 1 can be adapted to the more 
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general case of tins sub-article by interpreting non-smgular commutants 
(X, X} to mean commutants {X, X} which are independent of the Vs; and 
particularisations or specialisations of X and $ to be matrices derived from 
them by particularising or specialising the Vs and /jl’b in the way described 
in §238 s. When the elements of A, X, <3? are rational functions of the 7 , s, 
we can (after multiplying each matrix by a suitable non-zero rational integral 
scalar function of the 7 * 3 ) replace them by rational integral functions of the 
7 s, and all the above remarks then remain applicable. 

We shall always regard the general commutant of the commutant of a 
square matrix A as determined in the way described above, though it can be 
interpreted (see Note 3) to be an arbitrary rational integral function of A 

Eos. vii. As a square matrix becomes more and more specialised, the commutant of 
the commutant of A tends in general to become more and more specialised. 

Ex. vni. The corrugates and inverses of commutants of commutants 

If $ is a commutant of the commutant of a square matrix A, and if A\ are the 
conjugates of A } #, then is a oommutant of the commutant of A '; moreover when $ is 
particular or general, <£' also is particular or general. 

When 4 is undegenerate, its inverse is always another commutant of the commutant 
of A. 


Note 3. Anticipatory results. 

Since the results mentioned iu Note 2 must be true for all particularisations of d 
obtained by ascribing particular values to the y’s, we see by ascribing ordinary particular 
values to y’s (as at the end of § 252) that they must remain true for the matrix A whose 
elements are rational integral functions of the -/a. In particular it is still true that: 

The general commutant of the commutant of A is an arbitrary rational integral function 
of A. 

Two illustrations are given in Ex. vi, where a, b, 0 may bo independent scalar variables. 
Other illustrations will be given in § 263. 

§ 250. Theorems facilitating the determination of commutants 
of commutants. 

1. The oommutants of the commutants of two equicanonical square matrices. 
Let A = [a] m and B = [Z>]™ be two given equicanonical square matrices of 
order m with constant elements, and let 

[a] m -W M [ 6 ] m [ J a r r or A=hBH .(1) 

L J in L J m L L 

be any given isomorphic transformation by which A can be derived from B. 
Then we have the following theorem concerning two square matrices <E> and 
SI? which are connected by the equation 

= or .(A) 


Theorem I. The square matrix <E> in (A) is a commutant of the com¬ 
mutant of A when and only when the square matrix W is a commutmt of the 






524 


COMMUTANTS OF COMMUTANTS 


[CH. XXVIII 


commutant of B ; also is a particular or general commutant of the com- 
mutant of A when and only when 9 is a particular or general commutant of 
the commutant of B. 

As in Theorem I a of § 240 we can always select a general commutant 
X = {A, A} and a general commutant Y={B, B } such that 


m!-[C bjtml ” x=hYH. 


( 2 ) 


Then by the same theorem the matrix m (A) is a non-singular commutant 
{X, X} when and only when the matrix 9 is a non-singular commutant 
{F, F}, and when <£ and 9 are non-smgular commutants of X and F 
respectively, each of them is particular or general when and only when the 
other is particular or general. 


The theorem also follows directly from the pair of equations 
X<D = [A]*. 79. [H] m , = [A] m . 97. [SV H . 

L L L J m L 

Since we can always determine a transformation (1) in which B is a 
standard canonical square matrix, Theorem I shows that we can always 
determine the general commutant of the commutant of A when we know 
the general commutant of the commutant of every standard canonical square 
matrix. 


Ex. i. Theorem I remains true when A and B are square matrices whose elements aro 
rational integral functions of certain scalar variables. The proof will be adapted to this 
case when we interpret a non-smgular commutant of the general commutant X or Y to be 
a commutant which may involve the scalar variables of A and B , but does not involve the 
parameters peculiar to X or F, which are the same for both matrices and aro independent 
of the scalar variables of A and B. 

Ex. li. Taking (1) to be a symmetric derangement A=>hBh\ we see that: 

If there exists a sy mm etric derangement converting B into A } the same symmetric 
derangement converts every particular or general commutant of the commutant of B into 
a particular or general commutant of the commutant of A. 

2 The commutants of the commutant of a compartite square matrix, 

~ A lf 0 , ... 0 - a " aa ‘ ^ 

.w 

_ o , 0 , ... A r _ 

<*1 j flLjj Of 

be a compartite square matrix in standard form whose parts are all square 
matrices with constant elements. Also let X = [®]* be a general commutant 

{A, A}, let = [0] m be any commutant of the commutant of A, i.e. any 

non-singular commutant {X,X} } and let X and $> be expressed as compound 
matrices of the same class as A. 
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First suppose that no two parts of A have a latent root in common. 

When we construct X by Theorem II of §240, and remember that 
must be a specialisation of X (because it is commutative with A), we see 
that we can represent X and $ as compartite matrices of the same class as 
A in the forms 


X = 


X u 0 , 0 “ ^ 

0 , X 2 , ... 0 


_0 , 0 , ... Xrj 


, <£> = 


* 1 , o , o 
0 , <£ a> ... 0 

_0 ,0 , ... < 3 > r _ 


— Q| v dj, » ar 


. -(B) 


a M a.j, ar 


where the part X t of X is a general commutant {di, A.}, the parameters of 
the r parts of X being all independent; and where the part <&,, of <E> (being a 
specialisation of X x ) is some commutant {Ai, d*}- We proceed to a closer 
examination of the parts of <3>. 

A square matrix <E> with constant elements having the form Bhown in (B) 
will bo a particular commutant of the commutant of A when and only when 
the equation Z$>= <3>Z is an identity in the parameters of X, i e when and 
only when for each of the values 1, 2, ... r of i the equation 

X&i-QiXi 


is an identity in the arbitrary parameters of i, i c. when and only when <I>f is 
a particular commutant of the commutant of Ai. Since we can choose a 
complete set of independent particular non-zero commutants of the corn- 
mutant of A so that in each of them only one of the parts C I> ]} <$>,,, ... <E> r is a 
non-zero matrix, it follows that when <E> is a general commutant of the com¬ 
mutant of A, the part is a general commutant of the commutant of Ai, 
and the parameters of the r parts aro all independent. Accordingly we have 
the following second theorem: 

Theorem II. When no two parts of the compartite square matrix A 
shown in (3) have a latent root in common, every commutant of the commutant 
of A is a compartite square matrix <E> of the form shown in (B) in which for 
each of the values 1, 2, ... r of i the part is a commutant of the commutant 
of the part At of A; moreover <3? will then be a general commutant of the 
commutant of A when and only when <E> t is always a general oommutant of the 
commutant of A i} and the parameter's of the r parts <I> 13 <3> a , ... <E> r are all 
independent. 

When we regard a commutant of the commutant of A as a non-singular 
commutant {X, X}, Theorem II becomes merely an application of Theorem II 
of § 240 after the form of X has been fixed; for every general non-singular 
commutant X*} is a general commutant of the commutant of A x \ and if 
j^i, every general non-singular commutant {Z x , Xj} is a zero matrix, because 
it is a specialisation of the general commutant {Ai, Aj), which iR a zero 
matrix, 
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In Theorem II we can take the parts of A to be standardised unilatent 
canonical square matrices. Then from Theorems I and II it follows that the 
general commutant of the commutant of every square matrix with constant 
elements can be constructed when we know the general commutant of the 
commutant of every standardised unilatent canonical square matrix. 

Ex. in. If the elements of A are rational integral functions of certain scalar variables, 
we have a corresponding theorem m which the characteristic matrices Ai (X), An (X), . 
-4j.(X) of the parts of A are such that no two of them have an irresoluble divisor in 
common 

Next let all restrictions on the parts of A be removed, and let X and <3> 
be expressed m the forms 


r y Y 

’rr — a \ * 

■■ -“-1 T 

' °T - , 

^11 J 

^Ui ■ 


X$l, Xaa, . 

.. X w 

i 4 ji, 

, d> = 

■■ 


_ X n , Xyt, .. 

.. Xrr 


• ■ 



— °i ■ “a i a r ~ ~ a i > “r 

any parameters which may occur in $ being regarded as independent of the 
parameters of X. Every diagonal constituent of X is an undegenerate square 
matrix, the parameters of the ? JI constituents of X are all independent, and 
the equation X<3> = is an identity in all the parameters of X. 

When we put all parameters of X equal to 0 except those of one of the 
diagonal constituents, we obtain such equations as 

Xit = 0 , Xjj = 0 , (j 4 = i), 

which show that all the non-diagonal constituents of <3> must be zero matrices, 
and that 4> must be a compartite matrix of the same class and form as A. 
When this condition is satisfied, the identical equation X<&= <t>X becomes 
equivalent to the identical equations such as 

Xa&ti = &uXij = Xy&ij, (j =|= i) .(4) 

# 

Thus when $ is a general Gommutant of the commutant of A, all its non¬ 
diagonal constituents are zero matrices, and its diagonal constituents <E> U , 
<&asj ... <3>„. are the most general commutants of the commuta/nts of 
A 2 , . . A r which satisfy the second set of relations in ( 4 ). 

§ 251. The commutants of the commutant of a canonical square 
matrix. 

1. Simple canonical square matrix. 

Let A = [a]™ be the simple canonical square matrix of order m whose 
latent root is c; let X = [w]™ be the general commutant {A, A} of A’ } and 
let <I> = [0]™ be the general commutiimt of the commutant of .4,'i.e. a general 
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non-eingular commutant {X, X) of X. Because A is a particularisation of X, 
<l> must be a specialisation of X, and we can put 

• fl'm—i P» Pi • ■ ■ Pin~i 

y 0 Xq ... OCin—2 _ 0 pa ... Pm—a 

L 0 0 ... x 0 _ 0 0 ... p 0 

where the «’s are independent arbitrary parameters, and where the p’s are 
scalar quantities independent of the eos which have to be so determined that 
the equation 

X® = <t>X .(1) 

is an identity in the w’s. Since a matrix <E> having the above form is com¬ 
mutative with X for all values of the p’s, the p’s are m independent arbitrary 
parameters, and we have the following theorem: 

Theorem I. The general commutant of the commutant of the simple 
canonical square matrix A of order m is a general simple square continuant 
$ of order m and of type {n, 7r} hairing the form shown above, i.e. having the 
same form as X. 

It cam, he regarded as an arbitrary rational integral function of A, or of 
any simple canonical square matrix of order m. 

The last part of the theorem depends on the fact that there are exactly 
m mdependent particular non-zero commutants of the commutants of A, the 
proof bemg included m Ex. iv of § 242. By Ex. v of § 249 the whole theorem 
follows from the fact that all commutants of A are commutative with one 
another, or from the fact that X is a rational integral function of A. 

Ex. i If A' is the conjugate of A, it can he shown in the same way that the general 
commutant of the commutant of A' iB a general simple square continuant of typo 
{n-', n-'}, and can bo regarded as an arbitrary rational integral function of A 1 . We can 
clearly take to be the conjugate of <E>. 

Ex. ii. If ¥ is any undegenerate partioularisation of $ (which may he A when c =|= 0), it 
is possible in two and only two ways to determine such particular values of the m arbitrary 
parameters of $ that 

$ 3 =¥ .( 2 ) 

This is a property of simple square ante-continuants of type {n-, n-} whioh is proved 
in § 296. 3 by putting the scalar equations equivalent to (2) into the forms 

i=K -1 

Po a=30 o> (Po*0); 2p 0 p s + 2 (fiipK-d=o Kt (k = 1, 2, ... m-1), 

t=i 

and solving them for po, pi, ... p m -i in succession. We havo a corresponding theorem 
relating to 

2. Unilatent canonical square matrix. 

Let A = [a] m be a unilatent canonical square matrix, the characteristic 


' £ if i 
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potent divisors of whose successive simple parts are 

(A-<j) c >, (A - c) fl », .. (A - cY‘, where e^ +e z + ... + e 8 = m, 
and let e be the greatest of the integers e u e a , ... e 8 . Also let X = [jz;]^ 

be the general commutant {A, A) of A, and <I> = [<£]™ be the general com- 

mutant of the commutant of A, i.e. a general non-singular commutant 
{X, X). Because A is a particularisation of X, <I> must be a specialisation 
of X , and we can put 


X = 


An, X ia , 

V - *i. <?ai 

• -A is 

ea | 

— 1 
o 

^ib, • 


A ai> Xaj, ., 


, $ = 

^ai> 

^>13, ., 

.. 

_ X au Ago, . 

■ A m _ _ 


_ ^81 j 

^12) " 

•• 


where the constituents of X are general simple continuants of type (7r, 7 t} 
whose parameters are all independent, and where the constituents of are 
simple continuants of type (tt, tt) whose parameters are scalar quantities 
independent of the parameters of X which have to be so determined that the 
equation 

X3>=$>X .(3) 

is an identity in the parameters of X. 

By making all constituents of X zero matrices except one of the diagonal 
constituents, we obtain such equations as 

Xu < t > ij= 0, ^ijXft = 0, (j =)= i ), 

and since these are identities in the parameters of X u and Xjj respectively, 
they show that all the non-diagonal constituents of <£> must be zero matrices. 
Accordingly we can put 

- ■ * j ■ ■ e » - . a.. . <■« 


A = 


Ai, 0 , 

0 , a 9> 
0 , 0 , 


4> = 


0 , 
0 , CD S , 


(4) 


c i. 


0 , 0 




« _ 


i 0Bl 


where <£ a , . . <E> g ai'e simple square continuants of typo { 7 r, tt }, which can 
be regarded as commutants of the commutants of the simple canonical square 
matrices A 1} A a , ... A a When this form is given to <L>, the equation (1) is 
equivalent to the equations such as Xn<&{ = ^Xn, which are satisfied identi¬ 
cally, and the equations such as 

QXij^Xy&j, (j + i).(e,j) 

Now let eje be any one of the index numbers e a , ... e s which is equal to 
e\ let At be any other of the index numbers, and let e, = e. Then the 
equation 

= . (c!#.) 

which is included in the equations (e y ), has the form 

m: [°. K'" w.=ra: [o. pT", .(6) 
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where the square constituents and matrices are simple square continuants of 
typo {it, 7t} expressed in standard forms, and where the second product has 
been transformed by cancelling the zero vertical rows of the first factor with 
the corresponding horizontal rows of the second factor. The equation (6) is 
equivalent to the equation 

.(so 

which is an identity in the parameters £„, £i, • •• £,_i of X^, and can be 
replaced by the equation 

K=!>]:>.(5") 

which shows that the e parameters o- 0 , crj, ... a-,_! of <3>* must be the same as 
the first e of the e parameters p 0 , Pi, ... p e ~i of <&&. When this condition is 
satisfied for all the values 1, 2, ... s of 4, the equations (e$) are all satisfied. 

Thus $ is a matrix of the form shown m (4) whose diagonal constituents 
are the simple square continuants given by 




po Pi ••• Pe—1 

0 po ••• Pe— a 


<I\.= 


Po Pi ■■ 

0 po . 


P<-i 
Pe -a 


(e = ei; 4 = 1 , 2 , ... s), 


0 0 


Po 


0 0 


po _ 


where p 0 , p lt ... are e arbitrary parameters; and we have the following 
theorem: 

Theorem II. The general commutant of the commutant of the unilatent 
canonical square matrix A is a general axial ante-continuant of type {w, n r} 
and of the class 

M (*i, e*,...e g \ .( a ) 

\0ij e a , ... ej 

It can be regarded as an arbitrary rational integral function of A, or of 
any unilaient canonical square matrix of the same class as A. 

By calling the ante-continuant <E> aerial, we mean that: 

(1) only the paradiagonal constituents can be non-zero matrices (i.e. all 

the non-diagonal constituents are zero matrices); 

(2) in every paradiagonal constituent the parameters of the 1st, 2nd, 

3rd, ... 4th,... parametric diagonal lines counted from the para¬ 
diagonal are 

Poa Pi> Pa» ■ ■■ Pi> > 

where the p’s (so far as they occur) are the same for all suoh con¬ 
stituents. 

To indicate the property (2) we shall say that: 

All the paradiagonal constitu&its are formed with the same successive 
parameters. 

The second part of the theorem follows from the fact that the total 
number of independent particular non-zero commutants of the eommutant 

34 


o. m. 
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of A is equal to the lowest possible degree of a rational integral equation 
satisfied by A. The rational integral equation of lowest degree satisfied by 
A is (A — cl) 6 = 0, where / = [1]“; 

and it is clear that there are exactly e independent particular non-zero 
commutants of the commutant of A, which could be taken to be the 
coefficients of p 0 , ... in $>, but which could also bo taken to be the 

square matrices I, A, A a , ... A e ~ 1 . In fact we have 

® = p 0 I + p j (A — cl) + p*(A-elf + ...+ p a -!(A - cl ) 6 - 1 
= \yl + + \a-^- a + • ■ ■ A°~ l , 


where the Vs are arbitrary scalar parameters. 

Ex. lii. If A' is the conjugate of A, we could show iu the same way that Lho gouoral 
commutant of the commutant of A' is a general axial aute-contmuaut of type {ir\ it'} aud 
of the class (a); and that it can he regarded as an arbitrary rational integral function of 
A\ It could be taken to be the conjugate of $. 

Ex iv. If ^ is any undegenerato pcvrticularisation of * (which may ba A wlion e=t=0) 3 it 
is possible m iioo and only two ways to determine such particular values of the e arbitrary 
parameters of $ that 

* 4 » a =¥.( 6 ) 


When $ is expressed in the form (4), and $■ in the corresponding form,-We can replace 
(6) by the s equations 

(i=l, 2, ... a), . (2') 

where is a simple square continuant of type {it, n-} whose successive parameters are 
the first Oi of the variables p 0 , p lt ... and where % is a Bimple square continuant 
of type (7T, rr} whose successive parameters are the first of certain scalar numbers 
o-q, cr l3 ... <r 9 _i of which tr 0 4=0. Supposing that e h =e, it will follow from § 294. 3 (as in 
Ex. ii) that there ore two and only two ways of determining such particular values of 
po, pi, ... p g _x that 

** a =¥*, 

and that then all the equations (2') are satisfied. 

Ex. v. If A is the standardised umlatent canonical square matrix of order 0 whoso 
successive characteristic potent divisors are 

(X- 0 )3, (X-o) > (X-c) a , (X—c), 

and if $ is the general commutant of the oommutaut of A t we can put 


o 1 0 

0 0 0 

0 0 

0 

Po 

Pi 

Pm 

0 

0 

0 

0 

0 

0 

0 c 1 

0 0 0 

0 0 

0 

0 

Po 

Pi 

0 

0 

0 

0 

0 

0 

0 0c 

0 0 0 

0 0 

0 

0 

0 

Po 

0 

0 

0 

0 

0 

0 

0 0 0 

c 1 0 

0 0 

0 

0 

0 

0 

Po 

pi 

PM 

0 

0 

0 

0 0 0 

0 c 1 

0 0 

0 

, «•= 0 

0 

0 

0 

Po 

Pi 

0 

0 

0 

0 0 0 

0 0c 

0 0 

0 

0 

0 

0 

0 

0 

Po 

0 

0 

0 

0 0 0 

0 0 0 

0 1 

0 

0 

0 

0 

0 

0 

0 

Po Pi 

0 

0 0 0 

0 0 0 

0 o 

0 

0 

0 

0 

0 

0 

0 

0 

PO 

0 

0 0 0 

0 0 0 

0 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Po 
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If A' is the conjugate of A, the general com mutants {A, A }, {A\ A'}, {A r , A}, {d, A'} 
can in this case be taken to be the matrices X , X r , Y t Y' shown below, which are genera] 
continuants of the respective types {tt, tt}, {tt', t r'}, {tt', i r}, {tt, tt'} and of the same 
quadrate olass as A , so chosen as to be correlated by part-reversals When /', y', A', w', -i/, w' 
are replaced by /, g, A, «, w, the matrices Fand -T' become general symmetric contra- 
oommutants {i' 3 A] and {A, A'}. 


(Zq 

“l 

ctg 

Aq 

hi 

Aa 

So ffl 

«l) 

0 

a n 

«i 

0 

h 

hi 

0 

So 

0 

0 

0 

a o 

0 

0 

K 

0 

0 

0 

V 

Ai' 

A,' 

Aq 

hi 

&a 

/o /l 

h 

0 

V 

Af 

0 

Ao 

Al 

0 

/o 

0 

0 

0 

A 0 ' 

0 

0 

A 0 

0 

0 

0 

0 

S'o' 

.<7i' 

0 

/o' 

fi 

c 0 

°1 

w Q 

0 

0 

fl'o' 

0 

0 

/o' 

0 

Cf) 

0 

0 

0 

w 

0 

0 

"o' 

0 

Wq 

£?q 


0 

0 

a 0 

0 

0 

A 0 

0 

0 

0 

0 

Ctfl 


0 

K 

Ai 

0 

So 

0 

«l) 

“l 

Qa 

Aq 

h 

Ag 


Si 

«o 

0 

0 

V 

0 

0 

A 0 

0 

0 

0 

0 

V 

hi' 

0 

Ao 


0 

/o 

0 

V 

Af 

fl*2 

a 0 

hi 


/u 

/i 

®o 

0 

0 

ffo 

0 

0 

/o' 

0 

«o 

0 

0 

flj' 

Si 

0 

/o' 

fi 

c o 

Cl 

w 0 

0 

0 

Uq 

0 

0 

"o' 

0 

«*>' 

*0 


«0 

0 

0 

Ao 

0 

0 

0 

0 

0 

“1 

«0 

0 

Ai 

Ao 

0 

do 

0 

0 

a a 

®1 

&o 

a 2 

Ax 

Ao 

Si 

So 

Uq 

A 0 ' 

0 

0 

Ao 

0 

0 

0 

0 

0 

/h' 

A 0 ' 

0 

Ai 

Ao 

0 

/o 

0 

0 

Ag' 

Af 

Ao' 

&a 

Ai 

Aq 

/i 

fo 

"o 

0o' 

0 

0 

/o' 

0 

0 

c 0 

0 

0 

01 # 

,9o' 

0 

fi 

/o' 

0 

Cl 

c 0 

w 0 

< 

0 

0 

®b' 

0 

0 

Wo' 

0 

l d 0 

Ctjl 

®i 

a o 

Aa 

hi 

A 0 

Si 

So 

Uq 


CtQ 

0 


K 

0 

So 

0 

0 

«0 

0 

0 

A 0 

0 

0 

0 

0 

0 

A a ' 

V 

K 

Aa 

Ai 

Ao 

/i 

fo 

"o 

Af 

V 

0 

Ai 

6 0 

0 

/o 

0 

0 

A 0 ' 

0 

0 

Ao 

0 

0 

0 

0 

0 

W 

J7o' 

0 

/i'/o' 

0 

Cl 

Co 

“o 

tfo' 

0 

0 

/o' 

0 

0 

Co 

0 

0 

“o' 

0 

0 

"o' 

0 

0 

“o' 

0 

d 0 


3. Standard canonical square matrix. 

Let II = [11]* be a standard canonical square matrix of order m whose 
successive unilatent super-parts are the unilaleui canonical square matrices 
n i; n a , ... II r of orders e x , e a, ... e r 
with latent roots Ci, o a , ... Cr> which are all different 

the super-part IL being a unilatent canonical square matrix of the olass 

M ( 6il1 6ia ’ *‘*V where + e*, + ... = a .(a*) 

so that II is a compound matrix of the class 

11’ ®19> '■■j ■■■ ’’‘j 

®19> ■■■! ®91> ®28j ^fli 0 n> ®TSj • ■ ■/ 


34—2 
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If <£ is tbe general commutant of the commutant of II, it follows from 
Theorem II of § 250 and from sub-article 2 that we can put 


“n lt o,... o 
jj _ o, n a ,... o 

o, o ,... n, 


02 J 


0r 


0, ... o 

_ 0 j 0 

0 , 0 ,... 


— » 0a j 


0. . 0* . Cr 


where <I>£ is the general commutant of the commutant of the unilatent 
canonical square matrix IT*, i.e. a general axial continuant of the class (a*) 
and of type {tt, i r}, and where the parameters of <!>!, • •• are all inde¬ 

pendent. The parts <3E> lJ <E> a , ... <t> r are the same for all values of c 1} o a ,... o r , 
so long as the r values are all different. 

Let g£ be the greatest of the integers e^, e ia , e u ,... for each of the values 
1, 2, ... r of %, and let 


s = e 1 + e a +... + e r 


Then if I = [1]™, the rational integral equation of lowest degree satisfied by 
II is the equation 

(II — cj)^ (II — cjy *... (II — 0,1)’ = 0 of degree s. 
Again because contains exactly ei independent arbitrary parameters, 
there are exactly s independent arbitrary parameters in <E>, and there are 
exactly s independent non-zero particulansations of which could be taken 
to be the coefficients of those s parameters, but which could also be taken to 
be the square matrices 

i, n, ip, ... ip- 1 , 

because these are commutants of the commutants of II, and are all inde¬ 
pendent. It follows that can also be expressed in the form 

$=V‘+A a n + X a n 9 +...+Vj II 8 " 1 , 

where the \’s are independent arbitrary scalar parameters. 

The results obtained above are summarised in the following theorem : 

Theorem III. The general commutant of the commutant of the standard 
canonical square matrix II is a standard compartite matrix <E> of the same class 
as II which can be obtained by replacing eaoh unilatent super-part IL of II 
by a general axial continuant of type { 7 r, 7r} and of the same class as II*. 

If s is the lowest possible degree of a rational integral equation satisfied 
by II, there are exactly s independent particular non-zero commutants of the 
commutants of II. Oonseqiiently we can regard Q as an arbitrary rational 
integral function of II; and every commutant of the commutant of U is a 
rational integral function of II. 

We can also regard d? as an arbitrary rational integral function of any 
standard canonical square matrix having the same structure as II, i.e. 
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belonging to the same class and the same super-class as TI, or having the 
same characteristic symbol as TI. 


Ex. vi If n' is the conjugate of n, we could show in the same way that the general 
commutant of the commutant of n' is a standard compartite matrix o' of the same class 
as $ in which the parts are general axial continuants of type {ir\ tt'} ; and that it can be 
regarded as an arbitrary rational integral function of IT It could be taken to be the 
conjugate of <l>. 


Ex. vii. If O is the general commutant of the commutant of a standard canonical square 
matriv n having exactly r distinct latent roots c l3 cy, ... c r , and if ¥ is any undegonerate 
partioularisation of O (which may be n when c l3 ... c r are all different from 0) it is 
possible in 2*' and only 2 P ways to determine such particular values of the arbitrary parameters 
of $ that 




■( 7 ) 


Supposing n and $ to be the matrices of the text, we have 


<I> 


*i, 0 , ... 0 

0 , $ 2 ) 0 


w 0, 0 , O r 


•l I *Si 


0,, 


ft- 


er 


■«1, 0 , . 

*■= 0 


q - . Am ■ tr 

0 


0 , 0 


.. ¥ r _ 

• •• Of 


where is an undegenerate partioularisation of the axial ante-continuant O*; and the 
equation (7) is equivalent to the r equations 

*<““* 1 , (*-l, % - r) .(6') 

From Ex iv we see that for each of the values of i there are exactly 2 ways of 
determining the e* parameters of 0* so that the equation (6') is satisfied. Consequently 
there are exactly 2 r ways of determining the + e a +... + e r parameters of O so that all the 
equations (6') are satisfied. 


Ex. viii. Let & be a general commutant of the commutant of the standard canonioal 
square matrix n of the text, and let O' be the conjugate of O. Then if J is the part-reversant 
of the same class (b) as n and 0, we have 

<b'=J$J, and therefore 0'«7=«70, <J?J =Jo'. 

When O is constructed as in the text, these equations follow from the fact that o' can 
be derived from $ by reversing the orders of arrangement of the horizontal and vortical 
rows in every one of the parts. Since they are identities in the parameters of 0, they 
remain true when * is any particular or general commutant of the commutant of ET, 
l.a any particular or general rational integral function of n, provided of course that O' is 
always the conjugate of O. In particular (or by the same argument) we have 
h J =JnJ and therefore ZL'J^Ju, TlJ=Jn'. 

Thus in all coses the part-reversant J is an imdegenerate symmetric contro-commutant 
{O', o}, {O, O'} as well as an undegonerate symmetrio contra oommutont {n', n}, {n, n'}. 

Ex. ix. If n is a standard canonical sqyare matrix of order m whose conjugate is n', 
and if O is a square matrix of order m whose conjugate is O', then 

(i) every oo-commutant {n, n } is also a co-oommutant {0, 0 }, 

(ii) every co-commutant {n', n'} is also a co-commutant {O', O'}, 

(iii) every contra-commutant {n', n} is also a contra-commutant {O', 0), 

(iv) every contra-oommutant {n, n'} is also a oontra-oommutant {O, O'), 

when and only when O is a commutant of the commutant of n, i.e, a rational integral 
function of EL 
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Thus the four conditions ( 1 ), ( 11 ), (iii), (iv) are mutually equivalent, and the most 
general square matrix $ which satisfies any one of them is a general commutant of the 
commutant of n, 1 e. an arbitrary rational integral function of n. 

We will suppose that n is the canonical square matrix described in the text, and that 
J ib the part-reversant defined in Ex. viii Let X, X', F, Y' be general commutunts 
{n, n}, {iT, n'}, {n', n}, {n, iT}. Then we can prove the above theorem by showing that 
the equations 

«&X=X$, &X'=X'&, *'F=F<5, 4>F'=F'$' .(8) 

are identities in the parameters of X , X', F, Y' respectively when and only when $ is a 
commutant of the commutant of n ; or that when they are regarded as equations to bo 
solved for 4>, the general non-singular solution of eaoh of them is a general commutant of 
the commutant of n. Since a commutant of the commutant of n has been defined to bo 
a non-singular commutant {X, X }, and has been shown to be the same thing as a rational 
integral funotion of n, it will be sufficient to show that the 2nd, 3rd, 4th of the equations 
(8) have exaotly the same non-singular solutions for 4> as the 1st of these equations. 

In dealing with the second of the equations (8) we can take X' to be the conjugate of 
X , so that the parameters of X' are those of X. Then obviously $ will make the second 
equation an identity in the parameters of X when and only when it makes the first 
equation an identity in the parameters of X. 

In dealing with the third of the equations (8) we can put Y=JX , so that the para¬ 
meters of F are those of X Then if $ is any particular (or general) non-singular 
solution of the first equation, we have by Ex. viii, and we can construct the 

successive identities 

<frX=X$, J$X=JX<b, &JX=JX<&, <j'F=F 4>, 
starting from the first, which is given , and if $ is any particular non-singular solution of 
the third equation, we have because J is a particularisation of F obtained by 

putting X=[l]™, and we oan construct the same successive identities, starting now from 
the last, which is given. It follows that the third of the equations (8) has exactly the 
same non-singular solutions as the first equation. 

In dealing with the fourth of the equations (8) we can put F'=X«/, so that the 
parameters of Y' are those of X. Then if $ is any particular (or goneral) non-singular 
solution of the first equation, we have by Ex. viii, and wo oan construct the 

successive identities 

4*X =X$, 3>Xi7= X3>«/, &XJ=XJ&, sF'oFV, 
starting from the first, which is given; and if $ is any particular non-singular solution of 
the fourth equation, we have because J is a partioulansation of F' obtained by 

putting X=[]]™, and we can construct the same successive identities, starting now from 
the last, which is given. It follows that the fourth of the equations (8) has exactly the 
same non-singular solutions as the first equation 

The above proof is contained as a particular case in Ex. iv of § 252. 

4. General canonical square matrix. 

If -A is any canonical square matrix, it can be derived from a standard 
canonical square matrix II by a symmetric class-derangement. Also the 
general commutants {A, A} } {A 1 , A'}, {A', A }, {A, A'} and the general 
commntants of the commutants of A and A' can be derived respectively 
from the general commutants {II, II}, {IT, IT}, {IT, II}, {II, II'} and the 
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general commutants of the commutants of [I and IT by the same symmetric 
derangement. Thus we can pass immediately from the properties of II 
proved m sub-article 3 to the corresponding properties of A ; but the most 
important of the corresponding properties of A are included in the theorems 
of the next article. 

§ 252. The commutants of the commutant of any square matrix 
whose elements are constants. 

Let A = [a]™ be any square matrix whose elements are constants, and let 
II be a standard canonical reduced form of A. Also let 

A = hUH .(1) 

be any given isomorphic transformation by which A can be derived from II. 
Then if two square matrices and of order m are such that 

® = .( 2 ) 

we know from Theorem I of § 250 that <D> is a commutant of the commutant 
of A or a particular or general commutant of the commutant of A when and 
only when M* is a commutant of the commutant of II or a particular or 
general commutant of the commutant of II. Also we know from Ex. v of 
§ 226 that <E> will be a rational integral function f(A) of A when and only 
when 'T' is the same rational integral function /(II) of II. Taking Af to be a 
general commutant of the commutant of II constructed as in § 251, the 
formula (2) gives us a construction for the general commutant of the commu¬ 
tant of A , and leads to the following theorem, which must be true generally 
because it is true in the particular case when A is a standard canonical 
square matrix. 

Theorem I. The general commutant of the convmutant of the square 
matrix A can be regarded as an arbitrary rational integral function of A ; 
and any square matrix is a commutant of the commutant of A when and only 
when it is a rational integral function of A . 

In the following examples A ', II' 4>' Stf' h' are the conjugates of 
A, II, G>, T, jET, h. 

Ex. i. If 8 is the lowest possible degree of a rational integral equation satisfied by A , then 
the general commutant of the commutant of A contains exactly 8 independent arbitrary para¬ 
meters , and there cure exactly s independent particular non-zero aommutanta of the oommutanta 
of A. 

Though this result is involved in Theorem I, it can bo proved otherwise, and then used 
to prove Theorem I. 

For if /(n)=0 is the rational integral equation of lowost degree satisfied by n, then 
f(A)=* 0 of the same degree is the rational integral equatiou of lowest degree satisfied 
by A. Consequently the abovo result is true because it has boon shown in tj 251 to he true 
whenever A is a standard canonical square matrix. It follows that Theorem I must be 
true because tha b non-zero square matrices 

A, A% . . A*-' 

are all independent and are commutants of the oommutant of A. 
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Ex. ii. Since the commutants of the commutant of A are those commutants of A 
which are rational integral functions of A, we see from Theorem II of § 244 that ■ 

A general commutant {A, A} is a general commutant of the commutant of A, i.e. all 
commutants of A are commutative -with one another, when and only when all commutants of 
A are rational integral functions of A, i e. when and only when m is the lowest degree of a 
rational integral equation satisfied by A. 

Ex. in. If $ is a general commutant of the commutant of A, the umt matrix I<= [1]” is 

J W 

always a particular undegenerate symmetric commutant {4>, 4>) as well as a particular unde¬ 
generate symmetric commutant {A, A}. 

Again if J is the undegenerate symmetric part-reversant of the same class as IT, which 
is its own inverse, the mutually mverse square matrices 

U=H'JE , Y=kJh! 

are particular undegenerate symmetric contra-oommutants {$', $}, {<3>, $'} as well as contra- 
commutants {A', A}, {A, A'}. For if <b=hirH, where V is a general commutant of the 
commutant n, it has been shown in Ex. vin of § 251 that J is a contra-oommutant 
{¥', ¥}, {¥, as well as a eontra-commutant {O', n}, {n, n'}. 

These results are particular cases of Theorem II. 

If $ is a commutant of the commutant of A, then because it is a rational 
integral function of A we know (see Ex. viii of § 238) that it has the follow¬ 
ing four properties: 

(i) Every co-commutant { A , A } is also a co-commutant {O, O}. 

(ii) Every co-commutant {A', A'\ is also a co-commutant {O', O'}. 

(hi) Every contra-commutant {A\ A } is also a contra-commutant {O', O}. 

(iv) Every contra-commutant {A , A'} is also a contra-commutant {O, O'}. 

We can now show that conversely every square matrix O which has any 
one of these properties must he a rational integral function of A, and so 
replace Theorem I by the following more general theorem in which O' is 
always the conjugate of O. 

Theorem II. A square matrix O has any one of the properties (i), (ii), 
(ih)> (iv) when and only when it is a commutant of the oommutct/nt of A, i.e. a 
rational integral fu/nction of A ; and a most general square matrix $ having 
any one of these fov/r properties must be a general commutant of the commutant 
of A , i.e. an arbitrary rational integral fu/nction of A. 

Let X, X', Y, 7' be general commutants [A, A], {A', A 1 ), {A', A], [A, A'} t 
and let $ be a square matrix of order m whose conjugate is O'. Then we can 
prove the theorem by showing that the general non-singular solution O of 
each of the equations 

OX = XO, O'X' = X'O', O'7= 70, 07' = 7'0' .(3) 

is a general commutant of the commutant of A. Now if we put 
X = hX.H, X' = H'X.% Y = S'TTH, Y' = Wl'h! 

and O = hWH, .(2) 

the matrices X, X', Y, Y 7 are general commutants {II, II}, {II', II'}, {IT, II}, 
{II, IT}, and O will he a general non-singular solution of the 1st, 2nd, 3rd, 
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4th of the equations (3) when and only when M* is a general non-singular 
solution of the 1st, 2nd, 3rd, 4th of the equations 

'PX = XSP, WX! = XW, y YY = Yi r , W =Y .(3') 

in which Mf' is the conjugate of M7; moreover <f> will be a general commutant 
of the commutant of A when and only when 'P is a general commutant of the 
commutant of IT. But we know from Ex. ix of § 251 that the general non¬ 
singular solution "'P of each of the equations (3") is a general commutant of 
the commutant of II. It follows that the corresponding general non-singular 
solution <3> = hfYH of each of the equations (3) is a general commutant of the 
commutant of A. 

Ex. iv. Alternative proof of Theorem II. 

From Ex. iu wo see that if $ is a general commutant of tho commutant of A, it is 
certainly possible to determine. 

a square matrix U which is an undegenerate particular 11011 -singular contra-commutaut 
{$*, $}, and therefore also a contra-commutant {A', A}; 

a square matrix F whioh is an undegenerate particular non-singular contra-commutaut 
{$, $'}, and therefore also a contra-commutant {A, A'} ; 

and in the present proof we shall suppose U and F to bo any two Buch matrices. In each 
case the second property is a necessary consequence of the first, because A is a particu- 
larisation of $; but because $ is a rational integral funotion of A, we see that the first 
property is also a consequence of the second, and that U, V oould be any particular un¬ 
degenerate oommutants {A', A}, {A^ A'}. 

Assuming Theorem I to be true, and defining X, X\ F, Y' as before, we will prove # 
Theorem II by showing that the 2nd, 3rd, 4th of the equations (3) have exactly the same 
non-singular solutions for $ as the 1st equation. 

In dealing with the second of the equations (3) we can take X' to be the conjugate of 
X, so that the parameters of X' are those of X. Then obviously * will make tho seoond 
equation an identity in the parameters of X' when and only when it makes the firBt 
equation an identity in tho parameters of X. 

In dealing with the third of the equations (3) we can put F= UX, so that tho para¬ 
meters of F are those of X, Then if $ is any particular (or general) non-singular solution 
of the first equation, we have $'£7= Z7$ by the definition of 17, and wo oan construct the 
successive identities 

&X—X®, U$X= UX$, $' UX= UXte, $' F= F$, 
starting from the first, which is given ; and if $ is any particular non-singular solution of 
the third equation, we havo $'£7= 17$, because £7 is a partioularisation of F, and we can 
construct the same successive identities as before, starting now from the lost, which is 
given. It follows that the third of the equations (3) has exactly the some non-singular 
solutions for $ as the first equation. 

In dealing with the fourth of the equations (3) we can put Y' = XV, so that the para¬ 
meters of F' are those of X. Then if $ is any particular (or general) non-singular solution 
of the first equation, we have $F=> Y<b' by the definition of V, and we con construct the 
successive identities 

$X=X$, $XF=X$F, $XF=XF$', *F'=F'$', 
starting from the first, whioh is given; and if $ is any particular non-singular solution of 
the fourth equation, we have $F= F$', because Fis a partioularisation of F', and we can 
construct the same successive identities as before, starting now from the last, whioh is 
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given. It follows that the fourth of tlae equations (3) has exactly the same non-singular 
solutions for $ as the first equation. 

Ex v If A is a square matrix with constant elements , and if $ is a general commutant 
of the commvtant of A, i.e. an arbitrary rational integral function of A, then the general 


non-singular commutants 

{*»*}, {*',*'}, {*'»*}, {*,*'}.(4) 

can be identified respectively with general commutants 

X={A,A}, X'={A', A 1 }, F={A\ A}, r={A,A'}; .(4') 


and $ is the most general square matrix which can have these four properties or any one of 
them. 

This follows from Theorem II because A is a particularisation of <5. For example eveiy 
commutant {A\ A} is a commutant {<&', <6} because $ is a rational integral function of A \ 
and every ntm-shngular commutant {$', $} is a commutant { AA} because A is a 
particularisation of 4>. 

If $ is a given general commutant of the commutant of A, the general non-singular 
solutions of the four equations (3) are the four general commutants (4'). If on the other 
hand X, X\ 7, 7' are given general commutants of the types shown in (4'), then the 
general non-singular solution of each of the equations (3) is a general commutant of the 
commutant of A. 

If and <I> = hfFH are corresponding commutants of the commutants of 
II and A, and if and <E> 0 = hWoH are corresponding particularisations of 
'\E r and 3>, we have 

<p*-Q> a = h( ( P i -%)H. .(5) 

Hence and from Ex. vii of § 251 we obtain the following third theorem : 

Theorem III. Let A be a square matrix with oonstant elements having 
exactly r distinct latent roots. Then, if Q is a general commutant of the com¬ 
mutant of A (or an arbitrary rational integral function of A), and if <J> 0 ^ any 
undegenerate particularisation of <!>, it is possible in 2 r and only 2 r ways to 
determine such particular values of the arbitrary parameters of <3? that 

3> a =<E> 0 .(6) 

Because this theorem has been shown to be true whenever A is a standard 
canonical square matrix, it must be true generally. 

When A is undegenerate, we can take <£ 0 to be A. We thus obtain a 
corollary which is equivalent to Frobenius’s Theorem given in § 225. 

Corollary. If A is an undegenerate square matrix with constant elements 
having exactly r distinct latent roots , which are necessarily all different from 
0, and if $ is a general commutant of the commutant of A (or an arbitrary 
rational integral function of A), it is possible in 2 r and only 2 r ways to deter¬ 
mine such particular values of the arbitrary parameters of <I> that 

<&* = A .(7) 

Thus Frobenius’s Theorem can be derived from a property of simple square 
ante-continuants and the form of the general commutant of the commutant 
of a unilatent canonical square matrix. 
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Ex. vi Let B=\b~\ m be any one of the 2 r undegenerate particularisations of $ for 

which the equation (7) of the Corollary is true Then because every coutra-commutant 
{A\ A} is a non-singular contra-commutant {$', $>}, and therefore a contra-commutant 
{E, B), it follows that if is any contra-commutant {A 1 , A}, we have 

YA=TB*=B'YB or = T"*[y] w [Z>] w .(8) 

L * /J in L J m L-j w L,/J m L J m 

Similarly if T"=[y] m is any coutra-commutant { AA}, we have 


AY=E 2 Y=BYE or [a] m [if] n =[b] m [y] m b 


•(S') 


Noth 1 . Application of Theorem I to a square matrix containing arbitrary elements. 

Let A be a square matrix whose elements are rational intogral functions of certain 
soalar variables yi, yi, ya, ...; and lot X and 4> bo, respectively a general commutant and 
a general oommutant of the commutant of A. Also let s bo the lowest possible degree of a 
rational integral equation satisfied by A 

If we ascribe suitably defined ordinary particular values to the ys, we shall convert A 
into a square matrix A 0 with constant elements, and X and 4> into square matrices X n and 
i 5 0 which are respectively a general commutant and a general commutant of the commutant 
of Aq , moreover s will be the lowest possible degree of a rational integral equation satisfied 
by A 0) and the parameters peculiar to $ will be the s parameters of 4> 0 . Since there are 
exactly s independent particular non-zero commutants of the commutant of A, we can 
conclude that: 

Theorem I remains true when A is a square matrix whose dements involve arbitrary 
parameters. 

If s *=ni, JT 0 and X oontain exactly m arbitrary parameters, and X and <1* are both 
arbitrary rational integral functions of A. If s < m, X 0 and X contain more than m 
arbitrary parameters, and there are commutants of A whioh aro not rational intogral 
functions of A. 


Noth 2. Application of Theorem II to a square mati'ix containing arbitrary elements 

In Note 1 above we know from Note 3 of § 244 that thoro exist undogenovate contra- 
commutants { AA), { A , A and because $ is a rational integral function of A, it follows 
from Ex viii of § 238 that these are also uudegenerate contra-oommutants C r ={4>', i J»}, 
V= { 4 >, 4 /} which are independent of the parameters peculiar to 4, but ordinarily not 
independent of the ys. The proof of Theorem II givon in Ex. iv will rernuin valid when 
U and V are two such contra-commutants, and non-singular solutions of the equations (3) 
are interpreted to be solutions independent of the parameters peculiar to the general 
commutants X, X', Y, Y'. Hence we can conolude that: 

Theorem II remains true token A is a square mati'ix whose elements involve arbitrary 
parameters. 

Noth 3. Application of Theorem III to a square matrix containing arbitrary elements. 

When A is.a square matrix defined as in Note 1, wo can solvo the equation (0) or (7) 
by suitably determining the arbitrary parameters peculiar to $ as functions of the ys. 
This can be done in 2 r ways, where r is now the sum of the degrees in X of the distinot 
irresoluble divisors of the characteristic matrix A (X) of A. For the asonption of ordinary 
particular values to the ys will convert A into a square matrix having exaotly r distinct 
latent roots. 
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§ 253. The general commutant (or general commutant of the 
commutant) of a square matrix whose elements are inde¬ 
pendent arbitrary parameters. 

We ■will define A = [a] 1 ” to be a square matrix of order ni whose elements 

are all arbitrary and independent; we will define X = [a;]™ to be the general 

commutant {A, A], i.e. the general solution of the matrix equation AX = XB ; 
and we will determine X by solving the scalar equations which its elements 
must satisfy. In accordance with previous results it will appear that X can 
be regarded both as a general commutant of the commutant of A, and as an 


arbitrary rational integral function of A. 

If we put r = |m(772 - 1), OLtj = di% ~~ ttjj , fty = OCtf,—OCy, . (1) 

so that flyf = ttij i ay = an + ay = ay-ah, .(2) 

and = ~ Zij> &*&* + £# = &-£«» .(3) 


the matrix equation AX = XB is equivalent to m a scalar equations, which 
can be divided into two sets, viz. 

(a) the m equations of zero difference-weightB obtained by equating 
corresponding diagonal elements on both sides, these being derived 
from the equation 

S &CiiQiJei) = 0,.•*.(®ii) 

(where the summation extends over all the values 1, 2, ... m of k 
except i), by giving to i the values 1, 2, ... m, and one of them being 
superfluous; 

(b) the 2r equations of non-zero difference-weights derived from the 
equation 

otjCDij + 2 *<%) = .(e^) 

(where the summation extends over all the values 1, 2, ... m of i 
except i and j), by choosing i and j to be two different integers of the 
set 1, 2, ... m. 

We will define It to be the resultant of the 2r homogeneous linear 
functions of the oca occurring on the left-hand sides of the equations (b); and 
in dealing with those equations we will regard the oca on the left as the 
variables, and the £’s on the right as having any given values consistent with 
the conditions (3), so that exactly m — 1 of them, for example £im> 

can be treated as arbitrary parameters in terms of which the others are 
expressed. It is to be observed that JR is not the scalar resultant defined in 
§ 238, which obviously vanishes identically in the present case. 

When JR is defined as above, the equations (b) have the following 
properties: 

(i) They are correlated by permutations of the suffixes 1, 2,... m of all the 
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a’s, #’s, a’s and |’a in such a way that every permutation which replaces 
the suffixes i, j by p, q also converts the equation (e^) into the equation 
(epq). Thus all the equations can be derived from any one of them by such 
permutations. 

(ii) They are unaltered in their totality by interchanging the two suffixes 
in every one of the a’s and x’a, and leaving the as and f’s unaltered, these 
operations converting each of the two equations (e^), (e,f) mto the equation 
derived from, the other by changing the signs of both sides. 

(iii) The resultant J? is a determinant of order 2 r which does nob vanish 
identically. For when A is particularised into a quasi-scalar matrix A 0 
whose diagonal elements are independent arbitrary parameters, R becomes 
particularised into a non-zero determinant R 0 which is a derangement of a 
quasi-scalar determinant whose diagonal elements are the 2 r differences 
Orf — djj, where j =(= i- Thus when the f’s are regarded as given, the equa¬ 
tions (b) have a unique finite solution expressing the 2r non-diagonal 
elements x$ of X as homogeneous linear functions of the |’s in which the 
coefficients are rational functions of the a’s and a’s. 

(iv) When the equations and their terns are suitably arranged,—the signs 
of both sides being changed in every equation for greater convenience,— 
the coefficients of the homogeneous linear functions of the w’a occurring 
on the left form an undegenerate skew-symmetric matrix M of order 2 r. 
Consequently if A is that homogeneous rational integral function of the 
a’s and a’s of degree r which is the Pfaffian of M (see Vol. II, Appendix B), 
and if M is the conjugate reciprocal of M, we then have 

R = det M = A a 4= 0, M = AH, 

where XI is an undegenerate skew-symmetric matrix of even order 2 r 
whose elements are homogeneous rational integral functions of the a’s and 
a’s of degree r — 1. We will call A the Pfaffian discriminant of A. 

(v) The values of the non-diagonal elements x^ of X formed by solving the 
equations (b) satisfy the equations (a), making them identities in the 
elements of A and the m — 1 arbitrary f’s. This we will proceed to prove. 
IfP = [P]*, U = [U]* are one-rowed matrices whose successive elements 

are 

X ±2 ) ®as > ) • • • J > & 8 B > •••) • ■ • J film j 

O'aa&BJ a 43%M} ••• a Sl%l3> £*42 ^30 £*M1 £lm J 

and Q = [Q]J, V = [F]* are one-rowed matrices whose successive elements arc 

Xgi , fl/ga , /B43 , ... Xgi , X42 ) ^BS » • * ■ I • • • j ^Wll 1 

ttia&sj O&bsItmi £*84?s 4> Otis£is> £*B4?34> £*sb|?bbi .. 

the 2r scalar equations (b) are equivalent to a matrix equation of the form 
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where the prefactor M on the left is an undegenerate skew-symmetric matrix; 
H and K are mutually conjugate square matrices; S and T are skew- 
symmetric matrices, and H, S, P, IT can he converted into K, T, Q, V by 
interchanging the two suffixes in every one of the a’s and a? s, leaving the 
as and f’s unaltered. If A is the Pfaffian and M the conjugate reciprocal of 
M, we have 

det M= A 3 =|=0, M = Afl = A 

where XI is an undegenerate skew-symmetnc matrix, and where h, fc, s, t 
have the same properties as H, K, S, T, this being a consequence of the fact 
that any symmetric derangement of M must be accompanied by the same 
symmetric derangement of M. 

When we prefix M and cancel A bn both sides of (c), we obtain the 
unique solution for the a’s of the equations (b) m terms of the £’s in the 
form 



or P = \ • (sU - hV), Q = \.(tr-kU), .(c") 

and because of the properties of the matrices occurring on the right m (c"), 
we see that for all permissible values of i and j such that j i we have 

A . = X t j .(EyO 

where Xy is always a homogeneous linear function of the £’s 'with deter¬ 
minate coefficients which are homogeneous rational integral functions of the 
as and a’s, and where Xy is converted mto X$ by interchanging the two 
suffixes in all the a’s, leaving the a’s, the £’s and A unaltered. From tho 
last property it follows that the values of the non-diagonal x ’s given by the 
equations such as (Ey) satisfy the scalar equations (a) identically when the 
771 — 1 independent £’s are arbitrary. 

It follows that the equations such as (Ey) constitute the complete solution 
of the 77i s scalar equations (a) and (b) when we put fy = — xjj and regard 

the diagonal, a’s as arbitrary parameters. They are correlated by permu¬ 
tations of the suffixes 1, 2, ... m in all the a’s, a’s, a’s, £’s and A in the same 
way as the equations such as (ey); and they are unaltered in their totality 
when the two suffixes are interchanged in all the a’s and a’s only, this 
operation converting the equation (Ey) mto the equation (E^). We conclude 
that: 

If A = [a] m is a square matrix whose elements are independent arbitrary 

parameters , and if A is the Pfaffian discn'iminant of A, the general commu- 
tant X = {A, A} can be expressed in the form 
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1" A®n, A ia ,.. 

■ • X\ m 


_ Xn, Afl^aa, ., 

■ • X Bm 

} .. 

.(d) 

X m i, X Wwi , . 

• ■ A x mm - 



whei'e x n , x^, ... x mm are neio arbitrary parameters, and where X,‘j for every 
permissible pair of values of i and j is a uniquely determinate homogeneous 
linear function of the differences x % { — x^, viz the function occurring on the 
Hght m the equation (E,j). It can also be expressed as a homogeneous linear 
function of the independent scalar parameter's x a , X.&, . . x mm in the form 

X = + tfag^a + • • • + ^tnm^ra).(^) 

where the are completely known independent square matrices .(A) 

Consequently there are exactly m independent particular non-zero oommu- 
tants of A which can be taken to be the uniquely determinate square matrioes 

$ 9 , .(£) 

Since m ia the lowest degree of a rational integral equation satisfied 
by A, and the square matrices 

I, A, A a , ... A m -\ where /= [1]™, 

are m independent particular non-zero commutants of A, we can further 
conclude in succession that: 

The general oommutant X described in (A) can be regarded as an arbitrary 
rational integral function of A, and each of the matrices ?>!, <1^, ... <3> m is a 
determinate rational function of A ; i.e. we can put 

X = M™ -1 + X a A™- a + ... + \n-iA + Xml, 
where the Vs are arbitrary scalar parameters; and each of the square 
matrices <J> lf <3> a , ... <3> m cam be expressed in the same form, where the Vs are 
uniquely determinate rational integral functions of the elements of A. ...(C) 

All commutants of A are commutative with one another, and are oommu- 
tants of the oommutamt of A .(D) 

The general commutant of the commutant of A is a square matrix <1? 
which is expressible in the same forms as X. It can be regarded as an 
arbitrary homogeneous linear function of <!>!, <E> a , ... <t> m , or as an arbitrary 
rational integral function of A .(E) 

Since the equations such as = are identities in the elements 
of A, and since the conclusions (A) and (B) depend only on the fact that A 
does not vanish identically, we see that: 

If the elements of A are not all arbitrary, but are rational integral 
functions of certain scalar variables (or cure merely constants), all the results 
(A), (B), (OX (D), (E) remain true whenever the Pfaffian disorimina/nt A does 
not vanish identically .(F) 












544 


COMMUTANTS OF COMMUTANTS 


[CH. XXVIII 


In all such cases 4>x, <E> a , ... ( I> m are m independent non-zero rational 
integral functions of A (or commutants of the commutant of A), and there¬ 
fore m must he the lowest degree of a rational integral equation satisfied 
by A. But as is easily verified when m= 2, m may still he the lowest 
degree of a rational integral equation satisfied by A when A = 0. The non¬ 
evanescence of A is a necessary and sufficient condition that the diagonal 
elements of a general commutant {A, A} shall he independent arbitrary 
parameters. 

Ex l. The general commutant of a gan&'al square matrix A=[a]* of order 2. 

When we put a 12 =an- 022 , £ 12=#11 - #22 > 

the matrix equation [a] 3 [j;] a =[a;] 2 [a] a is equivalent to the scalar equations 

a ia a’ 21 —^12021=0, .(a^ 

a 12^12 = ^in£l2> «12#21 = a 21 £ ia .(bx) 

The two scalar equations (b x ) are equivalent to the matrix equation 

JfM-r where ^=1" 0 ’ ““1.(„,) 

L^iJ L -a i2£iaJ L — a m s 0 J ' 1 

and we have det M= A 3 =o la , A = a 13 = a n —. 

Smoe (ax) is an identity when a’xa and X 21 have the values giveu by (bx), the general 
commutant {-4, A} is the square matrix 

.™ 

where I is the unit matrix of order 2, and x n and x<& are arbitrary parameters. 

The general commutants { AA}, {4, A'} are shown in Ex. xv of § 244. 

Ex. ii. The general commutants of specialised square matrices of order 2. 

In the following illustrations X is a general commutant of A, $ is a general commu¬ 
tant of the commutant of A , and the elements of A are arbitrary subject to the re¬ 
strictions shown or mentioned. The letters x, y, X, jx denote arbitrary parameters, and I 
is the unit matrix of order 2. 

(1) If A jji then whenevor A=a-&=(=0, we can put 

(2) If A then whenevor 0 and d ore not both 0, we oan put 

(3) If -4 = |jj then for all values of a we can put 

Z= Cy} *“[o3“* s 

Ex in. The general commutant of a general square matrix A = [a] 3 of order 3. 

When we use the notations of the text and replace the matrix equation 
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by the nine equivalent soalar equations, the three scalar equations (a) of zero difference- 
weights are equivalent to the matrix equation 


£*21, 0 > £*si #12 £*121 0 s ai 8 n #21~* 

6 * 21 , <* 32 , 0 #23 = “£* 12 , £* 23 , 0 #82 , .(& 2 ) 

0 , — <*32, — Osi_ _#13_ _ 0 1 — <*23, — <*13_ _#31_ 


one of them being superfluous; and the six soalar equations (b) of non-zero difference- 
weights are equivalent to the matrix equation 


0, 

£*31 j 

0 

£*12) 

0, 

-£*23 

~#12~ 


£*21 

£12 

6*31 j 

0, 

0 

0, 

“23, 

£*12 

#23 


£*32 

£23 

0, 

0, 

0 

“ £*82, 

£*21, 

£*13 

#13 


£*31 

£13 

“ £*12 > 

0, 

£*32 

0 , 

-£*13, 

0 

#21 


— £*12 

£12 

0, 

£*23) 

-£*21 

£*13) 

0, 

0 

#32 


— £*23 

£23 

£*23) 

-£*12, 

-£*18 

0, 

0, 

0 

L#81_ 


_ “£*18 

£ib_ 


If A is the Pfaffian and M the conjugate reciprocal of the skew-symmetric matrix M on 
the left in (b 8 ), we have 


and 


A = a] 3 023 <*31 + <*12 <*12£*21 + <*23 <*23 <*32 + a 31 <*31 £*13 j 

det M= A 2 +0; 


' 0 , 

— £*18 £* 31 , 

— £* 186*12 

— -®u , 

— £*32 £* 12 , 

— <*32 6*32 

£*18 <*31 , 

0 , 

“ £*13 £*28 

— 6*23 £* 21 , 

-®22 , 

-£*21 £*12 

£*18 £* 12 , 

£*18 £* 23 , 

0 

— £*23 £* 32 , 

- £*12 £*12 , 

■#33 

-Sll 1 

£*23 6 * 21 ) 

£*23 £*32 

0 , 

a 31 <*31 1 

£* 816*21 

£* 32 £* 12 , 

■^22 1 

£* 12<*12 

— £*31 <* 31 , 

0 , 

£* 316*33 

<*32 £* 32 , 

<*21 £* 12 , 

—- S ® 

“£*31 £* 21 , 

- £*31 £* 32 , 

0 


where -^ll = <* 126*21 "t" <*28 <* 31 , ■® 22 == £* 23 <* S 2 +£* 31 £ * 12 , -^33 = £*21 <*13 + 6*1 2 £* 23 " 

By prefixing M on both sides of (b a ) we obtain the unique solution given by the six 
scalar equations 

A#12 = (fflia 021 + “13 “ 32 ) a 12^12'“ ( a 12 < 2 si + “32 <*2s) <*18 Il 3 — («12 <*23 + £*13 Ois) a 3 H £32 j 
A # 83 =( 023 a 32 + a 2 l a 18 ) (<*28 a 12 + £* 13 a 3 l ) <* 21^21 — (® 23 a 31 + a 21 a 2 l ) <* 13 £ l 3 , 

A # 3l = (<Zsi ®13 4 " a 32 a 2 l ) ° 3 l £si ~ (<*81 <*23 + a 21 “ 12 ) <*82 £32 — (<*31 <*12 + <*32 <* 32 ) ®21 £21 , 

A#21 — (£*21 <*12 + <*18 a 32) Oil Il2 — (£*21 <*13 + <*23 <* 23 ) £*31 |l8 “ (£*21 <*82 + <*31 £* 13 ) <*23 £sa 1 
A#32 = (®32 6*23+ £*216*18) a 32 £i3~ (**32 £*21 + a 31 <*3l) £*12^21 — (£*32£*18 +£*12<*2l) £*31 £lfl) 

A #13 = (£* 13£*31 + £* 82 £* 2 l )£* 13 l 31 — (£* I 8<*32 + £* 12 <* 12 ) ** 23 £s2 — (** 13£*21 + £* 23 <* 8 a ) £* 12^211 ••■( c 2 ) 

which are correlated by permutations of the suffixes 1, 2, 3 m all the a’B, afn, o’s mid £’s, 
including those occurring in A ; or given by the three pairs of scalar equations 

A#y = (<*y fyi + Oit ay) £*y £i} - (<*y £*«+£*y a**) £*» £vs “ (**iy £*/fc + £*tt <*tt) <*jy £ki , 

A#y< = (ctji dij + Oft ay) dji£ij — (£*>*£** + tyjiOft) £*y £& - (<*yt£*y + <*w<*a) <tyfc£y, .(<> 3 ') 

where i, j, h receive the values 1, 2, 3 ; 2, 3, 1 , 3, 1, 2. The equations (oj) or (o 2 ') 
remain unaltered in their totality when the two suffixes are interchanged in all the a’s 
and afs whilst the a’s, the £’s and A remain unaltered. 


a. 111 . 


35 
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Since the expression for x# can be derived from the expression for Xy by interchanging 
the two suffixes in every one of the a’s whilst the a’s, the £’s and A remain unaltered, 
these solutions satisfy the equations (aa) when the £’s are arbitrary subject to the 
conditions — fa, i.e they form the complete solutions of the nine soalar equations 
represented by ( 02 ) and (b a ). It follows that the general commutant {A, A] is the square 
matrix 

r Aa?ii, X12 , Xig 

X= JT 2 i , A#22, X& , .(d a ) 

_-<?31 , JTb2 1 AXgg_ 


where x n , X&, Xgg 010 arbitrary parameters, and where 2 is the homogeneous linear 
function of the differences — #22 = I 12 j x 2 i~ x aa = £%ii x ss~ x i\ = £ai which forms the right- 
hand side of the equation for Ax t j in (ca). 


Ex iv. Transformation of the general commutant X of Ex. lii. 

We will transform the expression (d 3 ) for X by writing 

x, y, e for a?n, X&, 5 “> ft 7 f° r “23) “si) a ia > 


and putting 

so that 
and 

We then have 
where 


E = a l2 a 2l — a lfl fl 31 ) Q == <* 28<*92 — <* 21 <* 12 > -* = <*31 <*18 — <*32 <*23 5 

0 ) = O 1 2 a 2 B cl 91 - a 13 a 32 a : 2 U + g @ij 5 

A=afty + a® 28*^32 +^ a 3i a lS"b 7^12^21 > 
a+j3+-y=0, P+Q+R=0 , -4^ + 2?y + Cy=0. 

Z=aj$ 1 +y*a + «^8> 


r A, 

Al2) 

A 18 

" 0 , 

*12) 

*18 

"0, 

^12 > 

<?18 

* 1 “ Aji) 

0 , 

At 3 ) 

* 2 = *21 » 

A, 

*28 ) 

®3 = ^21) 

0 

^23 

_-4si) 

A 321 

0 _ 

_*31> 

*321 

0 _ 

_^31) 

^32) 

A _ 


the non-diagonal elements of $ l5 3> 2 ) *3 being given by the equations 

•423 = <*23-*“<*21 <*13 “) B<ji =0Ja8 ($ + fty) — <*21<*13ft ^98 = <*23 (* — ft>0 — <*21<*187 i 

*31 = 031 Q ®S2<*21ft C 31 = aai (iZ+ya) — a 32 °ai 7 > 70 ) — «sa a 2i“) 

C?ia =ai 2 -S - Ch 3 ffl 32 7) ■4i2 = <*i2(*+ a £) — <*i8<*82 a ) *12 = a i3 (@ — a&)~ <*ia<*s 2 ft 
and the nine corresponding equations obtained by interchanging the two suffixes in every 
one of the A% B 1 s and a’s. 

The three sets of relations such as 


-498-^82“-432-®33 = -4b]-® 18 — -418^31 = -423-^32~-482-^23 = A<a J 
A 21 B 13 — B^Ai3= AA W , A^Bii—B$ qA 2 i= A^bij A^B^— *i3-482= ACi 2 ; 
■481-®i 2 — ■®3i-4i2 = — Adga, AizBw — Bi2Aja= — ABjS) A^B^i —B2aAai= — ACai; 
in which A , B can be replaced by B, G and C, A on the left, show directly that $ l5 4> a , 4> a 
are commutative with one another and with X, so that the general commutant of the 
commutant of A is a square matrix $ of the same form as X. 

Again if \j, m, v t are first determined by equating corresponding diagonal elements on 
both sides, it will be seen that the equations 

®i= , *i-4 a +/^4+»'i/, (a=1, 2, 3), 

are identities in the elements of A when 

Xi=aas —fla2, 

2 2 

/*i = (<* a2 — ® gg ) + (<*21 “12 “ <*31 Ou ), 

v l = (<*88 — <* 23 ) (<*22 <*38 “ <*23 <* 32 ) + (<* 92 - <*81 <*18 “ <*88 • <*91 <* 12 )) 
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and the values of X 2 , v% and \ 8 , ji s , v s are given by the equations derived from these 
three by applying oyolioal substitutions to all the suffixes. We then have 

Xi + X2-f-Xg = 0, /li+/l2 + / 1 3 = 0} v i + "a + v b = A. 

It mil be seen that the resultant of the homogeneous linear functions 

X=A 1 tf+Aay + X 3 0 , /i=/Aitf+/i23/+MB«) v = v 1 x+v i y+v a fs 

is A 2 ; and because it does not vauish identically, we can put 

AT = XA ^+fiA + 

where X, /z, v are independent arbitrary scalar parameters. 

Ex. v. The general commutants of cei'tain specialised square matrices of order 3 

In each of the following illustrations A is a given square matrix whose non-zero 
elements are arbitrary subjeot to the restrictions shown or mentioned; X is a general 
commutant of A ; and $ is a general oommutant of the commutant of A. The letters 
x, y, s denote independent arbitrary parameters, and we put 

a=6 —c, fi=o — a, y = a-b ; /=[1] 3 . 

~a h g~ r Ax, hafi(x-y\ gya (z— x) - hf(ax + Py+yz) 

(1) A= 0 b f : A'=$= 0, Ay , /£y 

_0 0 a 0, 0 , As 

whenever A = (b — o) (o — a) (a — b) 4= 0. 

If ^-a(A-bI) (A-el), * 3 =-P(A-oI)(A-aI), -y{A-aI){A-bI), 

we have .A=$= s ;i/ , $i+y$2"l' s ®3 = XA 2 +/i.fl 2 4- 

whore X, /t, v are independent arbitrary parameters. 

~a d 0“ r {a-b)x, d(x-y), 0 

(2) J.= e b 0 : A”=*=Ao e(x-y), ( a-b)y , 0 

_0 0 o _ 0 , 0 ( a-b)s_ 

whenever A = (a —6) Ao=t=0, where Ao=>(6—c) (o — a)+de. 

The coefficients of X, y, s in X are the square matrices 

$!= -a (A—bT) (A-oI)+de(A - ol), 

* 2 = -P(A-oI) (A-al)-de(A -ol), 

4> 8 = - y (A - a I) (A — bl)+de (a - b) I, 
and we can put jL = $=x$>i+y&i + z$n= a 'hA i +pA+vI, 

where X, p, v are independent arbitrary soalar parameters. 


Ex. vi. The general oommutant of a general square matriv A =[a] * of ordei’ 4. 
If we use the notations of the text, the four soalar equations (a) are 


[ 

<*ai, 

0 , 

0 , 

<*ai, 

0 , 

« 4 lK~[ 

Oia, 

0 , 

0 , 

<* 13 , 

0 , 

<* 1 *] Ql 

[- 

<*ai, 

<*S 2 , 

0 , 

0 , 

<* 42 , 

0 K-[- 

<* 13 , 

033 , 

0 , 

0 , 

<* 34 , 

0 ]ft 

[ 

o, 

— 0321 

043 , 

— Ogi, 

0 , 

0 ]*-[ 

0 , 

— Ojs, 

034 , 

— <* 13 , 

0 , 

o]& 

[ 

o, 

0 , 

-<* 43 , 

0 , 

— 043 , 

-a„]P=[ 

0 , 

0 , 

<* 34 , 

0 , 

“ <* 34 , 

— <*w] > 


and the twelve scalar equations (b) are equivalent to the matrix equation 


35—2 
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0, 

Oai, 

0, 

0, 

O41, 

0 

“12, 

0, 

Osi, 

o, 

a 42 > 

0, 

0, 

0 

0, 

“38, 

0 , - 

■®42> 

0, ■ 

-041, 

0, 

0 

0, 

0, 

0, 

0, 

a 41> 

0 , 

0, 

0 ■ 

-032, 

031, 

O41, 

0, 

0, 

o, 

0, 

0 

0, 

- 04s, 

0, 

0, 

0, 

0, 

0, 

0 ■ 

-042, 

0, 

“12, 

0, 

0, 

032, 

0, 

042 

0, 

- o 13 , 

0, - 

~“2B, 

0, ■ 

- CUfli, 

043, 

0 

O13, 

0, 

0, 

0, ■ 

- “34, 

0, ■ 

“082, 

031 

0, 

024, 

a 23> “Giaj 

0, ■ 

-“18, 

0, 

0 43 

0, 

0, 

o, 

*34) - 

-023, 

0 , • 

~“24, 

— Ogi 

014, 

0, 

°24) 

0, ■ 

“ a 13. 

084, 1 

- aj 2 , 

-“14 

0, 

0, 


0, 

-023, 

0 , 

“®24 _ 

#12~ 

r O21 £12’ 

0, 

®12, 

— 034, 

0 

#23 

“82^23 

“84, 

0, 

023, 

®13 

#34 

048^34 

0, 

“18, 

0, 

— 0 8 4 

#13 

031 ^18 

O30, 

0, 

“24, 

o 13 

#24 

O42 ^24 

031, 

“043, 

021, 

“14 | 

#14 

a 41 £l4 

0, 

0, 

-O14, 

0 

#21 

— Oi2^i2 

a 24, 

0, 

0, 

0 

#3J 

— O23 £23 

0, 

°14, 

0, 

0 

#43 

O34 £34 

Ol4, 

0, 

0, 

0 

#31 

“ ®18 £18 

0, 

0, 

0, 

0 

#42 

— 0-24 £24 

0, 

0, 

0, 

0 _ 

_#41_ 

_ - O14 £14 


or 


[JJTll f -[-S 

^ ’ - i b,b'- c - 1 b,b L “ l 6 1 & 


(b s ) 

■■(c 8 ) 


If we determine the unique solution of the equation (c 8 ), which necessarily satisfies 
the equations (%), we shall obtain the general commutant X={A, B} in the form corre¬ 
sponding to (d); but we know otherwise that X can also be expressed as an arbitrary 
rational integral function of A 





CHAPTER XXIX 


INVARIANT TRANSFORMANDS 

[A solution of the matrix equation A XB= A r , in which A and B must be square 
matrices, is called an invariant transformand X=inv {A, B}. The first three articles 
(§§ 264—6) deal with definitions and general principles, and with the relations of in¬ 
variant transformands to commutants, and to bilinear and quadratic scalar invariants. 
The general invariant transformand of a pair of simple canonical square matrices whose 
latent roots are both 1 (constructed in §§ 265 and 267) is a simple slope having one and 
only one arbitrary element in each parametric diagonal lino, all the elements being known 
functions whose coefficients are integers satisfying the equation i lI K = + i H K _i , and 
that of a pair of umlatent bi-canomcal square matrices whose latent roots are c and d 
(constructed in § 259) is a completely known oompound slope or a zero matrix according 
as cd =1 or =f=l. The special constructions of §§ 257 and 269 lead to the standard 
constructions of § 260 for the general (or general symmetric or genorol skew-symmetnc) 
invariant transformand of any pair of square matrices with constant numerical elements , 
and these standard constructions show that the independent bilinear and quadratic 
invariants of homogeneous linear substitutions are always functions having the forms 
described in § 268 ] 

§ 254. Invariant transformands defined. 

If A = [a]™ and B = [&]” are any two given square matrices of orders 
m and n with constant elements forming a matrix-pair (A, B) in which 
A precedes B, any matrix X — [V]* satisfying the equation 

I«]"[»]" or AXB = X .(A) 

L J m L J m L J n L J m x / 

will be called an invariant transformand of the arranged matrix-pair ( A , B), 
or an invariant of a transformation by A and B. More shortly it will be 
called an invariant {A, B}; and the equation 

X = my {A, R} 

will be used to denote that X is such an invariant, i.e. some solution of the 
equation AXB = X in which A and B are square matrices. Particular and 
general solutions of the equation (A) will be called particular and general 
invariants [A, B}.' Thus a particular invariant {A, 5} is a solution X of the 
equation (A) in which all the elements of X are constants. If the equation 
(A) has non-zero solutions, i.e. if there exist non-zero invariants {A, B), and 
if i is the greatest possible number of independent particular non-zero 
solutions, i.e. of independent particular non-zero invariants {A, 2?}, then a 
general invariant {A, B } is a matrix X expressible in the form 
X = Ai Xx + \ a X 2 +... + \iXi, 

where X 1} X 2l ... Xi are i independent particular non-zero solutions of the 
equation (A), i.e. i independent particular non-zero invariants {A, B}, and 
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the \’s are independent arbitrary parameters. If the equation (A) has no 
non-zero solution, the general invariant {A, B } is the zero matrix [0]“ . 

Every invariant {A, B} can be regarded as a particulansation or specialisation 
of any given general invariant {A, B}. 

An invariant X = inv {A, - B] or X = mv {- A, B } is of course a solution 
of the matrix equation 

AXB = -X. 

Ex. 1 The invariants of a transformation by two scalar or two quasi-scalar matrices, 
li A =a [1]™ and Z?=6[l]” are two scalar matrices, the general invariant {A, B) is the 

zero matrix [0]* when a6=#l; and when ab=- 1, it is a matrix [#]“ whose elements are 
independent scalar parameters 

For when X=[x ]^, the matrix equation AXB=X is equivalent to the equation 

(ab~ 1) X=0. 

This result and Theorem II of the next article enable us to construct the general 
invariant {4, 5} when A and B are any two given quasi-scalar matrices. 

Ex. ii. The oonjugate of cm invariant tramforma/nd. 

If A', B' are the conjugates of the square matrices A, B, the matnx X is a particular 
or general invariant {.d, 5} when and only when its conjugate is a particular or general 
invariant {B 1 , A'}, 

Ex. ni. The invariants {A, t B}, {A 1 , eB'}, {A', eB }, {A, t B '} when e= ±1. 

Let A', B' be the conjugates of A, B , and let U, V be any given particular unde¬ 
generate contra-commutants {A\ A}, {B, S'}, which can always be so chosen as to be 
symmetric. 

Then X'= UXV is a particular or general invariant {A\ eB) y 

7 =UX is a particular or general invariant {AeB}, 

7'= XV is a particular or general invariant {A , eB 1 }, 
if and only if X is a particular or general invariant {A , eB }. 

These three results are particular oases of the theorem of Ex. v, and follow directly 
from the respective pairs of equations 

A'X'B=O.AXB. V, X'=Z7.X.F; 

A'FB = U. AXB , 7~U.X ; 

A 7'B'= AXB. V, 7 = X.V. 

We can always construct four general invariants X, X', 7, 7' of the four types 
mentioned above which are connected by the relations 

X r =UXV, 7=UX, 7'=XV, .(]) 

all four of them being completely known when any one of them is known. 

Ex. iv. The invariants {A, eA], {A\ eA'}, {A 1 , e A}, {A, eA'} when e= ± 1. 

When B=A, B I =A' in Ex. ui, then as shown in Ex. vii of § 240 we can choose 
U and V to be mutually inverse, and at the same time to be symmetric. 

If 7 is a given particular undegenerate symmetric contra-commutant {A, A’}, the 
square matrix 7' given by the symmetric relation * * 

r-vrv . (2) 
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is a particular or general symmetric (or skew-symmetric) invariant {A, (A'} when and only 
when 7is a particular or general symmetric (or skew-symmetric) invariant {A\ eA}. 

Ex. v. Let -4=[a]™, P=[&]“ and P=Jjd]™, Q=[q]* be two pairs of square matrices 
with constant elements, and let 

wzwlwj-w; ° r ^=r.(3) 

he an equigrodont transformation in which h, k ore particular undegenerate commutants 
{P, A}, {B, Q}, so that then 1 inverses E y K are particular undegenerate commutants 
{A, P}, {<2, B}. Then we have the following theorem 

Theorem The matrix X in (3) u a particular or general invariant {A, B) when and 
only when the matrix Y is a particular or general invariant (P, Q) 

Under these circumstances we can describe (3) as an equigradent transformation 
of the type 

{P, 4} {4, B} {£,«>={/■,«} .(*) 

in which h and k are true commutants, and X and Y are invariant transformands 

Ex vi. Cases in which A or B is undegenerate. 

We can identify invariants {A , B\ with commutants {X -1 , B) when A is undegenerate, 
and with commutants {A, P -1 } when B is undegenerate. 

This result is in accordance with the fact that when A and B are two undegenerate 
square matrices, we can identify commutants {A, B} with commutants {.A _1 , P" 1 }. 

Noth. The invariant transformands of a pair of square matinees whose elements involve 
arbitrary parameters. 

When A and B are square matrices whose elements are rational integral functions of 
certain scalar variables y ly y a , y 8 , ..., a matrix X whose elements are rational integral 
functions of the same variables will be an invariant transformand {A y B} when it makes 
the equation AXB=X an identity in those variables. Some general properties of such 
more general invariant transformands can be derived from the properties of the invariant 
transformands which we are considering by ascribing ordinary particular values to 
the ys. 

§ 265. Theorems facilitating the determination of invariant 
transformands. 

1. Eqwicanonical pairs of square matrices. 

First let A = [a]”, B = [&]“ be two given square matrices of orders m, n 
with constant elements; let a = [a]™, £ = [/9]” be two square matrices of 


orderB m, n equicanonical with A, B ; and let 

« -*-*■*..w 

<*• .( 2 ) 

where Hh = hH=[ 1]^, 


be any two given isomorphic transformations by which A, B can be derived 
from a, /S. Then we have the following theorem in which 

e=±l. 
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Theorem I. If X = and £ = [£]” are two matrices such that 

w:-w:ra:m: «• z-w . w 

then X is an invariant {A, eB} or a particular or general invariant {A, eB] 
when and only when £ is an invariant [a, e/3} or a particular or general 
invariant {a, e/9}. 

This is a particular case of the theorem given in Ex. v of § 254, and it 
follows directly from the two equations 

AXB=h.a.%p.K, X = h.% K 

in which B and could be replaced by — B and — fd. The theorem showH 
that we can construct the general invariant {A, eB} when we can construct 
the general invariant {a, e/9}, where a and /9 are any square matrices equi- 
canomcal with A and B, and that the general invariant {A, eB} has the 
same rank and contains the same number of independent arbitrary para¬ 
meters as the general invariant {a, e/9}; moreover the total number of 
independent particular non-zero invariants {A, eB} is the same as the total 
number of independent particular non-zero invariants {a, e/3}. In applying 
the theorem we shall usually choose a and j3 to be either standard canonical 
square matrices, or to be compartite square matrices of standard forms whose 
simple parts are unipotent square matrices of specially simple forms. 

Ex i Other forms of Theorem I. 

Let A\ B', a', p, h', V, H', K' be the conjugates of A, B , a, 0 , h, k, E, K ; let e- ± 1 ; 
and let X, X', Y, Y' and £, f', 77 , rf be matnoes with m horizontal and n vortical rows 
which are connected by the relations 

X=h£K, X'=K’%y, Y=E'r)K, Y'-hjV .. (B) 

Then X t X\ Y, Y‘ mU be invariants or particular or general invariants of the respective 
types 

X=mv {A, eB}, X'=inv {A', eB}, Y=mo {A', eB }, Y'=inv {A, eB 1 } 

when and only when £, ij, f are invariants or particular or general invariants of the 
respective types 

‘ £= inv {«» e P}> {“', «/S'}, r)=inv {«', </3} s V '=inv {a, e^'}. 

When £, % t) are general invariants of the types mentioned, wo oan regard the 

equations (B) as formulae giving the general invariants X, X', Y, Y' of the typos 
mentioned. 


Ex. li. The invariants {A, eA}, {A', eA'}, {A\ eA], {A, eA'} when e= ±1. 

When B, $ are the conjugates A', a of A, a , we can take the isomorphio trans¬ 
formations (1) and (2) to be 


w:-ra:w:m: a-w, 


(3) 


mW rnW r—iW 

a = E a h 

1 —'m '—'m 1 —'m 1 —'m 


or A'=E'a!h'. 


(4) 


In this case let X, X’, Y , Y' and £, £', t), f be square matrices of order m connected by 
the relations J 


X**W> X'~H'%h\ Y=E'r]H, Y'—hrfh'. 


(0) 
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Then AT, A", Y, Y' will be invariants or pai'ticvlar or general invariants of the respective 
types 

X=inv {4, eA}, X'=inv { AeA 1 }, Y=mv{A\ *A), T=inv {4, eA’} 

when and only when £, ij, rf are invariants or particular or general invariants of the 
respective types 

f =inv {a, ea}, £'=mv {a', en'}, 77 =inv {a', ea}, f=mv {a, ea'}. 

When f, £, 17 , rj are general invananta of the types mentioned, we can regal’d the 
equations (C) ns formulae giving the general invariants .V, A", Y, Y' of the types 
mentioned 

Since Y and Y 1 in (C) are symmetric (or skew-symmetric) when and only when 
17 and rf are symmetric (or skew-symmetric), we see that when 77 and 77 ' are general sym¬ 
metric (or general skew-symmetric) invariants of the types mentioned, we can regard the 
third and fourth of the equations (C) as formulae giving the general symmetric (or general 
skeio-symmetiio) invariants Y and Y 1 of the types mentioned. 

Ex. 111 . Derangements of invariant transformands 

When the isomorphic transformations ( 1 ) and ( 2 ) are the symmetric derangements 

A=hah', B=kfiE, where £#=[ 1 ]“, 

the equations (B) beoome 

X=hi-k\ AT'=^T, Y=Jit)M, Y'=hfk' .(B'). 

In this cose general invariants 17 , tf of the types mentioned are converted into 
general invariants X, X', Y, Y' of the types mentioned by applying to their horizontal 
rowB the derangement applied to the horizontal rows of a, a' in forming A, A', and to 
their vertical rowB the derangement applied to the vertical rows of /3, ft in forming B, B 

We have corresponding results whenever ( 1 ) and ( 2 ) are symmetric equimutant (i.o. sym¬ 
metric semi-unit) transformations. 

Ex. iv. Symmetric derangements of the invariant transformands of Ex ii. 

When the lflomoqjhic transformations (3) and (4) are the symmetric derangements 

A=hcik!, A'=ha'h\ where 7iA'=[l]™, 
the equations (C) become 

X=hih', X'=h?h r , Y=hr}h\ Y'=hfh .(O') 

In this case general invariants f, £', 77 , 77 ' of the types mentioned are oonverted into 
general invariants X, X', Y, T' of the types mentioned by applying to them the symmetric 
derangement which converts a, a mto A ) A'. 

We have corresponding results whenever (3) and (4) ore symmetric equimutant (i.e. 
symmetric semi-unit) transformations. 


2. Gompartite square matrices* 

Next let A = [a]™, B = [&]” be compartite square matrices with constant 
elements expressed in the standard forms 


Aj, 0 , ... 0 

A— Oj A 2) .. 0 
i_ 0 , 0 , .. A r _ 


— tti, 03, ... Of. 


, B = 


B 1} 0 ,... 0 
0, B a , ... 0 


- Pit Pit Pi 


Oj, 03, ... a r 


_ 0 , 0 , ... B t _ 


Pit Pit Pi 
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where the successive parts are all square matrices; and let X = [ 0 ]^ be a 
compound matrix expressed in the form 


~x n , 

X 12 , . 

■ ■ X 1S 

All ft 

X = -Isn 1 

X W1 . 

.x m 


In, 

Xri, . 

. X r8 _ 

tti, a 2 


(D) 


Then because the matrix equation AXB = eX is equivalent to the rs matrix 
equations such as 

AiXijBj = eXij, 

we have the following second theorem: 

Theorem II. If e = ± 1, the compound matrix X in (D) is an invaria/nt 
{ii, eS} when and only when for each of the val/ues I, 2 } ... r of i and each of 
the values 1, 2 , s of j the constituent Xy is an invariant {A l} eBj] ; and X 
is then a general invariant {A, eB} when and only when Xy is always a 
general invariant (. A t , eBj}, and the arbitrary parameters of the rs invariants 
Xij are all independent. 

Theorems I and II reduce the construction of general invariant trans- 
formands to the construction of the general invariant transformands of pairs 
of unipotent square matrices, to which any special forms we please may be 
ascribed. 


Ex v. It will be obvious that Theorem II remains true when the non-zero elements 
of A and B are rational integral functions of oertaiu independent scalar variables. 


3. Zero and non-zero general invariants. 

General principles applicable in the determination of the general in¬ 
variants of pairs of simple square ante-slopes by direct methods will be 
described in Chapter XXXVIL The results given in Exs. vi and vii below 
are particular cases of more general theorems obtained in that chapter. It is 
shown in Ex. vi that if A and B are two unipotent or two unilatent simple 
square ante-slopes whose latent roots are a and in particular if they are 
two simple or two unilatent canonical square matrices whose latent roots 
are a and /3, the general invariant {A, B} is a non-zero matrix when and 
only when afi = 1; and we are merely expressing this result in another form 
when we say that the general invariant {A, —B) is a non-zero matrix when 
and only when a/9 = — 1. From these facts we deduce two useful theorems. 

Theorem III a. If A and B are any two unipotent or any two unilatent 
* square matrices with constant elements whose latent roots are a and /3, and if 
e = ± 1, then the general invariant {A, eB} is a non-zero matrix when a/nd 
only when a/3 = e. 

For if A and B are canonical reduced forms of A and B, it follows from 
Theorem I that the general invariant X = inv {A, eB} has the same rank as 
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the general invariant X = inv {A, eB), and is a non-zero matrix when and 
only when X is a non-zero matrix, i.e. when and only when = e. 

Theorem III b. If A and B a/re any two square matrices with constant 
elements, and if e = ± 1, then the genet'al invariant [A , e5} is a non-zero 
matrix when and only when we can select latent roots a, ft of A, B such that 
a/3 = e. 


From Theorem II and Theorem III a we see that this is true whenever 
A and B are standard canonical square matrices; and it follows from 
Theorem I that it is true in all cases. The rank of the general invariant 
is given m Theorem I of § 259 and Ex. i of § 260. As a particular case of 
Theorem III 6 we see that: 


The general invariants {A t B] and {A, — B} are zero matrices whenever 
A or B has only zero latent roots. 


Ex. vi. Cases in which the general invariant of two unilatmt simple square ante-slopes is 
a zero or non-zero matrix. 

Let A and B be two given umlatent simple square ante-slopes of type { it , tt} and of 
orders m and n whose latent roots are a and )3 respectively, so that we can put 


U n 

£*12 , 

• • «ltn " 

~bu 

b\i .. 

.. &ln“ 


0 

£*22 ■■ 

7 

B= 0 

&22 ■■ 

- 

7 . 

.(B) 

0 

0 .. 


_ 0 

0 .. 

b nn _ 



where an=a^=, .=a mm =a, 611 = 622 = ™&nn=£ ; 

and with the standard double-suffix notation let be a matrix whioh satisfies 

the equation 

X =AXB. .(6) 

When we equate the element xq on the left in ( 6 ) to the corresponding element of the 
product matrix on the right, we see that ( 6 ) is equivalent to the mn scalar equations suoh 
as the equation 


$0. ^i2 &1j 

^< + 1,1 ^<+1,2 #i+l,j-l %i+l ,j 

^ 7 y = [ £ *« a fel+l i ” 0 kni--l a <in] y . 

4 a'm-l.l ®m-1.2 Aw-l.y-l #m—1,1 

_ ‘ v iM ■■■ _ 


' bu " 

by 

: - (E) 

bj-\,i 


in whioh b#=f3. 

We will call (E) the equation corresponding to the element xy, and j—i the differenoe- 
weight of the element x^. To facilitate subsequent applications we will divide all the mn 
equations suoh as (E) into four classes. 

Corresponding to the ‘basioal 1 element x ml common to the first vertical row and the 
last horizontal row of X, —the only element of differenoe-weight 1 - m, —we have the single 
equation 

.(Eo) 


(aj 3 — 1 ). #jni= 0 . 
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Corresponding to any element x^ of X lying m the first vertical row but not in the last 
horizontal row, we have the equation 

(aj9 - 1) • +j3 (a if { + 1 x i+ !, i + a {i t +2 x i+ a, i+■ + %mi)= 0 5 .(Ei) 

(i=l, 2, . . m-1). 

Corresponding to any element x mj of X lying in the last horizontal row but not in the 
first vertical row, we have the equation 

(a£ — 1). X^ + a (fy-i 1 jtf9n,y-i + fy-2,/#ro,/-2 + .. + &i/#«u) = 0.(E 2 ) 

(jf = 2, 3, ... n). 

Corresponding to any element x ti of X lying neither in the first vertical row nor in the 
last horizontal row, we have the equation 

(“0- 1) .(Eg) 

(i=l, 2, .. to— 1 ; j = % 3, ... n), 


where /</ is what the right-hand side of (E) becomes when the three ‘apioal’ elements 
xq, x Ui- 1 > ^i+i) s at® put equal to 0 . 

We will for the present merely examine the circumstances under which X is necessarily 
a zero or non-zero matrix ; and for this purpose it is sufficient to observe that corre¬ 
sponding to any element x fi of X other than x nl we have an equation of the form 

(o/3-l).aty=o</.(7) 

where tty is a homogeneous linear function of elements of X having smaller difference- 
weights than x ti . 

Casa I. When a/9 = l. 

If we put all elements of X equal to 0 except x in , the equation ( 8 ) is reduced to the 
equation 

x ln = al3.x ln or (aj3-l).tfi w =0, 

which will be satisfied by all values of Xm when a£= 1 Or when a/3=l, the element x ln 
does not oocur in any of the equations suoh as (E 0 ), (Ej), (E a ), (E 3 ), and can therefore have 
an arbitrary value in X We conolude that. 

When afi= 1, the general invariant {A, 23} -is a non-eero matrix. 

Case II. When a/3+1. 

The equation (Eq) shows that m this case we must have # ml = 0 . Suppose that all the 
elements of X having difference-weights 1 -m, 2 -to, ... k — 1 have been proved to be 
equal to 0 , where k n— 1 ; and let x^ be any element of X having difference-weight k. 
Then the equation (7) shows that we must have Xy^O. We conclude that: 

When ajS4= 1, the general invariant {A, B) is a zero matrix. 

Because a unilatent simple Bquare ante-Blope of type {tt\ tt 1 } oan be regarded as a 
symmetric derangement of a simple Bquare ante-slope of type {tt, tt} having the same 
latent root, it follows from Ex ui that the results obtained in Cases I and II remain true 
when A and B are any two unilatent simple square ante-slopes whose latent roots are 
a and J9. 

Ex. vii. If A and B are unipotent simple square ante-slopes of type {tt, tt} having latent 
roots a and /3 respectively suoh that aj 9=1, the general invariant X = inv { A , B} is a simple 
dope. 

We may suppose A and B to be the matrices of Ex vi in which the elements 
Ou, ojb, ... a n _ ltm and 6 ja , ... 6 n _i, n of difference-weight 1 are all different from 0 . 
Then we have to show that in Ex vi all elements of X having difference-weights less than 
0 or less than n—m must be equal to 0. The equations to be satisfied by the elements 
of X are 
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a i,i+l #(+I,l + fl U+2 ;K £+2,l+- 0> (l— 1, 2, ... 171 — 1) J . (®l) 

a! m,j-i + bj- 2 ,jXm,S -2 + ■‘' + b lJ x ml =0, 0'=2, 3, ... n) ; .( 62 ) 


a ^-i.y^i,y-i +^ a <,<+i a? i+i,y +/w (i = lj 2,... m— 3, ... to); ...(©s) 

where ^ is defined as m (Eg) If all the elements of A and B except those of difference- 
weights 0 and 1 were equal to 0 , we should have 

fu =a ui+ i^-i.y^+i.i- 1 - 

In the equation ( 63 ) we can take and j to be any two consecutive elements 
of X having the same difference-weight k, where the possible values of k are those con¬ 
sistent with the conditions 

k <£ 2 — m, k 'jp in 2 

The equation shows that if all elements of X havmg differenoe-weight k -1 and any one 
element having difference-weight k are equal to 0 , then all elements havmg differenoe- 
weight k must be equal to 0 . 

In the equation (Oj} we can take %i+i, 1 to be any element of the first vertical row of X 
having differenoe-weight k such that 

k < 0 , k <£ 1 - in, 

tlie only excepted element of that row being ■ 

In the equation (o a ) we oan take x^j-i to be any element of the last horizontal row of 
X having difference-weight k Buch that 

K<n-m, k <(: 1 - wi, 


the only excepted element of that row being x mn . 

By putting 4 =m-1 in (e a ) or 7=2 in (e 2 ), we see that we must have 

~ 0 - 

Fn-st let k. be any integer greater than l — m but lesB than 0, and suppose that all 
elements of X having difference-weights 1-m, 2-m, ... k- 1 have been proved tobe 
equal to 0 Then the equation (%) m which i=-k showB that the element of the first 
vertical row of X having difference-weight k is equal to 0 ; and it follows from (eg) that all 
elements of X having difference-weight k must be equal to 0. We oonolude that all 
elements of X having differenoo-weights less than 0 must be equal to 0. 

Next let k be any integer greater than 1 -m but less than n - m, and suppose that all 
elements of X having difference-weights 1-m, 2-m,... <c-l have been proved to bo 
equal to 0. Then the equation (e a ) in whichy=m-t-l + K showB that the element of the 
last horizontal row of X having difference-weight * iB equal to 0 ; and ltfollows from (eg) 
that ah elements of X having differenoe-weight k must be equal to 0. We oonolude that 
aU elements of X having difference-weights lesB than n-m must be equal to 0. 

Ex. viii. Equations determining the general invariant X=inv {A u 2?i} when A x and B x 
are the unipotent simple square ante-slopes 

Them the matrices A and B of Ex. m in which aU the elements of ditferenoe- 
weighte 0 and 1 are equal to 1, and all other elements are equal to 0. For them the 

equations fo), (eg), (eg) of Ex. vii are . , a . 

^+1,1=0, (*— 1, 2, ... m-l ); *W-i =0 ’ 3 > ■" n ) ; .W 

Xu-i+Xi+i,j + &t+i,f-i = 0> (i=Ij 2, ...m — 1; .7 = 2, 3, ... n ).(9) 

In this case X has the zero elements given by (8), and its other elements are arbitrary 
subject to the condition that: 
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Thfi sum of two conseoutive elements having the same difference-weight K and the con¬ 
tiguous element of smaller difference-weight k — 1 is always equal to 0. 

We know from Ex vu, and it would follow from (8) and (9), that A iB a simple slope of 
type {it, tt), i.e. we must have 

Xij= 0 whenever j-i<0 or j—i<n—m. 

Consequently X is the most general simple Blope of type {tt, tt} and of the prescribed 
class which oan be constructed when its parametric elements satisfy the condition just 
mentioned. 

In the particular case when m=n=r , we have whenever j — i< 0, and the 

elements with positive difference-weights must be bo chosen as to satisfy the equations 
r i+ u +1 = (i=l, 2, .. r— 1; j=i, i + l, r— 1), 

those in which j—i has a given value k (where k=0, 1, 2, ... r — 2) being obtained by 
giving to i the values l, 2,. . r — 1 — k, and those in which j—i*=0 being 
#f+i,i+i= ~Kii) ... r— 1). 


Ex. ix Derivation of general invariants from general commutants. 

All properties of general invariants can be deduced from properties of general commu- 
tants. For when two square matrices A and B with constant elements have been reduced 
by isomorphic transformations to the respective forms 


A 


-!~ A ’ °T 

io , Pj ’ " Lo, Q] 

L ’ ~‘m,p ThQ 

where P and Q are unilatent square matrices with zero latent roots, and A and B are 
undegenerate Bquare matrices (having no zero latent roots), a general invariant {A, B} is a 
matrix X having the form 

-ft of. 

L ’ -‘m, p 

where X. iB a general invariant {A, B}, whioh can also be interpreted to be a general 
oommutant {A -1 , B} or {A, B -1 }. The matrix X has the same rank and the same 
arbitrary parameters as X, its rank being equal to the order of the greatest common 
canonical of A and B —1 . 


B-- 


“ft - 1 ’ 


4. Bi-canonical square matrices. 

If a is any novi-zero scalar number, we will define the square matrix 

"a a 0 ... 0 0" 


A = a.[lY +a. 
L 



l,m—l 


m—i,i 


0 a a ... 0 0 
0 0 a ... 0 0 


0 0 0 ... a a 
0 0 0 ... 0 a 


( 10 ) 


to be the simple bi-ccunonioal square matrix of order m whose latent root is cl 
It is the simple square ante-slope A of Ex. vi in the special case when 

^11 = ftaa = ■ • • = fynm ~ &ia = ^S3 = •.. = i,m ~ 

and all other elements are 0’s, or it is the simple square ante-slope of 
order m and of type {w, 7r} in which all the elements of difference-weights 
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0 and 1 are equal to a, and every other element is equal to 0. It is a 
unipotent square matrix, its characteristic matrix A (\) having the single 
potent divisor 

(X-ar, 

and every unipotent square matrix of order m whose latent root is a can be 
converted into or derived from A by an isomorphic transformation. 

More generally we will define a bi-canonical square matrix to be a corn- 
partite matrix of standard form in which every simple part is a simple 
bi-canonical or a simple canonical square matrix according as it has a non¬ 
zero or a zero latent root. Thus a simple part of order r whose latent root 
is a will always be the square matrix 


a 


[!]>«■ 



i,m 


r— 1,1 


or 



l,r—l 


r-i,l 


according as a =j= ^ or a= 0. A standard bi-canonical square matrix is one 
which is expressed as a compartite matrix of standard form having one 
unilatent super-part corresponding to each distinct latent root. We know from 
§ 228 that every square matrix with constant numerical elements can be 
converted into or derived from a bi-canonical square matrix, which may if 
we please be a standard bi-canonical square matrix, by isomorphic trans¬ 
formations. The simplest methods of actually determining such transfor¬ 
mations are described in Chapter XXXVII. 


It is implied in the more general definitions that a simple bi-canonical 
square matrix whose latent root is 0 must be interpreted to be a simple 
canonical square matrix whose latent root is 0. A simple (or umlatent) 
bi-canonical square matrix whose latent root is 1 is necessarily a simple (or 
unilatent) canonical square matrix. A simple bi-canonical square matrix of 
order 1 whose latent root is a must be interpreted to be the one-element 
matrix [a] both when a 4=0 and when a = 0. 


The ordinary constructions for general invariants are derived from those 
furnished by Exs. vii and viii for the general invariants of simple bi-canonioal 
(or simple canonical) square matrices whose latent roots are 1. 

If A and B are the simple bi-canonical square matrices of orders m and n 
whose latent roots are a and we can put 

A = aA lt B = f3B 1} .(11) 

where A x and are the simple bi-canonioal (or simple canonical) square 
matrioes of orders m and n whose latent roots are 1. Let A', B ' and A/, B x 
be the conjugates of A, B and A l} B x \ and let e = ± 1. We know that the 
general invariants 

X = inv {A, eB], X ' = inv {A', eB% Y = inv {A', eB}, Y' = inv (A, eB 7 } 
are zero matrices when a# e; whilst when a/9 = e, it follows from the 
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equations (11) that for both values of e they are the same as the general 
invariants 

^invfJ.!, JB a }, £' = inv {AS, A'}, t] = inv {-4/, 5^, V = inv {A u 5/}. 

Again if J m and J n are the simple reversants of orders m and n, it will 
be obvious that A, B or A Jt B 1 can be converted into their conjugates by 
the symmetric transformations 

J m AJ m = A', J n BJ n = B' or J m AiJ m = A-^, J n BiJ n = Bi, 


and that J m and J n are respectively undegenerate symmetric contra-commu- 


{A',A}, {AS,A,} and {B, B% {B lt B,'}. 

Therefore by Ex. ni of this article or Ex. iii of § 254 the general invariants 
mentioned above can always be so chosen as to be connected by the rolations 

H' = y= Jm-%- ■> —%J n \ | = J m ni 1) — JwJZi V = l^n i 

all the four in each set being completely known when any one of them is 
known. But it has been shown in Exs. vn and vin that £ is a simple slope of 
type {nr, 7 r}. Consequently the four general invariants £, rj, r( are simple 
slopes of the respective types 

{nr, nr), {nr 1 , nr'}, {nr', nr}, {nr, nr*} 

which can be so chosen as to be correlated by simple reversals. They will 
all be completely known when f has been evaluated by solving the scalar 
equations of Ex. vm, and they are precisely described in the next two 
theorems. 


Considering first the case in whioh m = n = r, and putting A 1 =B 1 = H, 
we have the following theorem in which i H K is an integer umquely deter¬ 
mined for all integral values of the arguments i and k by the definition 

is . < = ( i + l)(i + 2 ) ...(i + * ) = /i + *\ whfln ->0 . _ (I2) 

X • ^ • i • • /c \ /c / 

and by the interpretations 

\ff 0 =l; = 0 when k< 0.(13) 


Theorem IV a. If 


«-[»]>[!]' + 


"o, r 
_o, o. 


ii»^i 


r—i,l 


is the simple bi-canonical {or simple canonical) square matrix of order r 
whose latent root is 1, and if Of is its conjugate, the four general invariants 
£ —inv (fl, fl}, % = inv {fl 7 , H 7 }, r) = inv {fl', fl}, ??' = inv {H, fl 7 } 
can be taken to be the simple square slopes 


In 

Il2 

• lir 

Irr •• 

. 0 

0 " 

o 

o 

i 

■■ |rr 

r fu • 

|lB 

111 

0 

Iffl 

■■ far 






f: 

■■ las 

0 

■■ 

■ laa 

■■ |ia 

0 

0 fc,. 

_lll llfl • ■ 

fcr ' 

■ £«■_ 





9 


0 

0 . 

-|rr_ 

_lir ■■ 

lll_ 

_lrr- 

.. 0 

0 
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in each of which the parametric elements are homogeneous linear functions of 
r arbitrary parameters |o, |i, |a> ••• Ir-i. those of difference-weight k being 
given by the formula 

&=(-1) 4-1 ■««-^ 1)-. . a.. -(F) 

O — i — fc] i = 1, 2, ... r — «; « = 0, 1, 2, ... r — 1). 

For the parametric elements of difference-weights 0, 1 the formula (F) 


becomes 

|* = (-l) 4 - 1 .|o , (* = l,2,...r-l); .(F„) 

Iwi = (- I) 4 " 1 ■ {|i -'• |o}, <» = 1, 2, ... r - 2); . (F,) 

and the formula includes (when i = 1) the equations 

In = |o> |ia = |u |i8 = la. • • • lir = lr-i- 


It is not to be implied that the arbitrary parameters are the same in any 
two different invariants. 

By Ex. viii the equations to be satisfied by the parametric elements 
consist of the r — 1 sets 

lv d" Im-iJ+i = If+i.i > 0" i — K) i — 1, 2, ... r 1 — ic), .. .(14) 
in which « = 0, 1, 2, ... r — 2; the first set in which k = 0 bemg 

!« + !< +lll+1 = 0, (t = 1, 2, ... r - 1).(15) 

We can choose one element in each parametric diagonal line to be an arbi¬ 
trary parameter; and the equations of the sets in which k = 0, 1, 2,... r — 2 
can then be completely and uniquely solved in succession for the remaining 
parametric elements of difference-weights 0, 1, 2, ... r — 2. The formula (F) 
gives the general solution of all the equations when we choose 

In. |ia> lir to be arbitrary parameters | 0) | a , .. 

For the formula is obviously true for small difference-weights and for all 
elements in which i = 1; and if we assume that it is true for all paramotric 
elements of difference-weight k — 1 and the element | w of difference-weight 
k, the equation (14) and the general formula 

m K+1 +^H K =^H K+l , 

which is true for all integral values of i and u, show that it must also be true 
for the element |i+ 1( j+i of difference-weight k. 

Passing to the general case in which the two integers m and n are not 
necessarily equal, we will suppose r to be the smaller of them. Since the 
general invariant £ is known by Ex. viii to be a simple slope of type {tr, tt}, 
we can put: 

rn r 

f=[0, !]” r,r when m = r$n; f= ^ when n = rjf-m] 

r, m—r 


o. m. 


36 






562 


INVARIANT TRANSFORMANDS 


[OH. XXIX 


and when these forms of £ are used, the equation 

can "be reduced hy cancellations of zero passive rows with corresponding 
passive rows and cancellations of corresponding active rows to the equi¬ 
valent equation 

M r r [^;[«] r r =m;. 

which shows that the effective constituent [£]^ of £ is a general invariant 

{fl, 11} constructed as in Theorem IV a. Accordingly we have the following 
generalisation of Theorem IV a. 

’o, r 

o, 


Theorem IV b. If A : = [l] m + 




-i ii »-i 


■ 1 B rn"+r 0 ' . 

, o * ] B + q o 

’ m-l, 1 L u > U J 71-1,1 


a/re the simple bi-canonical (or simple canonical) square matrices of orders 
m, n whose latent roots are 1, and if A U/ are their conjugates, the four 
general invariants 

| = inv £' = inv {A^, Bf), rj = inv {Af BJ, fj = inv {A 1} BJ) 

can be taken to be the simple slopes 

!»-»•, i r „, ^r.n-r rri n n-r,v r , nn r,n-r 


[o, a; 


cr, o] 


[o, vT r ■, W, 0 ] 


or 


rr 

r 

"O' 

r°i 

r 

[VI 

LoJ 

y 

r, wh—r 

_r_ 

L v 

m—y,r 

9 

m—r, r 

LoJ 


when m = r^n, 
when n = r }> m, 


r,m—r 


m whioh the effective constituents [f] r > [??]^> \rf£ r owe the simple square 

slopes £, 7], rf of Theorem IVa. 

Both in Theorem IV a and in Theorem IV b the general invariants 
v, V are simple slopes of a known olass and of the respective types 

(tt, t r}, {ir\ t r'}, {t t, tt}, {tt, 7r'} 

whose parametric elements are subject only to the conditions represented by 
(14), i.e. to the law of construction that. 

the sum of two consecutive elements of the same difference-weight k and the 
contiguous element of smaller difference-weight k — 1 is always equal to 0. 

One element in each of the r effective parametric diagonal lines can be 
regarded as an arbitrary parameter; and the other parametric elements of 
difference-weights 0, 1, 2, ... r— 1 can then be determined in succession by 
the law of construction. 

Other forms of these general invariant transformands will be given in 
Exs. i and ii of § 257. 


Esc x. When r— 6, the general invariant £t=inv {Q, Q} of Theorem IV a is the simple 
square slope 
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£o> 

£l> 

£a 

9 

£s 



£4 




9 

£5 



o, 

-£oi 

£o- 


“ £o+£i- 

-£aj 

£0 

- £i+£s 

-£s 

9 ~ 

£ 0 - 

H £ 1 “ 

£ 2+£3 

o, 

0, 

£o 

9 

“2^0+fi 

> 

3£o _ 

- 2£ x + £2 

9 “ 

4£o + 3£i- 

2£a + £s 

o, 

0, 

0 

9 

“ £o 


j 

3£o- 

- £1 



9 " 

6£o + 3£i ” 

£2 

o, 

0, 

0 

9 

0 


i 

£0 




9 ~ 

4£o+ £1 

• 

_0, 

0, 

0 

9 

0 


j 

0 




9 — 

£0 




"1, 

0, 

0, 

o, 

0, 

0 

- 

£0 

£1 

£a 

£3 

£4 

£n 



0, 

-1, 

1, 

' "I, 

1, 

-1 


0 

£0 

£1 

£a 

£3 

£4 


= 

0, 

0, 

1, 

-2, 

3, 

-4 


0 

0 

£0 

£1 

£2 

£3 

= PX, 


0, 

0, 

0, 

-1, 

3, 

-6 


0 

0 

0 

£n 

£1 

£a 



0, 

0, 

0, 

o, 

1, 

-4 


0 

0 

0 

0 

£0 

£1 



.0. 

0, 

0, 

o, 

o, 

-1 


_0 

0 

0 

0 

0 

£ 0 . 



where P is a particular undegenerate invariant {12, 12}, and X is a general commutant 
{12, £2}. Every parametno element of £ or P in a horizontal row below the first is minus 
the sum of the preceding element in the same horizontal row and the element immediately 
above that preceding element. 

Ex. xi. The general invariant £ of Theorem IV a can of course be regarded as a general 


commutant {Q~ 

1 , Q} or 

{X2, Q“ 

*} When r= 

6, we have 




"1 

1 

0 

0 

0 

0" 


-1, 

1. 

-1, 1, 

-1~ 

0 

1 

1 

0 

0 

0 

0, 

1, 

-1, 

1, -1, 

1 

0 

0 

1 

1 

0 

0 

0, 

0, 

1, 

-1, 1, 

-1 

Q= 0 

0 

0 

1 

1 

Q 1 = 

0 ’ 

o, 

0, 

0, 

1, -1, 

1 

0 

0 

0 

0 

1 

1 

0, 

0, 

0, 

0, 1, 

-1 

0 

0 

0 

0 

0 

1 

_o, 

0, 

0, 

0 , 0 , 

1_ 

or 

Q, = 

*+* 

a- 

■W-x + x 2 - 

x 3 +x 4 

-X 6 , 

where /=[!]”. 



Ex xii. The equation £=PX in Ex. x illustrates the following theorem which is 
generalised in Ex. ii of § 259, and whioh is inoluded m the general theorem of § 239 when 
the invariant transformands are interpreted as commutants. 

If P t F cure particular undegenerate invariant transformands 
P=inv {O, O}, F=inv {O', O'}, 

and if X , X', F, Y' are genet'al commutants {£2, £2}, {£2', £2'}, {£2', £2}, {£2, £2'}, then the 
matrioee £, £', ij, i)’ given by the formulae 

€=FX', rj = PY) r}=PY' 
or t^XP, £'=X'F, r,= YP, i=Y'F 

are general invariant transformands {£2, £2}, {£2', £2'}, {£2', £2}, {£2, £2'}. 

We oan interpret P, F to be undegenerate oommutants {£2 -1 , £2}, {£2'“ 1 , £2'} or 
undegenerate oommutants {£2, £2 -1 }, {£2', £2' -1 } ; and such matrices oan certainly be deter¬ 
mined beoause £2 and £2 —1 are equioanonical. 


Ex. xiii. Direct determination of the general invariant X=inv {A, tB} when e= 


±1 and 


30—2 
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The equation AXB=eX in which. X=[x]^ can he put into the form 

0 #u ... #i, n -l #S1 ^22 ■ • ^2n 0 # 2 i ... #2,n—1 


«/9. 


0 ^«j—1,1 %-l»H-l 

0 #ml ^*i|H-l 


+ 0/3 . 


^ml ^w>2 ®mn 
0 0 ... 0 


+ o/3. 


0 #7m ... # m ,n—1 
00... 0 


#11 


#12 


^ln 


= (c-o£) 


1,1 ^w—1|2 ■■■ l,n 


_3??nl 


#jji2 


... #. 


By equating successive elements of successive vertical rows when m n or successive 
elements of successive horizontal rows when 11 m on both sides of this equation, starting 
with the rows through the bottom left-hand element and with the bottom or left-hand 
elements of the equated rows in each case it will be seen that: 

(l) If aj8 =t= t, every element of X must be equal to 0. 

(li) If a/3=f, all elements of X lying below the diagonal through # n or x, m must be 
equal to 0. 

When a/S=e, the transformed equation for X is obviously equivalent to the scalar 
equations 

#ii=0, (2 = 1, 2, ... to), #,^=0, (/=1, 2, ... 71-1); 

#i/+#i+i,,f-i-i+ a 'i+i 5 i == 0, ( ll=a lj m ~ 1 5 2) ... 7i—l); 

which are the equations (8), (9) of Ex. vni, and could be used to prove (ii) 

It follows that X is a simple slope of type {rr, jt} having the same structure as 4 
m Theorem IV 6. 


Ex. xiv If m the matrix 4 of Theorem IV b we replace every - sign by a + sign, we 
obtain the general invariant of the pair of square matrices 

, _.l,m—1 , _l,n —1 

w:+[o;i] • w:-[o;J] • 

5 ■ J i»-i,i *- * - J n-i,i 


Note 1. Properties of i H K when i and k are integers. 
The definition (12) and the interpretations (13) ore 


( ^ =( m)( l +2).^( i± . ) = (i+.) when <>0 . 


.(12) 


*E 0 =1 (when k= 0) ; ^*=0 when k<0; .(13) 

and they ascribe a unique value to *E K when i and k are any two integers, positive or 
negative. Since (12) and (13) are not symmetric m i and k, the integers *27* must be 
distinguished from the associated integers 

which are such that 


W, 


( k + 1)(ic + 2)...( k +z) 

1.2. .. i 


when i>0 


■m 


0 i7'*=l (when i=0); *i7'*=0 when £<0.(13') 

The following tables give the values of i E K and *27'* for the values of i shown at the top 
and the values of k shown on the left. Each integer is the sum of the two adjacent 
integers to the left of and above it. 











255 ] 


INVARIANT TRANSFORMANDS 


565 


Values of *3^. 


i= 

-6, 

-4, 

-3, 

"2, 

-1. 

0, 

1, 

2, 

3, 

4, 5 

it = —5 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 0 

K = — 4 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 0 

k=» — 3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 0 

-2 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 0 

K= -1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 0 

K= 0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 1 

K 63 1 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 6 

K= 2 

6 

3 

1 

0 

0 

1 

3 

6 

10 

15 21 

JC= 3 

-4 

-1 

0 

0 

0 

1 

4 

10 20 

35 56 

K=- 4 

i 

0 

0 

0 

0 

1 

5 

15 

35 

70 126 

K = 5 

0 

0 

0 

0 

0 

1 

6 

21 

56 126 252 




Values of 






i= 

-5, 

-4, 

-3, 

-2, 

-1 


I 

, % 

, 3, 

, 4, 5 

K= — 5 

0 

0 

0 

0 

0 

1 

-4 

6 

-4 

1 0 

K = —4 

0 

0 

0 

0 

0 

1 

-3 

3 

-1 

0 0 

K= — 3 

0 

0 

0 

0 

0 

1 

-2 

1 

0 

0 0 

K= — 2 

0 

0 

0 

0 

0 

1 

-1 

0 

0 

0 0 

K=.-l 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 0 

K = 0 

0 

0 

0 

0 

0 

1 

1 

1 

1 

1 1 

K = 1 

0 

0 

0 

0 

0 

1 

2 

3 

4 

5 6 

K ™ 2 

0 

0 

0 

0 

0 

1 

3 

6 

10 

15 21 

K — 3 

0 

0 

0 

0 

0 

1 

4 

10 

20 

35 56 

K= 4 

0 

0 

0 

0 

0 

1 

5 

15 

35 

70 126 

K= 6 

0 

0 

0 

0 

0 

1 

6 

21 

56 

128 262 


On the supposition that i and k ore positive integers, we have 

*H k =0 whenever k< 0, or n+i+l>0>i, .(10) 

and in no other coses For *H K haB been interpreted to be 0 when k <0j whilst when 
k «j; 0, it is equal to 0 if and only if i satisfies the conditions 

— 1 i — k, which are eqmvalent to i < 0, i +k +1 > 0, 
and are incompatible when k =0. In particular we have 

~ 1 H k =0 except when k=0 .(16') 

Whenever i and p are two integers suoh that i+p = — (k +1), we have 

W'-l-iy. PH Ki 

for this equation is obviously true when k > 0, whilst we have 

i S K = H k = 1 when k=0, *H k = pH k =0 when k <0. 
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For positive values of k each of the two integers *27*, p27* is equal to 0 when and only 
when 

i < 0, p < 0. 


Thus for all integral values of i and k, positive or negative, we have 

.(17) 

where the two equated integers are different from 0 when and only when k %s positive and the 
two upper arguments ( — i, i— k — 1) have opposite signs, i.e are not both less than 0. 


The definition (12) shows that the functional equation 

<"E K+ 1 =i + 'E K +<E K+1 


- ( 18 ) 


is true for all positive and negative integral values of i when k > 0; and the interpreta¬ 
tions (13) can be derived from (18) by putting k= 0, -1, -2, .. in succession. Conse¬ 
quently (18) is true for all positive and negative integral values of i and k From tlio 
equation (18), which is symmetric in i and k, we can deduce the equations 


<+'E K+r -*+iE K ^ff K + 1 +*ff K+i + ... +<E K+r , . (180 

»rE K+1 -*E K+1 =i + 'E K +*+*E K + ... + i+r E K , .(18") 


which are true for all integral values of i and k when r is any non-zero positive integer. 


From (12) and (13) we see that 

<E K =*E t (or *J2*=*2T*) .(19) 

if and only if either i+ k 0, or both i <0 and k < 0; 

i.e. *27’*=|=*2Zi (or *2Z*=|=*27 7 *) .(190 


if and only if i+ k < 0, and at the same time either i <£ 0 or k <£ 0. 

We will finally recall the fact that. 

When i and k are both positive integers, the integer i E K = K E i is the number of terms in a 
general rational integral function of i variables, or a general homogeneous rational integral 
function of i +1 variables, whose total degree is equal to k. 


Noth 2 . Solutions of the functional equation (18) satisfied by *27*. 

We can regard *27* as an element of an infinite square matrix A whose middle 
element is a to We will here suppose that some of the elements of A are given by defini¬ 
tion,—those in which i and k are both greater than 0 bemg always given by (12),—and 
that the others have to be determined in succession by suitable interpretations. It will be 
evident that we cannot find symmetric interpretations which make (12), (18) and (19) all 
true universally. 

The functional equation (18) makes all elements of A uniquely determinate when we 
know any one of the following sets of elements. 

all elements in which i haB a given value x, and one element for every greater value 
of i, i.e. one for each of the values x+1, x+2, x+3, ... of %; 

all elements m which < has a given value y, and one element for every greater value 
of k, i a one for each of the values y+ 1, y+2, y + 3, . . of k , 

all elements in which i +k has a given value w, and one element for every smaller 
value of £+ k 

For example the integers *27* defined in Note 1 form a set of solutions of (18) when 
*j 6T 0 =1 for all values of i, and °27* = 1 whenever k >0, and the integers *E' K form a set of 
solutions when °Z7*=1 for all values of k, and *27 0 =1 whenever t>0. The mean of these 
two sets gives a third set of solutions whioh. makes (18) and (19) true universally, but 
which makes *27* have half the value given by (12) when i <0. 
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The equations (18) and (19) make i H < uniquely determinate for all integral values of t 
and k if it is known whenever i=n. In all symmetno interpretations based on both (18) 
and (19) wo must have 

T ir fl = 0 J5r T = l whenr>0 
If we put °iT 0 =a, we must also have 

~ 1 Hq=\<X) - a, 

and theae values cannot be made to agree with the values 

-1^=0, - 2 ^=-i 

given by (12). Thus we can find symmetrio interpretations which make (18) and (19) 
universally true, and which make (12) true when i and k ore both positive, no matter 

what values ore assigned to °^ 0 ) “ l H- 1 , .. , but we cannot choose them to make (12) 

true when i < 0. 

Note 3 Values of i E K for positive values of i and k. 

We always have 

ijj K n-_(»+l)(» + 2). .(i + k)_(k + 1)(k + 2)...(k+i) 

H * =Ei ~ 1 . 2 .. k ~ “ i7a".ri — 

when i and k are both greater than 0. It is often convenient to use the interpretations: 
t H 0 = 0 Hi = 1 whenever r is positive j 
i H K ==0 whenever i < 0 or k < 0; 

but these interpretations fail to satisfy the equation 

and therefore fail to make (18) universally true, though it remains true so long os no 
negative arguments oocur. Interesting applications will be found in Vol. II, Chap. XXX 
of Netto’s Vorlasungen liber Algebra. 

Note 4 Values of i ff K for all values of i. 

We may and will regard the definition (12) and the interpretations (13) or the functional 
equation (18) as rendering i H K uniquely determinate whenever. 
k is a reul integer, positive or negative; 

t is any scalar number, which will ordinarily bo real and rational. 

We still have *//*=0 whenever k <0; whilst when k is a positive integer, we have 
4 j6 l K = 0 if and only if t is a real integer suoh that i < 0, i + k +1 > 0. 

Subject only to the conditions for convergenoy the binomial expansion for (x +y) n is 
(#+y) ns=n -2o. x" l + n ~ 1 JTi.iti n ~ 1 y+ ... + n - ,r H r ..ti ,l ~ r i/ r + ... 

-(;).*■+ + ...,.( 20 ) 

where ^^ = n £o = l, and where for every non-zero positive integral value of r 

fn\ n(n-l)(n-2)...(n-r + l) r „ 

W" 1.8.3....r 

Since n ~ r H T ’=0 if and only if n is a positive integer and r>n, the series ends at the 
(ra + l)th term when n is a positive integer, and is non-terminating with no zero coeffi¬ 
cients in all other cases. 
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The binomial coefficient satisfies the equation 


= n ~ T ff r 

whenever r is a non-zero positive integer If it is defined by that equation for all real 
integral values of r, we must have: 

^^=0 if and only if r <0, (n being unrestricted), 
or n is a real positive integer and r>n, 

o) = l! (o) = l! (r)“° 


§256. The corresponding bilinear and quadratic scalar invariants of 
homogeneous linear substitutions. 

1. Bilinear invariants of any two homogeneous linear substitutions. 

Let A= be two square matrices with constant elements whose conjugates 

are h', Id. Also let x u # a , ... x m and y lt y 2 > y% be two sets of independent scalar 
variables; and let x{, .. and yx, y<£ t ... yf be the homogeneous hnear functions of 

the ada and y s respectively determmed by the equations 



( 1 ) 


which are ordinary homogeneous hnear transformations of the given variables when h 
and k are undegmerate. Further let f and f be the bilinear scalar functions given by the 
equations 


.00 


where C= [c] M is a matrix with constant elements. The brackets of a one-element matrix 

L J J71 

such as [/] or [/*] can and ordinarily will be omitted. 

Then the equation f' = f 

will be an identity m the x'b and ys, or / will in this case bo a bilinear soalar invariant 
of the substitutions (1), when and only when 




[o]® or m=<7, 


i.e when and only when G is an invariant transformand {h\ &}. 

It is to be remembered that when a given bilinear function f of the variables 
* 2 j and y u y 2) ... is expressed in the form 


the matrix C*=[c]^ is uniquely determinate. 

Ex l When m=n= 3, let h and k be the quasi-soalar matrices 


~hi 0 0 “ 0 0 

A= 0 hi 0 , k= 0 0 in whioh h^hy, k^k x . 

_0 0 h % _ _ 0 0 ki_ 
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Also let O'be the general invariant transformant! {A', A}, and/be the most general bilinear 
invariant of the substitutions (1), which are now 

#i=Ai#i, c 2 ?a A’s =^2^3! yi ,== Aiyi, ys = ^vya. 

Then in the respective cases when: 


(1) Ai£i=l, AjI’2= 

i; 

(2) Ax=1, A a A 2 =|=l (orA 2 =0); 

“ on 0 

0 “ 

~ on 0 

0 1 

(1) C=- C 21 0 

0 j 

(2) G— Oax 0 

0 ; 

_ 0 Cj2 

Csa _ 

1 

0 

0 

0 _ 


where the d s are independent arbitrary parameters; the corresponding general bilinear 
invariants being: 

(1) f—OwSB-yy^c^x^yx + 032 ^ 3 ^/ 2 + c 33 a; 32/3» 

(2) /= on j?i yi +Cai x%yi • 

2. Bilinear invariants of two oo-gredient homogeneous linear substitutions. 

In sub-artiole 1 let n=m\ and let x{, x 2 ',.. aud y%, ... y m ' be the homogeneous 

linear functions of the tfa and y’u respectively determined by the equations 


x 1 


:[A]> , / -[A]-Jf , 


( 2 ) 


which are ordma/ry co-gredient homogeneous linear transformations of the given variables 
when h is undegenerate. Further let / and /' be the bilinear scalar functions given by the 
equations 




.(20 


where <7=[o]™ is a square matrix with oonstant elements. 


Then the equation /'=/ 

will be an identity in the tin and y’s, or / will in this sense be a bilinear scalar invariant 
of the oo-gredient substitutions (2), when and only when 


h [o]"[A] m =[fl]“ or h'Ch=C, 


•( 2 ") 


i.e. when and only when O'is an invariant transformand {fi, h }. 
Ex. li. When mi= 3, let A be a quasi-scalar matrix 


“ Aj 0 0 - 

A= 0 Ai 0 in which Aa =1=74!. 

_0 0 Aj_ 


Also let 0 be the general invanant transformand {A', A}, and /be the most general bilinear 
invariant of the substitutions (2), which are now 

x{ =A i jci, aj 2 '=Ai^ 2 ) y{=h l y v yi=h x y^, y s '*=A a ys- 

Then, in the respective cases when: 

(1) Ai=l, A a =-1; (2) Ai 2 =l, V+l (or/ia=0); 


flu cu 0 

(1) % o S2 0 

0 0 Oa 


Oil O 12 0 

(2) 0= flax fljj 0 

0 0 0 


we have 
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where the c’s are independent arbitrary parameters; the corresponding general bilinear in¬ 
variants being. 

(1) /= C n X]^i + C 12 ®l3/2 + °21 ^2^1 +°23 #23/2 +033^3^3 J 

(2) /= c u a?i 3 /i 4- c 12 x x y 2 4-Cai a^i+% ^2 • 

3 Bilinear invariants of two oontra-gredient homogeneous linear substitutions 
In sub-article 1 let n=m ; and let A=[A]“ he an undegenerate square matrix whoso 

inverse is the square matrix H=\E'^\ Also let xi, x 2 , ... % m ' and yi, y 2} ... y m ' be the 
homogeneous linear functions of the a^s and y 1 s respectively determined by the equations 

of JS X if , .(3) 

whioh are ordinary oontra-gredient homogeneous linear transformations of the given 
variables. Further let f and f be the bilinear scalar functions given by the equations 


where C=\o\ is a square matrix with constant elements. 


.(3') 


Then the equation f —f 

will be an identity in the sis and y’B, or f will in this sense be a bilinear scalar invariant 
of the contra-gredient substitutions (3), when and only when 


m:w:[*c-c-c - a®-*. 

i e. when and only when C is an invariant transformand {. H , A}, or when and only when 0 
is a commutant {A, A} or {H, H). 

Ex. lii. When m = 3, let A be a quasi-scalar matrix 


~ h x 0 0 " 

A= 0 hy 0 in which Aj+A^ Ai =1=0, Aa=|=0 
_0 0 Aa_ 

Also let C be the general invariant transformand {H, A}, and / be the most general bilinear 
invariant of the substitutions (3), which are now 

x{=h\x l , xf=h x x % , ; yf^hr x Vu ya' = A « _ 1 ys- 

Then in every such case we have 


Oil Oja 0 

0= flji da 0 , /= On X $J\ ++<3sa x $h +caa^a+Caa^ai/a > 

_ 0 0 O33 _ 

where the c’s are independent arbitrary parameters. 

4. Quadratic invariants of a single homogeneous linear substitution. 

Let A=[A]™ be a square matrix with constant elements whose conjugate is hi. Also let 
x x , x 2 , .. x m be m independent scalar variables; and let x x , x 2) ... x m ' be the homogeneous 
linear functions of the tf’s determined by the equation 


-W 


...(4) 


which is an ordinary homogeneous lmear transformation of the given variables when h is 
imdegenerate. Further let / and /' be the quadratic scalar functions given by the equations 


f=[x] [o] n x , /'=[<] [c] m a/ 

J L J m L J mui tt 5 J L J tn L J mi_i, 

where C'=[c] m is a symmetric matrix with constant elements. 


.(4') 
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Then the equation f'=f 

will be an identity in the a’a, or f will in this sense be a quadratic scalar invariant of the 
substitutions (4), when and only when 




or h'Ck=0 , 


i e. when and only when O' is a symmetric invariant transformand {h!, h }. 

It is to be remembered that when a given quadratic function / of the variables x u 
x 3i • x m is expressed in the form 


/= |Y] \o] m x =2 Ciix t x h where c^cy, 

* J m l - m l_j m 

the symmetric matrix (7=[o] m is imiquely determinate. We can of oourse also express /,in 
many ways in the form 

f = \ x ~\ m [ a ] m 

where the square matrix A=[a]™ is not symmetric. In fact A can be any square matrix 
of order m which differs from 0 by a skew-symmetno matnx. 

Ex lv. When »i=3, let h be a quasi-scalar matrix 


~ 0 0 ~ 

h=* 0 hi 0 in which A 2 #Ai. 

_0 0 Aa_ 


Also let C be a general symmetric invariant transformand {h\ h }, and f be the most 
general quadratic invariant of the substitution (4), which is now 


we have 


(1) C= 


Xi=hi x i} 
ective oases when : 

&Y= hi ) x 3 = Aji’a. 


1 lj A 8 = -1; 

(2) V-li V+i 

(or Aa=0); 

°11 °12 0 

Oil Oia 

0 “ 

Oia Caa 0 ) 

(2) 0— Oja O 22 

0 , 

1 

3 

o 

o 

_ 0 0 

0 


where the 0 ’s are independent arbitrary parameters ; the corresponding general quadratic 
invariants being: 

( 1 ) f=0uX 1 i + 20 1Z XiX2 + 0 ai X s a + 0 W X 3 i ; 

(2) /=o 11 V+2c 18 fl; 1 A , a+CMtf2 11 ' 


6. General method of determining bilinear and quadratic invariants. 

Let A = [a]”, 2?■=[&]* be square matrices of orders m, n with constant elements; let 

a =[a] m , |8=[j8]^ be square matrioes equi-oononical with A, B respectively ; and let 

A =haH, B=kfiK 

be any particular isomorphic transformations by which A , B can be derived from a , (i. 
Also let # a i x m &&d yi,y 2 , he two 0618 independent soalar variables, and let 
g 1} ••• im and t} u rja, ... rj n he new variables derived from them by the ordinary linear 


transformations 

rrt _ i—i r—i _ i—i y _ v 

£ =E. x , 7? ~*K. y .(6) 

1 —*m 1 — 'm 1 —'ti 1 —'» 

Thm .W 





572 


INVAHIANT TKANSFORMANDS 


[CH. XXIX 


will be a general or particular bilinear invariant of the given substitutions 


d =A. x . if —B. y 

■—*m •—'m '—‘n 1 


when and only when it is expressible in the form 

/-ra-wiE.. 

as a general or particular bilinear invariant of the substitutions 


.(7) 

• • .(60 


f £ , 4 “0-J? ,.(70 

1 —'m 1 —'m '—'n —n 

where C= [c]^ and ^=[ 7 ]™ are matrices connected by the relation 

0=E'yE. .(8) 


We know that f expressed in the form ( 6 ) will he a general or particular bilinear in¬ 
variant of the substitutions ( 7 ) when and only when 0 is a general or particular invariant 
transformand {A\ B}, and that / expressed in the form ( 6 ') will be a general or particular 
bilinear invariant of the substitutions ( 7 ') when and only when y is a general or particular 
invariant transformand {a', &}. The theorem therefore follows from Ex ii of § 255 and the 
formula ( 8 ). 

Let |i, £ 2 > £m and y 1 , ij 2) . i] n he the independent homogeneous linear functions of 
the variables x u x 2 , ... x m and y u y 2 , ... y n determined by the equations (5) Then the 
theorem is equivalent to the statement that the second of the two functions 


/(^i, x 2i ... x m , y u y 2 , ... y n ), .(9) 

E(x i, a?a, ... x m , y \, y 2i ... yn) = f (,£i> £a> Vi> lit • • 7h) .(®) 


is a general or particular bilinear invariant of the given substitutions (7) when and only 
when the first function is a general or particular bilinear invariant of the substitutions 


x 1 =a. x , if =0. y .(7") 

1 —'m 1 —'m £ —'n 1 —'n 

Regarded in this light, it is included as a specially simple case in Note 5 of § 226. 

Ordinarily a and /9 will be chosen to be the bi-canomcal square matrices equicononical 
with A and B. Then after determining a general mvariant transformand y=inv {a', /3), 
we know the general bilinear invariant (6') of the substitutions (7'), which a determinate 
change of variables converts into the general bilinear invariant of the given substitutions 
(7); or we know the general bilinear invariant (9) of the substitutions (7"), which can be 
converted into the general bilinear invariant (9') of the given substitutions (7) by 
replacing x 1} x 2 , ... y lt y 2 , ... by the homogeneous linear functions £i, ... Tj lt tjq, .... 

Again /“ [*]„[«]”[» .( 1 °) 

will be a general or particular quadratic invariant of the given substitution 

*d -A.Is .( 11 ) 

>—'m ■—‘m 

when and only when it is expressible in the form 

. cm 

ae a general or particular quadratic invariant of the substitution 

7 -a.T , .(IT) 

where (7=[c]” and y=[y]” are symmetric matrices connected by the symmetric relation 

0=E'yH. .( 12 ) 



















256, 257] 


INVARIANT TRANSFORMANDS 


573 


Let | a , ... | m be the independent homogeneous linear functions of the variables 
A’l, ^2 j ■ ■ determined by the first of the equations (6). Then this second theorem is 
equivalent to the statement that the second of the two functions 

®lj & 2 ) ®w)j .(13) 

F(x u 33 3) ... ... im) .(13') 

is a general or particular quadratic invariant of the given substitution (11) when and 
only when the first function is a general or particular quadratic invariant of the sub¬ 
stitution 


so =a . 30 


Tlius the determination of the general quadratic invariant of the given substitution (11) 
is roduoible to the determination of a general symmetric invariant transformand 

r=mv{a', a}, 

where a is a bi-canonical square matrix eqiucanonical with A. 

§ 257 The invariant transformands of a pair of unipotent 
square matrices. 

1. General invariant transformands. 

Let A = [a]™ and B = [&]” be any two unipotent square matrices of orders 
m and n with constant elements whose conjugates are A‘ and B\ and whose 
latent roots are a and yd, so that the single characteristic potent divisors of 
A and B arc 

(X — a) m and (X — ft) n . 

Also let r be the smaller of the two integers m and n ; let U and V be any 
particular undegenerate contra-commutants {A\ A) and {A, A'} , and let 

e = + 1. 

Without actually constructing the general invariants mentioned, we can 
at once enunciate the following theorem: 

Theorem I. The four geneml invariant transformands 
X = inv {A, e.B}, X* = inv {A 1 , eB f } ) 7 = inv {A r , <=B}, Y' = inv {A, eB'} 
can always be so ohosen as to be oonnected by the relations 
X'= UXV, 7= UX, Y' = XV; 
and they are all zero matrices when aft =f g- 

When aft = e, each of them is an imdegenerate matrix of the class M 

and of rank r containing exactly r independent arbitrary parameters , and 
having exactly r independent non-zero particfida/risations. 

In each of them the elements are homogeneous linear functions of the r 
arbitrary parameters. 
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The first part of the theorem follows from Ex. iii of § 254 and Theorem III a 
of § 255. The last part of the theorem (in which A and B are necessarily 
undegenerate) follows from Note 1 of § 242 when we regard X as a general 
commutant {A, eB^ 1 }, because A and B~ l are unipotent square matrices 
whose latent roots are a and /S -1 , and therefore A and eB~ l are unipotent 
square matrices having the same latent root a v 

The formulae (B) of § 255 will furnish constructions for the general in¬ 
variants of Theorem I when aft = e as soon as we have determined the 
corresponding general in valiants for two square matrices A 0 and B 0 equi- 
canonical with A and B respectively. From Ex. vii of § 255 it will be seen 
that we could choose A 0 and B 0 to be any simple square ante-slopes of type 
{tt, ttJ equicanonical with A and B respectively; but the simplest con¬ 
structions are obtained by choosing them to be bi-canomcal square matrices. 

Accordingly when aft = e, we will define 

A„ = aA : , B 0 = ftBy 

to be the simple bi-canonical square matrices of orders m, n whose latent 
roots are a, ft, and 

A = hA 0 H, B = JcB 0 K 

to be any particular isomorphic transformations by which A, B can be 
derived from A 0 , B a . Then the general invariants 

£ = inv {A 0 , eB a }, if = inv {A t \ eB 0 '}, y = inv {Af, eB 0 }, y = inv {A 0} eB 0 '}, 
or ^inv^, By}, £' = inv {A/, By}, y = inv {A/, y = inv{A 1} By'} 

are the simple slopes described in Theorem IV 6 of § 255 ; and we can take 
the general invanants in the second part of Theorem I to be the matrices 
given by the formulae 

X = h%K, X' = iT£T, 7=H' V K , T-hnfV .(A) 

in which H', h' are the conjugates of H, k. 

Ex. i. Pcvrticitlarisations of the general invariant £=inv {Ay, ih} in (A). 

We will suppose that m=n=r, so that we can put Ay=By=n. When n=f=m, tho 
following remarks are applicable to the effective constituent [£]^ of £, and the corre¬ 
sponding particularisations of £ itself are obtained by adding n~m initial vertical or 
m — n final horizontal rows of 0’s according as m=r^n or n=r ^>m. From the equation 
determining £ it will be at once evident that: 

If [xY t is any matrix which for all positive integral values of r is an undegenerate 
partiovlarisation of £, then the matrices 

_ ro, xi T,r ~ T 

qJ m which r=0, 1, 2, — 1 

form a complete set of r independent non-zero particularisatums of £ having ranks 
r } r — 1, r— 2, ... 1; and we could take the general invariant transformand £ of order r to be 
the matrix 

[£] r =a &-^o+fl'^l + &-^3+-"+5r-l ■'fr—1» 
where the coefficients on the right are r arbitrary scalar parameters. 


(1) 
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r °3 0 

-°*k 


. -<r. °-H r _a 

0-. 0 -£T r _i 

"1 -1 

1 

-1 

1 , 


0 


‘-Hi.. 

- a-, 

tr. l B r -i 

0 -1 

2 

-3 

4 , 


1—1 

Qs. 

1 •* 

II 

o 

0 

a ^o- 

. - O' a ^ r _ 4 

<T. a -£Tr-s _ 

0 0 

0 0 

1 

0 

-3 

-1 

6 

4 


0 

0 

0 .. 

. -«r 

a . 

0 0 

0 

0 

1 

... 

0 

0 

0 . 

0 

cr.’-^o. 


... 





"«T. ’-bS'o 
0 

<T. ^Hy ... 

-«r ’■“"Si- 

o-. 3 3 t _ 3 

a i ff T ~a 
~ <T. 1 lV r _3 

<r. °B r -l 
— <r. 0 -£Tr-a 

.. 1 

... 0 

4 

-1 

6 4 1 

-3 -3 -1 

1_- 

u 

o 

0 

a ^o 

^i 

°3, 

. . 0 

0 

1 2 1 

0 

0 

0 

- l *o 

- °*i 

... 0 

0 

© 

1 

i- 1 

1 

h- 1 

0 

0 

0 

0 

°3o _ 

. 0 

0 

0 0 1 


They are the simple square ante-slopes of order r and type {n-, 7r} whose parametric 
elements are given by the formulae 

0 w =(-iy-i ^=(-1 Y-'.'-Wk, (K-y- 1 ).(a) 

which involve 0V=0 mt) where u=r+l-i, v=r+l-j. 


If J is the simple reversant of order r, they are oonneoted by the relation 

r r—it* 

u “ J r 

and they are connected with the square matrices [c/>]^, [0']^ of Ex. ii by the relations 
Two other such undegenerate particularisations of £ are the simple square ante-slopes 


i.r-i 

'i on 

lir—1 


1, \J 

n _ a \ 

> 

r-l»l L 

u, -0j 

l,r-l 

T-l 

O' 

o, V 

r; 

-J r-l,l L 




For the first of these the formula (1) gives the general invariant £ desonbed in 
Theorem IV a of § 255, and is equivalent to the formula 

£o £i £r-l 

[«]'=[<■ ■ 

0 0 ... f. _ 


Eon. ii. Particularisations of the general invariant rj=>inv {A\, By} in (A). 

We will again suppose that m=7i=r, so that we can put When w+wi, 

the following remarks a^e applicable to the effective constituent [rj] r of r), and the 
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corresponding particularisations of 77 itself are obtained by adding n — m initial vertical or 
m—n initial horizontal rows of 0’s according aam=r^M or n=r^>m. From the equation 
determining rj it will be at once evident that. 

If is any matrix which for all positive integral values of r is an undogenerate 
particularization of tj, then the matrices 

ro crT’ r ~ T 

Fr= ’ in which r= 0 , 1 , 2 , ... r — 1 

L u j HA Tp r—r 

i 

form a complete set of r independent non-zero particularisations of tj hawing ranks 
r } r — 1 , r- 2 ,... 1 ," and we could take the general invariant transformand tj of order r to 
he the matrix 


V (O^o^o+fi^i+^a ^a+'-' + ^r-i Fr-u .(2) 

where the coefficients on the right are r arbitrary scalar parameters. 

If <r—( — l) r_1 , two such undegenerate partioularisations of tj are the mutually con¬ 
jugate square matrices 


r 0 

0 

0 

0 

0 

0 .. 

0 

.. - 0 -.—ajET 0 

a. r ~ 1 E 0 ~ 
tr. r -*E x 

"o'" 

0 

2 ^o 

. — <r. a -^ r -4 

a *E r f t 

0 

-^0 

^1 .. 

. - 0 -. 1 E r -a 

<r. 


-°fli 


. —a 

«r °E r -i 


0 0 0 0 ' 1 ... 

0 0 0 -1 4.. 

0 0 1 -3 6... 

0-1 2 -3 4 ... 
1 - 11-11 ... 


0 

0 

0 

0 

°Eo ~ "... 

0 0 

0 

0 . 

0 

- l *o 

- m x 

0 0 

r 0 

m r = 

0 .. 

’#0 

^1 

°#2 _ ... 

0 0 

0 

-o- 


~<r '-Hr-a 

— o’. ®£7j. _ 2 

1 4 

_a. r ~ x E a 

tr *-*E x .. 

. c.*E r _ a 

<r x H r _a 




They axe the simple square counter-slopes of order r and type {*■', tt} whoso mra- 
metnc elements are given by the formulae 

&y=(-ly-M- 1 #*, *w-l.(1,) 

which mvolve where ii=r+l-i, v=r+l-j. 

Two other such undegenerate particularisations of tj are the mutually conjugate sirnplo 
square counter-slopes ^ 

o t -«d 

:r,“ 

&rm 'f a (S) gh “ 140 goneral inraria,lt 1 iu 

Theorem IV a of § 255, and is equivalent to the formula 
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£o £l ■■ £r-l 

V(r) = h/? r . 0 &-* 

_o 

2. General symmetric and general skew-symmetric invariant transfer mands. 

Let A = [a,]^ be a single umpotent square matrix of order r with constant 

elements whose latent root is a, so that its single characteristic potent 
divisor is 

let A' be the conjugate of A \ let V be any particular undegenerate sym¬ 
metric contra-commutant {A, A and let 

e = + 1. 

" 0 , 11 ^ 

-°. °-L, 

be the simple bi-canonical (or simple canonical) square matrix of order r 
whose latent root is 1, and let £1' be its conjugate. We know from 
Theorem IV a of § 255 that the general symmetric (or general skew-sym¬ 
metric) invariant transformands ij = inv (fT, fl), r( = inv {{1, XI 7 } can be taken 
to be simple square counter-slopes 


r 0 

0 

0 .. 

■ fcr" 

“fir ■ 

■■ fia 

fl2 

fu 

.... 




far • 

fas 

fa 

0 

II 

© 

0 



V = far ■ 

fas 

0 

0 

0 

£20 

£33 • 

■■ far 




.... 

Jn 

£ia 

£lS • 

&r_ 

Jr, • 

.. 0 

0 

0_ 


whose parametric elements are given by the formula 

&=(-1) 1 - 1 ■ tf. - < -tfi ■ 1 y . '->h k . .. .(c) 

(j-i = fc\ i= 1 , 2, ... r- k\ k = Q, 1 , 2, ... r-1), 
where f a , ... % r -i are r parameters which are not all independent, but 

are arbitrary subject to the conditions that y and y shall be symmetric 
(or skew-symmetric) matrices. 

With respect to symmetric invariant transformands we have the following 
theorem: 

Theorem II. The two general symmetric invariant transformands 
7 = inv {A\ eA} } Y' = im {A, eA'} 
can always he so chosen as to he connected by the symmetric relation 

Y'=V7V; 

and they are both zero matrices when a® =(= e. 

a. m. 37 


Also let n = |>]^=[l]^ + 


FROPCRTY Of 

CARHEilE INSTITUTE OF TECHN0L06T 
UBfiABY 
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If a® = e, then . 

(1) when r is odd , they cure undegenerate square mai/rices of order r, each 

containing exactly |(r + 1) arbitrary parameters and having exactly 
£ (r -I-1) independent non-zero partioularisations ; 

(2) when r is even, they are degenerate square matrices of ordet' r and 

ranJc r — 1, each containing exactly \r arbitrary parameters and 
haAiing exactly \r independent non-zero partioularisations. 

The first part of the theorem follows from Ex. iv of § 254 and Theorem III a 
of § 255. 

When a 3 = e, we will define 

A 0 = all 

to he the simple bi-canomcal square matrix of order r whose latont root is a, 
and 

A = hA 0 E 

to be any particular isomorphic transformation by which A can be derived 
from A 0 . Then the general symmetric invariants 

y = inv {Af, e-do}, V = mv {ri 0 , eAf} 
or r] = inv {£ 1 7 , £ 1 }, 77 ' = inv {Q, H 7 } 

can be taken to be the simple square counter-slopes of order r and of typos 
{7r 7 , tt}, (tt, 7 r 7 } which are completely described m Ex. lii or v; and by Ex. ii 
of § 255 the general symmetric invariant transformands in the second part of 
Theorem II can be taken to be the square matrices given by the formulae 

Y=E'yE, r = h v 'h' .(B) 

in which h\ R' are the conjugates of h, H. The truth of the second part of 
the theorem follows from (B) and the properties of 77 and tj' described 
in Ex. iii. 

When r is an odd integer 2 1 + 1, it will be shown that the parametric 
elements of the simple square counter-slope 17 or rf are homogeneous linear 
functions of t +1 independent arbitrary parameters 

l?u = foj £13 = £sj fir = £r-ij 

the elements of the paradiagonal being alternately and — £ 0 . 

When r is an even integer 2 t, it will be shown that the parametric 
elements of the simple counter-slope 77 or rf are homogeneous linear functions 
of t independent arbitrary parameters 

£12 — £ 1 , £u=faj ••• fiT= fv-D 

the elements of the paradiagonal being all equal to 0 , and the elements of 
difference-weight 1 being alternately and — 

In both cases (see Ex. v) we can also regard the parametric elements 
lying °n the median line (or leading diagonal) as the arbitrary parameters of 
which all other elements are homogeneous linear functions. 


f 


V * i 
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If 7 = [y]^ is a general invariant transformand of one of the types 
mentioned in Theorem II, it will be obvious that the matrix 

*-*{[y]; + 7 r } 

T I— 

must become a general symmetric invariant transformand of that type when 
the parameters occurring m lbs elements have been reduced by substitutions 
to the smallest number possible. In saying that the elements of a matrix 
are functions of r independent scalar variables, it is ordinarily implied that 
those variables cannot be reduced by substitutions to a smaller number of 
variables. Hence we shall not call T a general symmetric invariant trans¬ 
formand so long as its elements are expressed as functions of the r arbitrary 
parameters occurring in Y. It is merely a matrix which can be expressed as 
a general symmetric invariant transformand. 

Ena iii The general symmetric invariants rj=inv (O', Q}, j)'=inv {12, O'). 

These can be taken to be the simple square counter-slopes (3) whose parametric 
elements are given by the formula (o), where the r parameters £ 0 > £ii &■-1 are arbitrary 
subject to the conditions for symmetry, i.a the conditions 

“ &JI whenever i+l=j+J=r+\. 

If we put p=r — k — 1, (k= 0, 1, 2, ... r-1), 

these conditions are equivalent to the r sets of equations corresponding to the r values of 
k such as the sets : 

where r- k is even, and i=l, 2, . . £ (r—n ); 

0 + (he) 

where t-k is odd, and i— 1, 2, ... (r-K + 1 )\ the expression on the left reducing to the 
first term only in eaoh case when <=0. 

First suppose that k is any one of the integers 0, 1, 2, ... r — 1 which is such that r — K 
is even, and that (if k. > 0) all the equations (b K _i) are satisfied. Then by subtracting and 
using the general formula 

it will be seen that every two successive equations (a*.) are mutually equivalent Thus all 
the equations (a*) will be satisfied if any one of them (such os the first for which i = l) is 
satisfied. 

Next suppose that k is any one of the integers 0, 1, 2, — 1 which is such that 

r—K is odd, and that (if k> 0) all the equations (a^.j) are satisfied Then by sub¬ 
tracting it will be seen in the same way that every two successive equations (h K ) are 
mutually equivalent; moreover the last of these equations is an identity. Thus all the 
equations (b*) are satisfied. 

We conolude that the conditions for symmetry will be satisfied when and only when 
one of the equations (say the first) is satisfied in every such set as (a*) corresponding to 
an even value of r-n. 

When r is an odd integer 2J+1, so that the sets (a#), (b*) are 
(&o), ((h), (&a)> («r-a)» (&r-i), 

the conditions for symmetry are equivalent to the t equations such as 

+ . + .(C«) 

37—2 
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where K receives the odd values 1, 3, 5, ... r-2. Hence in the general symmetric in¬ 
variants r) and V the parameters of even weights, viz. the t +1 parameters 
£o=£u, £a=£i3, - £r-i=£ir, are arbitrary, 

whilst the t parameters £i, £«»••• £ 7-2 of weights are the homogeneous linear functions 
of them determined m succession by the equations (c K ), the first of which (when r<£3) is 

2£i- T - 3 #i-£o=0 

When r is an even integer 2 £, so that the sets (a*), (b K ) are 

(a 0 )i (^i)» (®a)i (^r— 2)9 (^r-i)» 

the conditions for symmetry are eqm valent to the t equations such as 

£ 0 = 0.(d*) 

where K receives the even values 0, 2, 4, ... r- 2; the expression 011 the left reducing to 
the first term only when k = 0. Hence in the general symmetric invariants 17 and 77 ' the 
parameters of odd weights, viz. the t parameters 

£i=£i 2 , £s=£i 4 , - £r-i=£ir, are arbitrary, 

whilst the t parameters &, £ a> • ■ • £r-a of even weights are the homogeneous linear functions 
of them determined in succession by the equations (d*), the first two of which (when 
r <t4) are 

£o= 0 , 

2 £ a -’"W 1 .£ 1 = 0 . 

Thus all the elements of tj and rj' are known homogeneous linear functions of: 
thei -\-1 arbitrary ‘parameters £ 0 , £ 2 , . . £ r -i°f even weights when r=2t + 1 , 
the t arbitrary parameters £ 1} £ 3 , ... £ r _i of odd weights when r=2t; 
and in the latter case we have £ 0 =0 

Ex. iv The conditions for symmetry given by (c*) or (d*) iu Ex. 111 ara equivalent to 
the equations 

£o =0 , £ 2 =i£i when »’ = 4; 

£i=f£o » £a=Ha~i£o when r=5; 

£o =0 , £a =£1 , £4=i£s-i£i when r =8 ; 

£i=S£o» £ 6 =i£*“i&+Ho whenr=7; 

£o=0, £a=5£n £ 4 =! &-f£u £fl=i£6“i£3+i£i whonr=8. 

The general symmetric invariant 77 of order 7 can be taken to he the square matrix 


- 0, 0 , 

0 , 

0 7 

0 9 

0 , 

£0 

0, 0 , 

0 , 

0 , 

0 9 

-£o 9 

Ho 

0, 0 , 

0 , 

0 9 

£0 9 

-Ho 9 

£2 

r } (7)= 0, 0 , 

0 , 

-£o j 

Ho 9 

Ho~£a 9 

“Ho+Ha 

0, 0 , 

£0 9 

i£o 9 

“2£ 0 +£ 2 , 

£o~4£a 9 

£4 

- £o> 

-Ho, 

Ho -£2 9 

£o“4£a 9 

-£o+i£a-£49 

H 0 -H 2 +H 4 

_£oi ■&£<)> 

£2 9 

-Ho+i£*» 

£| 9 

i£o-i£a+i£49 

£0 


in which £ 0 , £ a , £ 1 , £ fl are arbitrary parameters. If the four underlined elements are 
regarded as given, all the other elements can be determined in succession by the law of 
construction (described in Ex. v) together with the restrictions imposed by symmetry. 

The corresponding invariant 17 ( 5 ) can be derived from 77(7) by putting £ 0 =0, striking 
out the first two horizontal and the first two vertical rows, and substituting £*_ a for £< The 
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corresponding invariant 7 ( 8 ) oan be derived from 7 (7) by adding one initial horizontal 
and one initial vertical row of 0 ’s and substituting £ i+1 for £* 

Ex. v. Simpler constructions for the genet al symmetric invariants 7 , 7 '. 

By giving the lost instead of the first value to i in (a*) we see that the conditions for 
symmetry in Ex. lii are equivalent to the equations 

whenever t+j=r +1 .(4) 

When an invariant 7 or 7 ' has been constructed in accordance with the law that 

the sum of two consecutive elements of the same difference-weight k and the contiguous 
element of smaller differetice-nwigkt k- \ is alioags equal to 0 , 

it will be symmetric if and only if the conditions for symmetry aro satisfied by the 
elements adjacent to the median lino (or leading diagonal); moreover the last mentioned 
elements are rendered uniquely determinate by the conditions (4) and the law of construc¬ 
tion when the parametric elements lying on the median line are givon. Consequently a 
general symmetric invariant 17 or f can be regarded as a simple counter-slope of type 
{tt', ?t} or {tt, 7 r'} m winch 

( 1 ) the parametric elements lying on the median line are arbitrary parameters; 

( 2 ) the parametric elements lying on the two adjaoont parallel lines are uniquely 
determined by the conditions for symmetry and the law of construction ; 

( 3 ) all the other parametrio elements of difference-weights 0 , 1 , 2 , ... are uniquely 
determined in succession by the law of construction. 

For example the general symmetric invariant 17 of order 7 can he takon to be the 
square matrix 


" 0 , 

0 , 

0 , 

o , 

0 , 

0 , 

— 270 

0 , 

0 , 

0 > 

o , 

0 , 

270 » 

“ b 7 o 

0 , 

0 , 

0 , 

o , 

— 270, 

3 7 o ) 

-470 + 273 

7 ( 7 )=* 0 , 

0 , 

0 » 

? 7 o j 

“70 » 

Vo ~~ 272 ) 

— 7 o+ 37 a 

0 , 

0 , 

-270 > 

~ 7 o > 

27a , 

_ 7 a j 

72-274 

0 , 

270 » 

3 7 o j 

7 o~ 27 a , 

“ 7 a > 

2t* j 

-74 

-270. 

~ b 7 o> 

— 470+27a, 

— 7 o+ 3 7 a« 

7 a-274, 

“74 j 

270 


111 which 770 , 17 a, 774 , Tj 0 are arbitrary parameters. If the four underlined elements are 
regarded as given, all the other elements can be determined umquoly in succession in the 
way described above. The corresponding invariant 7 ( 6 ) can be derived from 7 (7) by 
striking out tho first and last horizontal and vertical rows. The corresponding invariant 
7 ( 8 ) can be derived from 7 ( 7 ) by adding one initial horizontal and one initial vertical 
row of 0 ’s and substituting 74+1 for 74 j or the corresponding invariant 7 ( 6 ) by striking 
out the last horizontal and the last vortical row and substituting 74+1 for 74 . 

The general symmetric invariant 7 (r) of order r which is constructed in this way is 
the matrix given by the formula (7) or (7') of Ex. vi when Y is chosen to be the matrix (9). 
In fact the matrix (9) is the ooeffloient of 7 0 in 7 (r) when r*= 2 t+l. Accordingly we oan 
find a general formula for all the parametrio elements fa of 7 (r). If we put 


y<i (#)“°{“ , & ( { “^5y_4 + ‘ + 1 ~^_<) . ( 5 ) 

by evaluating the matrix (9), so that 

when j<i or j?>t+l>i, (and also when j < 1 or t> 2 f+l), 

then when r=» 2 tf+l, the formula is 

+7r-i , 3/<./-»-+i(0) J . 
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and when 7 , =22, the formula is 

■ • + T ir-i-yi,j-T+i(Q ).( 6 ') 

The senes of coefficients of jj 0 (or i; 1} or 772 , ...) occurring in successive parametric diagonal 
lines and starting from the median element or an element nearest to the median line are 
the numbers 

or i ~ 1 E K +^. i S K in which i=0, 1, 2, 3, ... 
for the successive values 0, 1, 2, 3, .. of k. 

Ex vi Particularisatiom of the general symmetric invariant 77 =mi) {£ 2 ', £ 2 }. 

From the matrix equation determining 17 it will be at once evident that: 

If is any symmetrio matrix which for all positive integral values of t is a 

particular undegenerate symmetrio invariant rj of order 22+1, a complete set of independent 
non-zero particularisations of the general symmetric invariant v =T ]( r ) °f order r is formed 
by the symmetric matrices ■ 

TO 0“1 2t,1 ' -2t 

Far= ' in which r= 0 , 1 , 2, ... t when r=22+l; 

L°j yJir.r- 2t 

ro on 1+aT,r “ 1-2T 

F 3 t+ i= ’ in whuch r= 0 , 1 , 2 , ... t— 1 whenr=2t. 

LO, yJl+2r,r-l-2r 

When any such particular invariant has been determined, we oan take the general 


symmetrio invariant rj (r) to be the matrix ■ 

V (f)= 701 * 0+72 ^" 2 + ■■■ +*/i , -i^ r r-i when r=22+l;.(7) 

7 ( 0 = 7 i^ 7 i"i" 78 l 7 3 + ■■■ +7r-i^r-i when r=2t ; . (7 r ) 

where the coefficients on the right are arbitrary soalar parameters. 

If [$]^, [0']^ are the two mutually conjugate simple square counter-slopes defined in 
Ex. li, we could choose Y to be the symmetric matrix 

where r=22+l, .(8) 


so that Y is a simple square counter-slope of type { 7 /, tt} and of odd order r whose para¬ 
metric elements are given by the formula 

2yy=(-l)^ -1 . i “ 1 5' K +(-l) i-1 . r “^ JK , where <=j-i. 

A more convenient choide is the symmetrio simple square counter-slope 


r=riM at+1 =*r 0 ^ 

LYJ 2t+l 

2,2+1 i- c 

2+1,2 L<? 

1, 

0 J 2 , 2+1 

.(9) 

- « , - 2.1,2 
o,o, -0 

"0, 0 , 

0 - 


= 0 , 1 , 0 +i 

0, 0 , 

“0 . 

.(»') 

-0'. 0 , 0 
r “ 2,1.2 

1 

„© 

1 

0 

“ 1,2,2 



this being that particular symmetrio invariant 17 of order 22+1 in which the middle 
element is equal to 1 , and all the other elements lying on the median line are equal to 0 . 
The property ( 10 ) of Note 1 in § 255 shows that 

< f > 't+i,t+i(t)=<f> , t+i+t,t+i+j(t+l) = when i«£ 1 . 

Therefore from (9) we see that all the parametrio elements of Y are given by the formula 


.( 10 ) 

where the first and second terms give the parametrio elements of the first and seoond 
matrices on the right in (9). We could replaoe (10) by the equivalent formula 

*««(-i(«-/-<) . (ick> 
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corresponding to (9') But the first and second terms m (10') do not give separately all 
the parametric elements of the first and second matrices in (9'), which in fact are not 
separately invariants {&', X2}. Since the integers ^ given by (10) or (10') satisfy the 
functional equation 

^ly+^+i.y+i + V r *+i.j =3 0 
and also the conditions for symmetry 

u='\rji whenever i+I=j+J=2t+2, 

it would he sufficient to show that they give the elements of the median line correctly. 

When we choose F to he the matrix (9), the formula (7) or (7') gives the general 
symmetric invariant tj of order r constructed as m Ex. v ; for each of the matrices 
F„, F a , .. or Fi, .Ts, . is a symmetric invariant {O', O} in which one of the elements of 
the median line is equal to 1, and all the rest of them are equal to 0. 

Ex. vii The general symmetric invariants £=inv{Q, Q], £' = inv{0', O'} are neoes- 
sarily quasi-scalaric ante-olternouts ; and they are always zero matrices except when 
r= 1 or 2. 

With respect to skew-symmetric invariant tranaformands we have the 
following theorem: 

Theorem III. For the unipotent square matrix A of order r the two 
general skew-symmetric invariant transformands 

7 — inv [A', eA], 7* = inv {A, eA'} 
can always be so chosen as to be connected by the symmetric relation 

Y'=VYV; 

and they are both zero matrices when d? =}= e. 

If a a = g, then: 

(1) when r is even, they are mdegenerate square matrices of order r, each 

containing exactly Jr arbitrary parameter's and having exactly Jr 
independent non-zero particularisations, 

(2) when r is odd, they are degenerate square matrices of order r and 

rank r— 1, each containing exactly J-(r — 1) arbitrary parameters 
a/nd having exactly J-(r — 1) independent non-zero particula/risa- 
tions. 

The first part of the theorem follows from Ex. iv of § 254 and Theorem 
III a of § 265. 

When a a = e, we will define 

A. o — edit 

to he the simple bi-canonical square matrix of order r whose latent root 
is a, and 

A —hA a H 

to be any particular isomorphic transformation by which A can be derived 
from A a . Then the general skew-symmetric invariants 

7) => inv [A 0 ', 6j4 0 }, t}' = inv {-4 0) eAJ\ 
tj = inv (XF, XI], 7)' = inv {XI, XI'] 


or 
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can be taken to be the simple square counter-slopes of order r and types 
{ 7 t , ir), { 7 r, 7 r'} which are completely descnbed in Ex. viii or x; and by Ex. 11 of 
§ 255 the general shew-symmetric invariant transformands in the second part 
of Theorem III can be taken to be the square matrices given by the formulae 

Y=H' V H ) Y' = hij'h' .(C) 

m which h\ H' are the conjugates of h, H. The truth of the second part of 
the theorem follows from (C) and the properties of 77 and 7/ descnbed in 
Ex vni. 

When r is an even integer 2 1, it will be shown that the parametric 
elements of the simple square counter-slope 77 or 77 ' are homogeneous lineal’ 
functions of t independent arbitrary parameters 

£11 = fo> £i 3 = |?Sj fi,r—1 = |?r—2> 

the elements of the paradiagonal being alternately f 0 and — f„. 

When r is an odd integer 2t+ 1, it will be shown that the parametric 
elements of the simple counter-slope 77 or 77 ' are homogeneous linear functions 
of t independent arbitrary parameters 

£is = £1 3 £i 4 = Itb> fi,r—1 = fr—2 1 

the elements of the paradiagonal being all equal to 0 , and the elements of 
difference-weight 1 being alternately £1 and — £. 

In both cases (see Ex. x) we can also regard the parametric elements 
adjacent to and on one side of the median line (or leading diagonal) as the 
arbitrary parameters of which all other elements are homogeneous linear 
functions 

If Y = [y] r is a general invariant transformand of one of the types 
mentioned in Theorem III, it will be obvious that the matrix 

Y=i|[y] r ’-7 r } 

must become a general skew-symmetric invariant transformand of that type 
when the parameters occurring in its elements have been reduced by sub¬ 
stitutions to the smallest number possible. 

Ess vni. Tlie general skew-symmetric invariants T)=mv {O', 11}, r)'=inv{Q, O'}* 

These can be taken to be the simple square counter-slopes (3) whose parametric 
elements are given by the formula (c), where the r parameters £ 0 , £i> • • ir -1 are arbitrary 
subject to the conditions for skew-symmetry, ie. the conditions 

£ij=-ij, whenever i+I=j+J=r+ 1, 
including &/=0 whenever i+j=r+l. 

If we put p=r- k-1, (k=0, 1 , 2, ... r-1), 

these conditions are equivalent to the r sets of equations corresponding to the r values of 
k such as the sets: 

2^-(p-W x +*"WO+ (p-- ... +(-l)*.(fi- i E K + i - i S lc )£ 0 -O, (a K ') 
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where r-K is odd, and i=l, 2, . ^(r — x1); 

o +( p -'£2- i - 2 & ! )£ K -2- ...+(-l)«.(p-*fl- c -«5 c )fo-0, (b;) 

where r-K is even, and i= 1, 2,... ^(r-<); the expression on the left reducing to the 
first term only in each oase when k =0 

By interchanging the words ‘even 1 and ‘odd’ in the argument of Ex. in it will be 
seen that the conditions for skew-symmetry will be satisfied when and only when one of 
the equations (say the first) m every such set as (a*') corresponding to an odd value of 
r — k is satisfied 

When r is an even integer 2 t, so that the sets (a/) and (V) are 
W), M, W), ... ( 6 'r-a), (flV-0, 

the conditions for skew-symmetry are equivalent to the t equations such as 

~ r_,e- 2 - 2 i• £js- 1 + r "*“ 2 -ff 2 . £k-2— . +(- 1 )* 6 >- 0 ,. M 

where k receives the odd values 1 , 3, . r— 1 Hence in the general skew-symmetric 
invariants 7 and r\ the parameters of even weights, viz. the t parameters 
£o=!n, £a=£isj ••• £r-a=£i,r-ij are arbitrary, 
whilst the t parameters £i, £s,... £ r _i of odd weights are the homogeneous linear functions 
of them determined in succession by the equations (c*'), the first of which (when r 2 ) is 

86i- r - s ^i.&-0. 

When r is an odd integer 2 * 4 - 1 , so that the sets (a/) and (V) are 

W), (h 1 ), (02'), ... (&V_,), (O'r-l), 

the conditions for skew-symmetry are equivalent to the *-|-l equations such as 

2 ..+(- 1 )“ r- K ~W K .£ 0 =O.(d «0 

where k receives the eve?i values 0, 2, 4, ... r — 2 ; the expression on the left reducing to 
the first term only when k= 0 . Hence in the general skew-symmetric invariants rj and r{ 
the parameters of odd weights, viz. the t parameters 

£i=£ia 5 £b“£i 4 , ... £r-s = £i,r-ij are arbitrary, 
whilst the J+l parameters £ 0 , £ 2) ... of even weights are the homogeneous linear 
functions of them determined in succession by the equations (d*/), the first two of which 
(when r «j; 3) are 

£o =0 > 

2 f a - r-4 .ffi. &=(). 

Thus all the elements of 7 and 7 ' are known homogeneous linear funotions of: 
the t arbitrary parameters £ 0 , £ a , ... of even weights when r=2t; 

the t arbitrary parameters £ s , ... of odd weights when r=2t + l j 

and in the latter oase we have £ 0 = 0 . 

Ex. ix. The conditions for skew-symmetry given by (of) or (d„') in Ex. viii are equi¬ 
valent to the equations 

£i = £o , &=0 when r = 4 ; 

£o =0 , , ii=0 when r = 6 ; 

5 i= 2 £o , £&=£ a - & > £t =0 when r =0 ; 

£o =0 , ~ £i , whenr=7j 

£i=3£oj £s = 2£ a —fl£ 0 > £s B3 £4-~£a+3£oi £ 7=0 when r=8. 

The general skew-symmetnc invariant 7 of order 8 can be taken to be the square 
matrix 
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0, 

0 , 

0 , 

0 

0 , 

0 7 

0 

-go 

0 , 

0 , 

0 , 

0 , 

0 

0 , 

£o 7 

— 3£o 

0 , 

0 , 

0 , 

0 , 

0 , 

-go 

2£o , 

-£2 

0, 

0 , 

0 , 

0 , 

go > 

“£o 7 

- 2£ 0 + £2 , 

Bgo — 2£g 

0, 

0 , 

0 , 

“go j 

0 , 

3£o-g2 , 

-3g 0 + g2 , 

-g4 

0, 

0 , 

go ! 

go » 

— 3£o+£a, 

0 , 

3£o — go + gi. 

3£o+ £2 £4 

0 , 

- £07 

-2£o, 

2£o “ £2 > 

3 £o ~ £2 , 

3go + £2 — £ 4 , 

0 , 

go 

£ 0 , 

3 £o, 

£2 , 

- 5g 0 +2g2, 

& 7 

3£o —£a+£* , 

go 7 

0 


in which go, ga, £4, go are arbitrary parameters. If the four underlined elements are 
regarded as given, all the other elements can be determined in succession by the law of 
construction (described m Ex. x) together with the restrictions imposed by symmetry 

The corresponding invariant j7 ( 0 ) oan be derived from tj (8) by putting £o= 0 , Btrikmg 
out the first two horizontal and the first two vertical rows, and substituting gi_a for The 
corresponding invariant 77 (9) can be derived from 17 (8) by adding one initial horizontal and 
one initial vertical row of 0’s and substituting g<+i for gt- 

Ex x. Simpler constructions for the general skew-symmetric invariants 77, 77' 

By giving the last instead of the first value to i in (a*') we see that the conditions for 
skew-symmetry m Ex. vui are equivalent to the equations 

§ij =0 whenever i+j=r +1.(11) 

When an invariant 77 or rf has been constructed in accordance with the law that 

the sum of two consecutive elements of the same difference-weight k and the contiguous 
element of smaller difference-weight k — 1 is always equal to 0, 

it will be skew-symmetric if and only if the conditions for skew-symmetry are satisfied by 
the elements lying on the median line, i.e if and only if all suoh elements are equal to 0; 
moreover the elements adjacent to the median line are rendered uniquely determinate by 
(11) and the law of construction when those of them which he on one side of the median 
line are given. Consequently a general skew-symmetric invariant 77 or f can be regarded 
as a simple counter-slope of type {jt', jr} or {jt, jt'} in which. 

(I) the elements lying on the median lme (or leading diagonal) are all equal to 0; 

(II) the parametric elements adjacent to the median line and lying on one side of it are 
arbitrary parameters; 

(iii) all the other elements of difference-weights 0, 1, 2, ... are uniquely determined in 
succession by the law of construction 

For example the general skew-symmetric invariant 17 of order 8 oan be taken to be the 
square matrix 


" 0 , 

0 , 

0 , 

0 , 

0 , 

0 , 

0 , 

20 " 

0 , 

0 , 

0 , 

0 , 

0 , 

0 , 

— 20 7 

3t/o 

0 , 

0 , 

0 7 

0 , 

0 , 

*70 , 

— 2l70 7 

32o-22 

0 , 

0 , 

0 , 

0 , 

-VO 7 

Vo 7 

“20 + 22, 

2o “ 22a 

* (8) " 0 , 

0 , 

0 , 

22 7 

0 , 

“22, 

22 7 

“22 + 24 

0 , 

0 , 

~Vo 7 

- Vo 7 

Vi 7 

0 , 

“24 7 

24 

0 ’ 

Vc 7 

2 i?o 7 

Vo~ V* 7 

— Vi 7 

Vi 7 

0 7 

“20 

L. — *707 

- 3770 , 

- 3170 + 172 , 

— ijo + 2772 , 

V2~Vii 

-247 

2o , 

0 
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in -which i/o, i/ 2 , i/ 4 , »/ fl are arbitrary parameters. If the elements on the median line are 
put equal to 0 and the four underlined elements are regarded as given, all the other 
parametric elements oan be uniquely determined in succession by the law of construction. 
The corresponding invariant 77 (6) can he derived from ij (8) by striking out the first and 
last horizontal and vertical rows. The corresponding invariant 77 (9) can be derived from 
?/ ( 8 ) by adding one initial horizontal and one initial vertical row of 0 ’s, and substituting 
tj 1+1 for t) { , or the corresponding invariant 77 ( 7 ) by staking out the last horizontal and 
the last vertical row, and substituting i/£ +l for i/ t . 

The general skew-symmetric invariant»/ (r) of order r which is constructed m this way 
is the matrix given by the formula (14) or (14') of Ex. xi when Y is chosen to be tho 
matrix (16), In fact the matrix ( 10 ) is the coefficient of i / 0 in ij (r) when r = 2 <. Accord¬ 
ingly we can find a general formula for all the parametric elements of ?/ (r). If we put 


(<)=(-ir'-'-'-ffi-, .(12) 

by evaluating the matrix (16), so that 

yij ( 0=0 when j<i or j>t>i- 1 , (and also when j <\ or i>2t) t 
then when r = 22 , the formula is 

— 1)+ +7r-a-yij-r+a(l); .(13) 

and when r= 2 £+ 1 , the formula is 

= + 1)+ +7r-2-yi,i—r + a(l).(13') 


The series of coefficients of ij 0 (or i/ ls or i/ 2 , ...) occurring in successive parametrio diagonal 
hnes, and starting from an element adjacent to the median line, are the integers 

i ff K in which f=0, 1, 2, 3, . . 
for the successive values 0, 1, 2, 3, ... of k 

Ex xi. Partiovlariaations of tho general skew-symmetric invariant r/ = inv {of, Q}. 

From the matrix equation determining 17 it will be at once evident that: 

If r-M; is any skew-symmetric matrix which for all positive integral values of t is a 
particular undegenerate akew-symmetrio invariant 1 / of order 2 1, a complete set of inde- 
pendent non-zero particularizations of the getiercd skm-symmetrio invariant 77 » 77 (r) of 
order r is formed by the skew-symmetric matrices: 

TO 0"l aT * v-2r 

F 2 t=| ’ mi which r=>0, 1, 2, ... t — 1 when r**2t; 

L°> 3/Jsr, v-Bt 

TO o - ] 1+2Tj, * -1-2t . 

- J7 2t+1 = n in which r=0, 1, 2 , ... t- 1 when r=» 2 *+l. 

L°> V J l+ 2 r, r- 1 - 2 t 

When any such particular invariant has been determined, we can take tho general 


skew-symmetrio invariant 77 (r) to be the matrix: 

77 (r)=? 7 o Fq+j /2 Fa+...+ i7r-a ^r-a whenr=2tf; .(14) 

17 (r)= 7 j 1 Fi+ijaF 8 +...+ijr —2 when?*=2i+l; .(14') 

where the coefficients on the right are arbitrary scalar parameters. 

If [ 0 ]*, [ 0 ']^ are the two mutually oonjugate simple square counter-slopes defined in 
Ex. u, we oould choose Y to be the skew-symmetric matrix 

Y=> \'j/] r r =hW r T -Wl}, where r= 2 tf; .(16) 


so that Y is a simple square counter-slope of type { 7 /, tt} and of even order r whose 
parametrio elements are given by the formula 

2y£y=(-l)^“ 1 . < “ 1 5)c+(-l) < " 1 . r-y 5] t , where 
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A more convenient choice is the skew-symmetric simple square counter-slope 


y_rj/| 2 f _r 0) “01 

L * J « y, o j M s 


.(16) 


this being that particular skew-symmetric invariant ij of order 2 t m which the first 
of the parametric elements adjacent to and lying below the median line is equal to 1, and 
all the rest of them are equal to 0 From (b) of Ex. ii and the property (16) of Note 1 in 
§ 255 it will be seen that all the parametric elements of 7 ore given by the formula 

_ l) t_i . where k=j-i .(17) 

When we choose 7 to be the matrix (16), the formula (14) or (14') gives the general 
skew-symmetric invariant rj of order r constructed as in Ex. x. 

Ex. xn The general skew-symmetric invariants £ = mv{Q, £2}, £' = mv {£2', Ii'} are 
necessarily quasi-scalaric ante-alternants; and they are always zero matrices. 

Ex xm. Undegenerate symmetric or skew-symmetrio invariant transformands. 

If A is a unipotent square matrix of order r with constant elements, whose latent root 
is a, and if e=±l, there exist undegenerate invariant transformands {A 1 , eA}, {A, eA'} 
which are 

symmetric when and only when a a = e, and r is odd ; 
skew-symmetric when and only when a 2 =e, and r is even. 

Ex. xiv. If A is a unipotent square matrix , the sum, of a 1 general symmetric } and a 
1 general skew-symmetric* invariant {A', A) with independent parameters is always a 1 general* 
invariant {A', A). 

For when A is the simple bi-canomcal square matrix £2, the sum is a simple countor- 
slope in which one element of every effective parametric diagonal hue oan be regarded as 
arbitrary. 


§258. Soalar invariants of substitutions by simple bi-canonical square 
matrices or their conjugates. 

1. Applications to other substitutions. 

The scalar invariants of substitutions by any unipotent square matrices can (see 
§ 256. 3) be derived from the scalar invariants which will be described in this artiolo by a 
mere change of variables, i e by replacing the actual variables x 1} x 2 , . . and y±, y 2 , ... by 
certain independent homogeneous linear functions £ lf ... of x lt x 2 , ... and ? j 1} r/ 2 , ... of 
y lt y 2 ,.... Moreover the independent bilinear invariants of any two given homogeneous 
linear substitutions (see Ex m of § 260) or the independent quadratic invariants of any 
one homogeneous hnear substitution (see Ex. vi of § 260) oan always be taken to consist 
of sets of functions (of suitably chosen new variables) of the forms described m this 
article. In fact the forms of all the soalar invariants of substitutions by square matrices 
A and B are known when the characteristic potent divisors of A nod B are known. 

2. Bilinear invariants of two substitutions. 

Let A and B be the simple bi-canonical square matrioes of order r whose latent roots 
are a and 0 ; and let A' and B' be their conjugates. Then if ./"is the simple revorsant of 
order r, we can take the general bilinear invariants of the pairs of substitutions : 


0) 

i — i r —i 

of =A . x , 

l- 1 r l — ‘r 

1—1 *—1 

r-p n t —i 

y =-B . y 

'r •—' r 

i—71 _ 1—1 

to be 

/=[*]■ ; 
t 'r 

(“) 

x’ =A!. x , 

1 — f r L — J r 

1—71 , r-i 

y =B l . y 

1 — 'r 'r 

r—i 1—1 

to be 

f=[x] jcj .7 

r u_ r 

(lii) 

x = A . x , 

l=Hr ‘-■r 

y . y 

l— j r 1—i r 

to be 

g=[x] .JO 7 1 

r L_i r 

(IV) 

1—1 

x =A. x , 

■—'r ‘-'r 

1—1 1—1 

y =B'.y 

<—'r <—>r 

to be 

y=i>] ■ oj 7 

T l_. r 
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whore C=\c] t t is a general invariant transformand {A', B). When C is a particular 
invariant transformand {A', B}, the functions /, g, of are corresponding particular 
bilinear invariants of the pairs of substitutions (i), (li), (ui), (iv); and we will oall them 
bilinear invariants of rank p when the matrix G has rant p. We know that C is always a 
simple square counter-slope of type (V, 7r} 

In describing these bilinear invariants we will use the abbreviated notation 

f 1j ® + 2, ... i+s, j+l,j+2, ... j +s) = /(^+ij ■••#*+« 5 Vi + u 2ft+2> 2ft+«) 

.( 1 ) 

in which consecutive variables are represented by their suffixes. The function (1) is 
derived from the function 

f (1j 2, * j lj 2, ... S)=f (®i, #2> x » 5 2fts 2/ii Vs) 

by replacing x t , y t by ,v i+t , yi +t \ and the function 

*4-2, i+ 1, j+s, ...j+%j+l)^f{Xi+t-> ••• ®<+a> ^i+i 5 2ft+s> 36 + 2 s 30+i) 

is derived from the function (1) by replacing x i+i , y i+i by a? i+a+1 _i, y{ +a + i_c 

Since the functions f, g, cf in (ii), (in), (iv) oan be derived from the function f by 
replacing 

%i, yj by x u , y ,; x t by x u ; yj by y v ; 
where M=r+l-t, v=r+l—j, 

all bilinear invariants of the four pairs of substitutions will be known when all those of 
any one of them are known. In fact when we use the notation (1), general or particular 
bilinear invariants of the pairs of substitutions (i), (ii), (m), (iv) oan always be associated 
together in sets such as 

/(1, 2,... r; 1,8, ...*),/(r,r-l,...l; r,r- l,...l), 

f(r, r-1 > !; 1» 2 > ••• r )> f0-> 2 » r '> r J r_1 > 

where all four of the functions are known when any one of them is known. 

If A and B were the simple bi-canonical square matrices of orders m and n whose 
latent roots are a and 0, where in and n are any two non-zero positive integers the 
smaller of whioh is equal to r, and if J m and «7 n are the simple reversants of orders 
m and n, we could take the general bilinear invariants of the pairs of substitutions . 


(0 

1 i 1“1 

cd =A . x 

1 —'m 1 —'m 

7 .7 

1 —'n 1 —'n 

to be 

[#] -0 f .7 ; 

(if) 

1—1 I - ! 

ad z=A r . x , 
■—'to ‘—'to 

7 =#-7 

l — 'n 

to be 

[*LW.£ 

m 1 —> n 

(lif) 

r —i r—i 

ad = A'. x , 

'-'to '—’to 

7 -7 

1 — n — 

to be 


(iv') 

i—i r—l 

ad =A . x , 

'—'to '—'to 

i—i r—i 

y =B!.y 

1 —'n 

to be 



where C' is the simple oounter-slope 

[0, o] ’ when m=*r^n ; when n=r jp m 

r “*in—r,r 

in which [<j]' is the same matrix Caam (i), (ii), (m), (iv). Hence general or particular 
bilinear invariants of the pairs of substitutions (i'), (if), (iif), (iv 7 ) can always be associated 
together in sets suoh ns 

* # # ♦ 

/(1, 2, ... r; n-r+1, n-r+ 2, ... n), /(r, r- 1,... 1; r, r-1,... 1), 

/(r, r-1, ... 1 j n-r + 1, n-r+ 2, ... »), /(1, 2,... r; r, r-1,... 1) 
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when m-=r'^n\ 

/(m-r + 1, m-r+2,... m; 1, 2, . . r), f(r, r- 1, ... 1 ; r, r-1, . 1), 

/(r, r-1,... 1 ; 1, 2,. . r\ /(m-r + 1, ro-r + 2, ..m; r, r-1, ...1) 
when w-=r;j>m, 

where the functions are the same as before, only the variables having been changed In 
all cases only r of the variables x ly x a , ... x m and only r of the variables y it y 2 , . y n can 
oocur in non-zero bilinear invariants. 


The asterisks indicate the ‘ apical ’ vanables 

It follows that in actual evaluations we can confine ourselves to the pairs of sub¬ 
stitutions (i), (n), (iii), (iv) or to any one of them. We shall direct our chief attention to 
the substitutions (i) whose scalar equations are 

.Vi=a (j?i4-a?a), x 2 = a (x 2 +x a ), . . .r' r _ 1 =a (x r -i+Xr), x,!=ax r , 

yi'=/9(yi+# a ), — yV-iHStyr-i+yr). y/=/tyr- . ..(a) 

If a0 + 1, the general invariant transformand 0 is a zero matrix, and there are no non¬ 
zero bilinear invariants. 


If a0=l, we could take the general invariant transformand 0 to be the simple square 
counter-slope t) described m Theorem IVa of § 255. In this case there are exaotly r 
independent particular non-zero bilinear invariants of each of the pairs of substitutions 
(i), (n), (in), (iv), and the sum of such independent bilinear invariants, each multiplied 
by an arbitrary scalar parameter, is a general bilinear invariant Aftor determining any 
function which is a particular bilinear invariant of maximum rank r for all non-zero 
positive integral values of r, we can derive from it a complete set of independent 
particular bilinear invariants by uBing the foliowmg principle, which is immediately 
deduoible from Ex. ii of § 257. The notation defined in (1) is used, l e. variables arc 
represented by their suffixes. 


If (when a0=l) we have determined functions 

/ r (l,2, ...?; 1,2,...?), / r '(l, 2,... r , ?, 2, .. r), 

9r (I, 2, ... v ; 1, 2, . r), g r (1, 2, ... r; T, 2, ... r), 

which cure particular non-zero bilinear invariants of maximum rank r of the respective pairs 
of substitutions (i), (ii), (iii), (i v)for all non-zero positive integral values of r, then complete 
sets of independent non-zero bilinear invariants of the substitutions (i), (ii), (in), (iv) having 
ranks r, r- 1,... r-p,... 2, 1 can be obtained by giving to p thevcduesO, 1, ... p, ... r-2 r-1 
m any one of the four sets of formulae ■ 

/r-p (p + 1, • ■ r; p + 1, ■ r), /r-p (r-p, ... 1; r-p,. 1), 

/ r _ p (r-p, ... 1 ; p + 1, ... r), / r _ p (p + l, . r ; r-p, ... 1); 

/ r _ p (r,. . p +1; r, . p+1), /r-p(l, ••• —p , 1, .. r-p), 

/V-p(l, ■■ »*-p; p+1), /' r -p(r,. p + 1, 1,... r—p), 

g r -p(r,.. p + 1; p + 1, ... r), ^_ p (l,... r-p j r-p, 

ffr-pQ -,... r-p-, p + 1, ...r), g r _ p (r, .. p + I; r-p, ... I); 

/r— P (p + 1,... r, r, .. p + 1),/ r _ p (r-p,.. * ; 1, ... r-p), 

ifr—p ( r ~ p, • 1 , ..p + 1), /r- P (p + l, ... r; 1, ..r-p) 

.(A) 
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In all cases the asterisks are placed over the integers representing the apical variables. 
In applying this principle we may and will suppose //, g r , gj to be the functions derived 
from the function f r by replacing 

]Js by ^r+l-ii Vr+l-jt by #p+i —i > yj by ; 

so that all four of the functions f., f r ‘, g r , g T ' are known when any one of them is known. 
Then the four lines in (A) are four different notations for the same four functions. 
Possible choices of f r and the corresponding complete sets of bilinear invariants will be 
described in the examples. 

Every expression for a bilinear invariant given in (A) or in the examples is merely a 
development of a matrix product 

M MI? 

T T I—Jf 

in which 2£=[Y]^ is a certain simple square slopa Such developments are only of minor 
importance, because the properties of the bilinear invariants arc most easily seen when 
they are represented as undeveloped matrix products. In the examples we shall con¬ 
sistently use the third set of notations in (A). In other words wo will use the notation 

0LIXC7 2 > — r ) 

T —'r 

with two ascending sequences when E is a simple square slope of type { 71 -, 7r}, i.e when E 
is an invariant transformand {A, J3}, so that 0 is a bilinoar invariant of the sub¬ 
stitutions (lii) The second sot of notations, in whioh functions with two ascending 
sequences are bilinear invariants of the substitutions ( 11 ), is in many respects the most 
elegant and suggestive. We can pass from the third to the seoond notations by reversing 
all sequences whioh represent ^-variables. 

The most easily determined complete sets of bilinear invariants are those derived 
from the invariant transformands [0]^, [0']^ defined in Ex. li of § 257, or more easily 
from the corresponding invariant transformands [d]’,, [&~^ r defined in Ex 1 of § 257. 
These are described in Exs. i and iv. The simplest complete sets of bilinear invariants, 
containing fewer non-zero terms, are those described in Ex xi, where the bilinear in- 

variants of od^. ranks are derived from the symmetric invariant transformand [VOjh+i 
defined in Ex. vi of § 257, and the bilinear invariants of even ranks are derived from the 
skew-symmetric invariant transformand [0] 2j defined m Ex. xi of § 257. Each bilinear 
invariant is expressed as a sum of terms, one corresponding to each non-zoro parametric 
diagonal line in the invariant transformand from which it is derived. 

Prom the fact that the conjugate of an invariant transformand {O', 0} is always another 
invariant transformand {O', Q}, or from the forms of the equations (a), it follows that: 

The interchange of the letters x and y oonverts every bilinear invariant of one of the 
•pairs of substitutions (i) and (ii) into another bilinear invariant of the same pair; and 
converts every bilinear invariant of one of the pairs of substitutions (ui) and (iv) into 
a bilinear invariaM of the other pair. 

When 0 (fltj, ota,... a,; 61, &bj ^osj ■ • x at 5 ybu yi >gj ••• y&*) . ( 2 ) 

is a given function of s pairs of variables for whioh the standard abbreviated notation (1) 
is used, then for the function derived from 0 by interchanging the letters to and y we will 
use the notation „ 

0' ( 61 , &fl, ... b, ; Oi, 02 , ... ttg)=0 Qtai> Van Vos ! &ba) 5 . ( 2 ) 

and we will call (2') the function 0' conjugate to 0. Further we will oall (2) a symmetric 
function when 0'=0, or a skew-symmetric function when 0'= -0. The two sequences 
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of 0' are formed by interchanging the two sequences of 0. We know that 0 will be a 
bilinear invariant of the substitutions (i), (ii), (in), (iv) when and only when 0' is 
a bilinear invariant of the substitutions (i), (n), (iv), (iii). In deriving the symbol for 0' 
from that for 0, asterisks must be moved with the integers to which they are attached ; 
and we can then apply the principle (A) to 0' in exactly the same way as to 0. The 
letters/' and / will always have the meanings ascribed to them m (l), (n), (iii), (iv), and 
will not denote the functions conjugate to / and g. 


The above considerations show that from any given complete set of bilinear invariants 
of the substitutions (i) or (n) we oan always deduce a second complete set of bilinear 
invariants of the same substitutions by interchanging the letters x and y ; and that the 
second set will be different from the first unless the given bihnear invariants are sym¬ 
metric or skew-symmetric functions. 


In the examples which follow we shall temporarily use in conjunction with (1) the still 
more abbreviated notation 


/(®+l, z+2,... i+s) 


...(3) 


for any defined function /of the a pairs of variables y i+ 1 ), (x i+2 , y i+2 ),... (%%+», yi+») 

whose suffixes are i+1, £+2,... t+ a; the function (3) being derived from the function 

/( 1 , 2 ,. *) 

of the s pairs of variables (r lf yi), (a? 9 , y 2 ),... (x„ y,) by replacing x t , y t by x i+t , y i+t for 
the values 1, 2,. s of t. Another meaning will be attached to the notation (3) in sub- 
article 3. 


Ex. i. The complete seta of bilinear invariants derived, from the function 

OLtaOrZ r “ 1 »- 2 » i; r “ 1 > r )- 

Whenever r and a are positive integers such that s 1, we oan and will define a 
function G r of s pairs of variables by the equation 

G r (l, 2,. . b; 1, 2,. s)=2{(-l) i . J J7V.a;i + tyi + i}, (i=0, 1, 2,... r- 1), 

=°E r . x t yi — l H r . x 2 y 2 + 2 H T . sa 3 y 2 -. .+(-1)* -1 , "-hffr. x s y t ; .(4) 

so that whenever r, a, 6, a are positive integers and «<£ 1, we have ■ 

G r (a+a ,... a+ 2, a+1; 6+1, 6 + 2, ... 6 + «)=2 {(-1/. . x a +B-i!/b+i + d, 

G r (a + 1, a+2,. a + s; 6+s,... 6+2, 6 + l) = 2 {(-1/. Wt • ^a+i+i^ + a-i}, 

Gt(&+1j a+2,. . a+«, 6+1, 6 + 2,... 6+«)=2{( — l/.fiTr. #<»+i+iy6+i+{}> 
Gr(a+a ,... a+2, a + 1; 6+s,... 6+2, 6+1) = 2 {( — 1)*. i H r . 

( l= 0, 1, 2,... a -1).(4') 

For any given value of r the unsigned coefficients of the successive terms of a funotion Q r 
of any number of pairs of variables are always successive integers (starting from the first) 
of the same senes denved from 

i H T by putting i=0, 1, 2, 3, ... 

When aj8=l, we can obtain a set of corresponding bihnear invariants of maximum 
rank r of the pairs of substitutions (i), (ii), (iii), (iv) by taking G to be the matrix [0]^ 

defined in Ex. n of § 257, so that JG is the matrix [ff\ r defined in Ex. i of § 257. By 
developing the corresponding matrix products it will be seen that these bilinear invariants 
of the substitutions (i), (ii), (m), (iv) are the functions 

fr (1) 2,... r)=0 (r, r—1,. . 2, 1; 1, 2,... r-1, r) 

= 2 (- 1)t Q r (r, r-1 ,... r+1; T +l,... r-1, r), 


1 iv 
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/ r '(l,2, ...r) = 0(l, 2,...r-l,r; r,r-l, ... 2, 1) 

= 2 ( —I) r G*t (1j 2, ... r — T ; r-r, ... 2, 1), 

flV (1, 2, ... 0-00, 2,... r-1, r j 1, 2,... r-1, r) 

= 2 (- l) r (?t (1, 2, . . r-r; r+1,... r-1, r), 

(1, 2,... r) = <£ (r, r — 1, ... 2, 1; r, r — 1,... 2, 1) 

= 2 (- l)r Or (r, r-1, . . r+1; r-r, 2, 1), 

(r=0, 1, 2, ...r-1).(5) 

where the functions Q T are defined os above, and where we oau and will regard <j>=(J> r as a 
completely defined funotion of r pairs of variables for every non-zero positive integral 
value of r, the four dofining equations in (B) being mutually equivalent. When a suffix is 
attached to 0, it will always be equal to the number of pairs of variables; but as this 
number is shown by the sequences representing the variables, it will usually bo omitted 
Applying the principle (A), it follows from the formulae (6) that when a£ = l, 
complete sets of independent non-zero bilinear invariants of the pairs of substitutions 
(i), (n), (in), (iv) having ranks r, r—1,... r-p,... 2, 1 cun be obtained by putting 
p= 0, 1,... p, ... r—2, r-1 in the formulae : 


fr-p (p + 1, ■ 

* 

.. r-1, r ; p + 1, 

# 

... r-1, r) 





= 0 (r, r-1,.. 

■ p + 1 > p + 1 

.. r -1, r) 



= 2(-l)'GV(* r-1, . 

. p+r + 1 ; p + r+1,. 

.. r-1, r), 

f r-p (f, 2, .. 

* 

.. r-p; 1, 2, ... v 

-p) = 0 (1, 2, . 

.. r-p ; r-p ,. 

•• 2, 1) 



=2(-])rG' r (l, 2, 

.. r-p-r ; r-p-r,. 

..2,1), 

^r-p(l, 2, .. 

. r-p ; p + 1,... j 

r-l,r) =0 (1, 2, . 

. r-p ; p + 1 , . 

* 

.. r-1, r) 



= S(-l)r0 r (l, 2 , . 

.. r-p-r, p+r+1, . 

* 

.. r-1, r), 

0V-p(p+l i • 

■ >■-!,* *2,. 

■ r~p) =0 (?’, 

,. p + 1 ; r-p 

- 2, f) 



= 2 (-!)’• C? T (r, r —1,., 

.. P+r + 1 ; r-p-r, 

..2,!), 


( 7 ’ = 0, 1, 2,... r—p —1).(6') 

Here the bilinear invariants of the substitutions (i) correspond to the complete set of 
independent invariant transformands {A', B} described in Ex. ii of § 257 when [y]’ r 
is taken to be [0]£, and the bilinear invariants of the other substitutions can bo derived 
from them by the appropriate reversing substitutions for the variables. 

To establish all the formulao (5) and (6'), it is sufficient to obtain for any one of tho 
bilinear invariants f T , f r \ <j r , g T ' of rank r the development shown m (5). If we put 
w=r +1 - 1 , we have 

/r-Mr[0] r 7 =20„y^y > = 2{( - 1)*"» . 

r '—‘r 

where r=i+j— r— 1, 

and where the summation extends over all integral values of i and/ suoh that 

1 i+/<f;r+l. 

The possible values of r are those consistent with the conditions r<£0, r^>r— 1 ; and 
when the terms of tho sum are arranged according to their total weights in the suffixes of 
the tf’s and t/b, we obtain the development 

f r ~2(-l)rF T , (r=0, 1,2, ...r-1), 

where / T T =2{(-1) M . “jBT r . CBr- a y-T+i+ a }, (o>=0, 1, 2,... r-r- 1), 

= 0 T (r, r-1, ... r+1; r+1,... r-1, r). 


0. IIL 


38 
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In this development of f r there is one term corresponding to each of the r parametric 
diagonal lines of the simple square slope [4>Y r - In fact we can obtain the development 
directly by expanding [<£]^ in terms of its successive parametric diagonal lines, i.e by 
expressing it as a sum of simple square slopes each having only one non-zero parametric 
diagonal line. The notations used in (5) and (S') are most appropriate to the corre¬ 
sponding development of the bilinear invariant 

=(f) 2) - r ’ X » 2) - r )' 


Ex. ii. Some properties of the function O r 

In manipulating the functions Q T we may consider that the identities (4') are true for 
all integral values (positive and negative) of t, a, &, a, provided that we use the 'natural 
interpretation O r =0 when a < 1. 

If Or denotes the function into which G T is converted by the substitutions (a), we can 
verify that the funotion f r (1, 2, ... r) of Ex. i is a bilinear invariant of the substitutions 
(i) by using the identity 

Or (r, r— 1,... t + 1 ; r+1, ... r— 1, r) — Q r (r, r — 1,... r+1 ; r + 1,.. r— 1, r) 

= Qr-i(r, r-l, . r + 2; r+2,. . r-1, r) + Q T (r, r-l,... r+3; r + 3, ..r-l, r), 
in which Qr=s {(-1 y + i.t^Er . x r _ i2 / T+a+i }, (i= 0, 1, 2, ... r — r - 3), 

= # T (r+l, r, ... r + 3; r+2, ... r-l, r) if x ri . 1 = 0. 

The identity is true whenever 0 r 'jp r — 3 j and it is also true for the other values of r 
which occur wh'en we use the natural interpretations 

Qr =0 when t< 0, &-a=&-i=0. 

Remembering that ~ 1 H T =0 except when t= 0, we can use the mutually equivalent 
identities such as 


Or(r, ...7- + 1 j T + 1, ... r)— G T -i(r ,... r+1; r+1, ... r) 

= ^H T x r yr +l — Q r (r— 1, ... r +1 ; r + 2, ... r), 
Ot (1, ... r—T\ T+1,... r)-G T _i (1,... r — r; t+1, . . r) 

= ~ l S r ‘TX 1 i/ T+ i — Or (2,... t — t ; t + 2, ... r), 
to prove the mutually equivalent identities such as 

(ji r (r,... 1, 1,... r) + </> r _ 1 (r, ... 2; 2, . . r)=x r i/i — <f> T -i (*’— 1, 1 j 2,... r), 

4> r (l, ... r; 1,... 0 + <£r-i(l, • .r-l', 2,. r)=a: 1 y 1 -^ T _ 1 (2, ... r; 2, ... r) 


Ex. lii The complete sets of bilinear invariants derived from the function 
$ (r, r -1,. . 1; 1,... r — 1, r)=<£ (r, r —1,... 1 j 1, .. r- 1, r)+<£ (r, r-l,... 2; 2, ...r_l,r) 
= a+yi-0 (r-l, r—2,... 1; 2, ... r-l, r). 

If when a0=l, we take 0 to be the coefficient of £ 0 in the invariant transformand rj 
described in Theorem IV a of § 265, i.e. to be the matrix 


we obtain a bilinear invariant 


■^sr-c-tr 

’ ^“'l.r-l *- ’ _ ‘r—1,1 


/r=Mr[*]J. i y j ^«« (r, r-l,... 1; 1, ... r-l, r) 

= ‘E r yi — (f) (r 1, r 2, .. 1; 2, ... r-l, r) 
of maximum rank r of the substitutions (i), the direct development of which is 
/ r =2(-l)ri?V, (r=0, 1, 2,... r —1), 
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where J?V=S {(-1)“. . 4 v_ u y r+1+w } 

= -^ff T .x r y T+1 -G T (r- 1, r-2,.. r+l; r+2,... r-1, r), 
and where of course ~ l H T =0 except when r=0. 

Consequently a set of corresponding bilinear invariants of maximum rank r of the 
substitutions (i), (ii), (in), (iv) is formed, when a/9= 1, by the functions 


' *(*■•!; li ■••*)=$(* .. 1; 1, ..*)+<£(* ...2; 2,...*) 

= » r yi-(/)(f-l, ... 1; 2,... r), 

*(!, ...r, r, ... l)-$(l,...r; r,... l) + 0 (1, ... r-1; r-1,... 1) 

= $\Vr ~$ (2,... r, r-1, ... 1), 

* (t • • r; *)-£(?, r > !) *)+<£(* ■■■ r ~ 1 J 2 , *) 

— — (2,... r, 2, ... r), 

$ (*, ■■■ 1; ... ... 1; r ,... 1 ) + <£(*... 2 J r-1, ...*) 

= ^rj/r (r _ lj ... 1 j r— 1,... 1), 

which are the funotions denoted m Ex. ,i by 

fr+fr -lj fr +fr-1 j ffr+ffr- 1» 9r 


In the derived complete sets of bilinear invariants of ranks r, r— 1, ...2, 1 corre¬ 
sponding to the general invariant transformands described in Theorem IV a of § 255, 
those of the substitutions (i) are the functions 

fr+fr~ li /r-l+Jr-2i fl 

of Ex. i, and those of the substitutions (ii), (iii), (iv) are formed in similar ways. 


Ex. iv. The domplote sets of bilinear invariants derived from the function ■ 

-ft 1 * 2 »- ^ r > r-1 ’ ■■■ 2 ’ x )- 

U - J r 

When aj9=l, we oan obtain a set of corresponding bilinear invariants of maximum 
rank r of the pairs of substitutions (i), (ii), (iii), (iv) by taking 0 to be the matrix [(/>'] ^ 
defined in Ex. ii of § 267, so that JO is the matrix \6Tf v defined in Ex. i of § 257. By 
developing the corresponding matrix products, it will be seen that these bilinear in¬ 
variants of the substitutions (l), (ii), (iii), (iv) are the functions 

fr (1» 2,... r)=<£'(l, 2,... r -1, r; r, r-1, ... 2, 1) 

= 2( — 1) T Gr( t+ 1, ... r-1, r; r, r-1,... r+l), 
f r ' (1, 2,... r)=<f>'(r, r- 1,... 2, f; T, 2, ... r-1, r) 

“S (— l) r G* T (r— r, ... 2, 1 ; 2, ... r-r), 

g r (1, 2,... r)-<f>'(r, r-1, ...2, t; r, r-1,... 2, 1) 

= 2 ( — l) r Gr(f-r,... 2, 1; r, r-1,... r + l), 

9r (1, 2,... = (1, 2,... r-1, r; 1, 2, ... r-1, r) 

f =*2 (- l)r G t (r+l, ... r- 1, ? j 1, 2,... r-1), 

(r—0, 1, 2,... r —1), ....;.(0) 

where the functions Q r are defined as in Ex. i. The first, second, third, fourth of the 
functions (6) oan be derived from the first, second, fourth, third of the functions (6) of 
Ex. i by interchanging the two letters x and y, i.e. they are the conjugates of those funotions, 

38—2 


\ 
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this being a necessary consequence of the fact that the matrix [<£']' is the conjugate 
of the matrix [<£]'. A funotion $ = & of r pairs of variables defined as in (6) can always 
be regarded as the conjugate of a function <£=<£ r defined as m (5), where in passing from 
tf)' to <f> the sequences representing the variables are interchanged. 

Applying the principle (A), it follows from the formulae (6) that when o0=l, complete 
sets of independent non-zero bilinear invariants of the pairs of substitutions (i), (n)> 
(lii), (iv) having ranks r, r — 1, ... r—p,... 2,1 can be obtained by putting 

P=0, 1,... p, ...r-2, r—1 

m the formulae . 

(p+l,.. r-1,?; p+l,... r-1,?) 

= <p'( p+l, ... r-1, r\ r, r-1, . . p + l) 

= 2 ( —1) t Gt (p + r+lj • - ^ — 1, *S * »•-!> ...p+r + 1), 

/'r_ p (l, 2, ...r- p; 1,2,. .r-p) „ „ 

= <ft'( r-p, ... 2, 1; 1, 2, ... r-p) 

= 2 (— 1) T Gt (r - p — t, ... 2, 1, 1, 2, ...r-p-r), 

0r- P (*, 2,... r-p; p+l, ...r-1,r) # „ 

= $'( r-p, .. 2, 1; r, r-1, ... p + l) 

=2( —1) T G T (r-p-r, ... 2, 1 j r, r-1, ... p+r + 1), 

ifl ijl 

j/ r _ p (p + l, r-1, r, 1, 2,. . r-p) 

= <f>'( p + l ,... r-1, r, 1,2,... r-p) 

= 2(-l) T # T (p+r+l,... r-1, r; 1, 2, ... r-p-r), 

(r=0, 1, 2, ... r — p— 1).(6') 

Here the bilinear invariants of the substitutions (i) correspond to the complete set of 
independent invariant transformands {A\ B) described in Ex. li of § 267 when [y\ r 

is taken to be [<£'] r , and the bilinear invariants of the other substitutions can be derived 
from them by the appropriate reversing substitutions for the variables The first, second, 
third, fourth of the functions (6') can be derived from the first, second, fourth, third 
of the funotions (S') of Ex. l by interchanging the two letters x and y, i.e. they are the 
conjugates of those functions. 


Ex v. The compete sets of bilinear invariants derived from the fwnotion 
(1,... r-1, r; r, r-1, . . 1) 

= </>'(l, ...r-1, r; r, r-1,... l) + 0'(2, ...r-1, r; r, r-1 , . . 2) 
=^y r -f(2,... r-1, r; r-l,r-2, ... 1). 


If when a/3=l, we take O' to be the coefficient of £ 0 in. the conjugate of the invariant 
transformand r\ described in Theorem TV a of § 265, i e. to be the matrix 

we obtain a bilinear invariant 


J l,r-1 


-*'(1.. . r-1, r; r, r-1, ... 1) 

L—l Y 

=a7i^ r -</»'(2,... r-1, r; r-1, r-2,... 1) 


3RK*- 
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of maximum rank r of the substitutions ( 1 ), the direct development of which is 

/ r =2(-l)r j PV J (r =0, 1, 2,... r— 1), 

where F T = 2 {(-1)*. —iff;. a r+1+u y, _ u }, (a,=0, 1, 2,.. r - r -1), 

= ~ 1 H T .x T+ iy r -G T (T + 2 ,... r— 1, r; r-1, r-2,... r+1), 
and where of course ~i.Z?;=0 except when r= 0 

Associated with it we have a set of corresponding bilinear invariants of maximum 
rank r of the substitutions (i), (li), (m), (iv) formed by the functions 


$'(1, ... r ; . 

■1)-0'(1,. 

.r; r, . 

■ !)+<£' (2,...r; r, ... 2) 

=x l y r -(j} , (2, .. r; r-1,... 1), 

$'(r, ... 1; 1,. 

..r)=0'(r, . 

i-'f 

i-H 

..r) + <£'(r-l,... 1, 1,.. r-1) 

=*r2/i-0'(r-1,... 1; 2, . r), 

$'(?’, .. 1; r,. 

■ l)»^(r, . 

.. 1; r, . 

.. l) + <£'(r-l,...l; r, .2) 

=a; r y,.-<£'(r-l, . 1; r-1,... 1), 

$'(1, .. r; 1,. 

.. r)=<£'( 1, .. 

,.rj 1, . 

.. r) + c/>' (2,... r; 1,... r-1) 


=*i3h-</>'(2,... r\ 2, ... r), 

which are the functions denoted in Ex. iv by 

fr+fr-U fr+fr- lj 9r+ffr- 1> ffr'+ff'r-l- 

The first, second, third, fourth of them are the conjugates of the first, second, fourth, 
third of the functions $ of Ex. lii. 

In the derived complete sets of bilinear invariants of ranks r, r — 1 ,... 2, 1 formed in 
accordance with the principle (A) those of the substitutions (i) are the functions 

fr+fr -lj fr-l+fr-3) ■ ■ fi+flj fl 

of Ex. iv; and those of the substitutions (n), (m), (iv) are formed m similar ways. All 
these funotions are derived from the functions of Ex. iii by interchanging the two letters 
x and y. 

Ex. vi. Illustrations of the formulae of Exs. i and iv. 

When r= 6 and a/9=l, the bilinear invariants of the substitutions (i) described in 
Ex. iv are the functions : 

/ 6 (1, 2, 3, 4, 5)=- x 2 (j/i +7/ 6 ) +x 3 (y 3 + 2y i +y B ) - x 4 (y 2 + 'iy 3 +Zy 4 +y c ) 

+^o (?/l+4^2+62/3+43/4 +2/0) 

=(*1 - *2 + *3 - * 4 +*e) 3/e - (a? 2 - 2x B +Zx 4 - 4x a ) 3 / 4 +(*a - 3a? 4 + 6x B ) y 3 ' 
-(x 4 -4x B )y a -hx A y 1 

- {*i2*6 - XsVi +*a2/3 - *42/a+*e2/i}- fam “ 2 *a 2/4+3^42/3 - 4x B y a } 

+ 0*82/6 - Zxm + 6^6^fl} - {*43/6 - 63/4} + {^ 52 / 5 } 

= ^ 0 (1,... 6 j 6 ,... 1) — 6 * 1 ( 2 ,... 5; B,... 2) + <? a (3, 4, 5; 5,4,3) 
-<7 8 (4,6; 5, 4)+ 04(5; 5)j 

-^(2,... 6; 5,... 2)— 6*i (3, 4, 5; B, 4, 3) + <? a (4, 6; 5, 4) - G* 3 (5; B) 

=0*82/6 - a?s3/4+*42/a - * 53 / 2 } - {*32/6 - 2 a? 4 y*+3a? 6 y a }+{*42*6 - 3a/ 6 y 4 } +{x A y B ); 
= 6* 0 (3,4, B; 6 , 4, 3)-0! (4, B; 5,4) + 6 * a ( 6 ; 5) 

={*82/6 - *42/4+* 62 / 3 } - {* 43/6 - 2a?63/4>+{tfoj/s}; 

= #0 (4, 6; 6, 4) - 6* x (6, 6)= {xty 6 - x t y£ - {x 6 y A }; 

= G* 0 (6; 5 )=x 6 y 5 

The corresponding bilinear invariants of the substitutions (i) described in Ex. 1 are 
derived from these by interchanging the two letters x and y, and also interchanging the 
two sequences in every function G r . 


/ 4 (2,3,4,B) 
fa (3, 4, 6) 
/«(4, 6) 

/i(6) 
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In both, cases (see Exs. in and v) another complete set of bilinear invariants of the 
substitutions (i) is formed by the functions 

/s+/ 4 j A+Zai /s+/2) /2+/11 /1 

Ex. vu. Bilinear invariants of odd ranks derived from, the symmetric function 


r , r , -.2t+l <—1 

M2i + i[Y] a{+li 3( j 


21+1 


=^(2* + l, 2t, ... 2, 1; 1, 2, ... 2 1, 2K + 1) 


Whenever t and tr are positive integers, we will define a function r T of 

- . j = r+ l + 2a- 

pairs of variables, or rather of the first o-+l and last cr +1 of those pairs, by the equation 
r T (l, 2, ... l+o-, . . *-«r, .. 8—1, «jl, 2, . 1 + 0 ", ,8-(T t ..s-l,s) 

■ =iS(-l) i .( f ~ I F T + < 5'T).(a?i + «r_ < yi + (r-i + a?,- ( r + 4y a -<r + 0i 

(i=0, 1, 2, .. ff); .(7) 

so that whenever p~a=q~b=T + l+2a, 

where t, a, a, b are positive" integers, we have . " ' ’ 

r T (^?, p-1,... a + 2, a+1, 6 + 1, 6+2, ... q- 1, q) 

=r r (a+l, a + 2, .. p- 1, p, q, q- 1, ... 6 + 2, 6+-1) 

= ( — 1)*. ( t_ 1 F t +*-2t) (Xp-<r + iyi)+i + (r—i-\ m 3' a + i + o‘-iyq—tT + i)> 

' r T (a + l, a + 2, ...p- 1 ,p, 6 + 1, 6 + 2, ... q- 1, q) 

= Y,{p ) p-l i a+2, a+1; q, q -1, .. 6+2, 6 + 1) 

= ^( — 1)^ • (* 1 -ff ¥ +<A) . (^a + l + o'-'t+S'i + l+^-i'h^'P-o' + iya—o' + i) i 

(l = 0, 1, 2, ... cr).(7') 


For any given value of r the unsigned coefficients of the successive terms of a function 
r T of any number of pairs of variables, exceeding r by an odd positive integer, are always 
successive integers (starting with the first) of the same senes derived from 
‘-iF r +<F T (orfFr-i + 2 1_1 Ft) by putting i=0, 1,2, 3,.... 

When aj3=l and r=2i+l, we can obtain a set of corresponding bilinear invariants of 
ma-dmnm rank 2t +1 of the pairs of substitutions (i), (li), (m), (iv) by taking C to be the 

symmetrio matrix [^]^j defined m Exs. v and vi of § 257. By developmg the corre¬ 
sponding matrix produots (see Ex. vin) we can express these bilinear invanants in the forms 

/ ai+1 (l,2,...2i+l)= *(2?+l,2*,... 1 ; 1 ,...2f,2?+l), 

= -a?i+iy*+i+S(-l) T r r (2i+l, 2t ,... T+l; r+1,... 2 1, 2?+l), 
f 2t+i (1) 2,... 2i+1) = ^(1,2,... 2* + l ; 2t + l ,...2,1) 

^--®f+iy*+i+2(^l) T r T (l, 2,. . 2i+l-T»T}.2i + l —r, ... 2, 1), 
^*+i(l, 2,...2* + l) = 2,... 2t+l ; 1 ,... 2t, 2?+l) 

. = ~ ^'i+iyt+i'hS ( — l) r IV (1, 2,... 22+1 — t; r+1, ... 2tf, 2tf+l), 

y' at+l (l,2,. . 2f+l) = ^ (2*+l, 2f ,... 1 ; 2< + l,...2,f) 

= B— ®*+iyi + i + 2( —l) T rr (Si+l, 2 f, ... t+ 1 ; 2i + l —t, ... 2, 1), 

- (*-=0, 1, 2 , ... t), .(8) 

where the functions r r are defined as above, and where we can and will regard 

1 . i 'H'/ra+f 

<as a completely defined - functiq p of 2^+1 pairs of variables for every positive integral 
value of t, the four defining equations in (8) being mutually equivalent. When a puffix is 
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attaohed to it will always be equal to the number of pairs of variables indicated by the 
sequences, which must be an odd integer; but the suffix will usually be omitted as being 
superfluous. The ^-functions occurring in the first and second of the formulae (8) are 
symmetric functions m the sense that each of them remains unaltered when the two 
letters x and y are interchanged, i.e. when the variables a? 1( x 2i x 3i . and y 1 , y 2 , y a ,... are 
interchanged. 

Whenever aft= 1, we can deduce from the functions (8) sets of independent bilinear 
invariants of the substitutions (i), (ii), (lii), (iv) of all odd ranks formed in accordance 
with the principle (A), but we have to distinguish between two cases 

Case I. When r=2i+l and a/9= 1, these t +1 independent non-zero bilinear invariants 
of the pairs of substitutions (i), (u), (iii), (iv) of odd ranks 2i + l, 2 1 -1,... 2t+l-2 P ,.. 3,1 
are the i/r-funobions obtained by putting p = 0, 1, ... p,... t— 1, t m the formulae 

' /at + i-ap (2p + l,... 2*+l;2p + l,...2?+l) = ^(2?+l,2i, ..2p + l; 2p+l,... 2t, 2*+l) 

• “ — ^( + i + p 1 + p+2 (—l) 1 - Ft (2i +1, 2i, ... 2p +t +1; 2p4“r+1, .. 2tf, 2i + l) 

^ ^ ‘ft ft 

/' M+ i-ap(l, .. 2£ + l - 2p, 1,. . 2i + l-2p)« 1 /r(l, 2, ... 2< + l-2p, 2i + l-2p, ... 2, 1) 

ft ft 

= -^t+i-pyt+i-p + S (- l) r r T (1, 2,... 2i + l - 2p —7-; 2i + l - 2p —t, . .2, 1) 

ft ft ft ft 

ffa+ i-2p (1, 2f + l — 2p; 2p + l,... 2i + l) = i|r (1, 2, ... 2t + l -2p; 2p + l,... 2 1, 2t + l) 

= — #t+i —p J/t+i + p+2 (- 1) T r T (1, 2, ... 2t-\-\ — 2p — t ; 2p + r+1,... 2 t, 2t + 1) 

9* 2(+i—a P (2p +1, ... 2?+l; 1, ... 2i+l-2p)=^(2?+l, 2if, . . 2p + l; 2t+l -2p,... 2, T) 

= ^t + i + p^t+i-p+S ( — l) r r T (2t +1, 2 tf ... 2p + r + l; 2t +1 — 2p — r, ... 2, 1), 

(r=0, 1,2,.. t-p) .(S') 

Case II When r=2t (where 1) and 0/3=1, these t independent uon-zero bilinear 
invariants of the pairs of substitutions (i), (u), (in), (iv) of odd ranks 

2*-l, 2*-3, ... 2* + l-2p,... 3, 1 

are the ^functions obtained by putting p = 1, 2,... p,... t -1, t in the formulae : 

ft ft ft ft 

i-2p (2p,... 2i; 2p,... 2t) = }f/‘ (2t, 2t — 1, .. 2p; 2p,... 2t — 1, 2?) 

“ — ^t+pl/j+p+S ( — 1) T r T (2 1 , 2t — 1,... 2p + r; 2p+r, ... 2t— 1 , 2 t) 
f*+ i-sp(t ... 2* + l-2p; 1, ... 2K+l-2p)=^(l, 2, ... 2«+l-2p; 2t + l-2p, ... 2, f) 

= — ^t+i—p^i+i-p+S (— 1) T T r (Sj 2, ... 2i+1 — 2p — 7 -; 2i + l — 2p— t, ... 2, 1) 
0K+i-ap & 2d + l —2p; 2p,... 2t)=\fr(l, 2, ... 2*+l-2p; 2p, .. 2<-l, 2*) 

== — #t + i-p3ft+p+S(-l) T r T (1, 2,... 2<+l — 2p — r; 2p+T,... 2t— 1, 2t), 
yM+i-ai(2p,... 2 < f;*l,...’2f+l-2p)=f (2? 2i-l,... 2p; 2K + l-2p,,.. 2, 1) 

‘ =-^ + p^ + i-p+2(-l)'rT(2*2K-l,...2p+r, 2« + l-2p-r, ... 2, 1), 

(r=0, 1, 2,...t-p), .(8"). 

Here the bilinear invariants of the substitutions (i) correspond to the set of sym¬ 
metric invariant transformands {A\ B) described in Ex. v of § 257; and the bilinear 
invariants of the substitutions (u), (iii), (iv) are derived from them by the appropriate 
reversing substitutions for the variables 

Ex. vm. Proofs of the formulae of Ex. vii. 

To establish all the formulae (8), (8'), (8") it is sufficient to obtain the development of 
the bihnear invariant/ M+ shown m (8). If we put — i, we have 
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T1 1 —'24 + 1 

=is {(-1) 1+1 “ 1 ('“J#r+ 1+w flT) • . ( 9 ) 

where r=t+j — r —1 =i+j — 2t - 2, 

and where the summation extends over all integral values of i and j such that 

l^>r, i+J^r+l. 

The possible values of t are those consistent with the conditions t <{; 0, t 2*; and when 
r is given, the possible values of i and j are those consistent with the conditions 

i+ i 7=2*+2+T-, 

and r + lljsjzj^ + l or 2* + l <£{<{> + 1, 

the terms with zero coefficients being those in which 

*+1 <£Zj < *+t 4-1 or *4 -t-+ 1 > i > *4-1, 
and the terms with non-zero coefficients being those in which • , 

(1) t+I^-.? ^>i+l or 22 + 1 i+r+1 ; 

(2) 2* + l *+r4-l or t+ 1 ^>2^>i+l- 
All the terms m which t> t have zero coefficients. 

By arranging the terms according to their total weights, or by expanding the simple 
square slope hi terms of its successive parametric diagonal lines, we obtain the 

development 

/iK + l = 'S'o + ; S l l + , " + 'SJ , 1 . + ...+$ij .(9) 

where JS T is the sum of the terms in which i+j=%t+2+r Again by restricting the 
summation (9) to the two ranges (1) and (2) we see that 

Sr = ( - • is {( - 1)“ ( a - l Hr + a Er) . (flt+i+r+u 3^+1 - « + x t+l -« ?/t+l+T+“)}i 

(© = 0, 1, 2, ... t — t) 

= (-l) r r T (2*-f-l, 2*, ... T+1; r+1,.. 2*, 2*4-1), when t = 1, 2,... *; 
but for the terms in which r=0 the corresponding formula is 

S 0 = — tf( + iy( + i+r 0 (2*4-l, 2*, ... 1; 1, ... 2*, 2*4-1), 

because the middle term 4r (+1 y (+1 is common to the two ranges (1) and (2), and is 
counted twice in r 0 . Thus (9') is the development of/ M+ i given in (8). 

All the bilinear invariants of Ex. vn can be expressed in terms of the functions 
defined in Exs. i and iv In fact the equation (9) in Ex. vi of § 257 leads at once to the 
formula 

i/^2t+1 (2*4-lj 2, 1; 1, 2, .. 2*4-1) 

= i{fc+i (<+l,... 2, 1; *4-1,... 2*, St+1)+0' I+1 (*4-1,... 2*, 2*4-1; *4-1,... 2, 1} 
-£{<£* (*, ... 2, 1; *4-2, ... 2*, 2*4-1)4-# (*4-2, . . 2*, 2*4-1; * ,...2,1}, 

.(9") 

which agrees with the development given in (8) because the formulae (7') are equivalent 
to the formulae 

Tr(<p,p- 1,... a4-2, o4-l; 6+1, &4-2,... ?-l, q) 

=r T (a4 1,04-2,... p-1, p, q, q- 1,... 6 + 2, 6+1) 

= i- l Er (#p_(r 3*& + i + <r4-#a + l+<rys-«r) 

4-^(Gt {p — a-,... p; 6 + 1+<r, ... 6 + l) + (? T (a + l+ff,... a + 1; q — a, ... q)} 
"H^p-o+l, ... Pi 6+<r, .. 6+l)+G f T (a+o- I ... o+l; g-<r+l,... g)}; 
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r T (a+l, a- 1 - 2 ,... p-1, p; 6+1, 6 + 2, .. q- 1, q) 

= r T (P>P~ 1, a+2, a+1, q, q- 1,... 6 + 2, 6 + 1) 

+4 {^t(« +1 + ffj... a + 1; 6+1 + cr, ... 6 + 1 ) + G i t (jo — a ,... p ; q — a, ... g)} 

“H^Ma + tr , ... a + 1; 6+ir ,... 6 + l) + # r (jd — <r +1, ... p) g-tr+1,. . ?)}; 

.(7") 

where ~ l H T =0 except when r=0. 

Ex. ix Bilinear moaHamis of even ranks derived from the skew-symmetric function 

MWnZ =*(2 «, 2i-l,... 2, 1, 1, 2,... 2i-l, 2<). 

at i—i at 

Whenever r and a are positive integers, we will define a function r T of 
' «=r+2 + 2tr 

pairs of variables, or rather of the first <r + l and last r + 1 of those pairs, by the equation 

r T (l, 2, ... l + o-,. 8—a, . . 8— 1, a; 1, 2, ... l + <r,. s — tr, ... s - 1, a) 

“2 (— 1)* . i H T . (#i + <r_iyi + (T-f — ®a-9 + iyt-v + i)' ( i== 0» 1, 2,... <r); .(10) 

so that whenever p—a=q— 6=r + 2+2cr, 

where r, <r, a, b ore positive integers, we have . 

r T (p,p-l, ... a + 2, a + 1-, 6 + 1, 6 + 2, ... q- 1, q ) 

= -T r (a+1, a + 2, ... p-\,p\ q, q-1 ,... 6+2, 6 + 1) 

“ 2 ( — 1)*. *3t (^’p-o , + (2/6 + l + — ^a+l + <r—i Vti-B + i) 5 

Tr (a+1, a+2, ... p-l,p-, 6 + 1, 6 + 2, ... q- 1, q) 

= -Tt(p,P-1, ... a + 2, a+1; q, q-1 ,... 6+2, 6 + 1) 

= 2 (— 1)*, *3 t . (&a+i+tr—iyb + l + <r-i~3'p — <r + iyQ-<r+i) > 

(i=0, 1, 2,. . o) .(100 

For any given value of r the unsigned coefficients of the successive terms of a function 
r T of any number of pairs of variables exceeding r by an even positive integer are always 
successive integers (starting with the first) of the same series derived from 
*Hr by putting i=0, 1, 2, 3,.... 

When aj8=l and r=2t (where f<fcl), we oan obtain a set of corresponding bilinear 
invariants of maximum rank 2 1 of the pairs of substitutions (i), (ii), (iii), (iv) by taking C 

2£ 

to be the skew-symmetric matrix [*] 2( defined in Exs. x and xi of § 267. By developing 
the corresponding matrix produots (see Ex. x) we can express these bilinear invariants in 
the forms 

/at (1, 2,... 2*)=*(2*, M-l,... 2, 1; 1, 2,... 2*-l, 2 1) 

=2 (— 1) T IV (2i, 2<-l, ... r + 1; t + 1, ... 2i-l, 2 1), 

/at a, 2, ... 2K)=^(1, 2,... 2*-l, it ; 2 1, 2*-l,... 2, 1) 

= 2(-1 )’T t (1 , 2, ... 2 t-r; 2 t-r ,... 2, 1), 

9it (1, 2, ... 20-* (1, 2,,.. 22 — 1, 2 t; 1, 2, ... 2t-l, 2 1) 

=2( — 1) T r T (1, 2, ... 2 t-r] t+1 , ... 2«-l, 2t), 

/ 2( (1, 2, ... 2$) = *(2*, 2f-l, ... 2, 1; 2t, 2t-l, ... 2, 1) 

= 2(-l)rr T (2*, 2*-l,... r + 1; 2*-r,... 2, 1), 

(t=0 , 1, 2,... *-l), .(11) 

where the funotions r T are defined as above, and where we oan and will regard 

*=* at 

as a completely defined function of 2 1 pairs of variables for every non-zero positive 
integral value of t, the four defining equations in (11) being mutually equivalent. When 
a suffix is attached to *, it will always be equal to the number of pairs of variables 
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indicated by the sequences, which must he an even integer; but the s uffix will usually bo 
omitted as being superfluous The i^-functions occurring in the first and second of the 
formulae (11) are shew-symmetrio functions in the sense that each of them is merely 
altered in sign when the two letters x and y are interchanged, ne when the variables 
a?i, x 2 , x a , . . &ndy u y 2 ,y a ,.. are interchanged. 

Whenever a#=l, we can deduce from the functions (11) sets of independent bilinear 
invariants of the substitutions (l), (ii), (iii), (iv) of all even ranks formed m accordance 
with the principle (A); but we have to distinguish between two cases. 

Case I. When r=2t (where 1) and a£=l, these t independent non-zero bilinear 
invariants of the substitutions (i), (ii), (ui), (iv) of even ranks 2t, 2t-2, .. 2t+2 - 2p,... 4,2 
are the i/r-functions obtained by putting p= 1, 2,. . p,... t-1 , t in the formulae 

fst + 3~2p (2p — 1,... 2*, 2p — 1,. . 2*=^ (2? 2^-1, ... 2p- 1; 2p-l, ... 2t-l, 2i) 

=2(— 1) T rv(2?, 2i-l, . . 2p —1 +t; 2p-l+r, ... 2K-1, 2 1), 

A+a-apd ■ 2* + 2-2p; 1, ... 2t+2-2p)=^ (1, 2, ... 2t+2-$p; 2t + 2- 2p, ... 2, 1) 

= 2 (— l) r r r (1, 2, ... 2*+2-2p-r; 2t + 2~2p- T , ... 2, 1), 

^2t + a-2 P (" ■■• 2i + 2-2p; 2p-l, ... 2*) = ^(1 I 2 ,... 2l! + 2-2p; 2p-l, .. 2U-1, 2?) 

= 2 (-l) T r T (l, 2 ,... 2 t+ 2 - 2 p-T\ 2 p — 1 +r, ... 2 t-l, 21 ), 

^ 2i+2 _ ap (2p-l, . . 2?; 1,... 2t+2 -2p)=^ (2* 2*-l,... 2p-l; 2t + 2-2p, ... 2, 1 ) 

= 2( —1) T IV (2* 2*-l, ... 2p — 1 +t; 2t+2-2p-r, . . 2, 1), 
(r=0, 1, 2, .. t-p) .(11'). 

Case II. When r«=2i+l and aj3=l, these t independent non-zero bilinear invariants of 
the substitutions tO, (h), (m), (iv) of even ranks 2t, 2t-2 ,... 2t + 2-2p ,... 4, 2 are the 
^functions obtained by putting p«= 1, 2,... p, ... t-1, t in the formulae. 

f st + 2_ 2p (2p,... 2?+l ; 2p, ... 2?+l)=^ (2*+l, 2 *, ... 2p , 2 p, ... 2 1, 2*+l) 

=2 (-1) T IV (2?+l, 2 1 ,... 2p+r; 2p+r, ... 2 1, 2*+l), 

/M+a-ap(*'■ 2«+2-2p; 1,. . 2i+2-2p)=V'(* 2, ... 2*+2-2p ; 2K+2-2p, ... 2, 1) 

= 2 (-l) T r T (l, 2 , ... 2 * + 2 — 2 p—r; 2 * + 2 - 2 p-r, ... 2 , 1 ), 

02t4.2-.sp (* ■■ 2* + 2 —2p; 2p, ... 2?+l)=^(l> 2, ... 2«+2-2p; 2p, ... 2 1, 2?+l) 

=2 ( — l) r r T (1) 2, ... 2t+2-2p-< r; 2p+r,... 21, 2?+l), 

ff 1 21 + 2—2p(2pi... 2?+l; 1,... 2* + 2-2p)=-<K2?+l, % - 2p; 2*+2-2p,... 2, f) 

^ A 

= 2 (-l) T r T ( 2 *+l, 2t, ... 2p+r ; 2i+2-2p-r, .,. 2, 1 ), 

(r=0, 1 , 2,... <— tp —1) .(11"). 

Here the bilinear invariants of the substitutions (i) Qoixespond to the set of skew- 
Ry m m etric invariant transformands {A', B } described in Ex. x of § 257, and the bilinear 
invariants of the substitutions (ii), (ui), (iv) can be derived from them by the appropriate 
reversing substitutions for the variables 
Ex. x. Proofs of the formulae of Ex. ix. 

To establish all the formulae (11), (11'), (11") it is sufficient to obtain the development 
of the bilinear invariant f it shown in (11). If we put u=r+l~i, we have 

fit =[*]« M* 7 = XiVi 

' —’2t 

= 2 {(— l) t+1 “ *. i-lRi . Xi yj$, 


.(12) 
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where t=i+/— r— 1 =i+j — 2£ — 1, 

and where the summation extends over all integral values of i and / such that 

l>/^*7-, i+j<£r+1 . 

The possible values of t are those consistent with the conditions t<£ 0 , r $>2t — 1; and 
when r is given, the possible values of i and j are those consistent with the conditions 

i+/=2i+l + t, 

and r+l "jpj2t or 2t ■$.% -^r + 1, 

the terms with zero coefficients being those m which 

or t + r +1 > z > t, 

and the terms with non-zero coefficients being those m which ■ 

(1) or 

(2) 2f <{:/<£ i+T+1 or t + 1^>z^>i!. 

All the terms in which r > t -1 have zero coefficients. 

By arranging the terms according to their total weights, or by expanding the simple 
square slope 1U ter 1118 of its successive parametric diagonal lines, we obtain the 
development 

f*-'S 0 +S l + ... + S r + ...+St-i, .(12') 

where S T is the sum of the terms in which z+/=22 + l+r. Again by restricting the 
summation (12) to the two ranges (1) and (2) we see that 

Sr = ( 1 ) T • 2 {( — 1)**. “Sir ■ (^t+l+T-l-ft) 2/t—n Ht—u 1/<+1 + , H-* 4 )}j 

(o)=0, 1, 2,... t — T — \\ 

=(-l)r.r T (2«, 2i —1 , ... t + 1 ; t+1 , ... 2t — l, 2 1 ). 

Thus (12') is the development off ai given in (11). 

All the bilinear invariants of Ex. ix can be expressed in terms of the functions defined 
m Exs. l and iv. In foot the equation (16) in Ex. xi of § 267 leads at once to the general 
formula 

fai (2iJ,... 2, 1; 1, 2, ... 2 1) 

= 0/(*+!,... 2t-l, 2/; *,... 2, !)-<*>,(*, - 2, 1; f+1, ... 2«-l, 2*), ...(12") 
whioh agrees with the development given in (11) because the formulae (1(f) are equivalent 
to the formulae. 

IV(p,.p-l,... a+ 2, a+ 1; 6 + 1, 6+2,... £-1, q) 

= -r T (a+l, a+2, ...p-l,pi q, q-1, ... 6+2, 6+1) 

= Or (p—ar ,... p‘, 6+1 +tr,... 6 + 1) — Q r (a + 1 + <r,.. a + 1; q—tr ,... j); 
r T (a+l, a+2, .. p- 1, p, 6+1, 6+2,... q-1 , q) 

= -r T (p,p-l ,... a+2, a + 1; q, £-1,... 6+2, 6 + 1) 
(a+1 + 0 -,... a+1; 6 + l+<r, ... 6+1) - Q r (p-ar, ..p; q — cr , ... q).... (10") 

Em xi. The complete sets of bilinear invariants derived from the fafuncticms of Ems. vii 
and ix when a/S=l. 

For all non-zero values of r we can obtain a complete set of independeut non-zero 
bilinear invariants of any one of the pairs of substitutions (i), (u), (ni), (iv) having ranks 
r, r — 1, ... 3, 2, 1 by forming those of odd ranks as in Ex. vii and those of even ranks as 
in Ex. ix. A ^-function of s pairs of variables must be interpreted as in Ex. vii or as in 
Ex. ix according as s is an odd or even non-zero positive integer, and a function r T of s 
pairs of variables must be interpreted as in Ex, vii or as m Ex. ix according as s—r is an 
odd or even non-zero pqsitiVe integer. 


f 

i u 
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When r = 7, the complete set of independent non-zero bilinear invariants of the pair of 
substitutions ( 1 ) formed in this way consists of the functions ■ 

77(1,2, ... 7) = { 37 * 2 / 4 - (^2/3+^ys) + («a2/2+^yo) - toyi+ 

~ i {(^6y4+^4^) - 3 (*o3fc+ x 3 y 6 ) +5 ( 3772/2 + ^ 2 ^ 7 )} 

{toy4+# 42 / 0 ) - ^ toys+# 33 / 7 )} 

—Jtoyi+w}, 

/ 0 (2, 3, ... 7)={to y 4 -37 4 y G )-toy 3 - x s y 0 ) -(- (x 7 y 2 - x 2 y 7 )} 

- {toy* - ^iyo) - 2 toys - ^ 7 )} 

+toyi-^y7}; 

/ 6 (3, 4, . . 7 ) = to 7/c — (37 0 7/4 + ^ 43 / 0 ) + to 3/3 + ^3y7)} 

- i {(^oyfi+^yo) - 3 toy4+a?4yr)} 

+i toys+^ 7 }; 

y 4 ( 4 , 5 , e, 7 ) = {toy 6 - #6^) - toy4 - ^y?)} - toyc - w}, 

/ 3 ( 5 , e, 7) = toys - toye+w)} - i toyo+w}; 

/ a (6, 7) = toyo-37 6 y7}; 

/i(7) =toyi}- 

Ex. xii. Bilinear invariants of two co-gredient substitutions 

If A is the simple bi-canonical square matrix of order r whose latent root is n, the 
only co-gredient substitutions of the kinds considered in this artiole together with their 
general bilinear invariants are: 

( 1 ") sd =A . 37 , V =A . y forwhioh f=[x\~. G. V . 

1 1 j- i- -i j. 1— ~ * y 1 J ^| ^ L J 1 ^ 

(ii ") sd = A'. se , if = A'. y forwhioh f'=[sc\ r .JGJ. r y' ; 

1 —V 1 —'r 1 — 'r 1 —'r '—‘r 

where C—[of r is a general invariant transformand {A', A} 

If a 2 4=1, G is a zero matrix, and there are no non-zero bilinear invariants. If a a = 1, 
the general bilinear invariants/ and f of ( 1 ") and (n") are the same as those of ( 1 ) and ( 11 ) 
when a/8=l. 

Ex. xui. Bilinear invariants of two contra-gredient substitutions. 

Since the inverse of an undegenerate simple bi-canonical square matrix or its con¬ 
jugate cannot be a simple bi-oanomcal square matrix unless its order is equal to 1, the 
only two contra-gredient substitutions of the kinds considered in this article are 

ad=a~ 1 x, y f =ay, where a 4=0. 

If c is an arbitrary parameter, the general bilinear invariant of these substitutions is 

f=oxy. 

3. Quadratic invariants of a single substitution. 

Let A be the simple bi-canomcal square matrix of order r whose latent root is a ; and 
let A! be its conjugate Then if J is the simple reversant of order r, we can take the 
general quadratic invariants of the substitutions : 

(v) sd =A x to be / =[fl?]r • G. H? ; 

1 — 'r i —>r J L J l—v 5 

(vi) 7 =A’.l? to be f=[xl..JCJ. 7 ; 

1 —'r 1 —'r i i r 
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where C= [c]^ ib a general symmetno invariant transformand {A\ A} When G is a 
particular symmetric invariant transformand { AA], the functions f and f are corre¬ 
sponding particular quadratic invariants of the substitutions (v) and (vi); and we will 
call them quadratic invariants of rank p when the symmetric matrix C has rank p. 

In describing these quadratio invariants we will use the abbreviated notation 

/(*+!, a + 2, ... i+s)=f(x i + 1 , *( + a , . #<+,) .(13) 

in whioh oonsecutive variables are represented by their suffixes. The function (13) can be 
derived from the function 

/(l, 2, ••• *)=/O'fci, «.) 

by replacing x 1} x 2 , .. x 8 by %i+u x i + it ... x i+a , and tho function 
/(i+«, .. i+2, i +l)=/(®i + », — x i+2 , x i+1 ) 

can be derived from the function (13) by replacing x i+t by ^ +t) +i-s for the values 
1, 2, ... a of t. 

General or particular quadratic invariants of the substitutions (v), (vi) can always be 
coupled together in pairs suoh as 

/(l, 2, ...*), /(r, r-1, ... f), 

where both functions are known when one of them is known Hence in actual evaluations 
we can confine ourselves to one of the substitutions General formulae take their simplest 
forms for the substitution (vi), but we shall direct our ohief attention to tho substitution 

(v) whose scalar equations are 

= a (x-l+Xq), x 2 ' = a(x 2 +x a \ ... a/ r _i== a +.r r ), x T '=ax r .(b) 

If (^= 1 = 1 , the general symmetric invariant transformand C is a zero matrix, and there 
are no non-zero quadratio invariants. 

If a 2 =l, we could take C to be one of the general symmetric invariant transform an ds 
t) described in Exs. iii and v of § 257. In this case there are exactly i (/ , + l) or exactly %r 
independent particular non-zero quadratio invariants of each of the substitutions (v) and 

(vi) ; and the sum of suoh independent quadratio invariants, each multiplied by an 
arbitrary soalar parameter, is a general quadratic invariant. After determining any 
function which is a particular non-zero quadratio invariant of maximum rank r for all 
odd values of r, we can derive from it a complete set of independent particular quadratic 
invariants for all values of r by using tho following principle, which is immediately 
deduoible from Ex. vi of § 257 The notation defined in (13) is used, l.c. variables are 
represented by their suffixes. 

If /»+i(l, 2, .. 2*+l), /'« + i(f, 2, ... 2f+l) 

are functions which for all positive integral values of t are ’particular nan-zero quadratio 
invariants of maximum rank 2t-\-l of the substitutions (v), (vi) whenever a a =l and »’=f2«-1-1, 
then: 

(1) when a a =l and r=2i+l, complete sets of <+l independent non-zero quadratic 
invariants of the substitutions (v), (vi) having odd ranks 2<+l, 2i-1, . 2t+l-2p, ... 3, 1 
can he obtained by giving to p the values 0, 1, ... p, ... t— 1, t in either of the two sets of 
formulate: 

/*+i-»(2p + l, ••• 2ij 2iS +1), /ai+i_2p(2i4-l — 2p, ... 2, if); 

/ , si+i-ap(2^+l J 2... 2p + l), f st +1—2p (-L 2, ... 2i + l —2p); 

(2) when a a =»l and r=2t (where t<%. 1), complete sets of independent non-zero quadratic 
invariants of the substitutions (v), (vi) having odd ranks 2t- 1, 2iS—3, ... 2t +1 - 2p, ... 3, 1 
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can be obtained by giving to p the values 1, 2, ... p, ... t— 1, * in either of the two sets of 
formulae: 

f 2t+i- sp(2 p, ... 2i-1, 2i), /a+i-ap(2i+l-2p, ... 2, 1); 

/Wi-2p(2£j 2i—1, ... 2p), /*2i+i—2p(I* 2, ... 2i+l —2p).:.(B) 

In applying this principle we may and will suppose // to be the funotion derived from 
the function f r by replacing x t by Then in each case the two sets of formulae are 

two different notations for the same functions. We can pass from one notation to the 
other by reversing the sequences. 

The simplest such sets of quadratio invariants are those described m Ex. xiv. They 
are derived from the sets of corresponding bilinear invariants desoribed m Ex. vii by 
substituting x 1: x%, ... x r for y l} y 3 , ... y r From any given bilinear invariant of maximum 
rank r of one of the pairs of substitutions (i), (n) we oan derive complete sets of quadratio 
invariants of the substitutions (v), (vi) by the method followed m Ex. xvi. 

Ex. xiv. The complete sets of quadratic mva/riamls derived from the function 

[*]«+1 l>!C! S = f(2t +1, 21!, ... 2, 1). 

22 +11—i a< + 1 

Whenever r and a are positive integers, we will define a funotion r T of 

a=r+l +2o- 

variables, or rather of the first o-+l and last cr+1 of them, by the mutually equivalent 
equations 

r T (a, a-1, ... 2, l)=r T (l, 2, ... 8 — 1) s') 

=S {( — 1)*. + + (1 = 0, lj 2, ... O'), . ..(14) 

so that whenever p — o=t+1 +2 o-, 

where r, <r, a are positive integers, we have 

r T (p, jj-l, — ffl+2, o+l) = r T (d+l, a+2, ... p-1, p) 

= + + (*-0, 1, 2, ... «r).(14') 

We oould interpret r T to be 0 when p — a=T+2+2cr or p — a< 1. 

When a 2 = 1 and j*=2« + 1 , we can obtain quadratio invariants of maximum rank 2i!+l 
of the substitutions (v), (vi) by taking C to be the symmetric matrix [iH^+i defined in 
Ex vi of § 257. By developing the corresponding matrix produots we oan express those 
quadratio mvariants in the forms 

/»+i(l, 2, ... 2 1, £+l)-^(S?+l, Si, ... 2, 1) 

= - x t+x +2 (-1)' r T (Si +1, 2i,... r+1) = - x] +1 + 2 (- l)r r T (t+ 1 ,... Si, 2?+1), 

A+iC* 2 ,... 2 <, 2i+i)=^(f. % ... at, a+i) 

= — a7 *+i'b^( “ l) Tr T Ot 2,... 2f+l - t) = — a?^ +1 +S (- l) T r T (2i + l — r,... 2, f), 

(r-0, 1,2, ...0, ...(15) 

where the functions IV are defined as above, and where we can and will regard 
as a completely defined function of 2t +1 variables for every positive integral value of t, 
the two defining equations in (16) being mutually equivalent In fact the quadratic 
invariant/ at+ i oan be derived from the corresponding bilinear invariant/at +1 of Exs. vii 
and viii by substituting x u x 2 , ... x r for y u y B , .. y r , and the development given in (16) 
oould be obtamed directly as in Ex. vin. 
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In describing the derived complete sets of independent non-zero quadratic invariants 
of odd ranks formed m accordance with the principle (B) we have to distinguish between 
two cases. 


Case I. When r=2t+l and a a =l, these 2+1 independent non-zero quadratic in¬ 
variants of the substitutions (v), (vi) of odd ranks 22+1, 22 — 1, ... 22 + 1 — 2p, .. 3, 1 are 
the ^-functions obtained by putting p=0, 1, .. p, ... 2 — I, 2 in the formulae 

/si + i-ap (2p + lj 22, 22 + 1) = ^ (22+1, 22, . . 2p + l) 

= _ ^ + i + p +s (“ 1 ) rrT ^+ 1 > 22,...2p+r+i)=-^ +I+p 

+ 2 ( — I) T r T (2p+r + l,. .22,5 + 1); 

A + i-2p(* 2, ... 22+l-2p) = ^(l, 2, ... 22 + 1 — 2p) 

= -^ +1 _ p + 2 (-l) r r T (T, 2 ,... 22 +l- 2 p-T)=-^ +1 _ p 

+ 2 (— l) r r T (22 +1 — 2 p — t, ... 2 , T); 

(t= 0, 1,2, ... 2-p).(15') 

Case 11. When r=2t (where 2<£ 1) and a a =l, these 2 independent non-zero quadratic 
invariants of the substitutions (v), (vi) of odd ranks 22 —1, 22 — 3, . 22+1 -2p, ... 3, 1 are 
the ^-functions obtained by putting p=l, 2, ... p, ... 2 — 1,2 m the formulae: 

/at+i-ap(2p, ••• 22— 1, 22) = ^(22, 22 — 1, ...2p) 

= -^ +p + 2 (-iyr T ( 22 , 22 -l,... 2 p + 0 =-^ +p 

+ 2 ( — 1) T r T (2p + r, . .22-1, 22), 

^at+i-ap(^j 2, ... 22 +1 — 2p)=i/r(f, 2, 22+1 — 2p) 

= -a7 i+1 _ p +2(-l) T r T (l, 2, ... 22+1—2p —r) = ~ a ’t+i-p 

+ 2(-l)'IV(22 + l-2p-r,. .2,1); 

(r = 0, 1,2, ...2-p).(IB") 

Ex. xv. Illustrations of the formulae of Ex. nv. 

When r =9 and a a =l, a complete set of independent non-zero quadratic invariants of 
the substitution (v) is formed by the fiinollons • 
/ 0 (l 1 2,...9)={ro(l,2,...9)-^ 2 }-r 1 (2,3,...9) + r 3 (3,4,...9)-r 8 (4,B,. 9) + r 4 (5,0,.. 9) 
={x B 2 - 2x 0 Xi+2x-iXi - 2^8^2+2^03?!} — {x Q x B - 3 xjx t + bx B x a - V^oJ'a} 

+{x>,x B ~4x a x i +9x B x 3 }- (aJa-sPn - 53? 0 a? 4 } + {x B x ( ); 
fi (3, 4,...9) = {r 0 (3, 4,... 9) —3?o a } —Ti (4, 6,... 9) + r 2 (5,6,... 9)-r 3 (6, 7, ...9) 

= {x 0 2 — 2 X>jX B + 2XgXi-2x B Xg} -{x>jXg- 3x s Xg + 5x 0 X t } 

+{#8 Xg - 4a? 0 x B } - {x 0 X a }; 

f B (5,6,... 9)«={r 0 (5, 6,... 9) - Xr*} - T t (6,7,... 9)+r 2 (7, 8,9) 

={a^ a - 2x s x B + 2x s x b ) -{x b x 7 - Zxgxg}+{xgx 7 ); 

A (7,8,9) -{r 0 (7, 8,9)—a* 2 } - I\ (8, 9)={37 b 2 - 2 ^} - 5 

fi (9) ={r o (9)-3? 0 a }=V; 

which correspond to the general symmetric invariant transformand 77 (9) described m 
Ex v of § 257, the first of tbpm being obtained by taking O' to be the symmetric matrix 
[V^o described m Ex. vi of § 267. The corresponding complete set of independent non¬ 
zero quadratic invariants of the substitution (vi) is formed by the functions 
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/ e '(l,2 J ...9) = {r 0 (l,2 I ...9)-J? 6 2 }-r 1 (l J 2, .8)+r a (l,2,. .7)-r s (l,2,. .6)+r 4 (l,2,...5), 
/ ? 7 '(l J 2 J ...'7)={ro(l J 2,...7)-^ a }-ri(l l 2 J ...6)+r a (l J 2 ) ...5)-r 8 (l,2 J ...4) J 
/ 6 '(i,2,...5)={r 0 (i,2, 4)+r 2 (i,2,3), 

/s'(i,2,3) ={ro(i > 2 ) 3)-* s «}-r 1 (i ) a) ) 

/i'(i) ={roCi)-^i a >, 

which are derived from the functions given above by replacing by 

When r=8 and a 2 =l, a complete set of independent non-zero quadratic invariants of 
the substitution (vi) is formed by the functions 

ft (2, 3,... 8) = {r„ (2,3,. . 8) - xfi - r x (3,4,... 8) + r 2 (4,5,... 8) - r 3 (5,0,... 8) 

={x t 2 -2x e x i + 2xix a +2x 6 x 2 }-{x a x 5 -3a> J x i +5x B Xa} 

+ {# 7 # 6 - 42 8 a 4 } - {£ 8 :e 6 } ; 

/ B (4, 5, .. 8) = {r„(4,B,...8) -* fl 2 } - T, (6,6,... 8) + r 2 (0,7,8) 

= {ff 0 a - 2®t*a + 2*|g*4}-{tf»«fl- 5 

/s (6, 7,8) = {r 0 (6,7,8) - xfi - T\ (7,8)={a?7 2 ~ 2#8 #b} ~ 5 

fi (8) ={r 0 (8)-V}=^. 

The corresponding complete set of independent non-zero quadratic invariants of the 
substitution (vi) is formed by the functions 
/ 7 / (l,2 J ... , 7) = {ro(l J 2 J ... , 7)-^ 2 }-r 1 (l J 2 J .. 6) + r a (l,2,...5)-r 3 (l,2,...4), 
f & ' (1,2, ...5) = {r 0 (l,2, ...5) —tfs 2 }- T] (1,2, ...4) + r 2 (l,2,3), 

/ 3 ' (1,2,3) = {r 0 (l, 2,3) - tfa 2 } - T! (1,2), 

/i'(l) ={r 0 (i)-^i 8 } J 

which are derived from the functions given above by replacing x { by 5? 0 _<. 

Ex. xvi The complete sets of quadratic invariants derived from the symmetric invariant 
transformand 

v-tiK+teD' 

If [0]^ and [$ 7 ]^ are the mutually conjugate square matnces defined in Ex. ii of 
§ 257, and if a 2 =l, a particular quadratic invariant of the substitution (v) having rank r 
or r — 1 aooordmg as r is odd or even is the function 

/(l. 2, - > 

r 1—i f 1—i f 

- Mr M' = Mr [f]' V, 

-i* «■-1)'- 1 • '-W,+c-1)*- 1 . ’-iff,} «,#, 

where T=i-\-j—r—l, 

and where the summation extends over all integral values of i and j such that 

i+j^r- 1. 

It is what the bilinear invariant / r (l, 2, ... r) of Ex 1 or iv becomes when x l3 x 2 ,... x r 
are substituted for y\,y 2 , ... y r . If we put 

B=r—r, 

it can be expressed in the form 

/(l, 2, ... r)='2(-l) T E t , (t= 0, 1, 2, ... r-1), 
where ^-**(-1)*. {<#,+(-l)»-V"i-<jF r }^ +l+ ^ 

= 2( —1)* i S 7 . ®r + l + <^v-i) ( l —0, 1, 2, ... S — 1), 
and where (— l) 1-1 =(— 1) T or - (— l) r according as r is odd or even. 
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Whenever r, a , s are positive integers and a<£l, we can and will define a function G T 
of 8 variables by the mutually equivalent equations 

Gr(a+ 1, a + 2, ... a+s) = G r (a+8, ... a+2, a+1) 

= i2(-l)‘.{^ T + (-l)r.«-i-i J ff T }z i 7 a + a + <a ; 0+8 _ i , ({=0,1,2, . a — 1); ...(17) 
so that G t =0 when t+ 8 is even. Then when r is odd and a a =l, the functions 

f r (1, 2, . . ?) = 2 ( - 1 )*G r (r +1, r+2, ... *), f T ' (1* 2, ... r) = 2 (- 1 )* G r ( * 2, ... r - r), 

(r=0, 1,2, ...r-1), .(18) 

are corresponding quadratic invariants of the substitutions (v), (vi) of maximum rank ?■, 
the first of them being the function (16), whilst when r is even, they vanish identically. 

In describing the derived complete sets of independent non-zero quadratic invariants 
of odd ranks formed iu accordance with the principle (B) we have to distinguish between 
two oases. 

Case I. When r is an odd integer 2i+l and a a =l, the corresponding complete sets of 
independent non-zero quadratio invariants of the substitutions (v), (vi) having odd ranks 
r, r — 2, . r — 2p, ...3, 1 can be obtamed by putting p=0, 1, ... p, ...t—l,t in the 
formulae 

/ r -ap(2p + l,...7— l,?) = 2(-l)r0 T (2p + l+r,...r-1,*) = 2 ( - l)* GV (*, r-1,. ,2p + l + r), 

/ r _ Bp (l,2, .. »'-2p) = 2(— 1 ) T (1, 2,... f—2p— t) =2(-iy G T (r-2p-T, . .2,1), 

(r=0, 1, 2, . r-2p -1).(18') 

Case II When r is an even integer 2 t and a 3 =l, the corresponding comploto sets of 
independent non-zero quadratio invariants of the substitutions (v), (vi) having odd ranks 
r ~ r ~ 3,. . r+1 - 2p,. 3,1 can be obtained by putting p = 1, 2, ... p, ... t — 1, t in the 
formulae 

fr +1 - 2 p (2 Pf ... r - 1, r)= 2 (-1 ) T G r (2p+r, ... r — 1, r )=2 ( - 1 ) r G v (r, r -1, ... 2p + r), 

/ , »' + i-2p(l,2,...r+1 -2p) = S(- 1 )t(7 t (l,2,...r+l -2p—r) = 2 ( — 1) T {?,-(?■+l—2p -r,... 2,1), 

(r=0, 1, 2,... r-2p).(18") 

These quadratio invariants are derived from the corresponding bilinear invariants of 
Ex. i or iv by substituting x u x 2 , ... x r for y\, V 2> Vr~ 

Ex. xvii Illustrations of the fomiulae of Ex. ann. 

When r=9 and a a =l, a complete sot of independent non-zero quadratio invariants of 
the substitution (v) is formed by the functions 
/o(l,2,...9) = {? 0 (1,2,...9) - 0^(2,3,...9)+ ... + <7 a (9) 

={2x 1 x B -2x 2 x B + 2x 3 x> l -2x i x a + Xt i 2 } + {*lx 2 x a - 5x a x 2 + 357*57?—57 6 5.' fl } 

+ {29X S X 0 ~ 24574578 + 2l57 6 57 7 - 1057fl B } + {5557 4 57o - 3l57 6 57 8 + KU^} 

+ {71®6 57q — 4057g57g + +{5557 0 57n — 1B57 7 57 b} 

+ {29^7 5? 0 - 757 8 2 }+{757 B a; 0 } + {57 0 2 }; 

/ 7 (3,4,...9) = G' 0 (3,4,...9)-{? 1 (4,5,...9)+... + 6*0(9) 

= {2x a X q — 2x i X 6 + 2x G X 1 - 57 fl 2 } +{5x i X 0 -^X li X & + X 0 XT} 

+ {1657 e <r 0 - 1357 fl 57 B + 657 7 2 } + {1957 0 57 O - 657 7 5? 8 } 

+ {16577570 —657 8 a } + {6a? 8 a7o} +{®0 2 }S 

fs (6,6,...9) = {? 0 (5,6,. .9)-<?i(6,7,8,9) + G' a (7,8,9)-G ! a (8,9)+G'4(9) 

= {257 e 57o-25? B 5! 8 +57 7 a } +{%X a X 0 -X 1 X s } 

+ {7577570 - 35? 8 a }+{3J7 8 57 0 } + {57„ 2 } J 

f s (7,8,9) — G 0 (7,8,9) - 6*i(8,9) + G 2 (9)={ 2x 7 x a - afe a }+{57 8 57 0 }+{5; 0 2 } 
fi (9) =(? 0 (9) = 57 0 a . 


o. in. 


39 
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The corresponding complete set of independent non-zero quadratic invariants of the 
substitution (vi) can be obtained by replaomg Xi by #io_ t 

When r= 8 and a a =l, a complete sot of independent non-zero quadratic invariants of 
the substitution (v) is formed by the functions 
fi (2,3,. .8) =00(2,3, 8)— <?i(3,4,. 8) +...+<?o(8) 

={2a? 2 ^8 “ 2^3 a? 7 + 2x±x B - « 6 3 } + {5xa x s - + # 6 ^ 0 } 

+{1 Bx^Xg — 1 3x B ct>j + 6 a;e 3 } + {1 tox B Xg ~ 6 £'b# 7 } 

+{1 Barges “ SV} + {5a^a? B } + {-^s 54 }5 

/ 8 (4,5, 8) = G ! o(4,5,...8)- Q\ (5,6,7,8) + 0,(8,7,8) -0 3 (7,8) + 0 4 (8) 

= {2XfXg — 2a7jfl?7+a/0 a }+{3a; 6 a?8 — x B x^} 

+{7x a x 6 - 3a?7 2 } + {3a; 7 a? a } + {VI; 

/ 3 (6, 7,8) = tf 0 (6,7,8)~ 0!(7,8) + 0,(8)={2a;fla7 8 -a; 7 a }-l-{aj 7 a? 8 }-|-{j?8 a }» 

/1 ( 8 ) =O 0 ( 8 )=^ a . 

The corresponding complete set of independent non-zero quadratic invariants of the 
substitution (vi) can be obtained by replacing by #o-i- 

§ 269 . The invariant transformands of a pair of unilatent 
square matrices. 

1. General invariant transformands. 

Let A = [a] m and B = [6]” be any two unilatent square matrices of orders 
m and n with constant elements whose latent roots are c and c', and whose 
characteristic potent divisors are 

(X - cf', (X - cY*, ... (X - cY r and (X - c') 8 ', (X - c'Y\ ... (X - o'Y*, 
where a*, ... a, and&, ... & are non-zero positive integers arranged in 
descending orders of magnitude; let A! and B' be their conjugates; and let 
U and V be any particular undegenerate contra-commutants {A', A) and 
{£,#}. Also let 

p be the sum of the smaller integers of the pairs (a 1} &), (a 2 > J3 B ), ... 


(otj, fit), ..., where a* is 0 when i > r, and ft, is 0 when i >s; .(1) 

o- be the sum of the smaller integers of the rs pairs (a,,, ft); .(2) 

and let e = ± 1. 


Without actually constructing the general invariants mentioned, we can 
at once enunciate the following theorem: 

Theorem I. The four general invarimt transformands 
X = inv{A,eB }, X'Y=inv \A', eB], Y' = im{A,eF} 
can always he so chosen as to be connected by the relations 
X' = UXV, Y=UX, Y' = XV; 
and they are all zero matrices when cc' 4= e. 

When cd' = e, each of them is a matrix of the class M and of rank p 

containing exactly a- independent arbitrary parameters , and having exactly a- 
independent non-zero particularisations. 


j 
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In each of them the elements are homogeneous linear functions of the tr 
arbitrary parameters. 

The first part of the theorem follows from Ex. iii of § 254 and Theorem 
III a of § 256. The last part of the theorem (in which A and B are neces¬ 
sarily undegenerate) follows from Note 1 of §243 when we regard X as a 
general commutant [A, efi -1 }, because A and B~ l are unilatont square 

matrices whose latent roots are c and , and therefore A and eB~ l are uni- 

0 

latent square matrices having the same latent root c. 

The formulae (B) of § 255 will furnish constiuctions for the general 
invariants of Theorem I when cc' = e as soon as we have determined the 
corresponding general invariants for two square matrices A 0 and B 0 equi- 
canonical with A and B respectively. The simplest constructions aro obtained 
by choosing A 0 and B 0 to be bi-canonical square matricos. 

Accordingly when cc' = e, we will define 

A 0 = cA, B 0 = c'B 

to be the standardised unilatent bi-canonical square matrices of orders m, n 
having the same characteristic potent divisors a a A, B, and 

A = hA 0 H, B - JcB 0 K 

to be any particular isomorphic transformations by which A , B can be derived 
from A 0 , B q . Then A, B are standardised unilatent bi-canonical (or canonical) 
square matrices having the same latent root 1 , and the general invariant 
transformands in tho second part of Theorem I can be takon to be the 
matrices given by the formulae 

X = h£K, X'^H'gk', Y = H'yK, V = hrj'k' .(A) 

where H', k' are the conjugates of H, k, and where £, £', 17 , rf aro the general 
invariant transformands 

£ = mv {A„, e-B 0 }, £' = inv {A 0 # , eB a '}, 77 = inv [A^ eB 0 }, 17 ' = mv {A 0 , eB 0 '} 
or £ = inv {A, B}, £'= inv {A', B'}, 77 = inv {A', B}, 77' = inv {A, B'}. 

The matrices £, £', 77,77' are the compound slopes described in Ex. i, or again 
in Ex. ii, and from their properties we deduce the Becond part of the above 
theorem. 

Ex. i. Descriptions of the genw'cd invariant transformands 

£=inv {A, B}, £'=w 10 {A', B'}, rj^inv {A', B}, f=inv {A, S'}. 

The unilatent bi-canonical square matrioes A and B of the text are standard corn- 
partite matrioea expressible m the forms 


Ai 3 0 , .. 

q - — 

O 

1 

.. 0 ~ 

Pi 1 0ii 

... Pi 

0 ) A$ t . 

.. 0 

> 

jj.es 0 , Bs, . 

.. 0 


7 

O 

O 

1 

.. A r _ 

auagj ... “r 

1 

0 

0 

.. B._ 

Pit Pt< 

-Pi 
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where every part such as A t or Jy is a simple bi-canomoal (or simple canonical) square 
matrix whose latent root is 1 . If A', B' are the conjugates of A, B, and if J a} J b are the 
part-reversants of the same quadrate olasses as A, B, the obviously tine equations 

A ' = JjLJ a , 

show that the symmetric matrices J a and J b are undegenerate commutants {A', A} and 
{B> B'} Consequently the general invariants £, £, tj, tj 1 can always he so ohosen as to be 
connected by the relations 

V = Ja£ j .(3) 

and all four of them are known when any one of them is known 

From Theorem II of § 255 we see that £ is the most general compound matrix of the 
form 


fiij fi2i ••• iu 


A.h. 0* 


f- 


£211 £ s 2 ) • ■ 


(4) 


_ £rl) £rSj ■ £ra _ 

■ a T 

which can be constructed when for all permissible values of i and y the constituent £,y is 
an invariant transformand {A^, Bj}. The constituent £y is an undegenerate simple slope 
of type {tt, 7 r} whioh is completely described m Theorem IV & of § 255, the number of 
arbitrary parameters which it contains (as well as its rank) being the smaller of the two 
integers (a*, 0y) The arbitrary parameters of the rs constituents are all independent 
Consequently the total number of independent arbitrary parameters in £ is the Hum <r of 
the effective or smaller orders of all the rs constituents. Further the coefficients of these 
<r parameters clearly form a oomplete set of independent non-zero partioulansations of £. 
Sinoe A and B are undegenerate, we can regard £ as a general commutant {A, B -1 } 
Consequently the rank of £ is the order of the greatest common canonical of A and B -1 , 
whioh (because B and B -1 are equicanomcal) is also the order of the greatest common 
canonical of A and B, i.e. the integer p defined m ( 1 ). 

The general invariants £', j j, 77 ' can be constructed in similar ways; but from (3) we 
see that they can be derived from £ by part-reversals. We oonolude that. 

The four genei'al invariant transformands £, £, 77, f are completely known compound 
elopes of the standardised class 

, - , Ui, “a, ... Or) .^ ^ 

ana of the respective types 

{"■. W, "■}, {ir, tt '} 

which can always be so chosen as to he correlated by part-reversals. Eaoh of them contains 
exactly a- independent arbitrary parameters, and eaoh of them has rank p. 


Ex ii. Alternative constructions for the general invariant tra/nsformands £, £', 77 , 77 '. 

Let X, X', Y, Y' be general commutants {A, B}, {A', B'}, {A', B}, {A, B'}, i.o. 
general compound continuants of the class (a) and of the respective types 
{n-, jr}, {ir\ tt'}, {tt', tt}, {jt, tt'}. 

When we regard the general invariant transformands £, £ ; , 77 , f as general commutants 
{A"\B}, (A' -1 , B'}, {A' _1 , B}, {A -1 , B'}, 
the general theorem of § 239 shows that we can take them to be the matrices given by 
the formulae 

£=PX, V =PY, t/-PY'. .(6) 

where P, P 1 are any particular undegenerate commutants {A -1 , A), {A' -1 , A'} or in¬ 
variant transformands {A A}, {A', A'}, which it is certainly possible to determine. 
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Again when we regard the general invariant transformands A n. d as general 
commutants 

{A.B-1}, {A'B'-i}, {A',B -1 }, {A,B' -1 }, 

the same general theorem shows that we can take them to be the matrices given by the 
formulae 

£=XQ, £'=X'^ i/~Y Q, Y'Q .(6) 

where Q, Q are any particular undegenerate commutants {B, B “ x }, {B\ B' “or m- 
vanant transformands {B, B}, {B', B'}, which it is certaiuly possible to determine. 

For example if -P is ft particular undegenerate square commutant {A -1 , A}, so that 
l P= s PA., and if we put £=PX, the equations 

A-^P.AX, £B=P.XB 

show that £ is a particular or general commutant {A -1 , B} or invariant transformand 
when and only when X is a particular or general commutant {A, B}. 

The second part a 'of Theorem I follows at once from the formulae (5) or (6). We could 
give corresponding formulae for the general invariant transformands X, X\ Y } Y' them¬ 
selves in the second part of the theorem. 

Ex lii. Special ease when [rt 1 a a ...a,.]=[j9 1 j9 3 .. =[< 3 ie a ... o fl ] in Thewerrt I. 

If A and B are umlatent square matrices of the same order m whose characteristic 
potent divisors are 


... (X-c) fl s and (X-o')*'> (X-c') fl u ) ... (X-o') fl s, 

where the indices are arranged m descending order of magnitude, then in Theorem I we 
have 

p = on; c = Cj + 3^2 + — 1) ... -|-(2s— 

The general invariant transformands X, X\ Y, Y' are zero matrices when od and 
when cd =e, they are undegenerate square matrices of order on. 


Ex. iv. The four general invariant transformands 

X=inv {A, eA}, X'=inv{A' i tA'}, Y=inv{A\eA} t Y'=inv{A,eA'}. 

We can use the notations of Ex. in, where now B=A, d^o 

Then if c 2 =|= e, the four general invariant transformands ore all zero matrices ; whilst 
when c 2 =e, eaoh of them is an uudegenerate square matrix of order on having exactly <r 
arbitrary parameters, where <r has the value given m Ex. iii. In the latter case we can 
use the constructions of the text in which Bq^Aq, B=A, k=h, K=E ; the matrioes 
£, i ), i) being correlated quadrate slopes of the class 


\®lj e J 


■(b) 


2 . General symmetric and general skew-symmetric invariant transformands. 

Let A = [a - ]* be a single unilatent square matrix of order r with constant 
elements whose latent root is c, and whose characteristic potent divisors are 
(X-c)* 1 , (X,-c) tf “,... (X-o)*; (e 1 + e 2 + ... + e, = r); 

where the indices are non-zero positive integers (not necessarily all different) 
arranged in descending order of magnitude; let A! be the conjugate of A ; 
and let V be any particular undegenerate symmetric contra-oommutant 
{AL, A'\. Also let 

(*) 


°"x — fla 4* 4* 3^4 + • • • + (s — 1) 6 ); 
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t = sum of the smallest integers which are respectively <{: \e lt ^e 9 , ... \e B 
= half sum of the even integers of the pairs such as (e t , ef + 1),.. (8) 

t =sum of the greatest integers which are respectively :f> $e 1 , ^e 2 , ... \e a 
= half sum of the even integers of the pairs such as (e t , e t — 1),.. .(8') 
and let e = ± 1. 

Then with respect to symmetric invariant transformands we have the 
following theorem: 

Theorem II. The two general symmetric invariant transformands 
Y=mv [A\ eA), Y' = inv {A, eA'} 
can always be so chosen as to be connected by ike symmetric relation 

Y = VYV; 

and they are both zero matrices when c® ={= e. 

If c® = e, i.e. if c = ± Ve 3 each of them is a symmetric matrix of order r 
containing exactly + t arbitrary parameters and having exactly <r x -\-r 
independent non-zero particularisations; moreover each of them is wnde- 
generate when and only when every distinct characteristic potent divisor (X — cj® 
with a given even index is repeated an even number of times. 

The first part of the theorem follows from Ex. iv of § 264 and Theorem III a 
of § 265. We will prove the second part of the theorem by constructions 
based on the formulae (0) of § 256. 

When c a = e, we will define 

A a — cA 

to be the standardised unilatent bi-canonical Bquare matrix of order r having 
the Bame characteristic potent divisors as A, and 

A = hA 0 H 

to be any particular isomorphic transformation by which A can be derived 
from A 0 . Then A is a standardised unilatent bi-canonical (or canonical) 
Bquare matrix whose latent root is 1, and the general symmetric invariant 
transformands in the second part of Theorem II can be taken to be the 
matrices given by the formulae 

Y = H'yH, Y =hy'h\ .(B) 

where H’, h' are the conjugates of H, h, and where y, y are the general 
symmetric invariant transformands 

y = inv [A 0 \ eA 0 }, y' = inv {A 0 , eA 0 '} 
or y= inv {A', A }, y = inv {A , A' }. 

Constructions for y and y are famished by Theorem II of § 255 ; and from 

the properties of those matrices described in Ex. v we deduce the second 

part of the above theorem. 

The proof of the second part of the theorem could be effected by similar 
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constructions if A 0 were any standard compartite matrix equicanonical with 
A in which all the partB are unipotent square matrices. 


If 7 = [y]^ is a general invariant transformand of ono of the types men¬ 
tioned in Theorem II, it will be obvious that the matrix 


Y = l|[< + ^| 

will become a general symmetric invariant transformand of that type when 
the arbitrary parameters occurring m its elements have been reduced by 
substitutions to the smallest number possible 


Ex. v. Descriptions of the general symmetric invariant transfonnands 
ri = mv {A', A}, V =inv {A, A'}. 

It will be obvious that the part-reversant J of the same quadrate doss 

M (e u e 2> .. f e 8 \ .(b) 

as A is an undegenerate symmetric contra-oominutant {A', A}, {A, A 7 }. Consequently 
t] and r)' can always be so chosen as to be connected by the symmetric relation 

rf=JrjJ, . 

and will both be known when one of them is known. Further if we put 


";il. 

0 , . 

. 0" 

. 0 a — 

in 9 

Vl 2 i • 

■- Vu 

> 

II 

: 0 

d a> . 

0 

, 1- 

liii • 

. 772a 

1 

O 

0 ,, 

' ■ 

- 1 

jhii 
. 0 a 

7 l 2 > ■ 

-. 17 M_ 


where every part of A such as At is a simple bi-oanonical (or simple canonical) square 
matrix whose latent root is 1, we see from Theorem II of § 255 that 17 (expressed in the 
form shown above) is the most general symmetric compound matrix of the class (b) which 
be constructed when for all permissible pairs of values of i and j the constituent % is 
an invariant transformand {ri/, Aj}. 

The diagonal constituent 17,1 of rj is a symmetric simple square oounter-slopo of type 
{tt', tt} which has been determined in Ex. iii of § 257 and can be taken to be the 
symmetric invariant 17 (fy) described m Ex. v of $5 257. The total number of arbitrary 
parameters in the constituent rja is ^ (a*+ 1 ) or fat according as fl* is odd or oven, and it 
has rank e t or 1 according as a* is odd or even. If j >i t the two non-diagonal con¬ 
stituents r)y, Tjji of 17 are mutually conjugate , and 17 # is a simple counter-slope of type 
{ir\ tt) which has been determined in Theorem IV b of $ 255, other forms of it beiug 
described m Ex. 11 of § 257. The total number of arbitrary parameters in the non- 
diagonal constituent 77 ^ (as well as its rank) is the smaller of the two integers (ty, ej). 

The independent arbitrary parameters of 17 are those of its diagonal constituents 
(totalling r parameters), and those of the constituents lying on one side of the diagonal 
constituents (totalling <ri parameters). Consequently 77 contains exactly ci+r independent 
arbitrary parameters, the coefficients of whioh clearly form a complete set of independent 
non-zero particulansations of 17 . 

Beoause 77 is a quadrate slope, viz. one of type {n, n-}, we know by § 241. 4 that det 17 is 
the product of the determinants of all the paradiagonal prime minors of rj. The para- 
diagonal prime minors of 77 involve only the elements of the paradiagonals of the square 
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constituents; and in determining them we may put all other elements of 77 equal to 0 
Corresponding to an index number which is repeated exactly t times in the series 
ei, e 2 ,. e s , there are exactly e paradiagonal prime minors each of which is equal to 

±[y]*> where W\\ “ : 

an arbitrary symmetric matrix of order t when e is odd ; 
an arbitrary skew-symmetno matrix of order t when e is even. 

Consequently 77 is undegenerate, i.e. all the paradiagonal prime minors of 77 are unde¬ 
generate, when and only when every distinct even index number e in the series e lt e a ,... o 8 
is repeated an even number of times, there being no restrictions on the repetitions of odd 
index numbers. 

We can construct 77' in a similar way; or it oan be derived from 77 by part-reversals as 
in ( 9 ), i.e. by reversing the orders of arrangement of the horizontal and vertioal rows 
m every constituent. 

Thus the two general symmetric invariant transformands 77, rf cure completely biown 
symmetric counter-slopes of the quadrate class (b) and of the respective types 

W> *■}, K *"'} 

which oan always he so chosen as to he correlated by part-reversals. 

All the dements of each of them are homogeneous linear functions of o-i+t independent 
arbitrary parameters; and each of them is undegenerate when and only when every distinct 
even index number m the aeries e 1} e^, ... e a is repeated an even number of times. 

Ex. vi. The symmetric matrices 77 , 17 ' of Ex. v are also the general symmetric 
invariant transformands 

77=inv {A', f A}, 77 '=mv [A u tB{), 

where A 1} B x are any umlatent bi-canonical square matrices of the quadrate class (b) 
having latent roots c, -d such that cd = f. 

Again with respect to skew-symmetric invariant transformands we have 
the following theorem: 

Theorem III. The two general skew-symmetric inva/riant transformands 
7 = inv {A\ eA], 7’ = inv {A, eA'} 
oan always be so ohosen as to be connected by the symmetric relation 

7' = V7V; 

and they a/re both zero matrices when c a =|= e. 

If d i =e, i.e. if c = + Ve, each of them is a skew-symmetric matrix of order 
r containing exactly <r 1 + r arbitrary parameters, and having exaotly a 1 + t 
independent non-zero particula/risations; moreover each of them is unde¬ 
generate when and, only when every distinct characteristic potent divisor 
(\ — cfP+' with a given odd index is repeated cm even number of times. 

The first part of the theorem follows from Ex. iv of § 254 and Theorem III a 
of § 255. We will prove the second part of the theorem by constructions 
based on the formulae (0) of § 255. 

When c* = e, we will as before define 

A 0 = cA 
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to be the standardised unilatent bi-canonical square matrix of order r having 
the same characteristic potent divisors as A, and 

A = hA Q R 


to be any particular isomorphic transformation by which A can be derived 
from A 0 . Then Aha standardised unilatent bi-canonical (or canonical) 
square matrix whose latent root is 1, and the general skew-Bymmetnc 
invariant transformands in the second part of Theorem III can be taken 
to be the matrices given by the formulae 

Y=H'r i H > T = lwfh’ t .( 0 ) 

where H', h' are the conjugates of H, h, and where t], r( are the general 
skew-symmetric invariant transformands 

V = inv {Ao, eJ. 0 }, vf = inv { A 0 , *Aq) 
or 77 = mv{A', A}, *? 7 / = inv {A , A'}. 

Constructions for rj and rf are furnished by Theorem II of § 265, and from 
the properties of those matrices described in Ex. vii we deduce the second 
part of the above theorem. 

The proof of the second part of the theorem could be effected by similar 
constructions if A 0 were any standard compartite matrix equicanonical with 
A m which all the parts are unipotent square matrices. 

If Y = [y]^ is a general invariant transformand of one of the types 
mentioned in Theorem III, it will be obvious that the matrix 


Y = 



- y 


will become a general skew-symmetric invariant transformand of that type 
when the arbitrary parameters occurring in its elements have been reduced 
by substitutions to the smallest number possible. 


Ess. vu. Descriptions of the general skew-symmetric invariant transformands 
r)=inv{A\ A}, rj'^inv {A, A'}. 

If J is the part-reversant of the class (b), rj and rf can always bo so ohosen as to be 
connected by the symmetric relation 

.(9) 


and will both be known when one of them is known. Further if wo put 


~A i, 0, . . 0 

0 , A$, . 0 

_ 0 , 0 t ,.. A a 


Ojl flu i 


a11 flj i ... flfl 


»7lii »7i2j 
» 72 i) »?a 2 > 


Vu 
mi 


- fli i flj.... fli 


j » 7 *a, • • 7 ?si_ 


flljflu, ..fli 


where every part of A such as is a simple bi-cauomoal (or simple canonical) square 
matrix whose latent root is 1 , we see from Theorem II of § 266 that 17 (expressed in the 
form shown above) is the most general skew-symmetric compound matrix of the class (b) 
which can be constructed when for all permissible pairs of values of i and j the con¬ 
stituent rjij is an invariant transformand {AS, Aj). 
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The diagonal constituent rjn of 77 is a skew-symmetric simple square oounter-slope of 
type {it', ?r} which has been determined m Ex viu of § 257 and can be taken to be the 
skew-symmetric invariant 77 (a*) desonbed in Ex. x of § 257 . The total number of 
arbitrary parameters m the constituent rju is or J (a* — 1) according as e* is even or odd, 
and it has rank e { or ^ — 1 according as ^ is even or odd If j > 1, the two non-diagonal 
constituents r}y, 77of 77 are mutually skew-conjugate, and 77^ is a simple counter-slope of 
type {jr', 77-} which has been determined in Theorem IV b of § 256 , other forms of it 
being described in Ex 11 of § 267 . The total number of arbitrary parameters 111 the non- 
diagonal constituent 77# (as well as its rank) is the smaller of the two integers (e^, ej). 

The independent arbitrary parameters of 17 are those of its diagonal constituents 
(totalling t parameters), and those of the constituents lying on one side of the diagonal 
constituents (totalling o-i parameters) Consequently 77 contains exactly o-i+t' inde¬ 
pendent arbitrary parameters, the coefficients of which clearly form a complete set of 
independent non-zero partioularisations of 77. 

Beoause 77 is a quadrate slope, viz. one of type {«■', 7r}, we know by § 241 . 4 that det 77 
is the product of the determinants of all the paradiagonal prime minors of 77. Corre¬ 
sponding to an index number e which is Repeated exactly t times m the series e 1} e 2 ,... e s , 
there are exactly e paradiagonal prime minors each of whioh is equal to + [y]j, where 

[yt 18 : 

an arbitrary symmetric matrix of order t when e is even ; 
an arbitrary skew-symmetric matrix of order t when e is odd. 

Consequently 77 is undegenerate, 1 e all the paradiagonal prime minors of 77 are unde¬ 
generate, when and only when every distinct odd index number e in the series e x , e 2 ,... e s 
is repeated an even number of tunes, there being no restrictions on the repetitions of even 
index numbers. 

We can construct 77' in a similar way, or it can be derived from 77 by part-reversals as 
in ( 9 ). 

Thus the two general skew-symmetric invariant transformands 17 , 77' are completely 
known skew-symmetric counter-slopes of the quadrate class (b) and of the respective types 

W, tt}, {tt, it} 

which can always be so chosen as to be correlated by part-reversals, 

All the elements of each of them are homogeneous linear junctions of o-! +t' independent 
arbitrary parameters ; and each of them, is undegenerate when and only when every distinct 
odd index number in the series e lt 63 ,... e t is repeated an even number of times. 

Ex viii. The skew-symmetric matrices 77, 77' of Ex. vii are also the general skew- 
symmetrio invariant transformands 

77=mv {Aj, e5j}, 77'=inv {A u e^ 7 }, 

where A\, B 1 are any imilatent bi-canonioal square matrices of the quadrate class (b) 
having latent roots c, o' such that ad =*c. 

Ex. ix. The sum of a ‘general symmetric * and a ‘general skew-symmetrio’ invariant 
transformand (with independent parameters) of one of the types mentioned in Theorem 
II or III is an invariant transformand of the same type having 2o-] + t+t' = o- independent 
non-zero partioularisations, where o- is defined as in (2) and has the value given in Ex. iii; 
i.e. it is a ‘general’ invariant transformand of that type, as is otherwise obvious. 
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§ 260 . The invariant transformands of any pair of square 
matrices whose elements are constants. 


1. The general invariant transformands 
X = inv [A, eB), X' = inv [A\ eB'}, 7 = inv [A', eB), F' = inv [A, eB'}. 

.(a) 

Let A = [a]™ and B = [&]” be any two given square matrices of orders 

m and n whose elements are constants; let A’, B' be their conjugates; and 
let e be always the same one of the two integers 


e = ±l. 

If U and V are any particular undegenerate commutants {A r , A] and [B,B'}, 
we know (Bee Ex. in of § 254) that the four general invariant transformands 
(a) can always be bo chosen as to be connected by the relations 
X'=UXV, 7= UX, 7' = XV; 

and that they all have the same rank, and all contain the same number of 
independent arbitrary parameters, i.e. all have the same number of inde¬ 
pendent non-zero particularisations. 


In order to describe constructions for X, X', 7, 7', we will suppose the 
distinct latent roots of A and B to be bo arranged that they are 

Ci = \ Pa = CCa S ... C r = flC^ £& 1} 0%, a 3 ,...; .(1) 

And Ci = 6Ci 1 , Cg = ecg 1 , ... c r = € 0 f 1 , &i, ig, b 3 , . •; .(2) 

where c*c/ = e ; but a^bt =j= e, c^o/ =|= e > h&i =1= e- 

The arrangement is such that X, ju are (non-zero) latent roots of A, B 

satisfying the equation Xg, = e when and only when 

X = 0 i, p = Gi for one of the values 1, 2, ... r of i. 

We could have 

either a h c t = e (if aj L = c{), or b^cl = e (if b L = a ); 
and w r e could have City = o(c / = e (if c/ = cj and of = C {); 

or in particular c* 3 = c/ a = e (if ty = el = ± Ve). 


We will suppose further that 


A 0 


A lt 

0,.. 

0 , 0 - 


0,.. 

. o, 

0" 

0, 

A a ,.. 

o 

o 

o, 

B = 


. o, 

0 

0, 

o,. 

.. A„ 0 

0, 

o 

,.B r , 

0 

0, 

o,., 

.. 0 ,P_ 

• “r. i> 

_o, 

0,., 

.. 0, 

Q. 


Pi i Pa i Pri <1 


Pit Aii Prt 2 


.( 3 ) 

are standard compartite square matrices equicanonical with A, B respectively 
in whioh: 
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A-i is a standardised umlatent bi-canonical square matrix whose single 
distinct latent root is ; 

B % is a standardised unilatent bi-canonical square matrix whose single 
distinct latent root is c/; 

P is a square matrix whose distinct latent roots are cij, Oa, a a , ... , 

Q is a square matrix whose distinct latent rootB are b lf 6 a , b a ,.. ; 

and that A=liA 0 H, B = kB 0 K .(4) 

are given particular isomorphic transformations by which A, B can be 
derived from A 0 , B 0 . We could of course choose A 0 and B 0 to be standard 
bi-canonical square matrices with standardised unilatent super-parts, one 
corresponding to each distinct latent root. 


If the characteristic potent divisors of A and B corresponding to their 
latent roots Cf and cl are respectively 

(A - Ci) 11 *, (A - • • • and (A - clf ii , (A - c/)^,..., .. .(5) 

where the indices are arranged in descending orders of magnitude, then 
Ai and B l are standard compartite matrices of the quadrate classes 


mI* i’ 

\«u, Ofa> ••■/ 


and 


M 


ffivit & 2 > • ”\ 


in which all the parts are simple bi-canonical square matrices, and we have 
Oi=«u+ Otf-t- A = Ai+Aa + --“ 


By Ex. l of § 255 the four general invariant transformands (a) can be 
taken to be the matrices given by the formulae 

X=h£K } = Y = H'rjK, 7' = ^W.(A) 

where H\ kt are the conjugates of H, k, and where £, £', rj, rf are the general 
invariant transformands 


£ = mv { A 0 , el?o}» £' = i QV W> £ Bl] . V = hv { A 0 ', cP 0 }, i{ = inv {A 0 , &B 0 '}, 
constructions for which are furnished by Theorem II of § 255. In particular 
(using Theorem III a of § 255) we have 

1-f,, 0, ... 0, O' 1 A " 3 ~7J„ 0, ... 0, 0‘ A'A’-A”* 

0, ft, ... 0, 0 0, .. 0. 0 


(= 


0 , 0 , ... 0 

0 , 0 , ... 0 , 0 . 






V = 


0 , 0, ... 7j r , 0 
0 , 0 , ... 0 , 0 


*17 a a>- ■ a i->P 

.( 6 ) 


where £,, r) % are general invariant transformands 

fr = mv {. Ai, eBl\, = inv [Al, eB % ], 

these being compound slopes of the class 

J , • • e , 
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and of the respective types [tt, tt}, {tt', 7t'} which are completely described in 
§ 259. We can take £, £', rj, i\' to be compartite matrices of the same forms 
as £ and t) in which corresponding parts are correlated compound slopes of 
the respective types 

K 7t], {tt', tt], { 7 r, tt}, {tt, tt'} ; 
i.e. if J a and J b are the part-reversants of the classes 

11 j ®i2i •• • ®n» • ■ • p\ ^i2> ■ • • /^j] 1 ^ra» • • • (A 

they can be so chosen as to be connected by the relations 
= J<£Jb, V = Ja%> y=%J b - 

The independent arbitrary parameters of each of the general invariant 
transformands (a) are the parameters of the parts £ 1 , £ a , . £ r of which are 

all independent, and are known by § 259; and the rank of each of them is 
the sum of the ranks of the parts f a > ■■■ fr of f, which are all known by 
§ 259. Accordingly we see that: 

The four general invariant transformands (a) can be taken to be the 
matrices given by the formulae (A). Each of them has rank p, and in each of 
them the elements are homogeneous Unear functions of exactly <r independent 
arbitrary parameters , where p and <r are known when the characteristic 
potent divisors of A and B are Jcnown. 

The above argument remains applicable in the special case when B = A ; 


but (1) and (2) are then two different arrangements 

Cl 1 Cg , • • • C? 1 till (h, ^3j * ■ ■ > .) 

Ci = eCl *, Cg = 6Cj ... C r — eof 1 , &!> 0t»j, 0$, .(2 ) 


of the distinct latent roots of A ; and A 0 and B 0 are two different square 
matrices equicanonical with A. In this special case the construction described 
in sub-article 2 is more convenient, the places of A 0 and B 0 being taken by 
a single square matrix II equicanonical with A. 

We could have taken A 0 and B 0 in (3) to be simply compartite matrices 
equicanonical with A and B in which the parts are square matrices having 
the latent roots mentioned, the parts such as Ai and Bi being unilatent 
square matrices. In particular we could have taken A 0 and B 0 to be standard 
canonical square matrices equicanonical with A and B. We should still have 
the formulae (A) and the forms such as (6), the parts of r), rf being 
certain matrices having the same rankB and containing the same numbers of 
arbitrary parameters as before. 

Ew. i. Rank of the general invariant transformands (a). 

If pi is the rank of the part ft of £ in (6), the rank of each of the general invariant 
transformands X, X', 7, 7' is the integer 

p=p t +p a + +Pr, 
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where p t is the sum of the effective orders of the diagonal constituents of the standardised 
compound slope £ t) i.e the sum of the smaller integers of the pairs 

(“fli /3ii)i (oi 2 > fta), ■■ 

formed with the indices of the characteristic potent divisors (5). 

Hence if 2i, Tg, .. ... are the distinct irresoluble (or irreduoible) divisors of the 

square matrices 

A=[<-X[lt B-xpJ-pJ, 

and if those potent divisors of A and B which are powers of are 
Tfh, Tfh, ... and T % W, T&, . ., 

where the indices are arranged in descending orders of magnitude, the rank of the general 
invariant transformand {A, B } is the sum of the degrees in X of the highest common 
factors of all such pairs of corresponding descendant potent divisors of A and B as 

W«, Tfi 0, (Tfi h T &.'),.... 

Since the last result must remain true when the elements of A and B involve arbitrary 
parameters, X being another arbitrary parameter independent of them, we see that m 
such a case there exist non-zero invariant transformands {A, B } when and only when the 
two determinants 

det{H"-X[l©, det{X[6]*-[l]^} 
have an irresoluble (or irreducible) factor in oommon. 

Ex. li. Invariant transformands which are undegenerate square matrices. 

It follows from Ex. l that each of the general invariant transformands (a) will bo an 
undegenerate square matrix when and only when: 

(1) the zero part [0]^ of £ is absent, i.e. the latent roots suoh as ai, a a , a^, ... and 

h, 6 a , ... b 3 in (1) and (2) are all absent ; 

(2) all the parts of £ in (6) are quadrate slopes, so that m the characteristic potent 

divisors such as (6) we always have 

.... 

This is the case when and only when all the characteristic potent divisors of A and B oan 
be coupled together in pairs suoh as 

(X - o) s , (X — ec~ 1 )«, where o =$= 0, 

there being of course no zero latent roots. Thus, as oan be seen otherwise from Ex ix 
of § 255: 

The general invariant transformands (a) are undegenerate square matrices when and 
only when A and B are two undegenerate square matrices of the same order, and moreover 
are suoh that 

A and eB~* are equicanonical. 

When these conditions are satisffed, and any undegenerate partioularisations A r 0 , A 0 ', 
F 0 , To' of A, X\ Y, Y' have been determined, we could take the four general invariant 
transformands (a) to be the matrices 

X=PX Q) X'=P'X 0 \ F=Py 0 , F'~PF 0 ', 
where P, P are general commutants {A, A}, {A', A'}, or to be the matrices 
A=A 0 <2, A'=Z 0 F=F 0 <2, P'-Fo'^, 
where Q, Q are general commutants {B, B}, {B', B'}. 
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Ex. ni. The bilinear invariants of the substitutions si = A.se , ?/ =B.y . 

If we put e=l 3 and take «i, « a , ... u m and v lt t> 2 , ... v n to be the independent homo¬ 
geneous linear funotions of a; 2 , .. and 1 / 1 , y%, y n determined by the equations 

i—i i—i i—i _ i—i 

u <=EF. x . v =K. y , 

1 —'m 1 —'in '—'n 1 —'n 

the general bilinear invariant of this pair of substitutions is the funotion 

/=|>]„i- r.7 =[**]"> > 

L "“ I H l — 

where tj is the general invariant trausfonnand 77 =inv {ri 0 ' 5 B 0 } liavmg the form shown in 
( 6 ) There are exactly <r independent particular non-zoro bilinear invariants correspond¬ 
ing one by ono to the o- arbitrary parameters in 77 , the bilinear invariant corresponding to 
any one parameter being obtained by putting all the other parameters equal to 0 . 

We oau divide the <r independent non-zero bilinear invariants into major sets cor¬ 
responding one by one to the super-oonstituents 771 , 772 ,... y r of 77 ; and we can divide the 
bilinear invariants of the major set corresponding to each oompound slope iji into minor 
sets corresponding one by one to the simple constituents of 77 *. We then have one minor 
set of non-zero bilinear invariants corresponding to every such pair of characteristic 
potent divisors of A, B as 

(A - Gi )“, (A-Of -1 )^, where <n + 0. 

If y is the smaller of the two integers (a, 3), this particular minor set is composed of y 
functions which are completely described in sub-article 1 of § 268. 

2. The general invariant transformands 
X = ini 1 [A, eA), X ' = inv (A', eA'}, T = inv [A' } eA), Y' = inv [A, eA'}. 

.(a') 

Let A = [a]™ be a single given square matrix of order m whose elements 

are constants; let A‘ be the conjugate of A ; and os before let e be always 
the same one of the two integers 

s = ± 1. 

If S is any particular undegenerate symmetric commutant [A, A'}, so that 
$ -1 is a particular undegenerate symmetric commutant {A', A], we know 
(see Ex. iii of § 264) that the four general invariant transformands (a') can 
always be so chosen as to be connected by the relations 

X'-jSMXST, 7= S~'X, Y' = SX = SYS. 

In order to describe constructions for the general invariant transformands 
X, X\ Y, Y' which are more convenient than those of sub-article 1, we will 
now suppose the distinct latent roots of A to be so arranged that they are 

Ve, — Ve J Ci, Ci — 6Ci 1 j Cbj Oj = 1 ; . Or, Cy = eOr 1 j 0>i> ■ ■ ■ > • ■ -CO 

where c*c/ = e; but Cj a ={= <?, a A a =f=e, =J= <=; 

and where one or both of the latent roots Ve, — Ve may be absent. The 
arrangement is so chosen that if A has two unequal latent roots X, g. 
satisfying the equation = e, then for one of the values 1 , 2, ... r of i we 
must have either 

X = Ci, JA =s Gi Or X = Ci, fit = Ci* 
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If A has a latent root X such that X s = e, it must be either Ve or — Ve; mid 
A has no latent root X such that a^X = e. 

We will further suppose that 

— Pi < 7 j i 0/1 1 V 


n= 


p, 

0, 

0, 

0,. 

.. 0, 

0, 

0 

0, 

ft 

0, 

0,. 

.. 0, 

0, 

0 

0, 

0, 

-dll 

0,. 

.. 0, 

0, 

0 

0, 

0, 

0, 

B lt . 

.. 0, 

0, 

0 

0, 

0, 

0, 

0,.. 

~A r> 

0, 

0 

0, 

0, 

0, 

0,.. 

.. 0, 

P r , 

0 

0, 

0, 

0, 

0,., 

.. 0, 

0, 

G 


.( 6 ) 


“ er.e/.y 

is a square matrix equicanomcal with A in which : 

P (if it occurs, i.e. if p^O) is a standardised unilatent bi-oanonicnl 
square matrix whose smgle distinct latent root is Ve, 

Q (if it occurs, i.e if g =j= 0) is a standardised unilatent bi-canonical 
square matrix whose single distinct latent root is — V7; 

A x is a standardised unilatent bi-canonical square matrix whose single 
distinct latent root is c*, 

Pi is a standardised unilatent bi-canonical square matrix whoso single 
distinct latent root is c/; 

0 is a square matrix whose distinct latent roots are a u Oa, 03 , ; 

and that A = hUH .( 9 ) 

is a given particular isomorphic transformation by which A can be derived 
from fl. Using the definitions of § 255. i, we could choose 12 to be a 
standard bi-canonical square matrix havmg one standardised unilatent super¬ 
part corresponding to each distinct latent root of A. 

If the characteristic potent divisors of A corresponding to the latent 
roots c, and c/ are 

(X - c*)^, (X - c { y* ... and (X- c-)^, (X - c/)*=',.(10) 

where the indices are arranged in descending orders of magnitude, then 
Ai and B x are standard compartite matrices of the quadrate classes 

Ml 6 *' ^ -) and 

in which all the parts are simple bi-canonical square matrioes, and we have 

+ •••, e t / = e ix / + ej + .... 

Again if the characteristic potent divisors of A corresponding to the latent 
roots Ve, — V7 are 

(X - (X - Ve)», ... and (X+ i/e)* (X + Ve)«*,.(11) 
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where the indices are arranged in descending orders of magnitude, then 
P and Q are standard compartite matrices of the quadrate classes 

m( P i ’ Pa,m “) and M( qu ^ ’■), 

in which all the parts are simple bi-canonical square matrices, and wo have 

P=Pi+Pi + ••■) £= s ?i + ?.+ .— 

By Ex. ii of § 265 the four general invariant transformands (a 7 ) can be 
taken to be the matrices given by the formulae 

X = hm, Y=H , yH, Y' = hy'h', .(A') 

where f, £', tj, y are the general invariant transformands 

f = mv {12, ef2}, f' = inv {12', eC}, y = inv {I2 7 , eX2}, tj = inv {12, ef2'}, 
constructions for which are furnished by Theorem II of § 255. In particular 
(using Theorem III a of § 255) we have 


V = 


U, 0,0, 0 .... 0 , 0,0 
0 , F, 0, 0 , ... 0, 0,0 
0 , 0, 0, X u ... 0, 0,0 

0 , 0 , F, o,... o, 0,0 


- p,q,ei,e l ',...e r ,0r,y 


, ...( 12 ) 


0, 0, 0 , 0, ... 0 , X r , 0 

0, 0, 0, 0 , ... F r , 0, 0 

0 , 0 , 0 , 0 , ... 0 , 0 , 0 

- - Pi <h °n £ i i • e ri Hr i y 

where U, V, Xi, F* are general invariant transformands 

U=mv{F, eP}, V = inv {Q\ eQ} } X t = inv{A/, eBJ, F f = inv {£/, 

these being compound slopes of type t r} and of the respeotive classes 

\Pi>P2>--J \<Ii> (ft, ••■/ W,^-/ W »«**■■•/ 

whioh have been completely described in § 269. We can take t; > y, y to 
be compartite matrices of the same form as y in which corresponding parts 
or super-constituents are correlated oompound slopes of the respective types 

{tt, t r), {it, tt'}, {w, tt), {7r, tt}; 
for if J= (12, 12'} is the part-reversant of the same class 

jy- (Pi> Pi> • 5 Q[i) ?»>••• j .. •••> •**’ .. 'A 

VPi. Pa, ..., q u qa, .; e iB, •••; i e &> .» 7 ' 

as the super-slope 12, we can take them to be matrioes conneoted by the 
relations 


or 


= y = J& y’ = £J] 
y = JyJ, | = Jy, = yJ' 


o. m. 


40 
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Since the parameters of the various parts of r\ are all independent, the 
total number of independent arbitrary parameters in eaoh of the general 
invariant transformands (a) is the integer 

cr = u + v + 2^ + 2o- b + ... + 2 <r,, .(13) 

where u, v, o\ are the numbers of the arbitrary parameters m the parts 
U, V, X l of 17 , which are given in Theorem I and Ex. iii of § 259. Again 
the rank of each of the general invariant transformands (a'), being the sum 
of the ranks of the parts of 97 , is the integer 

p = p + q + 2 p 1 + 2 p a + . . -4- 2 p r , . (14) 

where p =p 1 +p a + ..., ? = +ff«+ 

and p t = sum of the smaller mtegers of the pairs (e a , ef), (e m , ej), ... 

formed with corresponding descendent indices in (10). We conclude that: 

The four general invariant tra/nsformands (a') can be taken to be the 
matrices given by the formulae (A'). Each of them has rank p, and in each of 
them the elements are homogeneous linear functions of exactly <r independent 
arbitrary parameters, where p and a are the integers given by the equations 
(13) and (14). 

Ex. iv. Undegenerate invariant transformands 

In order that the general invariant transformands (a') shall be undegenerate square 
matrices, it is necessary and sufficient that the zero part [ 0 ]* of the general invariant 
transformand >7 corresponding to the latent roots fli, Os, 03 >. ■ in (7) shall be absent, and 
that all the parts of 77 such as X t) T t Bhall be undegenerate square matrices, 1 e. shall be 
quadrate slopes, so that 

= ^ili e i2 =e &, • • • 

Thus each of the general invariant transformands (a') is an undegenerate square matrix 
when and only when all the characteristic potent divisors of A which are not powers of 
\ — d( or can be coupled together in pairs of the form 

(X-oj)®, (X-eOj -1 )", where ^ 0; 

i.e. when and only when A is an undegenerate square matrix such that 

A and eJ . -1 are equicanonical. 

If A has a zero latent root, Le. if it is degenerate, no one of the general invariant 
transformands (a') oan be undegenerate. 

3. The general symmetric invariant transformands 

Y = im [A', eA], Y' = inv {A, eA'} .(b) 

Let A = [a]” be any smgle given square matrix of order m with constant 

elements, and let the notations of sub-article 2 be applied to it. We will 
suppose that the distinct latent roots of A are so arranged that they are 

Ve, Ci, Cj' = ec^ 1 ; Ca, cf = eca -1 ; ... c r , c/ = ec r -1 , a 1 , a*, Oa, ... (7) 
as in sub-article 2. We will further suppose that a oompaxtite square matrix 
fl equicanonical with A has been defined as m (8), and that 

A = h£lE 
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is a particular isomorphic transformation by which A can be derived from f 1. 
For the characteristic potent divisors of A, which will be regarded as known, 
we shall use the same notations as m ( 10 ) and (11). If S is any particular 
undegenerate symmetric contra-commutant {A, A'}, we know (see Ex. iv of 
§ 264) that the two general symmetric invariant transformands (b) can 
always be so chosen as to be connected by the symmetric relation 

Y' = SYS . 


By Ex ii of § 265 wc can take Y and Y 1 to be the matrices given by the 
formulae 

Y=H' V H, Y' = h7)'h', .(B) 

where H', hf are the conjugates of if, h, and where 97 , r{ are the general 
symmetric invariant transformands 

7) = inv {fl', eH}, rj = mv {(1, efl'}, 

which are the most general symmetric specialisations of the matrices rj, rj' 
described m sub-article 2. In particular 97 can be represented in the form 
( 12 ), where now: 

( 1 ) U and V are symmetric matrices of the respective quadrate classes 


M ( Pli Pa ’ 

\Pi, p%, ••/ 


and 



viz. ‘ general symmetric 5 invariant transformands 
£7= inv [jP, eP} and F’=inv {Q' } eQ}, 
which are completely known quadrate slopes of type [rr f , tt} ; 

( 2 ) Xi and Y* are mutually conjugate matrioes of the respective classes 


M (*"'• 8,s '' ’'' 'j and M ( e& ; *V "V 

\6iij 6ia, ■ •■/ \6»ij 0fa> ■■/ 


viz. ‘general’ invariant transformands 

Xi = inv {Ai, eBt] and Y { = inv {B/, eA t }, 
which are completely known quadrate slopes of type (tt', w}; 

(3) the parameters of U, V, X lt X a , ... X r are all independent. 

This description of 17 is oorrect because the conjugate of a general in¬ 
variant transformand [AJ, e-B*} is a general invariant transformand {Bi, ed.*]. 


We can take 97 ' to be a compartite matrix of the same form as 97 , and 
corresponding parts or super-constituents of 97 , r{ to be correlated compound 
slopes of the types 

{t r, it], { 7 r, 7r'}. 

In fact if J is the part-reversant defined m sub-article 2 , we can always 
choose 97 and 97 ' to be connected by the symmetric relation 

97 ' = JijJ. 


Since the arbitrary parameters of Fi axe now the same as those of Xi, 

40—2 
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the total number of independent arbitrary parameters m each of the general 
symmetric invariants (b) is the integer 

& ~ u' V + (7 1 -+■ 0"a + ■ • ■ + 0V>. (13^) 

where u, v', o l are the numbers of the arbitrary parameters in U, V, X % , 
which are given in Theorems II and I of § 259. Again because X l and Y l 
have equal ranks, the rank of each of the general symmetric invariant 
transformands (b) is the integer 

p =p' + q' + 4 - 2p a + ... + 2p r , .(1^') 

where p', q’, pi are the ranks of U, V, X lt so that 

pi = sum of the smaller integers of the pairs (e u , ef), (e^, e^) . 

We conclude that. 

The two general symmetric invariant transforma/nds (b) can be taken to be 
the matrices given by the formulae (B). Each of them has rank p, and in each 
of them the elements are homogeneous linear functions of exactly <r inde¬ 
pendent arbitrary parameters, where p and a are the integers given by the 
equations (13') and (14'). 

Ex. v. Undegenerate symmetric invariant transformands. 

In order that 7 and 7’ in (b) shall be undegenerate, it is neoessary and sufficient that 
the zero part of the general symmetric invariant transformand r} corresponding to the 
latent roots a^, a^, a^, .. in (7) shall be absent, and that all the other parts shall bo 
undegenerate square matrices. The parts X u F la X 2 , 7 S , ... X,, Y r will be all undo- 
generate when and only when they are all quadrate slopes, i e. when and only when in all 
such pairs as (10) we have 

e fl ,==e il> 6<2 , = fl i2i > 

and the circumstances under which the parts U and V are undegenorate are desonbed m 
Theorem II of § 259. 

Thus the general symmetric invariant transformands Y and 7' m (b) are undegenorate 
when and only when: 

(1) all charaoteiistic potent divisors of A which are not powers of \ — de or \+*Je can 

be coupled together in pairs of the form 

(X— o) e , (X-fO -1 )*, where o#=0, c 3 =t=e; 

(2) every distinct characteristic potent divisor (X -•v / e) 2h or (X+Ve) 2 * with a given even 

index is repeated am. even number of times. 

Here the conditions (2) are additional to the necessary conditions that A must bo 
undegenorate and such that 

A and eA~ l are eqmoanonioaL 

Ex vi. The quadratic invariants of the substitution a/ =A. x . 

'—'w 1 —'m 

If we put c=l, and take u i: ... u m to be the independent homogeneous linear 
functions of x it x i: ... x m determined by the equation 

i—i r—i 

u x , 

1 —'m 1 —'m 

the general quadratic invariant of this substitution is the function 

/“[»]* Y 2 “Mm-l-2 , 

'—'m '—’n 
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where 17 is the general symmetric invariant transformant! tj =inv {Q', Oj- expressed m the 
form (12). There are exactly o- independent particular non-zero quadratic invariants 
oorresponding one by one to the <r arbitrary parameters in the quadratio invariant 
corresponding to any one parameter being obtained by putting all the other parameters 
equal to 0. 

We con divide the <r independent non-zero quadratic invariants into major sets 
corresponding one by one to the symmetrically placed super-oonstituents U, V of 17 and 
the pairs of conjugately situated super-constituents such as X u Y i} and we can sub-divide 
the major sets into minor sets corresponding one by one to the symmetrically placed 
simple constituents (the diagonal constituents of U and V) and the pairs of conjugately 
situated simple constituents. A minor set corresponding to a symmetrically placed 
simple constituent is oomposed of functions which ore completely described in sub-article 
2 of § 258. A minor set corresponding to a pan 1 of conjugately situated simple con¬ 
stituents is composed of functions whioh are completely described in sub-article 1 
of § 258. 

4. * The general skew-symmetric inva/riant transformands 

Y = inv [A' } eA), Y' — inv {A, eA'} .(c) 

We will suppose A , Cl and the isomorphic transformation (9) to be 
defined as m sub-articles 2 and 3. If S is any particular undegenerate 
symmetric commutant {A, A'}, we know (see Ex. iv of § 254) that the two 
general skew-symmetric invariants (c) can always be so chosen as to be 
connected by the symmetric relation 

Y' = SYS. 


By Ex. li of § 255 we can take F and F' to be the matrices given by the 
formulae 

F= H'yH, Y' = hrfh\ .(C) 

where H’, h! are the conjugates of H, h, and where 77 , 7/ are the general 
skew-symmetric invariant transformands 


77 = inv {IV, ell), V = mv {fl, efF}, 

which are the most general skew-symmetric specialisations of the matrices 
77 , 77 ' described in sub-article 2. In particular 77 can be represented in the 
form ( 12 ), where now: 

( 1 ) U and V are skew-symmetric matrices of the respectivo quadrate 
classes' 


M (&. p*.-) 

\p„ ft, ■■■> 


and 


ul*> 

Vji. 


?!. • •' 


viz. ‘ general skew-symmetric 5 invariant transformands 
U = inv {P, eP} and F= inv {Q', eQ}, 
which are completely known quadrate slopes of type {tt', tt} ; 

(2) Xi and F^ are mutually skew-conjugate matrices of the respective 
olasses 

M (<*,', «*.-) and 

j > ■ •' \®ii > 1 • ■ • 
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viz. £ general 1 invariant transformanda 

X t ~ inv [Au eBi } and 7 t = inv [Bf eA^, 
which are completely known compound slopes of type { 7 t, 7 r}; 

(3) the parameters of U, V, X lt X a , ... X r are all independent. 

We can take rj to be a compartite matrix of the same form as 77 , and 
corresponding parts of 97 , f to be correlated compound slopes of the types 

W, 77-}, {77", 77-'} 

In fact if J is the part-reversant defined in sub-article 2 , we can always 
choose 17 and 77 ' to be connected by the symmetric relation 

17 ' =jr)j. 

The total number of independent arbitrary parameters in each of the 
general skew-symmetric invariant transformands (c) is the integer 

<r = u" 4- v" + o - ! + Og + ... 4 - a - ,.,.(13") 

where n", v", <r* are the numbers of the arbitrary parameters of U, V, X t , 
which are given m Theorems III and I of § 259. Again the rank of eaoh of 
the general skew-symmetric invariant transformands (b) is the integer 

P = P” + f + 2/0. + 2p a + ... + 2 p r> .(14") 

where p", q", p t are the ranks of U, V, X l: so that 

Pi = sum of the smaller integers of the pairs (e^, ef), (e^, e ^),.... 

We conclude that: 

The t/wo general skew-symmetrio invariant transformands (c) oan be taken 
to be the matrices given by the formulae (C). Each of them has rank p, and in 
each of them the elements are homogeneous linear functions of exactly a inde¬ 
pendent arbitrary pa/ra/meters, where p and a a/re the integers given by the 
equations (13 // ) and (14"). 

Ex. vii Undegenerate skew-symmetric invariant transformanda. 

In order that T and 7' in (c) shall be undegenerate, it is neoessary and sufficient that 
the zero part of the general skew-symmetric invariant transformand tj oorrosponding 
to the latent roots a 1( <* 2 , < 23 ,... m (7) shall he absent, and that all the other parts shall 
be undegenerate square matrices. The parts X u 7 U r 3 , . . X r , 7 r will be all 
undegenerate when and only when they are all quadrate slopes, Le. when and only when 
in. all suoh sets of oharaoteristio potent divisors as ( 10 ) we have 

...; 

and the circumstances under whioh the parts U and V are undegenerate are desoribed in 
Theorem III of § 259 We oonolude that: 

The general skew-symmetric invariant transformands 7 and 7' in ( 0 ) are undegenerate 
when and only when: 

(1) all characteristic potent divisors of A which are not powers of\-sJ7 or X+Ve can be 

coupled together in pairs of the form, 

(X - c)«, (X— ec~ 1 ) # , where 0 =j= 0 , c 2 =|= t ; 

(2) every distinct characteristic potent divisor (X-\/ e )^+i or (X+s/e) 2i+1 with a given 

odd index is repeated an even number of times. 
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Here the conditions (2) are additional to the necessary conditions that A must be 
undegenerate and such that 

A and ed _1 are equicanoniool. 

Ev vm If P and Q are respectively a 1 general symmetric 1 invariant transformand 
and a ‘general skeio-symmeti'ic 1 invariant tran&formand of the same one of the types 

{A‘, <A}, {A, eA'}, 

and if the parametei's of P and Q are all different, then their sum S^-P+Q is a 1 general 1 
invariant transformand of the same type 

Let aSq be any particular invariant transformand of the given type, and let Sq be the 
conjugate of S. Because is an invariant transformand of the same type, we can put 

£o=£ (S 0 -So')-Po+Q a , 

where P 0 and Q 0 are particularisations of P and Q. Thus every particular invariant 
transformand of the given type is a particularisation of iS, Le. S is a general invariant 
transformand of the given type. 

The same result could be obtained by a comparison of the equations (13') and (13") 
with the equation (13) 
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§ 226 a. Rational integral functions of a matrix which is not 
square. 

First let <f> be any given square matrix of order m. We have obtained a 
unique interpretation of the Oth power of (f> by adopting the definition 

<j>° = I, where 1 = [1]™.(1) 

This is the only natural interpretation when <f> is an undegenerate square 
matrix, but is entirely gratuitous when <f> is degenerate. Independently of 
the interpretation (1) we have defined a rational integral function of (f> to be 
a square matrix of order m which can be expressed in the form 

•/"($) = \>-f + + \a$ 2 +... 4- \ r <f> r .(2) 

It is imphed in the definition (2), as well as m the definition (1), that: 

the wait nmtrios I is always to be regarded as a rational integral function 

of even when <j> is degenerate or a zero matrix .(3) 

In the particular case when m = ], this implication means that the number 
1 is to be regarded as a rational integral function of the number 0. It will 
be convenient to call f (<j>) a proper rational integral function of <fr when it 
can be expressed in the form 

/(<£) = + + V<£ r .(4) 

From Cayley’s equation we see that the unit matrix 7 is a proper rational 
integral function of <f> when and only when <f) is undegenerate. If we had 
avoided the implication (3) by using (4) as the definition of a rational 
integral function of <f>, then consistently with the definition (4) we could 
have retained the interpretation (1) when <f) is undegenerate whilst inter¬ 
preting <f>° to be a zero matrix (or leaving it uninterpreted) when <f> is 
degenerate; but if Cayley’s equation is g(<h) = 0, we could not then have 
spoken of g (<jj) as a rational integral function of <f> in the most important 
case when (f> is undegenerate. 

Now let A — [a]“ be any given matrix which is not square, so that n^m, 

In this case we can only give a unique interpretation to the Oth power of A 
by using the definition 

A>=[0]”, .(6) 

i.e. by interpreting A 0 to be a zero matrix, and we must define a rational 
integral function of A to be a matrix expressible in the form 
f (A) = XjA + XgA a + ... + X r A r . 

We will consider separately the two cases n>m, m>n. 


( 6 ) 
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Case I. When n > m, let 0 be the square matrix of order n formed by 
adding final horizontal rows of 0’s to A, so that 


Then the equations such as 


r a' n 


- J m, m 


48 - MI MI Ml Ml Ml -A?,... 


show that there is a one-one correspondence between all rational integral 
functions of A and all proper rational integral functions of <p such that 


— + ^3-d a + ... + =f(A) .(7) 

is a rational integral function of A when and only when 

r n » 

n =\<j> + M’+ -+M r =fW . O') 


J 771, 71—7)6 


is a proper rational integral function of <£. Thus all properties of rational 
integral functions of A can be deduced from corresponding properties of 
rational integral functions of the square matrix (f>. In particular g(A) = 0 
will be a rational integral equation of lowest possible degree s satisfied by A 
when and only when g (<j>) = 0 is a rational intogral equation of lowest 
possible degree s satisfied by the square matrix <f >; and g (</>) is necessarily 
a proper rational integral function of </> because <p is degenerate. 


Case II. When m > n, let <p be the square matrix of order m formed by 
adding final vertical rows of 0’s to A, so that 

A -Ml. +-[«.0]* M . 

Then the equations such as 

a >-Ml Ml = 4>A, ^ = MlMlMl = VA ,... 


show that there is a one-one correspondence between all rational integral 
functions of A and all proper rational integral functions of <$> such that 

[«]* =X 1 d + \ s d. a + ... +\ r d’’=/(d) .(8) 

is a rational integral function of A when and only when 

[», o]^ m " n - M +... + M> r -/(*) .(S') 


is a proper rational integral function of <j>. Thus all properties of rational 
integral functions of A can be deduced from corresponding properties of 
rational integral functions of the square matrix 0. In particular g (A) = 0 
will be a rational integral equation of lowest possible degree a satisfied by A 
when and only when g (</>) = 0 is a rational integral equation of lowest 
possible degree s satisfied by the square matrix <j >; and g (t p ) is necessarily 
a proper rational integral function of <jE» because <f> is degenerate. 


f 


t 


li 

* 


5 
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Rational integral functions of a matrix which is not square do not occur 
in practical applications of the Calculus of Matrices, because the products 
involved in them are not standard products. Moreover it will be evident 
that they do not even possess any special theoretical interest, because the 
theory of rational integral functions of any matrix can be regarded as 
co-extensive with, or lying within the range of, the theory of rational 
integral functions of a square matrix. 

This subordination of rectangular matrices to square matrices in one 
important branch of the Calculus, together with the stress laid upon it by 
Cayley, seems to have been the chief cause of the long neglect of rect¬ 
angular matrices which prevailed up to the time of Kronecker. 


Ex. i. If 



0 = 


r2 3 1- 
12 1 
_0 0 0 _ 


the rational integral equations of lowest degrees satisfied by A and <£ respectively are 
4 3 -4A 2 +4=0, 03-40 a +<£=O. 


Ex. n. If 



0 = 


~o 0 a~ 
0 o b 
_0 0 0 _ 


where a, 6, o are not all equal to 0, the rational integral equations of lowest degrees 
satisfied by A and cf> respectively are 

A i — cA = 0, (pp — c(f)= 0. 


Ex. in. If 


r2 In 


r 21 °n 

00 

J 0 = 

8 4 0 

L2 lj 


L2 1 oJ 


the rational integral equations of lowest degrees satisfied by A and (f> respectively are 

A*-QA=0, <£ 2 -6<£=0. 
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241a. Some properties of a standardised general compound 
slope. 

1. The accessary horizontal and vertical rows; the domina/nt accessary 
elements. 


Throughout this appendix it will be supposed that M is a standardised 


general compound slope of the class 

A. 

•••*•). 

.(a) 

\ a l , 

...CLy) 

where the a’s and /3’s are arranged in 

descending orders of 

magnitude, and 

that it is expressed in the form 

Xu, X JSl . 

y — P\ i j Pi 
.. A. u 


Xjn, Xm, . 

..x. 

> • • ■»• 

.(A) 

_ X,,, x,„ 

■ ■ • Xyg_ _ __ 



where the constituents such as X# are general simple slopes. It will he 
assumed that the index numbers in (a) and (A) are all different from 0, but 
we shall often use the interpretations 

cti = 0 when i > r, /3* = 0 when i > 8. 


It will always be understood that 

p is the sum of the smaller integers in the pairs of corresponding 
descendent horizontal and vertical index numbers 


as defined in § 241. s; and the effective order of the constituent Xy, i.e. 
the smaller of the two integers a* and /3will ordinarily be denoted by y^. 

By considering separately non-zero elements lying in, below, and to the 
right of the diagonal constituents it will be seen that if e is a non-zero 
element of M, either the horizontal or the vertical line through e must out 
the paradiagonal of some diagonal constituent, the three possibilities being 
that there is a principal paradiagonal element: 

(1) in the same horizontal and also in the same vertical row as e; 

(2) in the same horizontal but not in the same vertical row as e ; 

(3) in the same vertical but not in the same horizontal row as e. 

Every element which lies neither in the same horizontal nor in the same 
vertical row as a principal diagonal element must be 0. Hence if we strike 
out the p horizontal and p vertical rows passing through the p principal 
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paradiagonal elements, we strike out all the non-zero elements, and convert 
M into a zero matrix (which will be non-existent when M is quadrate). 

By an accessary horizontal or vertical row we shall mean one which does 
not contain a principal paradiagonal element, i.e one which does not cut 
the paradiagonal of any diagonal constituent. The non-zero elements (2) 
are those which lie in the accessary vertical rows, and the non-zero elements (3) 
are those which lie in the accessary horizontal rows The accessary hori¬ 
zontal and vertical rows (which include the complete horizontal or vertical 
rows of 0’s) intersect m zero elements only. They are of course absent when 
M is quadrate. 

If h is the last paradiagonal element which is reached as we pass from 
above downwards along one of the accessary vertical rows, we will call h the 
dominant accessary element of that row If H is the constituent in which h 
lies, the accessary vertical row through h will cut all constituents lying 
below H in zero elements only, and the horizontal line through h (see Ex l) 
will pass through a principal element a of a diagonal constituent A lying 
completely to the left of H. 

If k is the last paradiagonal element which is reached as we pass from 
left to right along one of the accessary horizontal rows, we will call k the 
dominant accessary element of that row. If K is the constituent m which k 
lies, the accessary horizontal row through k will cut all constituents lying to 
the right of K m zero elements only, and the vertical line through k 
(see Ex ii) will pass through a principal element a of a diagonal constituent 
A lying completely above K. 

Every accessary horizontal or vertical row will be completely known 
when its dominant element is specified 

Ess. i. Let a be a principal element of a diagonal constituent A, and let the horizontal 
line through a out a constituent E m a non-zero element e, and the paradiagonal of E in 
the element e 0 . If e lies in an accessary vertical row, so does e Q , because it has a greater 
horizontal apical distanoe than e in E. 


a 


ege 


a h b! h" 
0 0 0 0 


If E lies to the left of A (or is A), the vertioal line through e must out the para- 
diagonal of a diagonal constituent lying above E (or the paradiagonal of A), and cannot 
be one of the acoessary vertical rows. 

Thus yf e or e 0 lies on an accessary vertical row , them E must lie completely to the right 
of A. 

Suppose that e 0 lies on an accessary vertical row which cuts all constituents lying 
below E m zero elements only Then by Ex. vn of § 241 the vertioal line through a 
must cut all constituents below A in zero elements only; moreover if there is a con¬ 
stituent E' lying between A and E, and if the horizontal line through a and e 0 cuts the 
paradiagonal of E' in the element e 0 \ then the vertical line through e Q ' must cut all 
constituents lying below E' in zero elements only. 
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Thus if the, horizontal line tkiough a cuts any accessary vertical row in a dominant 
element h, the vortical line through a must cut all constituents lying below A in zero elements 
onlyl mcreovm' all such dominant elements h, h, h ",... on the horizontal line through a lie 
in a series of consecutive constituents situated to the right of A, and starting mth the 
constituent next to A on the right. 

Ex. u. Let a be a principal element of a diagonal constituent A, and let the vertical 
linp through a cut a constituent E in a non-zero element o } and the paradiogonal of E in 
the element e 0 . If e lies in an accessary horizontal row, so does e 0 , because it has a 
greater vortical apical distance than e in E. 

a 

a 0 

; h 0 

- U 0 


If E lies above A (or is A), the horizontal line through e must cut the paradiogonal of 
a diagonal constituent lying to the left of E (or the paradiagonal of A), and cannot be 
one of the accessary horizontal rows. 

Thus if e or eg lies on an accessary horizontal row, then E must lie completely below A. 

Suppose that e 0 lies on an accessary horizontal row which cuts all constituents lying to 
the right of E in zero elements only. Thon by Ex. viii of 55 241 the horizontal line 
through a must cut all constituents to the right of A in zero dements only ‘ moreover if 
there is a constituent E‘ lying between A and E, and if the vertical line through a and e 0 
outs the paradiagonal of E 'm the element e^, then the horizontal line through o 0 ' must 
out all constituents to the right of E 1 in zero elements only. 

Thus if the vertical line through a cuts any accessary horizontal row in a dominant 
element Je , the horizontal lino through a must cut all constituents lying to the right of A in 
zero elements only; moreover all suoh dominant elements k, h, k",... on the vertical line 
through a lie in a series of consecutive constituents situated below A, and starting with the 
constituent next below A. 

Ex. iii. If x and y are non-zero dements lying respectively in an accessary vertical and 
an accessary horizontal row, and if the paradiagonal of the same diagonal constituent A 
is out 

by the horizontal line through x in the principal clement x', 
by the vertical line through y in the principal element ff, 

then ■ 

(а) the four elements common to the vertical rows through x , x' and the horizontal rows 

through y, y' must be all equal to Oy 

(б) of and y' must be different paradiagonal dements of A. 

If {x, y} always means the element common to the vortical row through an element x 
and the horizontal row through an element y, then to prove the first result we have 
to show that 

to 3/}> to, to y'}. to, f) .(1) 

are four zero elements. The seoond result, which is already known to be true, will follow 
from the equation {of, ?/}=0, which shows that mi must have a smaller vertical (or 
greater horizontal) apical distance in A than . 
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We will denote the constituents m which x and y he by X and F. Because X must 
lie to the right of A and 7 below A, it will be sufficient to prove (a) for a standardised 
compound slope 


J/i = 


A, X f Q 

P, ^ F 
0 . To 


*,P, 2 


a, h, h 


or Mn= 


'A, Q , X 

r, r., & 
p, f, -r, 


- a, P, a 


~ a, k, h 


in which X 0 is the diagonal constituent below X, and F 0 the diagonal constituent to the 
right of F. The matrix Mi or M% is derived from the smallest corranged minor of M 
which contains the constituents mentioned by striking out the complete rows of 0 ’s, this 
simplification being allowable because no one of the elements x, y, M, ?/ lies on one of the 
oomplete rows of 0 ’s. If X Q is absent, we can use the form M 2 in whioh h =0 , if F 0 is 
absent we can use the form M\ m which #= 0 . Beoause X 0 must contain vertical and F 0 
horizontal rows of 0 ’s, we must have p>h and k > q. Accordingly we have 
a<)(Lp>h<$.Je><i in Mi, aA(.k>q^p>h in M 2 . 


If we make use of Exs. in, vn, vm of § 241, the proof is very simple. 

In Mi we have {x, y }=0 by Ex. in; therefore also {a;, y '}=0 by Ex. viii, therefore also 
{M, y}= 0 , {a!, y'} = 0 by Ex. vn 

In M 2 we have {a;, y }=0 by Ex. lii, therefore also {of, y }=0 by Ex. vu; therefore also 
{so, /}= 0 , {of, /}=0 by Ex viiL 

A more direct proof can be obtained by supposing the (horizontal, vertical) apical 
distances of the elements 


x, y, of, y to be (£, X), (/*, 77 ), (£, X), {p, V), 
m their respective constituents X ,, Y, A, A of effective orders p, k, a, a, so that those of 
the four elements (1) in their respective constituents £?, X, F, A are 

{fe v}> «, VK {f. *>, , *fb 

Then (see Ex. 1 of § 241) from the given relations 

£+X-l;f>p, £'+X=a + l, f<tA+l; p+ij-l^k, p + rf ^a+ 1, T)-l£q + 1, 
we can deduce the relations 


f+i 7 -l-^<|;l in J/ij f+jj-l-^l m M%\ 

f'+17 — 1 -£*£ 1 , |' + 77 , -l-a<i: 1 in Mi and M 2 \ 
and these establish the theorem. 


The result ( 6 ) is equivalent to the statement that: 

If the horizontal line through a principal element a outs an accessary vertical row in an 
element x, and the vertical line through a cuts an accessary horizontal row in an element y, 
then either x or y or both of them must be 0 ; it is impossible for them to be two non-zero 


Ex iv. If x and y are non-zero dements lying respectively vn an accessary vertical and 
an accessary horizontal row, and if 

of is the principal paradiagonal element m the horizontal row through x, 
if is the principal paradiagotial dement in the vertical row through y, 
then the four dements common to the vertical rows through x, cl and the horizontal rows 
through y, y“ must be all equal to 0 . 4 

This theorem is immediately deduoible from the general theorem given m Ex. xvi of 
sub-artiole 4, but an independent proof will be given. We will again use the notation 
{a;, y} for the element of M oommon to the vertical row through an element x and the 
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horizontal row through an element y, bo that the four elements to be proved equal 
to 0 are 

to, #}> to, y), to, 2/'}. to* y) .( l ) 

Let X he the constituent of M in which the element x lies, and let X', 2T 0 be the 
diagonal constituents to the left of X, below X, so that X' is the constituent in which sd 
lies ; also lot Y be the constituent m which the element y lies, and let I 7- ', F 0 be the 
diagonal constituents above Y, to the right of Y, 

X X Y f 


AT 0 Y Y 0 

so that Y' is the constituent in whioh y lies. The particular cases m which X 0 or Y 0 
is absent are included in the general treatment. In all oases X 0 oontams vertical rows of 
0’s, or has more vertical than horizontal rows; and Y 0 oontains horizontal rows of 0’s, or 
has more horizontal than vertical rows. From Ex. in or from Exs. vu and viu respec¬ 
tively of $ 241 we see that: 

The, vertical rows of M through x and x' cut all horizontal rows which lie below X 0 
(or pass through Af 0 ) in zero elements only. .{.(2) 


The horizontal rows of M through y and y cut all vertical rows whioh lie to the right of 
Y 0 (or pass through Y 0 ) in zero elements only .(2') 

The constituents and elements which have been mentioned all lio in a corranged 
minor of M which is a standardised general compound slope Q formed by the inter¬ 
sections of the horizontal and vertical rows passing through the diagonal constituents 

A", X Q , Y\ Y q .(3) 


and in proving the theorem we can replace M by Q. Wo oan describe S2 completely by 
describing the order of arrangement from left to right and from above downwards of the 
diagonal constituents (3) in M and (2. Since the two constituents X 0 and F 0 oannot be the 
same, and since X' always lies to the left of Xq, and Y' to the left of F 0 , at least three of 
the four diagonal constituents (3) must he different. If only three of them are different, 
their possible arrangements in M and Q are the following four : 


x=r, x 0 , y oS x=r, r„, jt o; ,r, x,= r, r o; r, r 0 =x, x 0 


The theorem has been proved for the first two of those arrangements in Ex. m, where 
X'= Y'=A , and the principles (2) and (2') respectively Buffloe to show that it is true for 
the third and fourth arrangements. 


Supposiug then that the four diagonal constituents (3) are all different, thoir possible 
arrangements m M and Q are the following Hix: 

(i) X', X 0 , r, Y 0 ; (li) X, r, A r 0 , Y q , (ili) A", Y, Y 0 , AT 0 ; 

(0 Y', Yq, X, Xq, ( u ') Y', X', Y 0 , X oi (fix') Y', X, JT 0i Y 0 . 

The principle (2) applied to horizontal rows of n through or below X 0 shows that: 
to, y), to, y), to* l/h to* if) bH 0 in (i) 5 

to* Vl to* V) 616 1)01111 0 111 (ii)* (bi') > 

the principle (2') applied to vertical rows of Q through or to the right of Yq shows that: 

to y), to y% to* y)> to* y') ^ aU 0 m (i'); 

to* y }, to. if) are b°th 0 in (ii), (iii'); 

from Ex. vii of § 241 applied to horizontal rows below X' and AT we see that: 

if to, y)= 0* then to* 3 /}= 0 ; if to lf)= 0, then to. l/)~ 0 in (i), (ii), (iii); 

if y}=0, then to, #}=0 in C il ')» ( ui 0 *' 
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and from Ex. vni of § 241 applied to vertical rows to the right of Y' and Y we see that 
if {*, y] = 0, then {x, }= 0 , if {*■', y] = 0, then {x\ y'}=0 in (i'), (if), (in') , 
if {x, y) =0, then (a?, f )=0 in (n), (m) 

It follows that in every arrangement all four of the elements (1) are equal to 0. For 
instance in the arrangement (ii) we have 

{x, y}= 0, {#', y}=0 by (2); {«, /}=0 by Ex. vni j {x\ ij }=0 by Ex. vn ; 
and m the arrangement (in) we have 

{#, y}=0, {x, 1 / 1=0 by (2'), {af t y}= 0, {#', /}=0 by Ex. vii of § 241. 

2 . Preclusive paths and groups. 

Selecting any principal element a^ of the leading constituent X n of the 
standardised general compound slope M, we will construct a zig-zag path by 
travelling in succession 

from On horizontally rightward to the next paradiagonal element # 12 , 
from ecu vertically downward to the next principal element a^, 
from 02 s horizontally rightward to the next paradiagonal element aa w , 
from tfa, vertically downward to the next principal element 033 , 

On • ■ • ®12 hi • • ■ ha 

Ogg . .. #2g O92 . . . #23 

®33 hs 

continuing in this way as long as possible, and we will call it a preclusive 
path based on the principal paradiagonals. The paradiagonal elements 
(hi, &i 2 , ha, # 23 , O 33 ,... lie respectively in the constituents Xu, X ia , Xau, 

Xaj, X 33 . The suffixes mdicate the constituents to which they belong, 

and not their positions m the constituents. The total number of such paths 
is equal to the effective order 7 =<y n of the leading diagonal constituent X n , 
i e. to the number of elements lying on the paradiagonal of X u . Since a 
umquely determinate preclusive path can be drawn backwards from any 
given principal element of if to a principal element of X u , we see that: 

Every principal element a** of M lies on one and only one of the pre- 
olusive paths , viz. one which passes through principal elements On, 0&, ... a**; 0 / 
Xu, X 22 ,... X«. 

It follows that the principal elements of M can be divided into group 
according to the preclusive paths on which they lie. We will call these the 
preclusive groups of the principal elements, and denote by 

ffi> 92, ■■■ g y .(B) 

the groups corresponding to the paths through the principal elements in the 
1 st, 2nd,... 7 th apical horizontal rows of X n (the horizontal row through the 
apical element being the first apical horizontal, row). The elements com¬ 
posing each group will be arranged in-the same order from left to right 
(or from above downwards) as in M 
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If is any given diagonal constituent of M, and if u, v, w are the 
effective orders of X u , Xi ti+1 , X i+lti+1 , so that 

u -j: v <j: w, (w being 0 when X^ <+1 is non-existent), 

the u preclusive paths which reach the u principal elements of X lt belong to 
u consecutive groups in (B), and can be divided into three sots of paths 
belonging to consecutive groups, there being exactly: 

v — w preclusive paths ‘ quasi-terminate in Xu,’ .(4) 

each of which can be continued from some principal element a t c of Xu to a 
non-principal paradiagonal element Xi t l+1 of X t(i+1) but cannot be continued 
any further because the vertical line through x^i +1 cuts all constituents 
lying below X^i+j (if such exist) m zero elements only, 

w preclusive paths passing through X ti and X lii+1 to X< + j lt+1 ; ...(5) 

u-v preclusive paths ‘pleni-terminate in X«,’ .(6) 

each of which reaches some principal element au of X n , but cannot be con¬ 
tinued any further because the horizontal line through a w cuts all constituents 
lying to the right of Xu (if such exist) in zero elements only. The w through 
paths (5) always exist except when Xu is the last diagonal constituent; and 
they lie between the paths (4) and (6). The quasi-terminate paths (4) exist 
when and only when the effective order of is less than those of 

X l>l+1 and Xu, i e. when and only when Xf +M+1 has a smaller cffcctivo order 
than Xu and also 

contains vertical rows of 0’s; 

and they lie on the apical horizontal side of the other paths in Xu. The 
pleni-terminate paths (6) exist when and only when the effective order of 
X %i is greater than those of X M+1 and X l+ i ( i +1 j and they lie on the basical 
horizontal side of the other paths in Xu. 

Every preclusive path must start from some principal element an of Xu, 
and must terminate in one and only one of the following two ways : 

(a) It may be quasi-tei'minate at some principal element an, i.e. it may 

proceed horizontally from a« to a non-principal element x^ i +1 from 
which it cannot be continued vertically. In this case (see Ex. vii of 
§ 241) the vertical lines through the elements au and i +1 cut all 
constituents lying below them in zero elements only j i s 

dominant element of an accessary vertical row; and the diagonal 
constituent containing au must be immediately followed by a diagonal 
constituent of smaller effective order having vertical rows of 0’s, 
i.e. having more vertical than horizontal rows. 

( b) It may be pleni-terminate at some principal element an from which 
it cannot be continued horizontally. In this case (see Ex. viii of 
§241) the horizontal lines through the elements (if i + I) an( ^ 
an cut all constituents to the right of them in zero elements only; 

41 


o. m. 
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and the diagonal constituent containing must be immediately 
followed (if it is not the last) by a diagonal constituent of smaller 
effective order. 


Preclusive paths and groups. 



Quasi-termmate groups of 
principal elements. 

Si = Mi» -^i > Q \, Dj), 

03 = Ms • -® 3 » a) i 

08 = Ms I -®S I ^ 3 1 ^3)1 
04 = M 4 > -84} < 7 ^, D^, E^Ffj, 
0 B = Mb> -83> 0 B , D S ,E B ,F B ), 
0 B = Mb» -®6 > ^6> ■^B'^'Bi ^bIj 


Pleni-terminate groups of 
principal elements. 

Si ^i^-^i)> 

08 = Ms 1 -®8) ^ 81 -®s)» 

0B = Mb i -®o)» 

010 = Mio. B 10 ), 

0 n = Mn > -®n) 1 

013 = ^13, 


013 = -^13t 
0 H = -^14> 

0 ib = Ab» 


01 fl— ■^lB’ 

It will be clear from (4), (5), (6) that the preclusive groups arranged as 
in (B) are divided naturally into two sets lying on the left and right respec¬ 
tively : , 
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those on the left (the quasi-terminate groups) belonging to the paths (a) 
and containing more and more elements as we pass from left to right, 

those on the right (the pleni-terminate groups) belonging to the paths ( b ) 
and contaimng fewer and fewer elements as we pass on from left to right. 

It can be shown by repeated applications of Exs. vi, vii, viii of §241 
that: 

The vertical lines through the principal elements lying on the quasi-tet'mi- 
nate preclusive paths ( a ), and therefore those through , all the elements of any 
quasi-terminate preclusive group g, intersect the accessary horizontal rows in 
zero elements only .(Bi) 

The horizontal lines through the principal elements lying on the pleni- 
terminate preclusive paths (b), and therefore those through all the elements of 
any plem-terminate preclusive group g, intersect the accessary vertical rows in 
zero elements only .(B s ) 

If g and g are any two preclusive groups such that rf occurs later than g 
in the senes (B), then the vertical rows through the elements of g and the hori¬ 
zontal rows through the elements of gf intersect one another in zero elements 
only .(B a ) 

The theorems (B^, (B„), (B a ) are proved m Exs. vi, v, vii respectively 
They remain true when we add to the principal elements of each quasi- 
terminate group the final dominant accessary element in which the corre¬ 
sponding path terminates, and also any other dominant accessary elements 
through which the path could be continued horizontally. For (B x ) this 
follows from the fact that accessary horizontal and vertical rows intersect 
in zero elements only, for (B a ) it is proved in Ex. viii. 

Simpler and more comprehensive proofs of these theorems are given in 
sub-article 4, (B x ) and (B a ) being included in Ex. xiv, and (B a ) in Exs. xv 
and xvi. 

The figure on p. 642 shows the preclusive paths of a standardised general 
compound slope of type {tt, 7 t} and of the class 

/16, 11, 8,8,6, 5,4, 4\ 
m \16,14, 10, 9, 3, 3 y 

in which the effective orders of the successive diagonal constituents 
A, B, 0, D, E, F, ((?, H) are 16,11,8,8,3,3,(0,0) 

when the f non-existent ’ diagonal constituents Q, H of effective order 0 are 
included. The shaded right-angled triangles represent the effective regions 
within which and on the boundaries of which the non-zero elements lie, the 
hypotenuses being the paradiagonals of the simple constituents. The faint 
dotted lines represent the accessary horizontal and vertical rows; the large 
dots represent the principal elements; and the small circles represent the 

41—2 
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dominant accessary elements The preclusive paths joining the principal 
paradiagonal elements are shown by the thick continuous lines, the last 
principal elements on them being marked by arrows; and the extensions of 
those paths through or to the dominant accessary elements are shown by the 
thick broken lines. Those principal elements of the 1st, 2nd, 3rd,... diagonal 
constituents which lie on the ith preclusive path g l are denoted by Ai, B %) 
Oi , .... The occurrence of preclusive groups con taming only one principal 
element is due to the fact that the greatest effective order 16 of a diagonal 
constituent is not repeated, so that the first diagonal constituent is followed 
by one of smaller effective order. 

Ex v Let a be a principal element lying on a preclusive path p, and let the horizontal 
line through a cut one of the accessary vertical rows m a non-zero element e. 

Then p cannot terminate at a, and if it is continued through a non-principal para¬ 
diagonal element x to another principal element a', the horizontal line through a' must oul 
the accessary vertical row through e m a non-zero element d. 

a x ... e 
— a' ... d 

By Ex i the constituent E containing e must he completely to the right of the diagonal 
constituent A containing a; and because the horizontal line through a cuts the para¬ 
diagonal of E, it cuts the paradiagonal of the constituent X lying next to A on the right 
in an element x, i.e. p does not terminate at a, hut is continued to x. If E is X, then x 
(see Ex 1 ) lies on an accessary vertical row, and m this case p will certainly terminate 
at x. 

If p does not terminate at x, but is continued from x to a principal element a' of a 
diagonal constituent A' lying immediately below X, then E lies completely to the right of 
X, and by Ex. vm of § 241 the horizontal line through a' cuts the accessary vertical row 
through e in a non-zero element d. By the same argument p cannot terminate at a'. 

By repeated applications of this result we see that p cannot terminate at a principal 
element, i.e. it must be quasi-termmate. 

Ex. vi. Let a be a principal dement lying on a preclusive path p ) and let the vertical 
line tb’ough a out one of the accessary horizontal rows in a non-zero dement e 

Than ifp does not terminate at a, it is continued through a non-principal pa/radiagonal 
element x to another principal dement a' which is such that the vertical line through a' cuts 
the accessary horizontal row through e in a non-zero element d. 

a x 
— a' 

e d 

By Ex. n the constituent E containing e must lie completely below the diagonal con¬ 
stituent A containing a. If there is no constituent to the right of A, the path oertainly 
ter mina tes at a. Dismissing this case we will denote the constituent next to A on the 
right by X,\ and the diagonal constituent immediately below X by A' If E is the con¬ 
stituent next below A, i.e. if A' is the constituent next to E on the right, the accessary 
horizontal row through e outs all constituents to the right of E in zero elements only; 
therefore by Ex. viii of § 241 the horizontal line through a cuts all constituents to the 
right of A in zero elements only; therefore p certainly terminates at a. 
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If p does not terminate at a, but is continued to a paradiagonal element x of X, then 
there is at leaet one constituent between A and E. In this case the path p is continued 
vertically from x to a principal element a' of A ', for otherwise the vertical line through x 
would out all constituents below X in zero elements only, and by Ex. vii of § 241 tins is 
only possible when the vertioal line through a outs all constituents below A in zero 
elements only; moreover because the accessary horizontal row through a lies completely 
below A', it follows from Ex. vii of § 241 that the vertioal line through os cuts it in a 
non-zero element e‘. 

By repeated applications of this result we see that p oannot terminate at a non- 
pnncipal element, i.e. it must be plem-terminate. 

Ex. vii. Analytic treatment of two preclusive paths. 

Let a 11} 022 , • a qa forming the group g and a x {, ... forming the group g' be 
the successive principal elements lying on two different preclumve paths constructed as in 
tho text, and let h be the smaller of the two integers p and q, so that Xj,h is the lost 
diagonal constituent of M wluoh both paths enter. So far as the paradiagonal elements of 
these paths are concerned, we may suppose the (horizontal, vertioal) apical distances of 
a it , a^, x' iji + i to bo (X t , m), + pt), (X/, H-i), Wi+u /V) 

in their respective constituents X ti or ^i + l- Then if the effective order of a constituent 
Xij is always denoted by yy, we have the equations 

X<+i +w - l=y<.i + i> ( l= li 2, ... q — 1), \ -hpt ~ 2, tf)» 

Vi + i+/xi'-l=yt f i + i, (i=l, 2,. p-1); \;+m'-l = yu, (i=L 2, ... p), 
which lead to the equations 

x*-x t+1 = 7 «-yu+ij h ~iH+i =y<.i+i~y<+M+ij (i=ij 2 ,... 1 ); 

x i '-x / t+l =y«-yi J i + i, 2 ,.. p-i); 

and to the obviously true equations 

/^'-/ 4 =X 1 -X i '=r, (i=l, 2, . A), 

where r is the amount by which tho vertical apical distance of af exceeds that of in 
the diagonal constituent Xu for the values 1, 2, ... k of i. 

Now let “mu'}? («=!> 2, ... p\ v=l, 2, ... q), 

be the element of M which is common to the vertical row through a m and the horizontal 
row through a, ( „', and let E m be the apical excess of e HV in its constituent A OT . The pq 
elements suoh os e uv form a matrix 

r e n eia ... e lQ 

#=[<?] ^21 e n e lq 

°pl ^ e PQ _ 

which is a corranged minor of M\ and because the (horizontal, vertical) apical distances 
of are (X*, pf), we have 

E wl =\ 1l +p u '-l-yw, («= 1 > % P! V = I > 3 > — ?)> .C 7 ) 

and j&xi = Ea => ... = Ej& =■r. 

By mnlring use of Exs. vii and viu of § 241 as generalised in Ex. xiv we can proceed from 
this last result to the proof of the theorem (B 3 ) which is given in Ex. xv. 

We oan also complete the proof of (B g ) with the aid of Ex. vi of § 241 by observing 
that the pq integers E w satisfy the relations suoh as 

Ei, j+ y-E u =(y a - yi,i +i) - (^ - ^+1 ) = (y« “ 7 U+ 0 “ " Vhi+1 ) 

■£0 if 3>0 if 
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+ i.j - Ea~ (y tj—y< + i,i ) - (/*/ - H-'i+ 1)=(y tj ~ yi +w) ~ (■ yt, <+1 - yi +1, <+1) 

<j:o if 4<?-i, ■jpo if lj 

which include Pt,i+ i~ T t (4=1, 2, . . £-1). 

It follows that the matrix E has the following two properties 

(1) The apical excess of an element always tends to increase as it moves away from a 
diagonal element (actual or non-existent ) along any horizontal or vertical row 

(2) The diagonal elements e llf e^, ... e kle all have the same apical excess r. 

Consequently when the non-zero integer r is positive, all the elements of E are equal to 
0; i e. the theorem (B a ) is true. 

Ex. viii. Augmmted preclusive groups. 

If when g in Ex vii is quasi-termmate we take its elements to be 

^llj a S2j a qqi ^0,0 + 1 > ^ 0 , 9 + 2 ) ■ ^Qti 

where the added elements are the successive dominant accessary elements in which the 
horizontal row through a QQ cuts the accessary vertical rows, we must repluce E by a 
matrix 

formed by adding t—q final vertical rows to E, and we have the additional equations 

^9+t> yQ+i)Q+ij (*=1, 2, ... t-q), 

leading to y q ,i+i, (i=q, £+1, .. t- 1), 

\>7q+i,a’> (*-l, 2, ... t). 

If there ai’o any new diagonal elements in E' (when p > j), they must all be 0’s, because 
the added rows are all accessary and intersect diagonal constituents m zero elements 
only Eor all elements of E and E' we have 

Eij>0 when i>q\ 

■Ei+i,i--fiij=(yij-yi+i,i)-(yi,i+i-yi+i,i+i) *£0 if i-^j-i, ^>o if %^j- 1; 

the first result showing that all horizontal rows of E and E' below the yth (when p>q) 
oontain only zero elements; and for the elements added to E m the formation of E' we 
have the relations 

A /+1 ~ As=(ytj ~ yt,j + 1 ) - (y<tf - y Qt j+i) 0 if ijpq, £ 0 if i <j: q, 

U=g, ?+i, • • <-i), 

leading to ^'qq = ■Eq.q+i^ E q ,q+s= ... ^E# = r whenp^Tg'; 

■^a+i, 9 +i= a r> 0 , E Q+3>q+i ipT, ... when p>q. 

So far as elements not lying below the gth horizontal row are concerned, E' hag the 
same two properties as E in Ex. vii; and it is therefore a zero matrix whenever r is 
positive. 

If P> ?i T 13 necessarily positive, because the new diagonal elements of E' are all 0’s; 
and the above relations show that E and E' are zero matrices. 

If k=p 4> q, E' has exactly the same properties os E, and is a zero matrix whenever r 
is positive. 

3. Postclusive paths and groups. 

Selecting any principal element a u of the leading constituent X u of the 
standardised general compound slope M, we will construct a zig-zag path by 
travelling in succession 
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from vertically downward to the next paradiagonal element 
from a^i horizontally rightward to the next principal element cua, 
from fiaa vertically downward to the next paradiagonal element x w , 
from £c 32 horizontally rightward to the next principal element a^, 

a n ' hi 

3*V*i * * • ^2S ®21 1 ■ ^23 

®B 2 * -fi&sa ^sa>**fl33 

continuing in this way as long as possible, and we will call it a postclusive 
path based on the principal paradiagonals. The paradiagonal elements a n , 
# 21 , Oaa, cc 3i , a m , .. lie respectively in the constituents X u , X all Xaa, I’m, 
X M , .... The suffixes indicate the constituents to which they belong, and 
not their positions in the constituents. The total number of such paths is 
equal to the effective order 7 = 7 ^ of the leading diagonal constituent X u> 
i.e. to the number of elements lying on the paradiagonal of X n . Since a 
uniquely determinate postclusive path can be drawn backwards from any 
given principal element of iff to a principal element of X U) we see that: 

Every principal element an of M lies on one a/nd only one of the postclusive 
paths, viz, one which passes through ptincipal elements hi, hs, ... an of X n , 
Xu, X B . 

It follows that the piincipal elements of M can be divided into groups 
according t to the postclusive paths on which they lie. We will call these the 
postclusive groups of the principal elements, and denote by 

0i,0s.--.ft .( C ) 

the groups corresponding to the paths through the principal elements in the 
1st, 2nd, ... 7 th apical horizontal rows of X u . The elements composing each 
group will be arranged m the same order from left to right (or from above 
downwards) as m M. 

If Xu is any given diagonal constituent of M, and if u, v, w are the 
effective orders of X »*, X l+lj f, X^-i+i, so that 

u xj; v w, (w being 0 when Jft+i.i+i is non-existent), 

the u postclusive paths which reach the u principal elements of Xu belong 
to u consecutive groups in (C), and can be divided into three sets of paths 
belonging to consecutive groups, there bemg exactly: 

u— v postclusive paths f plem-terminate in X*,’ .(6') 

each of which reaches some principal element hi of Xu, but cannot be con¬ 
tinued any further because the vertical line through hi does not cut the 
paradiagonal of any constituent lying below Xu ; 

w postclusive paths passing through Xu and X{+ 1 ,< to X^i, vhJ-••( h / ) 
v — w postclusive paths ‘ quasi-terminate in X«,’ .*’(40 
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each of which can be continued from some principal element a ll of X n to a 
non-pnncipal paradiagonal element ae x+li i of Xt+i^, but cannot be continued 
further because the horizontal line through &i+i, i does not cut the para¬ 
diagonal of any constituent lying to the right of X^i. The w through 
paths ( 5') always exist except when Xu is the last diagonal constituent; and 
they lie between the paths (6') and (4') The pleni-terminate paths (6') 
exist when and only when the effective order of Xu is greater than those of 
X l+hl and X i+1] i+1 ; and they lie on the basical vertical side of the other 
paths in X n . The quasi-terminate paths (4') exist when and only when the 
effective order of is less than those of Xi+^i and Xu, i.e. when and 

only when has a smaller effective order than Xu and also 

contains horizontal rows of Os, 

and they lie on the apical vertical side of the other paths in Xu 

Every postclusive path must start from some principal element Ou of 
X n , and must terminate in one and only one of the following two ways : 

(а) It may be pleni-terminate at some principal element a>u from which 
it cannot be continued vertically. In this case (see Ex. vii of § 241) 
the vertical lmes through the elements (if i =1= 1) and o^, cut all 
constituents lying below them in zero elements only; and the diagonal 
constituent containing must be immediately followed (if it is not 
the last) by a diagonal constituent of smaller effective order. 

(б) It may be quasi-terminate at some principal element a ll> i.e. it may 
proceed vertically from a lx to a non-pnncipal element #<+!,< from 
which it cannot be continued horizontally. In this case (see Ex. viii 
of § 241) the horizontal lines through the elements and cut 
all constituents lying to the right of them in zero elements only; 
#i +li i is the dominant element of an accessary horizontal row; and 
the diagonal constituent containing c&u must be immediately followed 
by a diagonal constituent of smaller effective order having horizontal 
rows of 0’s, i.e. having more horizontal than vertical rows. 

It will be clear from (6') } (6'), (4') that the postclusive groups arranged 
as in (C) are divided naturally into two sets lying on the left and right 
respectively: 

those on the left (the pleni-terminate groups) belonging to the paths 

(а) and containing more and more elements as we pass from left to right; 

those on the right (the quasi-terminate groups) belonging to the paths 

(б) and containing fewer and fewer elements as we pass on from left to 
right. 

It can be shown by repeated applications of Exs, vi, vii and viii of § 241 
that: 
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The vertical lines through fe principal elements lying on** 

terminate postcl/usive paths (a), and therefore it vise < j iwrumtal 

of any pleni-termimte postdusive group g, intersect the accessary ^ 

rows iti zero elements only . 

Postclusive paths amd groups. 
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The horizontal lines through the principal elements lying on the quasi- 
terminate postclusive paths (b), and therefore those through all the elements of 
any quasi-temiinate postclusive group g, intersect the accessary vertical rows 
in zero elements only .(C a ) 

If g and g' are any two postclusive groups such that g occurs later than g 
in the seines (C), then the vertical rows through the elements of g and the hori¬ 
zontal rows through the elements of g' intersect one anothei'm zero elements 
only .(C a ) 

These three theorems remain true when we add to the principal elements 
of each quasi-terminate group the final dominant accessary element m which 
the corresponding path terminates, and also any other dominant accessary 
elements through which the path could be continued vertically. 

It will be evident that when M, X n are converted into their conjugates 
M‘, Xf, the preclusive and postclusive paths of M are converted into the 
postclusive and preclusive paths of M\ In fact if we define gl = g y+x to 
be the postclusive group of M which contains the principal element lying in 
the t'th apical vertical row of X „, so that the senes (C) becomes 

ffy\ • gL 9 1 , .(C # ) 

then g{ is the preclusive group of M' which contains the principal element 
lying in the ith apical horizontal row of Xf. Thus from any theorem con¬ 
cerning preclusive paths and groups we can deduce a corresponding thoorem 
concerning postclusive paths and groups by merely interchanging the two 
words ‘ horizontal ’ and ‘ vertical,’ as well of course as the two words ‘ pre¬ 
clusive ’ and f postclusive ’ In particular the theorems (Cj), (C a ), (C,i) can be 
deduced from the theorems (B z ), (B a ), (B s ) of sub-article 2 in this way. 

A direct proof of (C a ) is given in Exs. is and x. Simpler and more com¬ 
prehensive proofs of all three theorems are given in sub-article 4, (Cj) and 
(C a ) being included in Ex. xiv, and (0 3 ) in Exs. xv and xvi. 

The figure on p. 649 shows the postclusive paths of the standardised 
general compound slope whose preclusive paths are shown on p. 642. In 
this case those principal elements of the 1st, 2nd, 3rd, ... diagonal con¬ 
stituents which lie on the tth postclusive path g % are denoted by A % , B it 
Q i) .... Consequently the allocations of the suffixes are not the same as on 
p. 642. 

Ex. is Analytic treatment of two postclusive paths. 

Let a x \, oaa,... a a q forming the group g and a u ', a.^',. . a w ' forming the group g' be the 
successive principal elements lying on two different postolusive paths constructed as 
in the text, and let k be the smaller of the two integers p and q. So far as the para- 
diagonal elements of these paths are concerned, we may suppose the (horizontal, vertical) 
apical distances of 

a iu #<+i,*> “«'» tok 0 fa, h )i (fu H+i)> (fu h) 
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in their respective constituents X ti or X i+lji Then if the effective order of a constituent 
is always denoted by yy, we have the equations 

^ +Pi+i — 1 =y<+i,i> ( l '=lj 2,.. g— 1); X*+/** — l=y#, (i'=l, 2, ... g) j 
V + ^ + i — l= 7 '< + i,ij (£= 1 , 2 ,... p — 1 ); Xi' + ji/-l=y«, (2 = 1 , 2 , ... p); 
which lead to the equations 

\ ”^+i =y<+i,i — yi+i,i+i) h —fH+i = yu— yi+i,u ( l =lj 2,. . g—1); 

V—^+i=y<+i,i~y<+i,i+ij m/ - M<+ i = y«~yi+i.»> ( l= l> 2 , ...p — l); 

and to the obviously time equations 

jXi -=T, (2=1,2,..*), 

where r is the amount by which the vertical apioal distance of a w ' exceeds that of a lt in 
the diagonal constituent Xu for the values 1 , 2 , ... k of i Defining e HV , E uv nud tlie 
matrix E as in Ex. vii, we again have 

-fill = -^22 = ■ ■ ■ = Ehk — T - 

By making use of Exs. vii and viii of § 241 as generalised in Ex. xiv we can proceed from 
this lost result to the proof of the theorem (O 3 ) which is given in Ex. xv. 

Alternatively we may observe with the aid of Ex. vi of § 241 that the pq integers E nv 
satisfy the relations such as 

^<,i+i -"yi.j+i)“(^ - Vn) =(y 0 “yM+i)“(yj+u~%+w+i) 

<fcO if y <£ 2 - 1 , £0 if 

E t +i,y - ■= (yv -yi+i.j)- W- m'(+i)=( y« - y i+w) - (y« - y» h m) 

<fc0 if £0 if i 4>;‘, 

which include E i+lti =T, (i=l, 2,... k — 1) 

It follows that the matrix E has the Bame general properties as in Ex. vii, so that all its 
elements will he equal to 0 when t is positive, i.e. the theorem ( 0 3 ) is true. 

Ex. x. Augmented postclusive groups. 

If when cf is quasi-terminate, we take its elements to ho 

c hi> ^aa 7 ) flpi/i •tfp+iiPJ • •‘^tpj 

where the added elements are the successive dominant accessory elements in whioli the 
vertical row through a w ' cuts the accessary horizontal rows, wo must replace E by 
a matrix 

formed by adding t—p final horizontal rows to E, and we have the additional equations 

+ f —l=yjj + i F f)j Pp+i ^ yp+i,ji + ij ( 1 == 1, 2, ... t — p ); 

leading to Pi~p'i+ l^yfo-yi+i.pi (*=JPi P + !> *); 

Pp ^ypjp+ij pi ^y<ij)+i> (ib=i, 2 ,... t). 

If there are any new diagonal elements in E' (when q >p), they must all be O’s, because 
the added rows are all accessary and intersect diagonal constituents 111 zero elements 
only. For all elements of E and E' we have 

Eij >0 when 3 >p; 

Eij + i —Eij^yty-yM+^-iyj+ij-yj + ij+i) <^0 if jJ£i— 1, ^0 ify^>2 —1; 

the first result showing that all vertical rows of E and E' to the right of the pth 
(when q^p) contain only zero elements; and for the elements added to E in the 
formation of E' we have the relations 

Ei + ij— fi*/=(y</— yi+\,j)~(yiv~ yi+n») ^Oif^^Pj 0 if j <£ p 3 t 

(i-P, p+1,... i-1); 
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leading to E pp =E p+ i >p = E p+2tP = ... = E lp =r wheng'<{:^; 

and ■S'p+i.p+i= r>0, E p+a , p+2 ^>T,... whenff>p 

So far as elements not lying to the right of the joth vertical row are concerned, 
E' has the same two properties as E in Exs vn and ix , and it is therefore a zero matrix 
whenever t is positive. 

If q > p, t is necessarily positive, because the new diagonal elements of E' are all 0’s, 
and the above relations show that E and E' are zero matrices. 

If k=q$>p, E' has exactly the same properties as E, and is a zero matrix whenever r 
is positive. 

4 . The conclusive paths and groups of a standardised general compound 
slope M of the class (a) expressed in the form (A). 

We will define a conclusive path based on the principal paradiagonal 
elements to be one which is constructed by drawing in successive preclusive 
or postclusive portions 

from a principal element a X1 of Xu to a principal element a w of X^, 

from the principal element of X^ to a principal element a^ of X 33 , 

from the principal element a ^ of Xgs to a principal element a u of X 44 , 
and so on in such a manner that: 

( 1 ) If X = X t i is a diagonal constituent immediately followed (when it 
is not the last) by a diagonal constituent X' = X l+1)t+1 of smaller 
effective order, then in its passage from a principal element of X 
to a principal element of X' the path has a specified character 
(preclusive or postclusive), being: 

preclusive when X' has horizontal rows of 0 ’s, i.e. has moro hori¬ 
zontal than vertical rows; 

postclusive when X' has vertical rows of 0 ’s, i.e. has more vertical 
than horizontal rows; 

either preclusive or postclusive (the choice between these two 
alternatives being fixed) when X' is a square matrix. 

(2) The character of the path can only change as it passes through a 
principal element of a diagonal constituent X which is immediately 
followed by a diagonal constituent X' of smaller effective order 
which is not square. 

The successive principal elements Ou, a^, a^, ... lying on such a path 
will be said to form a conclusive group of principal elements. Referring to 
sub-articles 2 and 3, it will be seen that the first two of the conditions 
under ( 1 ) are necessary and sufficient in order that no portion of such a path 
shall be quasi-terminate, or that every path which reaches a principal element 
an of a diagonal constituent X« and does not pass through to the next 
diagonal constituent shall be pleni-terminate in Xu. The third of the 
conditions under ( 1 ) has been added to make the principal elements lying 
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on each path uniquely determinate. The condition under (2) is not so 
essential, but has been added in order to make the conclusive paths uniquely 
determinate It fixes the character of every portion of a conclusive path 
when M is not quadrate; and when M is quadrate it makes the conclusive 
paths identical with the preclusive or the postclusive paths according to the 
one free choice of character. Thus if 7 = 731 is the effective order of An, 
there are exactly 7 conclusive paths, one drawn through each of the 7 principal 
elements of X u . 

Since a uniquely determinate conclusive path can be drawn backwards 
from any given principal element of M to a principal element of X n , we see 
that. 

Every principal element of M lies on one a/nd only one of the conclusive 
paths , viz. one which passes through principal elements a^, a ^,... of 
Xn, Xr &,... A a. 

It follows that by drawing the 7 conclusive paths we can divide all the 
principal elements of M into 7 sets 

< 7 i, 9 %> 9 y , .( D ) 

where tho set g % consists of those principal elements which lie on the 
path drawn through the principal element m tho ith apical horizontal, or 
(7 +1 — i)th apical vertical, row of An. Those are tho 7 conclusive groups 
of principal elements. The principal elements of the group g % will always be 
arranged in the same order from left to right (or from above downwards) as 
in M. 

If we were to discard the condition ( 2 ) but retain the conditions ( 1 ), there 
would be a great variety of conclusive paths, but the conclusive groups 
would still bo uniquely determinate and the same as before. The argument 
would be the samo as bofore if wo replace tho 7 uniquely determinate con¬ 
clusive paths by any set of 7 different conclusive paths drawn through the 7 
principal elomonts of An. 

If A a and A{ H1( {+! are two consocutive diagonal constituents having equal 
effective ordors, it will be clear from sub-articles 2 and 3 that every con¬ 
clusive path which reaches a principal element of Xu can be continued both 
preclusivoly and postalusively to one and only one principal element of 
Af+j.i+x. Now let X l{ be any diagonal constituent of M of effective order 
e which is immediately followed by a diagonal constituent A<+] ( i+i of smallei' 
effective order e', where e = 0 when Xu is the last diagonal constituent, and 
consider any sot of e different conclusive paths which have reached the 
g principal elements of Xu. These e paths can always be divided into two 
sets passing through consecutive principal elements of Xu, there being two 
cases according as tho portion of a path from a principal element of A« to a 
principal element of Af+i.i+i is prescribed to be postclusive or preclusive. 
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Case I. If that portion is postolusive , as it always is when X l+1 _ 1+1 has 
more vertical than horizontal rows, then those two sets consist respectively of: 

( 1 ) e — e' paths through the principal elements lying in the first e — e' 
apical horizontal (or last e — e' apical vertical) rows of X n , each of 
which is 'postcluswely pleni-terminate ’ at some principal element 
an of Xyi because the vertical line through a a cuts all constituents 
lying below X in zero elements only; 

Conclusive paths and groups 



Fostclusively pleni-terminate groups of 
principal elements. 

0 i = (-^u B lt O x , Dj), 

= -fla, C 2 , D 2 ), 

03 = (^3 j G s , D,), 

Oi = (A it B±, C*. D t ), 

0s=(A5t B g , Cg, D 6 ), 

08 =(^Oi Ba, C 0 , Da, E g , F g ), 
gi = [A<j t B-j, Ci, D 7 , Ej, Fij), 

08 = {^8 j Bg, C 8> D 8 , E 8j Eg), 


Preclusively pleni-terminate groups of 
principal elements. 

do = Mo» B 0 ), 
dio = (Aio, Bio), 

0n = {‘hi i B n), 

012=^12 j 
018 = ^ 18 ) 
gu=A it, 

016 = - 416 , 

010 = ^ 18 - 



I ! 
• 1 
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(ii) e' paths through the principal elements lying in the last e apical 
horizontal (or first e' apical vertical) rows of X llf each of which 
can be continued through to a umquoly determinate prin¬ 

cipal element of Xi +lat+1 . 

(Jase II. If that portion is preclusive, as it always is when Z l+] ^ +1 has 
more horizontal than vertical rows, then those two sets consist respectively of: 

( 1 ) e paths through the principal elements lying in the first e' apical 
horizontal (or last e apical vortical) rows of JV,,, each of which 
can be continued through X^ l+1 to a uniquely determinate prin¬ 
cipal element of X l+1(l+1 . 

(ii) e — e' paths through the principal elements lying in the last e—e' 
apical horizontal (or first e — e' apical vertical) rows of X n , each of 
which is ‘preclusively pleni-terminate* at some principal element 
an of Xn because the horizontal line through au cuts all con¬ 
stituents lying to the light of X u in zero elements only. 

Thus every conclusive path must start from some principal element On 
of A'n, and terminate m one and only one of the following two ways ■ 

(a) It may be postclusively terminate at some principal element an from 
which it cannot be contmuod vertically. 

(i b ) It may bo preclusively terminate at some principal element from 
which it cannot be continued horizontally. 

In both cases is a principal eloment of a diagonal constituent Xn which is 
immediately followed (if it is not the last) by a diagonal constituent of 
smaller effective order, the effective order being the horizontal order in (a) or 
the vertical order in (6). 

From Cohos I und II above it will be seen that the conclusive groups 
arranged as in (D) are divided naturally into two sets lying on the left and 
right respectively: 

those on the left (the postclusively pleni-terminate groups) belonging 
to the paths (a) and containing more and more elements os we pass from left 
to right; 

those on the right (the preclusively pleni-terminate groups) belonging to 
the paths (6) and containing fewer and fewer elements as we pass on from 
left to right. 

It can be shown by repeated applications of Exs. vi, vii and viii of § 241 
that: 

The vertical lines through the pnnoipal elements lying on the paths (a), and 
therefore those through all the elements of any postclusively pleni-terminate 
conclusive group g, intersect Hie accessary horizontal rows in zero elements 
only . . . 
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The horizontal lines through the principal elements lying on the paths (6), 
and therefore those through all the elements of any preclusively pleni-terminate 
conclusive group g, intersect the accessary vertical rows in zero elements only. 

.(DO 

If g and g are any two conclusive groups such that gf occurs later than g 
in the series (D), then the vei'tical rows through the elements of g and the 
horizontal rows through the elements of g' intersect one another in zero elements 
only . (DO 

These three theorems remain true when we add to the principal elements 
of each conclusive group the final dominant accessary elements (if any) 
through which the corresponding path could be continued horizontally or 
vertically from its last principal element. 

The theorem (D x ) follows from Ex. xn below and (Ci) of sub-article 3, and 
the theorem (D a ) from Ex. xni below and (B a ) of sub-article 2 ; but both 
theorems are included m Ex. xiv. The theorem (D 3 ) is included in Exs xv 
and xvi. 

The figure on p. 654 shows the conclusive paths of the standardised 
general compound slope whose preclusive and postclusive paths are shown on 
p. 642 and p. 649 In this case those principal elements of the 1st, 2nd, 31x1,... 
diagonal constituents which lie on the ith conclusive path g % are denotod by 
A{, B % , G l} .... Consequently the allocations of the suffixes are not the 
same as on p. 642 or p. 649. 

Ex. xi. Let Xa and JTf+i jl+ i be any two conseoutivo diagonal constituents of M , and 
let ai + 1 be any paradiagonal element of Jf i + lji+1 . 

Then if the preclusive and postclusive paths through a< +1 cut the paradiagonal of X^ in 
a t and of respectively^ the vertical apical distance of of vn Xu cannot he loss than that of a^ 

For if the (horizontal, vertical) apical distances of a f , af, a i+1 in X it , X U) X i+lii+1 
are 

(lit tH)i fa', in), (^i+u H+i)t 

we have ^i+i+W-l=y<.i+ii V+/ t »+i- 1 =y*+i,(i 

\+fH-’ i -=yut V+w'- ^+i+R+i-l=yt+i 1 t+i; 

and therefore w '-^=X i -X t '=(y li -y i|i+1 )- ( yifh < - i+1 ) 0. 

Bence if the conclusive and postclusive paths through a^i cut the paradiagonal of X^ in 
Oi and af respectively , the vertical apical distance of af in X it cannot he less than that of 

For if the oonolusive path from a* to a^ is not postclusive, it must be preclusive. 

Again if the preclusive and conclusive paths through cut the paradiagonal of X ti in 

and af respectively , the vertical apical distance cf a{ in X it cannot he less than that of a { . 

For if the conclusive path from of to a^ is not preolusive, it must be postclusive. 

Esc xu. Every prinovpal element of a postdusively pleni-terminate conclusive group g 
lies on a pleni-terminate postclusive path 

For the postclusive path through the last principal element of g is necessarily plem- 
termmate ; and if a t , are two consecutive principal elements of g, it follows from the 





241 a ] 


CONCLUSIVE PATHS AND GROUPS 


657 


second result of Ex. xi by sub-article 3 that if tho postcluuivo path through a 1+1 is plem- 
termmate, that thieugh ct{ is also plem-termmate. 

Ex. xiii. Every principal element of a preclusively pleni-terminatc conclusive group g 
lies on a plani-tcrminate preclusive path. 

For tho preclusive path through the last principal element of g is necessarily pleni- 
temuuate ; and if a it are two consocutive principal elements of g ) it follows from the 
third result of Ex. xi by sub-article 2 that if the preclusive path through is pleni- 
tenmnate, that through a* is also pleni-terminate. 

Ex. xiv. Properties of any path which is compounded of preclvxioe and postclusica 
paths 


H °i+i fy-i ty 

I 



«i 

Oi 


a i+l 

°ifl 

°J-1 

Oj-x 

Oj -1 


a S 



t 


°i ‘fi+l • ■ °j -1 


Lot Oi always mean a priucipal oloniont of tho diagonal constituent Xu, and lot 

Oi, Oi+1, ... c lj-l, CLj, 

prouoediug from loft to right, bo a series of principal olonionts of consocutive diagonal 
constituents such that wo can pass from any ono (which is not tho last) to the next by 
oitlier a preolusivo or a posLeluaivo path. Also lot 

Oi) fy-t-u Oj— i, Oj 

bo tho elomonts in which: 

(1) tho vortical linos through a^ ... ct) cut any horizontal row of M which lies above or 
posses through X #; 

(2) tho vortioal linos through at,... a) cut any horizontal row of M which lies l>elow 
or passes through A# ; 

(3) the horizontal linos through a t ,... aj cut any vertical row of M whioli lies to tho 
loft of or passes through A'^; 

(4) tho horizontal linos through a*,... <ij out any vortical row of M which lioH to tho 
right of or passes through A#. 

Thon repeated applications of Ex. vii of § 241 in (1) and (2) or Ex. viii of § 241 in 
(3) aud (4) show that tho apical oxcohhoh of the dements ... ej or ej, ... 0 { tend 
constantly to liicrooso as wo paBS from ono to tho noxt in tho direction indicated by the 
arrow in the figure; and wo conclude that: 

.If any one of the elements a*, ... c f or e h ... e t is 0, then all those which follow it in the 

direction of tho arrow are ..^ 

Wo oun regard a it a i+ i, ... a/ in (8) as suooossivo elements of a series of successive 
principal elements 

a u iti, ... at) o^i,... ctj-i, ty, 1» °v 


0. III. 


42 
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lying on a path P which is made up of successive preclusive and postclusive portions 
constructed as in sub-articles 2 and 3, or which is constructed by drawing m succession 

a preclusive or postclusive path from a principal element Oj of X n to a principal 
element a% of X&, 

a preolusive or postclusive path from the principal element a, 2 of X& to a principal 
element a% of JP33, 

and so on. Without assuming that a p is the last principal element on P, we will say that 
the path is 

preclmively plem-termmate at Op when the horizontal hne through a„ cuts all con¬ 
stituents lying to the right of X pp m zero elements only, 

postclusively pleni-termmate at ctp when the vertical line through a p cuts all con¬ 
stituents lying below X pp m zero elements only 

Supposing P to be preclusively plem-termmate at a p , let the horizontal lines through 
Ox, «3, . . ctp cut any given vertical row L in elements e 1( e%, . . e p of constituents 

E 2 , . E p If L passes through the diagonal constituent Xu and if further we have 
e f =0 (as is necessarily the case when L is an accessary vertioal row), then by applying 
(8) to the senes a l5 as,. a t and a*, . . a p we see that and C{, e ^,... a,, 

are all zero elements , whilst if L lies entirely to the nght of we have s p =0, and by 
applying (8) to the series a^, a 2 , ... cty we see that e p , a p _ 1 , . c x ai’e all zero elements. 

Thus if the path P is prealusively pleni-terminate at dp, the horizontal lines through 
a i) as,... Op will cut a vertical row L m zero elements only whenever: 

(1) L is an accessary vertical row; 

* (2) L intersects one of those horizontal lines in a zero element lying m the diagonal 
constituent through which it passes, 

(3) L lies entirely to the right of all the diagonal constituents containing a l5 a 2 , . Op. 

.( 9 ) 

It can be shown m a similar way that. 

If the path P is postdusively pleni-termmate at a Pj the vertical lines through a 2 , a-j,... a p 
will cut a horizontal row L in zero elements only whenever: 

(1) L is an accessary horizontal row; 

(2) L intersects one of those vertical lines in a zero element lying in the diagonal con¬ 
stituent through which it passes; 

(3) L lies entirely below dll the diagonal constituents containing a^, a 2 , .. a,,. ...(10) 

Ex. xv. Intersections of the horizontal and vertical rows through the elements of two 
preclusive or postclusive or conclusive groups. 

Let an, OjB» ... a«r forming the group g and <%', ... <hv forming the group tf be 

the successive principal elements lying on two different preolusive or two different post¬ 
clusive or two different conclusive paths based on the pnnoipal paradiagonals; and let 
JTfcj. be the last diagonal constituent which both paths enter, so that k is the smaller of the 
two integers p and q. Also let 

6 uv = [ a ‘uuj a wii (w = lj 2, ... p ; v = l, 2, ... q), 

be the element of M which is oommon to the vertical row through a m and the horizontal 
row through a' m , so that e uv is an element of the constituent X w , and let 

E vv be the apical excess of e^ in its constituent X uu . 




CONCLUSIVE PATHS AND GROUPS 


059 


241 ft] 


The pq elements auch as e m form a matrix 

"flu fli3 

E=[o] u = 633 



-fljil fl;K! ■ • ‘ fljii?— 

which is a oorrnngod umior of M. If i<\i 1, i+1 $-1, wo oau pass from a*, to a l+ i.v + i and 
from a'^ to a' i+ili + x oitlier by two preclusive or by two postclusive paths, and in oither 
case (see Exs. vn and ix) we have Eu =2?i + 1 , ^ + 1 . Consequently we always have 

^11 = ^ 2 =.. = Ejd = t , 

where r is the amount by which the vertical apical distance of a'a exceeds that of (Hi 111 
tho diagonal constituent A r lt for the values 1, 2, . . h of 1 . From this result and from 
Ex. xiv it follows that the matrix E has the following two properties 

(1) Tha apical exams of an dement always tends to increase as it mom away fi'om a 
diagonal element (actual or non-existent) along any horizontal or vertical row. 

(2) The diagonal elements e-isi ... e^ all have the same apical excess r. 

When tho non-zero integer r is positive, all the elements of E must be oqual to 0, and 
this shows that the theorem (Pg) is trao. 


Ex. xvi. Intersections of the horizontal and vertical rows through the elements of two 
augmented preclusive or postolusiva or conclusive groups. 

First lot g bo a preclusive or postclusivo or conclusive group whose last principal 
olomout is a if . Wo will dofino a corresponding augmonted group G. 

a>u 0 ,» 

. f. <Hi _ 'k.i +i a 

**+i.< u 0 0 0 

&( + 3,( 0 


If tho group g is prcclusively plem-terminate at a< ( , and if tlioro aro aooessary horizonta, 

rows whoso dominant olomonts h+ 2,(1 ••• Hatno row ^ a{i ' aU 

nooossai’ily in oonseoubivo oonstituonts bolow Xu), we will take 

«n, dm, ... (Hit nil ^i+a,ii 

to be the successive olomontH of G. This case occurs (see Ex. ii and sub-arbiolo 3) when 
and only when g is postclusivdy quam-terminate at (Hi. 

If tho group g is postdusivdy plenUerminate at o«, and if there are accessary vortical 
rows whoso dominant elements h iti+h W in the same horizontal row as 

(and necessarily in consecutive constituents to the right of X u \ we will take 

an, Oja, hi,i+ 1> ^.<+2) 

to bo tho successive elements of 0. This case occurs (see Err. i and sub-artiole S) when 
and only when g is prcclusively quasi-terminate at au- 

The augmented groups otg u g„ ... g, in (B) er (C) or (D) *01 be denoted by 

0» 0„ ... <?,.W 

No* let 0 and O’ be tho augmented groups oorresponding tn the groups g and g< of 
Ex . Then the elements of U common to tho vertical rows through the elements of S 

and G' form a matrix a 


42—2 
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which is a corranged minor of M, and which is formed from the matrix E of Ex. xv by 
adding 

pi — p final horizontal rows when g‘ is preclusively pleni-terminate at a w , 
q‘ — q final vertical rows when g is postclusively plem-terminato at a w 

Beoause the added rows are all accessary rows which intersect diagonal constituents in 
zero elements only and interseot one another in zero elements only, the only diagonal 
elements of E' which can he different from 0 are the diagonal elements c 11} . e kk of 

E ; every new diagonal element m E' being necessarily equal to 0. Moreover when we 
except those elements whioh are necessarily 0 because of (9) or (10) of Ex. xiv, the matrix 
E' has the same two properties as the matrix E in Ex. xv 

Hence E' is a zero matrix whenever r is positive , i.e. whenever O' occurs late)' than G in 
the senes (D') 

A more detailed account of the various possible eases is added. 

If g is postclusively and g“ preclusively plem-terminate, it follows from (9) and (10) of 
Ex xiv that E' differs from E by zero elements only. Moreover m this oase t is 
necessarily positive, and E' is a zero matrix 

If g is preolusively and g“ postclusively pleni-terminate, E' is the same as E. More¬ 
over in this case t is necessarily negative, and E or E' is a non-zero matrix. 

If g and gf are both postclusively plem-terminate, E' is formed by adding vertical 
rows to E From (10) of Ex. xiv and the properties of dominant accessary elements we 
see that all horizontal rows of E' below the yth (when p > q) contain zero dements only; 
whilst by applying Exs vn and vm of § 241 (or the argument given m Ex. vm of sub¬ 
article 2) to the other added elements we see that with respect to all other dements 
E’ has the same properties as E in Ex xv. Hence when t is positive, whioh is only 
possible when q p p, E' and E are zero matrices, because all their diagonal eloments 
are 0’s. Whenever E' is a non-zero matrix, i e whenever r is negative, we must have 
k=p-$q 

If g and cf are both preclusively pleni-termmate, E' is formed by adding horizontal 
rows to E. From (9) of Ex. xiv and the properties of dominant accessary elements we see 
that all vertical rows of E' to the right of the pth (when q>p) contain zero elements 
only, whilst by applying Exs. vn and viii of § 241 (or the argument given in Ex. x 
of sub-article 3) to the other added dements we see that with respoct to all other 
elements E' has the same properties as E in Ex xv. Hence when t is positive, which is 
only possible when p^q, E' and E are zero matrices, beoause all their diagonal eloments 
are 0’s. Whenever E‘ is a non-zero matrix, i.e. whenever r is negative, we must have 
k=q^p. 

Thus whenever E' is a non-zero matrix , it has exactly the same diagonal elements 
flu, Am, . eat as E, and has the same two properties as E in Ex. xv. 

If then in travelling away from a diagonal dement of E' (actual or non-existent) 
along the horizontal or vertical row through it in either direction we reach a zero dement, 
all the following eloments m the same direction are 0’s. 

The above results are in agreement with the equations 

■^pp“-^p+i.j> = ^p + 2 ,p == i - ■ ™$'v'v =T when p q } 

^=■# 8 ,1+1=^,1 + 2= ■ ■ = Eqq> =■ t when q ^p, 
which show that t must be positive and A" be a zero matrix when . 

there are added horizontal rows m E', and q>p , 
there are added vertical rows in E', and p>q. 
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5. Hemipteric derangements of M dei'ived from the preclusive or post- 
elusive or conclusive groups. 

Let g xi g 2 , ... g y be the preclusive groups (B) or the postclusive groups 
(C) or the conclusive groups (D), and in each case let 

G u G ti ...& y .(DO 

be the corresponding augmented groups defined in Ex. xvi. Every one of 
the dominant accessary elements occurs in one and only one of the augmented 
groups. Consequently every horizontal or vertical row of M which is not a 
complete row of 0’s passes through 

either a principal element or a dominant accessary element 

(but not both) of one and only one of the augmented groups, and con be 
represented by that element. 

Now let all the complete rows of 0’s (if such rows occur) be struck out 
from M, and let the non-zero horizontal and vertical rows be arranged m the 
orders m which they, i.e. their representative elements, occur in the series 
(!>'). Then M is thereby converted into a compound matrix 


r y 

1 n j 

IV- 

■ F 17 " 

ffii 

'Ia> 

• ,] y r y 

1 n j 

F«, - 


{ h i • 

‘ly 

_ IV 

iv . 

. r* 



o, 

*V- 

• F* 


...(E) 

Y 

_ 1 yi> 

IV" 


i> i. 

fa 

0 , 

, ..p v 

o ,.. 

.. F„_ 

Pi »Pat . 

■Py 

in which 





ii 






is the cominged minor of M formed by the intersections of the vertical rows 
through the elements of Gj and the horizontal rows through the elements of 
Gi, i.e. one of the cominged minors of M described in Ex. xvi. By restoring 
the complete rows of 0’s we can obtain a hemipteric dorangement of M 
which differs from Y in havmg initial vertical or final horizontal rows of 0’s. 
By moving the accessary rows only we can obtain a derangement of M 
having the form (B) of § 241. 

Ex. xvii. Extensions of the compound slope If. 

Suppose in the first placo that M has no ooinplot© row of 0’s. Then to each sot of 
unaugnumted groups g{, g%, ... g y of M there corresponds a way of regarding Jfas a minor 
of a quadrate slope If of tho same type in which all constituents are squa.ro matrices 
(simple square slopes) of ordor y, tho conversion of If into 3 being carriod out m accord¬ 
ance with the following rulos: 

(1) tho groups g u g.j, ... g y of M and tho paths corresponding to them arc formed by 
continuing the groups g x , g^, ... g y of If and the paths corresponding to them ; 

(2) the constituents of 3 through which the paths of g Xi ... ~g y pass are general 
simple squaro slopes; 

(3) consecutive pathB passing through or terminating in Xu are extended into con¬ 
secutive paths passing through Xu. 






2 


HEMIPTERIC DERANGEMENTS 


[APP. B 


e process is simplest when the g ’s are conclusive groups. 
leral compound slope of its class 


1 ^’ 



Ordinarily M cannot be a 


t when it is made as general as possible, its form os determined by its non-zero elements 
unique m each case. 

If M has complete rows of 0’s, and if c is the greatest of all its index numbers, we can 
Ice the extension of M to be a quadrate slope M in which all constituents are square 
atrioes of order c. In this case M will have c — y initial or final groups which have no 
iments in common with M according as its oomplete rows of 0’s are vertioal or hon- 
ntal. Its other groups are formed as before by contmuing the groups of M. 


Ex. xvui. Other hemipteric derangements of M. 

Let M be the extension of M described in Ex. xvn, and let 7 be the derangement of 
which corresponds to (E). Then if we strike out from 7 those rows whioh contain no 
eruents of M t we obtain a hemipteric derangement of M (similar in form to that de- 
nbed m the text) in whioh the horizontal and vertical rows of M are arranged in the 
ders in whioh they, i.e elements lying on them in M, ocour m the suooessive groups of 
, g i7 g a , ... of M. Eaoh constituent of this derangement has the same general properties 
before, i.e. as we travel away from a diagonal constituent (actual or non-existent) in 
ther horizontal or vertioal direction, a zero element can only be followed by zero 
ements. The final derangement described in Chapter XXXIX is that obtained in 
us way when the <f s are conclusive groups. 

Ex. xix. The pcuradiagonal prime minora of a standardised quadrate slope. 

When M is quadrate, it has no accessary rows, and none of the groups g^ g< i} ... g y 
,n be augmented. We can divide the group g * into sub-groups ga, g&, ... gt», where 
ie sub-group g iu is formed with those principal elements of g-y whioh lie m the diagonal 
mstituents having a given effective order e„. The corranged minor of M formed by the 
tersections of the horizontal and vertical rows through the principal elements of g iu is 
ie of the paradiagonal prime minors of M mentioned m sub-artiole 4 of § 241. All the 
iradiagonal prime minors of M oan be constructed in this way, there being one oorre- 
londing to each such sub-group as g iu . 
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WEIERSTRASS’S AND KRONEGKER’S REDUCTIONS. 


1. Minimum degrees of connection. 

Let 0 = [0]^ be a matrix of rank p whose elements are rational integral 
functions of any number of scalar variables. 

A rational integral identity in the variables of the form 
O]“ [</>]” = ^ere r = m-p, 


and where u=[u] m is an undegenerate matrix whose successive horizontal 

rows have total degrees e a > ... e? in the variables, represents a complete 
set of r unconnected connections of degrees e n e 9 ,... e,. between the hori¬ 
zontal rows of 0. When e lt e a ,... e r are chosen in succession to be as small 
as possible, they are the minimum degrees of horizontal connection of 0. 

A rational integral identity in the variables of the form 


Wl = where 3 = n-p, 

and where v = [v] a is an undegenerate matrix whose successive vertical rows 

lmvo total degrees i} lt ... r)„ in the variables, represents a complete set of 
s unconnected connections of degrees ^ 1 ,%,... rj a between the vertical rows 
of 0. When r} lt Tfo, ... r)t are chosen in succession to be as small as possible, 
they are the minimum degrees of vertical connection of 0. 

When 0 is homogeneous in the variables, we can and always will choose 
each of the horizontal rows of u and each of the vertical rows of v to bo 
homogeneous in the variables. 

The following principle will bo used in the next two sub-articles. 


if [CtCwHtC w ***-+ 

is an equigradent transformation converting 0 into a similar matrix yjr f then 
the two mafrices 0 and yfr have: 

(1) the same potent divisors; 

(2) the same minimum degrees of horizontal and veHioal connection. (A) 

The first part of the theorem has beon proved in Theorem II and Note I 
of § 214. The second part, which was mentioned in § 141, follows from 
the fact that the first of the equations 
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represents a complete set of unconnected connections of degrees ei, e 3 , ... e r 
between the horizontal rows of i/r when and only when the second equation 
represents a complete set of unconnected connections of the same degrees 
e lt e a , . . e r between the horizontal rows of 0, and the fact that the first of 
the equations 

represents a complete set of unconnected connections of degrees 771 , r) a , ... y 8 
between the vertical rows of i/r when and only when the second equation 
represents a complete set of unconnected connections of the same degrees 
7} 1} 7 ] a , ... 7] 8 between the vertical rows of 0 . 

A brief account of the most essential properties of the primitive degrees 
and the minimum degrees of horizontal and vertical connection of any 
rational integral functional matrix is contained in a paper by the author 
published m two parts under the title of ‘ Primitive Matrices ’ m the Bulletin 
of the Calcutta Mathematical Society, Vols. vi and vm (1914-15 and 
1916-17). 

2. Weierstrass’s reduction of an undegenerate square matrix which is 
homogeneous and linear in two variables or linear m a single variable. 

Let x and y be two scalar variables, and let 

X=px + qy, 7=ux + vy .(1) 

be always two distinct non-zero homogeneous linear functions of x and y, 
so that p, q, u, v are particular scalar numbers subject only to the condition 

vp — uq^O. 

Also let 0 = [0] “ = * [a] * + y [&]” = xA+yB .( 2 ) 

be an undegenerate square matrix of order m whose elements are homo¬ 
geneous linear functions of x and y, so that A and B are square matrices of 
order m whose elements are particular scalar numbers subject only to the 
condition that the determinant of 0 does not vanish identically. We may 
and will suppose that the potent divisors of 0 corresponding to its linear or 
irresoluble divisors are 

Ti. = + fay) 6 ', T 0 = (\x + fay)*, ... T„ = (\ 8 x + fay)*, .. .(3) 

where + e 2 + •. . + e 8 = m, 

the last equation following from the fact that the product of all the potent 
divisors can only differ from det 0 by a non-zero constant factor. 

It was first proved by Weierstrass that it is always possible to reduce 0 
by an equigradent transformation to a standard compartite square matrix 
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= [i/r]™ each of whose parts is a square matrix having the form 

~X Y 0 ... 0 0 " 

-o, r 1 - 6 - 1 


0 X Y .. 0 0 

. =X.[1]>F. 

* 0 0 0 ... X Y 


0 , 0 


, -( 4 ) 


J 0—3,1 


0 0 0 ... 0 X 


where e <j: 1. Since at is an undegeuerate square matrix having the single 
potent divisor X e , we see from (A) that there must be exactly s such parts 
&>!, a) a , ... a> 8 corresponding one by one to the potent divisors Tj t T S} ... T s ; 
and that in the part oo l corresponding to T t we must have 
e = e % , p : q = \: fM, vXi-up ^--|= 0. 

It is easily seen that there are no other restrictions on the values of the 
coefficients p } q,u,v m the part o^, and in that part we can put X = \at + p^y. 
Thus we can regard all the parts of yfr as being completely known when the 
potent divisors (3) are known, though of course they can be chosen in many 
different ways. In the part corresponding to a potent divisor 
{at — cy) e we can put X = as — cy, 7 = y ; 
and in the parL corresponding to a potent divisor 

(y — cos} 0 we can put X = y — cos, Y=as\ 
where m both cases we may have c = 0. 

From Weierstrass’s reductions of <f> it follows that: 

if f— 

are two undegenevate square matrices of the same order m whose elements are 
homogeneous linear functions of as and y, it is possible to convert each of them 
into the other by an equigradent transformation when and only when <f> and <f> 

have the same potent divisors, i.e. are equipotent .(®) 

If we put y = 1 in the equigradent transformation converting </> into the 
compnrtite square matrix ifr, wo obtain Weierstrasss corresponding reduction 
of the undegeuerate square matrix 

[a]"+ [&]*, 

L J m L J 7 h. 

whose elements are linear functions of tho single variable at, the reduced 
form of <t> being the compnrtite squaro matrix ^ derived from by putting 
y = 1. To each potent divisor {as — oyf of <f> which is not a power of y, there 
corresponds a potent divisor {a — c) B of 4>; and to this potent divisor of <1* 
there corresponds a part ft of ^ of the form (4) in which we can put 
X = as-c, Y= 1. To a potent divisor y • of <f> which is a power of y, which 

r»o.n only occur when [a]™ is degenerate, there corresponds no potent divisor 
of <J>; but nevertheless there corresponds to it a part fl of <3? of the form (4) 
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in which we can put X =1, Y=x In fact from (B) we see that: 


If 




& = x[a'] m + U>'] 


m 

m 


are two undegenerate square matrices of the same oi'der m whose elements are 
linear functions of the single variable x, it is possible to convert each of them 
into the other by an equigradent transformation when and only when the two 
homogenised matrices 




V = *[aT + ym 


VI 

11b 


have the same potent divisors, i.e. are equipotent. 


(B') 


In the particular case when [a]™ and [a']™ are both undegenorate, as 
when they are both equal to [1]™, the conditions in (B') are satisfied when 
and only when <5 and <&' are equipotent. 

The theorems (B) and (B') can be proved directly by using the lemma of 
§ 227 and the principles explained m §§ 211 and 212; and in proving them 
we at the same time prove Weierstrass’s reductions which are included m 
them as particular cases. 

The reduction of a square matrix A whose elements are constants to a 
canonical square matrix by an isomorphic transformation is equivalent to 
Weierstrass’s reduction of the characteristic matrix of A. 


3. Kroneckers reduction of any matrix which is homogeneous and l/inear 
in two variables or linear in a single variable. 

Let x and y be two scalar variables, and let X and Fbe defined as in (1). 
Also let 

= M* ■= ® Ml + y [&]> ^+ys .(2') 

be any matrix of orders m and n whose elements are homogeneous linear 
functions of x and y. We will suppose that </> has rank p, and that the 
potent divisors of <f) corresponding to its linear or irresoluble divisors are 

T 1 = piyf 1 , T% — (\%xp^yY*, ••• T s = (\ s x ■+■ p>ayY e , • 
where of course e x + e % + ... + e e :f> p. 

We will further suppose that the minimum degrees of horizontal connection 
of (f> consist of 

0 repeated e„ times, and the non-zero integers e 1} e a , ... ...(5) 

and that the mmimum degrees of vertical connection of <p consist of 

0 repeated y „ times, and the non-zero integers .. 77 *_(S') 

Thus 0 has exactly t ? 0 4 - h unconnected horizontal connections of which 
exactly e„ can be of degree 0 , it has also exactly t) 0 -\-k unconnected vertical 
connections of which exactly 970 can be of degree 0 ; and we have 
m — p= e Q + h, n — p = 7] 0 + k. 
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It was first proved by Kronecker that it is always possible to reduce </> 
by an equigradent transformation to a standard compartite matrix yfr = [t^]” 
each of whose non-zero parts has one of the forms 


r X Y 0 
0 X Y 


0 0 
0 0 


i>]:= 


0 0 0 
0 0 0 


X Y 
0 X 


-x.[l ] + F 


p , l ]^- 1 
'P, 0_| C _ M ’ 


...(i) 





7,+l 

V 


Y 0 ... 0 1 


X 

Y ... 

0 1 




0 

X ... 

.°. -*• 

[?] 

e 1 

+ F. 

11, e | 

~i~ 

_0_ 

0 

0 ... 

Y 




_ 0 

0 ... 

. X J 




" X 

Y 0 

...00" 





0 X Y ... 0 0 = x.p,o^ + 7 .[o,i]J' ; ...(Hi) 


. o o o ... x r_ 

and which in general has in addition a zero part 

[o]::.(iv) 

where e 0 and t) 0 are positive integers, one or both of which may be 0. The 
zero part indicates the existence of exactly e 0 horizontal and exactly t] 0 
vertical complete rows of 0’s in yfr. If e 0 only is 0, this part is non-existent, 
and has rj 0 vertical but no horizontal rowB of 0’s; if i} 0 only is 0, this part 
is non-existent, and ^ has e„ horizontal but no vertical rows of 0 J s. In the 
parts such as (i), (ii), (iii) we always have e^l, 1, * 7 ^: 1 . We could of 
course interchange X and Y in either of the parts (ii), (iii), that being 
merely a matter of notation. 

On reference to Exs. vi, vii, viii of § 205, it will be seen that: 
a part such as (i) has the single potent divisor X e and no horizontal or 
vortical connections; 

a part such as (ii) has one horizontal connection of minimum degree e, 
no vertical connection, and no potent divisor; 

a part such as (iii) has one vertical connection of minimum degree 97 , no 
horizontal connection, and no potent divisor; 

the zero part (iv) has exactly e 0 horizontal connections of minimum 
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degree 0, exactly r} 0 vertical connections of minimum degree 0, and no potent 
divisor. Consequently the principle (A) shows that: 

there must be exactly s parts such as (i), one corresponding to each of 
the potent divisors (3'); 

there must be exactly h parts such as (n), one corresponding to each of 
the non-zero minimum degrees of horizontal connection e 2) ... e*; 

there must be exactly k parts such as (iii), one corresponding to each of 
the non-zero minimum degrees of vertical connection y 1} r] 2 , ... ■%; 

the integers e„ and tjo in the zero part (iv) must be those defined in (5) 
and (5'), i.e e 0 is the total number of horizontal and r} 0 the total number of 
vertical connections of 0 of degree 0. 

In the part (i) corresponding to the potent divisor T t we must have 

e = e l} p:q = X l \fi x , vK-u^ 0, 

and p, q, u, v can be any numbers we please satisfying these conditions; m 
particular we can always put X = \x + p^y. 

In the part (ii) corresponding to the non-zero mmimum degree of hori¬ 
zontal connection we must have e=e t , whilst p, q, u, v can be any 
numbers we please satisfying the condition vp — uq^Q. 

In the part (in) corresponding to the non-zero minimum degree of 
vertical connection nj lf we must have whilst p, q, u, v can be any 

numbers we please satisfying the condition vp — uq =)= 0. 

Thus we can regard all the parts of as being completely known when 
the potent divisors and the minimum degrees of horizontal and vertical 
connection of 0 are known. We can choose T to be the same in all the 
non-zero parts of i/r. It can then be any homogeneous linear function of x and 
y which is not a linear divisor of 0. 

From Kronecker’s reductions of 0 it follows that: 

are any two matrices of the same orders m and n whose elements are homo - 
geneous linear functions of x and y, it is possible to convert each of them into 
the other by cun equigradent transformation when and only when 0 and 0' 
have: 

(1) the same potent divisors, 

(2) the same minimum degrees of horizontal and vertical connection. (0) 

If we put pirn the equigradent transformation converting 0 into the 
compartite matrix we obtain Kronecker’s corresponding reduction of the 
matrix 

♦—Ml+ml. 
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whose elements are linear functions of the single variable x, the reduced 
form of O being the compartite square matrix \P derived from yjr by putting 
y = 1. Hence corresponding to (C) we have the theorem that: 


If 




n 

m* 


v-aianr+m 


n 

m 


are any two similar matrices whose elements are linear functions of the single 
variable x, it is possible to convert each of them into the othei' by an equi- 
gradent transformation when and only when. 

(1) <E> and <3?' have the same minimum degrees of horizontal and vertical 
connection; 

(2) the two homogenised matrices 


+y[&] 


11 

in* 


have the same potent divisors. 




n 

Vb 


(O') 


A direct proof of the theorems (C) and (C') would establish Kronecker’s 
reductions, which are included in them as particular cases. 

Proofs of Weierstrass’s and Kronecker’s reductions (though not the 
simplest) will be found m Muth’s Elementarteiler. 


4 Primitive matnces; the primitive degrees of a matrix. 

If A =[a]“ is a matrix of rank r whose elements are rational integral 
functions of a finite number of scalar variables, thorc exist uniquely deter¬ 
minate positive integers ej, ,. . e r arranged m ascending order of magnitude 

which are the lowest possible degrees in all the variables of r one-rowod 
matrices connected with the horizontal rows of A and forming an uude- 

generate matrix H = [/i]” of rank r, H being a horizontally primitive matrix; 
also there exist uniquely determinate integers r) x , ... y r arranged in 
ascending order of magnitude which are the lowest possible degrees in all 
the variables of r one-rowed matrices connected with the vertical rows of A 
and forming an undegenerate matrix K = [/c]^ of rank r, K being a vertically 
primitive matrix. The integers e Xl e a , .. e r and y x , t? 2 . ... r\ r aro respectively 
the horizontal primitive degrees and the vertical primitive degrees of A. 

A matrix H — [/i]” whose horizontal rows are unconnected is a hori¬ 
zontally primitive matrix when the degrees of its r horizontal rows are its 
r horizontal primitive degrees; and a matrix K = [k]* n whose vertical rows 

are unconnected is a vertically primitive matrix when the degrees of its r 
vertical rows are its r vertical primitive degrees. 

From the definitions of normality given in Vol. II it follows that: 

If two matrices are horizontally normal to one another (their horizontal 
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rows being mutually orthogonal), the horizontal primitive degrees of either one 
of them are the minimum degrees of vertical connection of the other. 

If two matrices are vertically normal to one another (their vertical rows 
being mutually orthogonal), the vertical primitive degrees of either one of them 
are the minimum degrees of horizontal connection of the other. 

Ordinarily a matrix can be undegenerate and impotent without being 
primitive or primitive without being impotent; but a one-rowed matrix or a 
matrix whose rows are homogeneous in two variables is undegenerate and 
impotent when and only when it is primitive; and a primitive matrix 
whose elements are rational integral functions of a single variable is always 
impotent. 

The reductions of Weierstrass and Kronecker are transformations by 
matrices which are both primitive and impotent. Transformations of this 
kind (when not equigradent) will usually increase the total degree of the 
transformand. 
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orb. = arbitrary 
bi- oon. = bi-oanonioal 
oan. = canonical 
oliarao. =characteristic 
ooefl. = coefficient 
oon]. =conjugate 
const. = constant 
detant. = determinant 
detoid, =determinoid 
el. = element 
elem. a elementary 
equioan.=equioauomaal 
equigr. =equigradent 
eqrnm. =equimutant 

Accessary rows, els,, 452, 636-40. 

Aotual degrees, 6, 8, 9; reenltant, 89, 01, 

Adjunction, 68-6. 

Algebraic: numbers, 8; domains, 6. 

Alternants (simple and oompound), 444-6; in¬ 
terpreted as oommutants, 466-68, 467. 

Alternating oommutants, 416. 

See Oommutants. 

Ante-slopes (simple and compound), onte- 
oontdnuants, ante-alternants, 448-5. 

See Simple sq. ante-slopes. 

Apex, apical el., of a simple slope, 448. 

Apical dlstanoe, apical exoess, of an el. of a 
simple slope, 444-51, 

Assigned degrees, 6, 8, 9, 88-90. 

Augmented preolusiye, postoluBive, conclusive 
groups m a standardised oompound 
slope, 646, 651, 669. 

Auxiliary parameters in an eliminant, 107,116. 

Axial anta-oontinuant (oommutant of the corn- 
mutants of a unilat. can, sq. matrix), 
629 - 80 . 

Base, basical el., of a simple slope, 448. 

Bi-oanonioal sq. matrices: defined, 588-9; 
simple, invar. tranBfds. of, 601-8, 674-7, 
679-8B, 684-8; 

soalar invars, of substitutionsby, 688-010; 
unilat., invar, transfds of, 611—8, 615-8, 
017-8 

Bilinear invariants: 568-70, 588-004, 628; 
methods of determining, 571-2, 588; 
ranks of, 589; 

of substitutions by simple bi-oan. sq. ma¬ 
trices or their conjugates, oomplete sets, 
588-604. 

Binomial coefficients, expansions, 567-8. 

Oanoollatlon, law of, 2. 

Canonical, greatest common, 464-6, 477. 

Canonical rednoed form of a Bq, matrix, 844. 


list of the abbreviations used. 

= potent 
= rational 
= reciprocal 
= reguiai 
= similar 
=square 

st. = standard 
sym. = symmetric 
transfd. = transformand 
transfn. = transformation 
nndeg = undegenerate 
unilat. = umlatent 
unipot. =unipotent 
unit. = unitary 

Canonical square matrix ■ defined, 842-8; 
charao. pot. divisors of, 342, 347-8; 
degeneracy of, 848, 
quasi-scalar, 846; 
simple, 845; properties of, 349-54; 
standard, 847; standardised, 446; 
super-parts (unilat) of, 846; 
transmutes of, 369-70. 

Oommutants of oan. sq. matrices, 456-74, 
477-82; 

simple, 456-62; unilat., 468-74; 
standard, 477-8, 480-2. 

Beduotion of a sq. matrix with oonst. els. 
to a can. sq. matrix by isom. (equina.) 
tranHfns., 844, (884-5, 408). 

Cayley's Equation, satisfied by a sq. matrix, 
818, 6B2. 

Characteristic) determinant of a sq. matrix 0 
807-9, 874-5, 419-20, 426-7; 
is lrresol. when all els of 0 are arb., 810. 
Characteristic matrix (arb. lin, funo.) of a sq. 
matrix <p : 307, 489-92; 
oon]. reaipr. and inverse of, 316-8, 401-9; 
are rat. iut. fanes, of 0, 818, 402. 
Characteristic numbers, symbol, 846. 
Characteristic potent divisors of: 
a sq. matrix with const els., 807: 

all linear, 841, 845, 303-5, 899; 
a hn. fane, of a sq. matrix, 810; 
a st. aompnrtite matrix with sq. parts, 810; 
a skew-sym. matrix, 489; 
the inverse or oonj reoipr. of an undeg. sq. 
matrix, 854; 

the powers of a sq. matrix, 862, 858-4. 
Square matrices having the some charao. 
pot. divisors, 880, 868-4, 

Class of a oompound matrix, simple class, 410. 
Oo-oommutants, 416, 418, 424, 487, 471-2, 
488, 485-6, 488-9, 501, 586, 542-8; 
non-singular, 417, 427-8. 

See Oommntants. 


The references are to pages. The following is a 


equipot. =equipotent pot 

equiv. = equivalent rat. 

eqn. = equation recipr 

funo =funotion reg 

gen. = general aim. 

homog. =homogeneous sq. 


mdep. = independent 
int. = integral 

invar. = invariant 

irred. = irreducible 

lrresol sirresoluble 
isom. = isomorphic 

lin. = linear 

max. = maximum 
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Co-gredient substitutions, 569. 

Common canonical, greatest, 454-6, 477 

Common roots. of rat. int. funcs. or eqns., 
57-129, 165-79, 

of special funcs , 100, 101, 103, 119-29. 
Conditions that n homog. funcs of n vari¬ 
ables or n non-homog. funcs of n-1 
vanables shall have a common root, 72, 
80-1 

Existence of common roots of n homog. 
funcs of n+l vanables or n non-homog 
funos of n vanables, 96-105, 
common roots described, 107-8, 115-6; 
oommon infinite roots, 116; 
repeated common roots, 108, 112-4, 117-8, 
sym funos. of the oommon roots, 155-65 , 
equiv. funos. of ooeffs , 160, 164, 
total number of oommon roots, 108, 117. 

Sec Roots, Monotypic symmetric functions. 

Common roots of two funos. or eqns. 49-50, 
83-5, 91, 125-9; 
of degrees 1 and 2, 125-7; 
of degrees 2 and 2, 128-9. 

Conditions for no finite oommon root, 
49-50; 

at least one oommon root, 83-5; 
an infinite number of oommon roots, 
127-8. 

Commutantal: 

produots, equations, transformations and 
then: types defined, 429-31; 
solutions, 499, 

substitutions used in the reduotion of com- 
mutantal transfns , 502-3,605-6, 507-8. 

Commutantal transfns. converting one corn- 
mutant into another. 429-34, (456-94), 
494^518; 

equigr , 431-9, 495, 498, 499, 500; 
equim., 437, 495-6, 501, 506-8, 517-8; 
converting one oommutant of oommu- 
tants into another, 523-4, 585-9, 
sym. eqoigr , 438-9, 506-6,513,514, 517-8; 
sym. equim., 439, 517-8, 
converting one ruled simple or compound 
slope into another, 456-74, 612-3, 515-7 
Equim. transfns interpreted as oommu- 
tantal, 495 

Reduotion of oommutantal transfns., 494- 
608. 

Commutantal transfns. (equigr and by oom- 
mutants) converting one invar transfd. 
into another 550-3, (573-88, 610-8), 
619-31. 

Commutants of a pair of square matrices • 
defined, particular and general, partiaular- 
isations and specialisations, oommutan¬ 
tal types, continuantal and alternating, 
oo-oommutants and coutro-oommutants, 
non-singular and singular, 418-6, 423-5. 
Conjugate of a oommutant, 428-9. 

Oonj. reoipr. and inverse of an undeg. sq. 

oommutant, 429. 

Related commutants, 432-4 

Commutants ^A t B}, methods of constructing: 
by solving scalar eqns., 418-23, 425-8, 
457, 640-8; 

ordinary methods, 442, 
rednoed to commutants of sq. matrices of 
the same order, 420. 


Commutants {A, B} , methods of oonstr (rout.) 
Special oaBes m which: 

A or B is a zero matrix, 416; 

A and B are quasi-scalar, 416-7, 427-8, 
A and B are simple sq. ante-slopes, 427-8; 
all els. of A and B are arb , 417 

Commutants {A, A } whioh are rat int. funcs. 
of A (oi commutants of the commutants 
of A) 418, 461, 469, 483, 533, 586, 
540-8 

Commutants (general)' 

of equioan pairs of sq matrices, 485-9; 
of st oompartite matrices with sq. parts, 
489-40, 

of particularised or specialised matrix-pairs, 
424-6; 

zero and non-zero, 440-2. 

Commutants (general) of' 

simple can sq matrices, 456-61, 
sym or skew-sym., 461-3; 
umlat can sq. matrices, 463-9, 
sym or skew-sym , 469-78; 
st. can. sq matrices, 477-8, 480-2 ; 
sq. matrices with const, els., 474-80, 
sym. or skew-sym., 485-9 ; 
sq matnceB containing orb els , 489-92, 
a single sq. matrix whose els ore mdep. 
arb parameters or whose Ffaffian dis¬ 
criminant is not 0, (427-8), 540-8; 
non-singnlar, 427-8. 

OommntantB of the commutants of a sq. ma¬ 
trix A . defined, oommutative with every 
oommutant of A, 519-28; 
conjugates and inverses of, 523; 
identified with rat. mt. funos. of A, 521, 
535, 

number of ludsp. non-zero, 521, 582, 585; 
properties peculiar to, 418, 583, 563. 

Commutants of the oommutants (geneial) of: 
equican. sq. matrices, 528-4; 
a st oompartite matrix with sq. parts, 
524-6; 

a simple can. sq matrix, 526-7; 
a umlat. oan sq matrix, 627-80; 
a standard oan. sq. matrix, 581-4; 
any sq matrix with coust els , 585-9; 
a sq. matnx containing arb. els., 5B0; 
a sq. matrix whose els. are mdep. arb. 
parameters, 540-8. 

Commutative sq matrices, 312, 416, 460. 

Oompartite matrices: 

potent divisors of, 216-28. 
standard rednoed forms of a matrix for. 
equigr. transfns., 665-70; 
equim. (isom.) transfns., 844; 
equipot. transfns., 291. 

Oompartite matrices (standard) with sq. parts : 
oharao. pot divisors of, 310; 
commutants of, 439-40; 
oommutants of the oommutants of, 524-6; 
equim. tramsfnB. of, 332-8, 
invar transfds of, 558-4; 
latent roots of, 810; 
rat. int. funcs. of, 356; 
transmutes of, 868 

Complete eliminant, 106. 

Complete matrix of minor detauts.: 

irred. divisors and max. factors of, 226-8, 
rank of, 181. 
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Complete sets of. 

bilin. invariants, 690, 592, 594, 695, 596, 
608; 

invar, transfds., 574, 676, 682, 687; 
qaadratio invariants, 606-6, 608. 

Composition of: equim. transfns., 382; 
equipot. transfns., 265. 

Compound oontinnants and alternants: 
defined, 445; 

interpreted as oommutants, 467-8. 

Compound matrix. class, index numbers, 
410. 

Compound slope: 

defined, class, type, general, ante-slope, 
counter-slope, ruled, continuant, al¬ 
ternant, 445, 

standardised, principal paradiagonals, prin¬ 
cipal (paradiagonal) els., quadrate, 
quasi-soalario, 446; 
undegenerate, 452-8. 

Determinant of a quadrate slope, prime 
detents, paradiagonal prime minors, 
455. 

Bank of a gen. (or gen. ruled) compound 
slope, 450-2. 

See Simple slope, Standardised compound 
slope. 

Conclusive paths and groups, 452, 652-61; 
augmented groups, 659. 

Conditions for the existence of ■ 
an equigr. transfn., 897, 666-70; 
an equim. transfh., 897-41, 988-6, 496-7, 
an equipot. transfn., 254, 903; 
a rat. int. transfn , 804-5; 
a non-zero oommutant, 440-2; 
a non-zero invar, transfd., 554-5; 
an undeg. oommutant, 477, 480; 

sym. or skew-sym., 485-9; 
an undeg. invar, transfd., 622, 686; 
sym. or skew-sym., 628-80. 

Conditions that: 

a gen. oommutant {A, A} shall be a rat. 

int. funo. of A, 489, 491; 
a sq. matrix A shall be reducible to a quasi- 
soalar matrix by isom. transfns., 945; 
n rat. int. functions shall have 
a common root, 72, 80; 
a common infinite root, fan+i=0) 1 115-6; 
a repeated common root, 118-4, 118; 
an infinite number of common roots, 
117; 

one rat. int. funo. Bhall be a factor of 
another, 51-2, 68-9; 
shall be a produot of hn. factors, 140, 
159; 

two rat. int. funos. shall have 
a oommon root, 88-4; 
an infinite number of common roots, 
127-8; 

no finite oommon root, 49. 

Conjugate: of a oommutant, 428; 

of a oommutant of oommutants, 529; 
of an invar, transfd., 550; 
funoB. of the els. of two sim. sequences, 
591-2. 

Conjugate reciprocal and inverse of the charao. 
matrix of a sq. matrix <p, are rat. int. 
funos. of <p, 816-22, 401-9. 

See Beoiprooal. 


Connection, minimum degrees of, 668-4. 

Primitive one-rowed matrices connected 
with the long rows of an undeg. 
matrix, 259-78. 

See Construction 

Construction of: 

a oan. sq. matrix having given cliarao. pot. 
divisors, 844, 

a matrix having one given pot. divisor and 
no minimum degree of oonneotion, 210; 
a matnx having one oonneotion of given 
minimum degree and no pot. divisor, 
209-10, 

all sq matrices satisfying a given rat. int. 

eqn., 848-9, 358; 
gen. oommutants, 442, 475, 479, 
gen. invar, transfds., 419, 429. 

Law of construction of invar, transfds. of sim¬ 
ple bi-oan sq. matrloes, 562,581, 586. 

Oontmunntal* oommutants, oo-oommutants, 
oontra-oommutants, 415. 

See Oommutants. 

Continuants (simple and oompound), 44-5; 
interpreted as oommutants, 456-68, 467. 

Oontra-oommutants: 

416, 418, 424 , 483-4, 438-9, (461-3, 
472-3), 484-8, 490, 492-4, 501, 504-6, 
510-8, 536-7; 
non-singular, 424, 428; 
sym. or skew-sym., 494, 498, 439, (461-8, 
472-8), 485-8, 492-4, 510-8, 686-7; 
undeg., 424, 477-8, 482-9, 490, (492-4, 
508-18); 

sym , 484, 489, 486-8, 586, 629, (492-4, 
510-8); 

skew-sym., 485-8, (492-4, 610-8). 

See Oommutants, Conversion. 

Oontra-gredient substitutions, 570. 

Conversion of one given ‘ 
matrix into another by 

equigr. transfns., (197-8, 664), 887, 
666-70; 

equim. transfns., 889-41, 883-6, 496-7; 
equipot. transfns , (254), 803-4; 
rat. int. transfns., (216-6, 259), 804-5; 
sym. or skew-Bym. matrix into another by 
sym. semi-unit transfns., 517-8; 
undeg. sq. oommutant into another by 
eqnigr. oommutantal transfns., 509; 
undeg. sym. or skew-sym. oontra-oom- 
mutant into another by sym. equigr. 
oommutantal transfns., 511, 514. 

Conversion of a given rat. int. matrix into one 
whose leading minors are all reg. by 
unitary equigr. transfns,, 228-40. 

See Seduction and sub-heads. 

Correlated: oommutants, 458, 464-5, 475; 
invar, transfds., 560, 612. 

Correspondences due to an ordinary homog. 
lin. transfn.: 

corresponding functions, 22-5; 
matrices, 240-4; 

regulansation of functions, 25-6; 
due to a non-homog. lm. transfn.: 

corresponding functions, 95-7; 
due to homogenisation by a lin. transfn.: 
corresponding functions, 26-84; 
matrioes, 244-7; 
rootB, 68-4; 


c. m. 


43 
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Correspondences due to an ordinary homog. 
lin. transfn (cnnt.) • 

due to homogenisation by a new variable 
corresponding functions, 82-5; 
matrices, pot. divisors, 247; 
due to equim transfns. 

corresponding soalar invars , 393, 589, 
605; 

oommutantal transfns., 499; 
similar substitutions, 383. 
Corresponding sets of values of the variables in 
an ordinary lin. transfn., 21, 35, 97. 

Degeneracy of a given sq matrix <p, 948, 
any given rat. int. funo of <p, 955-63, 
the successive powers of <j>, 857-8; 

negative powers, 913-4; 
the poweis of a lm. funo. of 0, 958-9; 

simple oan. sq. matrix <j>, 349-50 
See Bank. 

Degree. of a monotypio sym. funo., 183; 

lowest, of a rat. int. eqn. satisfied by a 
given sq. matrix, 821, 418. 

Degrees (aotual, assigned, total) • 

of a rat. mt. funotion, 6, 8, 10, 88-90; 
of a rat. mt. matrix, 182-4. 

Minimum degrees of oonneotion, 664. 
Degrees of a: resultant, 72, 81; 

discriminant, 95; ehmmant, 107, 115 
Derangements: of a oommutant, 486-7, 489; 
of a oommutant of oorumutants, 524; 
of a oompound slope, 452, 661-9; 
of an invar, transfd., 553; 
symmetric, are isom. transfns., 384 
Determinant of a quadrate slope, prime deter¬ 
minants, 459. 

Every gen. detoid or detant is irresol , 19. 
See Characteristic determinant. 
Determination of: oommutants, 418, 48442; 
oommutants of oommutants, 528-6; 
eliminants and common roots, 169-78; 
mvar. transfds., 551-62; 
resultants, 165-9. 

Diagonal lines (parametric) of a simple slope, 
443. 

See Parametric, Paradiagonal. 
Difference-weight of an el of a simple slope, 
448. 

Discriminant: 

of a single funo., 60, 65, 94-6, 99,102; 
degrees, weights, 95, 
effect of a homog. lin. substitution, 95, 
of several fanes., 118-4, 119-21, 

PfafHan, of a sq. matrix, 541-4. 

Distinct: irresol. or ined. funos , 18,19; 
roots, 57, 62, 69 

Divisibility of one rat. int. funotion: 
by another, 97, 49, 61-2, 68-9; 

. by 0, 8-11 

Division matrix analogies to, 182-4. 

Divisors (scalar) of a rat. int. matrix, 
irresol., irred or lm divisor t, 184-5, 
max. index d t of order t, 185; 

properties of max. indioes, 185-99; 
pot. index c< of order i, 204-5; 
max. and pot. divisors of order f, 205. 

See sub-heads. 

Domains of rationality: 4-5, 53-6; 
of soalar funotions, 6, 8; 


Domains of rationality {cant .): 

of transfns. reducing a sq. matrix to a oan. 

sq. matrix, 945; 
extended by adjunotion, 59-6. 

Dominant accessary els., 696-7, 661. 

Eisemtem, (irred. funos.), 20. 

Elementary equipotent transformations 
defined, 255-6, 

reduotion of an s-matrix by, 291-6 
Elementary matrices: defined, 411; 

treated as hyper-numbers, 412. 

Elementary symmetric functions (monotypio of 
degree 1, the w's). 184-44, 149, 162-4; 
defined, 194; homogeneous, 152; 
independent, 138, 139, 159. 

Relations between them, 188-44,149,152-4; 
standard relations, 140; 
interpretations, 140, 159, 162. 

Relations between them and the monotypio 
sym funos. of order 1 (the o-'s), 196. 
Eliminants: of rat. int. funos., 105-29, 169- 
79, 

oomplete, 106; 
partial, 106, 109, 118 ; 
unreduced, reduced, 118; 
of n gen. homog. funos. of n + 1 variables, 
105-13; 

of n gen. funos. of n variables, 114-8, 

descriptions, degrees, weights, 106-8, 
115-7; 

determination of, 169-79; 
effect of a lin. substitution on, 124; 
of one general funotion, 119, 
of two general funotions, 125-9; 
of linear functions, 119 ; 
of funos. whioh are produots of lin. factors, 
119-21, 

of other Bpeoial functions, 122-5, 127-8. 
Equal funotions (scalar), 6, 8. 

Equations (soalar): roots of, 6, 8, 57-66. 

See Roots, Common roots, Eliminants. 
Equations (rat. mt.) satisfied by; 

a sq. matrix <p of order m, 811,916-22,860-9; 
D m (0)=O, (Cayley’s Eqn.), 918-9, 969; 
E m [<pj =0, (lowest degree), 920-1, 861; 
a matrix which is not square, 682-4. 
Construction of all sq. matrices which satisfy 
a given rat. int. eqn., 848-9, 358. 

See Matrix equations. 

Equioanonioal (isomorphio) sq matrices, 944. 
Equi-oharaotenstio sq. matrioes, 846. 
Equigradent transformations: 

necessary conditions for, (181, 254-5), 664, 
between matrices which are homog. and lin. 
in two variables or lin. in a single 
variable, 897, 665-6; 

oommutantal, converting one given undeg. 
sq. oommutant into another, 481-9, 508- 
18; 

oommutantal, converting one invar, transfd. 

into another, 550-8, 619-81; 
unitary, converting a given rat. int. matrix 
into one whose leading mmors are all 
reg., 228-40. 

See Oommutantal, Equimutaot, Symmetric. 
Equimutant sq. matrices: 899-40, 944; 
satisfy the same rat. mt. eqns., 848; 
have the same transmutes, 984; 
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Eqmmutant sq. matrices (cont.) 
have an nndeg. oommntant, 406; 
occurring in sun. substitutions, 833. 
Equimutant transformations' 330-409; 
defined, 880-2; composition of, 832; 
of a st. coinpartite matrix with sq. parts, 
832-8; 

necessary and sufficient conditions foi, 397- 
41, 388-6, 496-7; 
regarded as oommutant&l, 494-6, 
sync, (semi-unit), 382, 430, 617-8, 558; 

sym. derangements, 884; 
oommutantal, converting one oommntant 
into another, 437, 405-6, 501, 506-8, 
617-8, 

oommutantal, converting one oommntant of 
oommutants into another, 528-4, 
585-9. 

See Beduotions. 

Equipotent matrices: defined, 229, 248 

Conditions for equipotenoe of s-matrioes, 
808-4. 

Equipotent transformations. 248-805; 
defined, 264; composition of, 255; 
of a oompartite matrix, 266-7, 
elementary, 255-6, 201-8; 
unitary, 266, 264-87. 

Derivation of any given iat. int. .r-nintnx 
from an undeg sq. matrix by, 287-91. 
Reduction of anavmatnxby, 291-8,200-301, 
an undeg. sq ^-matrix, 273, 286, 
a quasi-soalar g-matrix, 800-1 
Corresponding reductions of any rat. int. 
matrix, 303. 

Equivalent functions of common roots and 
coefficients, 160, 164. 

Evaluation of sym. funos, of oommon roots, 
155-65. 

Extensions of: a domain of rationality, 58-6; 
a standardised compound slope, 661-2. 

Factors: of a rat. rut funo. 7-21,87-58,68-70; 
non-zero, defined, 7,10, zero, 8,10-11; 
irresol , irred., 18-21, 87-49,61-3,68-70, 
repeated, 18, 19, 52-3, 69-70; 
of a funo. of a single variable, 21; 
of a homog. funo., IB, 14, 21; 
of a zero funo , 10-11. 

An irred fane, has no repeated faotor, 52-3. 
Conditions that one funo. shall be a factor 
of another, 7,10,61-2,68-9, (8,10-11). 
Resolution of a funo. into irresol. or irred. 
factors, 40-1. 

See Highest oommon factor. 

Factors (scalar): of a rat. int. matrix, 205-15. 

See Maximum faotors, Potent factors. 

FirBt transmutes of a sq. matrix: 865-75, 
are isom. with one another, 368; 
can. reduced forms of, 369-70; 
oharao. pot. divisors of, 870-5; 
of a can. sq. matrix, 370; 
of a st. oompartite matrix with sq parts, 868; 
of a real Bym. matrix, are undeg., 372. 

An undeg. sq. matrix is a first transmute of 
itself, 367. 

Frobenius’s: 

solutions of the eqn. ^ = <p when <p is an 
undeg. sq. matrix, are rat. int funcs. 
ip, are sym. when <j> is sym., 823-9,588, 


Frobemus's (cont ): 

reductions of a sq. matrix to a st. compar- 
tite matrix with umlat. sq. parts, 408. 
Functions (scalar): 

rational integral, defined, 5, 8, rat., 9, 37; 
general, particular, special, 67; 
homogeneous, 11, 13, 14; 
iiresol. and lired., 18-21; regular, 10, 
symmetno, monotypio sym., 180, 591-2; 
zero, 6, 8, 10-11. 

See Factors, Roots, and Hub-heads. 
Functions (matrix) - 

homog. lin , of similar matrices, 411-12 ; 
rat. int., of a single sq. matrix, 806-29; 
properties peculiar to, 418, 536; 
of a matrix whioh is not sq., 632-4; 
proper functions, 632, 
rat. (of an undeg sq matrix), B14-5. 
Fundamental laws and operations of Algebra, 2. 

General, funotion (soalar), 67, 80-2, 114-8, 
homogeneous funotion, 67, 72-4, 106-9; 
matrix, 411 

Sec Resultants, Elmnnants. 

General oommutants, defined, 414, 423; 
oommutants of oommutants, 519; 
invariant transformonds, 549; 
simple and compound slopes, 443, 445; 
solutions of a matrix equ., 415, 424. 

See Commutants, Invariant tronsformands. 
General oommutant (or oommntant of the oom- 
mutante) of a gen. sq. matrix, 540-8. 
Greatest oommod oanomoal of two sq. matrices, 
464-6, 477 

*H k , definition and properties, 564-8. 
Hemipteno derangements of a oompound slope, 
452, 661-2 
Hansel, v. 

Highest common faotor (h.o.v.) : 

defined, 17-18, or zero functions, 18, 
of two rat. int. fuuotions, 37-8, 48-7, 
of m rat mt. functions, 48-9, 
uniqueness of, 40-1; 
of minor detnnts, 205. 

Relations between given functions and their 
u.a.r., 44, 47, 48. 

Hilbert, 70. 

Homogeneous linear 

functions of aim matrices, 411-2; 
substitutions, 883, 568-73, 

(see transformations, Invariants); 
transformations of soalar variables in scalar 
functions, 21-4; 
regulorisation, 25-6; 
in a rat. int. matrix, 240-4 
See Linear. 

Homogeneous rat. int functions: defined, 11; 
eon only have homog. faotors, 13, 14; 
symmetric (monotypio), 168,150-5, 155-68; 
elementary, 152-4; 
of oommon roots, 156-68. 

Homogeneous variables, 63. 

Homogenisation of a soalar funotion: 

by a lin. transfn. of the variables, 26-32, 
by a new variable, 82-5; 

roots of the homogenised fano., 63-6, 
of a monotypio sym. funo., 160-2; 
an elem. sym. funo., 152. 
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Homogenisation of a rat int, matrix 

by a lin transfn. of the vanables, 244-7; 
by a new variable, 247. 

Hyper-numbers. elem matrices treated as, 412. 

Identical relations, (see Halations). 

Impotent matrices. 250-4; 
one-rowed, 260, 262, 268-70. 

Inverse of undeg impot. z-matnx, 269. 
Independent: 

elem sym. funos., of the els. of sim. se- 
gnenoeB, 188-9; 
homogeneous, 153; 
matrices of a given simple olass, 410, 
powers of a given sq. matrix, 413 
Independent particular 
oommutants, 414, 428, 

total number of, 459, 468-6, 469, 477; 
sym. or skew-sym , 401—3, 471-3, 
486-8, 

commutants of oommutants, 519, 
total number of, 521, 585, 
invariant tianBformands, 549; 

total number of, 578, 610, 621, 626; 
sym , 678, 614, 628; 
skew-sym., 588, 616, 629. 

Index numbers of a compound matrix, 410 
Indices, max. and pot., of the irresol or lrred. 

divisors of a rat. int matrix, 185,204-6. 
Properties of max indices, 184-204 
Infinite numbers, 3; roots, 62-4, 66; 

common infinite roots, 116. 

Invariant transformands. 

defined, paitioular and general, 549-50, 
conjugates of, 660; related, 550-1; 
derived from oommutants, 558, 568, 
612-3; 

of equioan. pairs of sq. matnoes, 552-3; 
of st oompartite matrices with sq. ports, 
553-4; 

of sq. matnoes with arb els , 561. 
Invariant transformands (determined by solv¬ 
ing scalar equations) ■ 
of simple bi-oan sq. matnoes, 557-8,569-64; 
of nnilat. simple sq. ante-slopes, 555-6, 
of unipot simple sq. ante-slopes, 556-8 
Invariant transformands (general) - 
zero and non-zero, 654-6; 
of unipot. sq. matrioes, 578-88; 

sym , 577-83, skew-sym , 588-8, 
of unilat. sq. matrioes, 610-8; 

sym., 618-6; Bkew-sym., 616-8; 
of sq. matrices with const, els., 619-81; 
sym., 626-8, skew-sym., 629-81. 
Invariant transformands (particular): 

of simple bi-oan. sq. matrices, 574-7, 579- 
83, 684-8, 

675-6; 

l>]', sym. 682; 

skew-sym , 688, 

law of construction, 562, 681, 586. 
Invariants (scalar) of horn og. hn. substitutions: 
333, 568-73, 688-610, 628, 628. 

See Bilinear, Quadratic. 

Inverse of: 

an undeg pimple oan. sq matrix, 851, 


Inverse of ( cont .). 

an undeg. sq. oommutant, 428; 
an undeg. impotent x-matrix, 269 ; 
the oharac. matrix of a sq. matrix <p, is a 
rat int. funo. of <j>, 816-22, 401-9. 
Latent roots and charao. pot. divisors of the 
inverse of an undeg sq matrix with 
oonst. els., 354 
Irrational numbers, 3 
Irreeoluble and irreduoible: 

divisors of a rat. int. matrix, 184-5, 197, 
254; 

of a oompartite matrix, 216; 
of a oomplete matrix of minor detants, 
227, 

of a produot of matnoes, 216; 
factors of a rat. mt funotion, 18-21, 87-49, 
61-3, 69-70, 

repeated, 18, 19, 62-8, 69-70; 
functions, 18-21; distinct, 18, 19. 

Irred. functions: 

have no repeated irresol. faotors, 52-3; 
Eisenstein’s Theorem concerning, 20. 
Irresol. functions include: 

gen. detants and detoids, 19, 
gen. resultants, 72, 81; 
gen. elimmants, 107, 116, 
the oharac. detants of gen. sq. matrioes, 
310. 

Hesolution of a rat. int funo. into irresol. 

or irred. faotors, 40-1 
See Divisors, Faotors. 

Isomorphio (eqmcan.) sq. matrioes, 344. 

See Equimutant. 

Isomorphio transformations’ 831, 339, 
converting a given sq. matrix into 
a oan. eq. matrix, 341-5, 
a simple sq. ante-slope, 386. 

Sym. derangements ore Isom transfns., 834. 
See Equimutant transfns., Heduotions. 

Kronecket's reductions of a matrix whioli is 
homog. and hn. in two vanables or 
lin. in a single vanable, 666-9. 

Linear 

oharao. pot. divisors, 843, 863-5, 873, 388; 
divisors of a rat. int matnx, 185; 
functions of a sq. matrix, 309-10, 818; 
functions (eoalar), resultants of, 88; 

elimmants of, 119; 
substitutions, (see transformations), 
transformations of soalor vanables 
in a rat. mt. matrix, 240-7; 

homogenisation, 245, 
m scalar functions, 21-87, 63-5; 
effect on a resultant, 87-8; 
on a discriminant, 95, 
on an eliminant, 124; 
homogenisation, 26-6; 

of sym. functions, 150-2; 
regulansation, 26-84. 

See Homogeneous linear 

Matnx equations (solutions of): 

AX=XB, AX= ±Z4, 4'Z=±X4, 410- 
508, 

(see also Oommutants, Oo-oommutants, 
Oontra-oommutants); 
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ions (eolations of) (cant ): 
fct, 478, 488, 486, 491, 619-48, 
Jommutants of oommutants); 
--X,AXA=± X, A'XA = ± X, 649- 

nvauaut transformands); 

823-9, 680, 683, 638, 

0, 348-9; 0, 868; 

x =0, 386, 401; 

(0-/J)*\T =0, 886-9. 

■— 1 in 

jions. 

neore of 

matrix, defined, 206, 212; 

3 from pot divisors, 207, 248-9 ; 
nised matrix, 244-7; 
ices connected by an equigr or 
pot. traiiHfn., 167, 264; 
logs convertible Into one another 
lomog lin, eubstitations, 241-4. 
mini faotors, Maximum indices 
stoie of' 

matrix, defined, 206-6, 212; 

3 from pot. divisors, 207, 248-0 ; 
e matnx of minor detants, 226-8, 
nised matrix, 244-7, 
of matriooB, 212-6; 

. of on undog. at] matnx, 228; 
ices oonneoted by on equigr or 
pot. transfn., 167, 264; 
loss convertible into one another 
lomog. lin. substitutions, 241-4. 
t faotors, Potent divisors, 
dices of an lrresol , irred. or lin. 
ior of a rat int. matnx: 

1,186, 204; 

sed in termB of pot. indices, 207; 
i of, 184-204 

nam divisors, Potent divisors, 
frees of connection, 287, 868-4. 
having one connection of given 
imam degree and no pot. divisors, 
- 10 . 

'mmetrio functions, 180-66, 

1, 1B0; degree, order, weights, 

4; 

sed m terms of it’s, 144-7; 

Hod in tenns of ro^s, 147-60; 
eneous, 188-4, 150-6; 
ireBsed in terms of homog. nr’s, 
64-6; 

moots, 166-66; 

fanes, of the ooeffs., 100, 164; 

1 (tlie to’s, elementary), 184; 

(the it's), 154 ; 

ns between the cr’s and m's, 186-8 ; 
qb between the ur's, 188-44,149, 
4. 

>ntury symmetric functions. 

>ars, 2. 

si's of an andeg. sq. matnx, 818-4. 
667. 

ant rat. int. fnnos. of a sq. matrix, 

6 . 

agonal of a simple slope, 444. 

oommatantB, 424, 610-20; 
if a matrix equation, 424. 


Non-zero general: commatants, 441-2; 

invariant transformands, 654-6. 

Number of arb parameters in a gen.. 

oommutant, 458-9, 464-5, 467, 474, 477, 
sym. or skew-sym., 461-8,469-74,484-8; 
oommutant of commatants, 686; 
invar transfd , 573, 610, 621, 626; 
sym , 678, 614, 628; 
skew-sym., 588, 616, 630. 

Numbei of oommon roots of: 

n homog. fanes., of n+1 variables, 108-9; 

?i non-homog. fnnos., of n variables, 117. 
Number of terms in n gen. or gen. homog. rat 
int. funotion, 9, 11, 566. 

Numbers, classification of, 1-4. 

One-rowed matrices oonneoted with the long 
rows of an undeg rat int. matrix, 
269-04; 

a-matnx, 264-78. 

Operations of Algebra, 2. 

Order of a . 

greatest common oanonioal, 464-6, 477; 
monotypio sym. funotion, 188. 

Ordinary: numbers, 8; roots, 68-70; 

values of coeffs. or variables, 68-70. 
Ordinary (reversible) linear transfns., 21-87 

Paracbagonal. of a simple slope, 444; 

prime minors of a quadrate slope, 459, 408. 
Poradiagonols of the constituents of a oompound 
slope, prmoipal paradingonals, prin¬ 
cipal paradiagonal els., 440-7, 642-9. 
Parameters peculiar to a gen. oommutant, 428. 
Parametric diagonal lines of a simple or com¬ 
pound slope, paramotno els., 443, 446. 
Part-reversants, 499, 464, 476, 60S, 598, 612 
Partial. elimiuants, 106, 109, 118, 125; 
resultants, 97-105,, 127; 

of special functions, 100-6, 127. 
Particular . oommutants, defined, 414, 428; 
number of, 464-5, 467, 474, 477; 
oommutants of coirunutonts, defined, 519; 
numbei of, 685; 

invariant transformands, defined, 549; 

number of, 610, 621, 026; 
invar.transfds. of Bimple bi-oan. Bq. matrices, 
668, 575-7, 582, 587-8. 

See Number of arb. parameters. 
Particularisations and specialisations of a: 
oommutant, 416, 428, 426, 520; 
rat. int. funotion, 67. 

Particularised and specialised matrix-pairs: 

oommutants of, 424-6. 

Pfafflan dlsoriminant of a sq matrix, 541-8 
Gen. oommutant of a sq. matrix whose 
Pfafflan discriminant is not 0, 548. 
Poisson’s Eliminants, 100, ( see also Eliminonts). 
Poles of a sq. matrix, 806, 884, 398; 

number of unconnected poles, 898. 
Postclusive paths and groups, 462, 640-52; 

augmented groups, 651-2, 659-60. 

Potent divisors of: 

a rat. int. matrix, defined, 205, 212; 

repeated pot. divisors, 205; 
a oompartite matrix, 216-28; 

quasi-soalar matrix, 211, 
a homogenised matrix, 244-7; 
a special simple sq. ante-continuant, 233-6; 
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Potent divisors of ( cont .) • 

the bharao. matrix of a sq. matrix with 
const, els., 307, 310, 345, 352-4; 
two matrices connected by an equigr. or 
equipot transfn., 197, 254; 
two matnoes convertible into one another 
by homog lrn. substitutions, 240-4. 
Construction of matnoes having one given 
pot. diviBor and no connections, 210. 
See Charaotenstio pot divisors, Equipotent. 
Potent faotors of: 

a rat. int. matrix, defined, 205-7, 212, 
a homogenised matrix, 244-7, 
a produot of matrices, 212-5. 

See Maximum factors, Potent divisors. 
Potent indioes of an lrresol , irred. or lin divisor 
of a l at int matrix, 204-5. 

See Maximum indices, Potent divisors. 
Powers of a sq. matrix, 811, 313-4, 867-8; 

negative (of an undeg. sq. matrix), 313-4; 
ranks of, 368; degeneracies of, 857; 
of a matrix whioh is not sq., 632-3 
See Characteristic potent divisors. 
Preclusive paths and gronps, 452, 640-6; 

augmented groups, 646, 650-60. 

Prime detants of a quadrate slope, 458, 662. 
Primitive: degrees, matrices, 664, 669; 
one-rowed matnoes, 259, 262, 268, 
sets of oonneotions, 288. 

Principal els , pnnoipal paradiagonals of a 
standardised compound slope, 446, 
642-3. 

Produots of two undeg sq. matrices each of 
whioh is sym. or skew-sym., 492-4. 
Potent faotors of a matrix produot, 212-6. 
Proper functions of a matrix, 632-3. 

Quadrate commutants, 467. 

Quadrate slope: defined, 446; 

determinant of, prime detants, 453; 
rank of gen , 461. 

Quadratic invariants: 670-3, 604-10, 628-9; 
methods of determining, 572-8, 588; 
ranks of, 605; 

of substitutions by simple bi-oan. sq matnoes 
or their conjugates, oomplete sets, 
604-10. 

Quasi-scalar matrices ■ 

commutants of, 416-7, 427, 428; 
equipot. transfns of, 301; 
invar, transfds. of, (558); 
pot. divisors of, 211. 

Quasi-soalano oompound slopes, 446, 471-2, 
472-8, 588, 588. 

Bank of a: 

bilinear invanant, 689; 
oomplete matnx of minor detants, 181; 
gen. oommutant, 427, 469, 464r-5, 477, 480, 
sym. or skew-sym., 461-8, 471-4, 485-8, 
gen. (or gen. ruled) oompound slope, 451, 
gen. invar, transfd., 573, 610, 621, 626, 
628, 680; 

sym., 577, 614, 628, 
skew-sym., 683, 616, 630; 
quadratic invanant, 605; 
rat. int. matnx, defined, 181. 

Bank (or degeneracy) of: 

a sq. matrix 0 with const, els., 348, 


Bank (or degeneracy) of (cont.). 

a given rat. int. fane, of <p, 355, 863; 
the successive powers of ip, 357-8; 
powers of a lin. func. of <p, 859, 

(simple can sq. matrix 0, 349-50) 
Bational: numbers, operations, 3; 
domain, 5; 

functions of a sq matnx, 814-5, 
functions of scalar valuables, 9, 418. 
Bational integral equation (scalar) 
roots of, 57-66, 

infinite, zero, 62-3, 66, - 
lepeated, 58-60, 65, 04 
Conditions for a repeated root, 94-6. 

See Bational integral function. 

Bational integral equations (soalar) • 

Conditions for a oommon root, 70-94 
Existsnoe of oommon roots, 96-105 
Properties of oommon roots, 105-29, 155- 
66 . 

See Common roots, Besultants, Eliminants. 
Bational integral equations satisfied by ■ 

a sq. matrix <p of order in, 311,816-22, 360-3; 
D m (tp)=0, (Cayley’s Eqn.), 818-9, 363, 
E m \<p)=0, (lowest degree), 820-1, 361, 
a matrix whioh is not sq., 682-4. 
Construction of all sq matnoes satisfying a 
given lat int. eqn., 348-9, 358. 
Bational integral funohon (soalar) 

defined, domain of, 5, 8; degrees of, 6, 8-9, 
factors of, 7, 10, regular, 10; 
homogeneous, 11, 13, 14; zero, 6, 8, 
10 , 11 , 

irresoluble, 18, irreducible, 19; 
roots of, 6, 8, 57-66; infinite roots, 63; 
symmetric, monotypio sym., 130, 591-2; 
expressible as a produot of powers of irresol. 
or irred faotors, 18, 39-40; 
in one way only, 40-1 
See Faotors, Boots, and other sub-heads. 
Bational integral functions (scalar): 
general properties of, 6-21, 37-53. 

Highest oommon faotors, 7, 18, 37-8, 
43-9. 

Besultants, 70-94,166-9. 

Eliminants, 106-29, 169-79. 
Disonminants, 94-6, 118-4. 

See Oommon roots and sub-heads. 

Bational int. funos of a sq matrix: 806-30; 
latent roots of, 815-6. 

Linear funos , 809-10, 318 
Powers, 811, 813-4, 858. 

Bat. int. funos of any matrix, 682-4. 
Bational integral matnx 

defined, degrees, rank, homog., 180-1; 
irresol., irred. and lin. divisors of, domain 
of rationality, 184-6; 

max. and pot. divisors of, max. and pot. 
faotors of, 204-7. 

Bational integral matnoes. 180-305, 663-70; 
commutants of, 428-4, 429-42, 489-92, 
522-3, 589, 540-8, 
equigr. tranBfns. of, 197, 668; 
equipot. transfhs. of, 254, 248-305; 
pot divisors of, 180-247; 
rat. mt. transfns. of, 303-4; 
x-matrioes, 181-4, 264-805. 

Matrices homog. and lin. in two variables 
or lin. in one variable, 887-8, 668-9. 
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Beal - numbers, 8, domain, 5, 
symmetrio matrix, 872 

Reciprocal of an undeg. sq. matrix’ lnaximuin 
faotora of, 228. 

See Conjugate reciprocal 

Reduced. resultant, 88-94; 

disonminant, 114; eliminant, 118. 

Oanonioal reduced form of a sq- mHtnx 
with const els., 844. 

See Reductions, Standard reduoed forniH. 

Reducible function, 19. 

Reductions by equigradont transformation h: 
a oommutantal transfn. by equigi'- oom- 
mutantal substitatione, 494—608 ; 
a given sym. or sliew-Bym matrix l>y Byna. 

semi-unit transfus., 517-8; 
a given rat. mt. matrix to one wbose load¬ 
ing minors aie reg by unit, oquigr. 
tranBfns , 228-40; 

a given undeg sq commutant "by etjuigr. 

oommutantal transfns., 608—18 ; 
a given undeg sym. or skew-syxo* ooiu- 
mutant by sym. equigr. commi-i LtinLiil 
transfns., 510-8, 

a matrix homog and bn. in two vaviiuilos 
. or lin. in one vanable to standard 
oompartite forms, 387-8, 663—9. 

See Conversion. 

Reductions of a rational integiol r-matrix by 
equipotent tiansformations : 
any i-matrix to standard form by oloni. 
equipot. transfns., 291-8; 
m other ways, 290, 299-801, 
any a-matrix to a minimum matrix, S£9 i), 
quasi-BCftlar jc-matiix to standard form, 1301; 
undeg. sq. matrix to standard form, 273, 280. 
Unitary equipot. transfns. of an a;-matrix 
whose leading minors are reg., 271 -H(J. 
Corresponding reductions of any rat. hit. 
matrix, 303. 

Reductions of a sc; matrix with oonst. cals. by 
isomorplno (equim.) transfns. to a '■ 
can. Bq. matrix, B41-6, (888-4, 60G) ; 
oompartite matrix with umlat. Bq. parts, 
400; 

quasi-scalar matrix (when possible), 3dL£>; 
simple Bq. ante-slope, 886 

Reduction of the scalar eqns of a homog. 
lin. substitution, sun. substitutions, 
382-8. 

Regular functions (scalar), 10. 

Regulanaabon of functions, 25-6. 

Regular minors of a mt. int. matrix A. : 

196-204, 228-40, 264-87 ; 
defined, 195, 

unitary equigr. transfus. converting A. into 
a matrix whose leading minors arc all 
reg. with respeot to 
one irred divisor, 198-204 ; 
every irred. divisor, 228-40 ; 
unitary equipot. transfus. of an a:-matrix 
whose leading minors are all reg., 
272, 274-86. 

Related commutants, 482-4; invar, tranafds., 
660-1. 

See Correlated. 

Relations between. 

elem. sym. funos. (the ar’s), 138-44, 146; 
interpretatious, 140, 


Relations between (cant.) 
liomogencous m’s, 152-4, 
interpretations, 159, 162; 
nionotypio sym. funcB. of degree 1 and 
ordor 1 (the ar’s and o-’s), 186-8; 
roots of a non-homogeneous funo. f and a 
liomogomsad funo. g t 68-4 ; 
sym. funcB. of common roots and funos. of 
coefficients, 160, 184 
Relations (identical) between* 

hi rat. mt funos. and then 1 h.o.f., 48’ 
hi rat. int. funos , 49, 

two rat. nit. funos, and tlieir h.o.i? , 44, 47; 
two rat. int. funoB., 49, 60. 84. 
llopeatod 

factors of a rat. mt. func., 18, 19, 62-3, 

69- 70; ’ 

potent divisois, 205; 

rootH, 68-61, 05, 94; 

oommon roots, 112, 118, 118. 

RoHolnble fuuotiou, 18 

Resultant (soalar) of two sq. matrices, 419-20, 
441. 

Resultants of rat. int. funos., 70-105, 165-9; 
aotual, reduced, unrednoed, 88-94; 
partial, 97-106, 127, 

of ?t gen. homog. funos. of n variables. 

70- 80; 

of n gen. funos. of n -1 variables, 80-88; 
descriptions, degrees, weights, 72-4, 
80—1; 

oilaot of a lin. substitution on, 86-7, 
of two gen. or gen. liomog. funos., 83-6; 
of linear functions, 83; 
of funos. whioh arepioduots of lm faotors, 86; 
of othor speoial functions, 87, 91-4 
RoversantB: Himple, part-ieversauts, 489. 

Roots. of a single rat. mt function or equation, 
defined, 0, 8, 67-66; 
infinite, 62-4, 66; zero, 58, 60, 06, 
repeated, 68-01, 65-0, 94-6; 
of a homogeneous function, 57-8 ; 
of a non-homogeneous funotion, 61-8; 

and its homogenisation, 63-4 ; 
of a funo. whose ooefte. involve an arb. 
parameter t, 66; 

of a funo. with infinite ooeffs , 65; 

with only zero coefls., 65-6; 

Homog. and non-homog. variables, 68. 

(See Oommon roots ) 

Ruled oompound slopes. compound oontinu- 
antu aud oompound alternants, 445; 
interpreted as oommutants, 467. 

Ruled Himple slopes: simple oontinuants and 
Himple alternants, 442-5; 
interpreted os oommutants, 458-9. 

Hoalar invariants of homog. lin. substitutions. 
888-4, 568-73, 588-610, 028, 628-9. 
See Bilinear, Quadratio. 

Hoalar; matrices, gen. oommutants of, 416-7; 
numbers, 1, 3; 

roHultant of two sq. matrices, 419-20, 441. 
Semi-unit, matnoes (square), 805, 408-9; 

transfns. (sym.), 884, 439, 517-8, 558. 
Similar. 

sequences, sym. funos. of the els. of, 130-68; 
substitutions, 888-4. 

See Symmetric functions, Soalar invariants. 
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Simple bi-oanonioal square matrioes: 
defined, 668-9; 

invar, transfds. of, 667-8, 669-64, 674-7, 
679-88, 

law of construction, 662, 681, 686; 
soalar invariants of substitutions by, 588- 
610; 

bilinear invariants, 588-604; 
quadratic invariants, 604-10. 

Simple canonical square matrices: 

defined, 342, 345, properties of, 349-58; 
gen. oommutants of, 466-63 
Simple: class, matrix, 410; 

reversant, 439, 458. 

Simple slope: defined, 442-6; 

types, apex, base, ante-slope, counter-slope, 

{ lorametno els., parametrio diagonal 
mes, general, 442-3; 

paradiagonal, apioal distanoe and apioal 
excess of an el., ruled simple slope, 
simple continuant, simple alternant, 
symbolic oommutants, 444-5. 

Simple square ante-slopes defined, 443 ; 
oommutants of, 427; 

reduction of sq. matrices to, by isomorphio 
(equim.) transfns., 336, 
umlatent, invar, transfds of, 555-6; 
umpotent, invar transfds. of, 556-8. 
Singular: oommutants, 424, 519-20, 
solutions of matrix equations, 424. 
Skew-symmetrio : oommutants, 438, 461-3, 
471-4, 486-8, (492-4), 605, 511, 514, 
517-8; 

functions, 591-2; 

invar, transfds , 683-8, 616-8, 629-31; 
matrices, 290, 864r-6, 489, 492-4, 617-8. 
Slants (ruled complex shears), 88-4,126, 129 
Slopes. See Simple slope, Compound slope, 
Standardised compound slope. 
Solutions of the matrix equations: 

/(0).T =0,385-401; 

I—rt)l 

i328-9, 580, 538, 588; 

= 0, 848-9; ^=0, 368. 
Gommutantal solutions, 499. 

See Matrix equations. 

Spaoelets annihilated by / (<£), 888, 892-6. 

Normals to the matrix/^), 897. 

Special scalar eqns. (commonrootB), 103,119-29. 
Specialisations of oommutants, 415, 420, 423, 
426. 

Specialised: matrix-pairs, oommutants of, 
424-6. 

scalar functions, 67-70; 
resultants of, 88-94. 

Square matrices. rat. int. fanes, of, 306-30; 
rat. mt. eqns. satisfied by, 316-22; 
satisfying a given rat int. eqn., 348-9, 358. 
Derivation of any given rat. int. matrix 
from an undeg. sq. matrix by equipot. 
transfns , 287-91. 

See Oommutants, Invariant transformands, 
Equimutant transfns., Transmutes. 
Standard'reduoed forms of: 

a matrix homog. and bn. in two variables 
for eqmgr. transfns , 667; 
a sq. matrix with const, els. for isomorphio 
(equim.) transfns., 342-4; 
an a:-matrix for equipot. trnnHfno., 291. 


Standard relations between elem. sym. funos. 
of the els. of sym sequences, 140. 

See Eolations. 

Standard typioal term of a monotypio sym 
funo , 188 

Standardised oanonioal sq. matrix, 446. 
Standardised oompound slope 446-50, 685-03; 
accessary rows, dominant aooessary els., 
695-40; 

extensions, 661-2; 

hemiptenc derangements, 452, 661-2; 
preclusive, postolusive, oonolusive paths and 
groups, 640-60. 

See Oompound slope, Simple slope. 
SticTcelberger, (expansions of the inverse of a 
oharaotenstio matrix), 408. 
Substitutions' similar, 388; 

oo-gredient, 569; oontra-gredient, 570, 
oommutantal, 502-3, 606-6, 507-8. 

See Homog. lin. transfns , Lin. transfns., 
Scalar invariants. 

Successive transmutes of a sq. matrix, 375-88. 

See Transmutes, First transmutes. 
Super-algebraio and super-rational numbers 
and domains, 4, 56. 

Super-parts (umlat) of a oan sq matrix, 847 
Sylvester, v, vu, 94. 

Symbolic oommutants, 444. 

Symmetric ■ 

oommutants, 488-9, 461-3, 471-4, 485-9, 
505, 514; 

undeg. contra-oommutants, 434, 489, 
(468, 471-8), 485, 487, 586, 628, (492- 
4, 510-8); 

derangements, of oommutants, 439, 
of invar transfds., 533, 
are isom. transfns , 834; 
functions, of the els. of sim. sequences, ISO- 
55; 

homogeneous, 150-5; 
two sim. sequences, 591; 
of the oommon roots of n homog. funos. of 
n +1 variables, 155-63; 
equiv. funos. of ooefls., 160; 
of the oommon roots of n non-homog. funos. 
of n variables, 168-5 ; 
equiv. funos of ooeffs., 164; 
invar, transfds., 662-8,677-88,618-6,626-9, 
of simple bi-oan sq. matrioes, 579-88; 
transfns., oommutantal, 488, 600, 504-6, 
510-8, 662-8; 
equim , 382, 517-8; 
equipot., 288, 290; 
unit, equigr., 203-4, 236-40; 
unit equipot., 283. 

See sab-heads, and Monotypio symmetric. 
Symmetric matnoes: 199-204,286-40,288,290, 
864, 372, 429, 492, 617-8; 
produots of, 492; 
real, transmutes of, 372; 
regular minors of, 199-204; 
sym equipot. reduotions of, 283, 290, 293; 
sym. unit, equigr. transfns. of, 204, 236- 
40 

Total' degrees of a soalar function, 8-9, 
weight of a monotypio sym. funo., 183. 

See Number. 

Transoendental. numbers, 8; domains, 5. 
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Trtfc.tnn^Ufln*: anwmut&ntol, eqnigradent, 
wjuiniuUnt, fquipotont, homogeneous 
. E 4 , 1118ar « “ynmuitvio, unitary. 

Tiu/mhi^ Oouvernion, Deductions. 
itUMmiMit .if a; H q. matrix with const, ols., 

■*" *t matrix, 870 j 
»**l *jm. matrix, 870; 

Matrix with sq. purtfl, 8(18, 
mi irwimnutw are isomorphic, 800,875, 
ttor rfiaran. pot, divimirB, 870, 877-8. 
*«»**lw imiPliniiH, propertioB of, 87-40, 48- 
4?i 49-51,83 4,04, 127-8. 

* H"* u ‘ c.<wmiiUnU (dulliud), 414- 0, 
mfhttutanial products, eqas., tranHfnB.,480; 
**F* MW compound slopes, 448-1. 

Tjpmal Jwm of a monotypin Hyro. inno., 131; 
"wtW typical term, i»b. 


TJnilatent sq. matnoea: defined, 346*, 
oommutantB of, 463-74; 
oommntauts of the commutants of, 627— 01 , 
536, 

invar, ironside, of, 610-B; 

unilat. simple aq. ante-alopes, 606 - 0 . 
Unipotent sq. matrices defined, 346; 
oommutantB of, 466-63; 
mvnr. tronBida. of, 573-88; 

unipot. simple sq. ante-Blopes, 660 - 8 . 
Unitary eqnigradent transfna. converting a rat. 

int matrix into one whose leading 
tmnoi'B aie oil regular, 228-40. 
Unitary eqiupotent transfiis.: defined, 266—6; 
of an .7; -matrix whose leading minors are all 
legular, 272, 274-86. 

Unreduced resultants, 88-90, 

Unrestriated domain, 5. 


t'Mug 1 Tit«: 

wimwtanU, 417, 424, 420, (468-9, 461, 
««1. fll, 4B0, 490, BOR—18; 

•IWroAlmg oo-commutontu, 482-8; 

•jrtn. or nkew-sym., 488-9, (462, 
472 - 8 ); 

■tamting oontra-oommutants, 482-8; 
•ym or skew-nym,, 187-8, (462,478), 
4M-4, 510-8 j 

oontintumUl oo-oommutants, 478,540-8; 
•yw or skow-aym., 485-6, (461, 
471 - 3 }; 

Hon-*Jngu)flr, 417, 427-8; 

moUnasnUl onntra-oommntnnts, 47B, 

4W* 

■yw. or skuw-tiym,, 486, (461-2,472), 
103-4, 510 8; 

•yin., 434,434, 686, 623; 

Mflitoguiir, 424,427 8; 
nmwmwd iIodoa. 452-8: 

!^TlwS! 623, 026, (673, 610, 621); 

Mr, 628, (677-8, BBS, 5H8, 614); 

680, (588, 5B7, 688, 010); 
m. Mtrli npnnwd u a product of two sq. 
nutria* each of which is nym. or 
ikswtgytn., 492-4; 

b, utttit from which a given ^-matrix can 
be derived by equipofc. transfna., 
387-91. 


"Variables, homog. and uon-homog., 68 . 

Weier straw's reduction of an nndeg. sq. matrix 
which is homog. and linear in two 
variables, 664-6. 

Weight or weights of: 

the ooeffs. of a rat. int. fonotion, 67j 
a monotypio symmetries funotion, 182; 
a resultant, 79, 81; 

discriminant, 96; el nmn . a nt, 107, Ho- 
TP7iitfi/iead, v. 

cc-matrices: 182—6,190,264—306, 887—8, 664r-9; 
eqaigr. transfns. of linear, 897-8, 664—70 ; 
oquipot. transfns. of, 204-806; 

standard reduced forms, 291; 
irresol. divisors of, 185. 

See Equipotent transformations. 

Zaro: domain, 5, 

elements of a gen. simple slope, 446; 
faotors, functions, 6 , 8 , 10 ; 

degrees of zero functions, 9, 10; 
n.o.v. of zero functions, 18; 
gen. commutants, 417, 419, 427, 441-2; 
gen. invariant transformands, 664-6; 
latent roots, 810, 884, 841; 
roots of a rat. Int. function, 58,.60, 66 . 
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